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SUMMARY

A problem of importance to the Air Force is that of trouble-—
shooting to find a malfunctioning part of a complex piece of
electronic equipment. The process of identifying and replacing
a faulty part is becoming more costly and time consuming as the
equipment becomes more complex. At the same time, skilled
mechanics with extensive training are becoming more difficult
to find and retain. This points out the value of belng able
to prescribe to the mechanic a series of checks for him to make,
preferably in terms of a training manual. To aid in this purpose,
some mathematical versions of the general problem and theirsolu—
tions are presented in this paper.

A complicated machine may break down because of the fallure
of some of its components. In what sequence should its compo—
nents be tested and repaired in order to minimlze the expected
delay time? The cost in time for each step is assumed to be
known, together with the probability that each part is working.
Simple rules give the optimal sequence. In additlon, for each

component there is an analogous optimal sequence for testing its

parts.
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OPTTIMAL SEQUENTIAL TESTING

1. INTRODUCTION

A complicated machine, e.g., & radar set, which consists of
many components each having many parts, is not working because
of faillure of some of 1its components. In what sequence should
its components be tested and repaired in order to minimize the
expected delay time before it is working again?

There are various technical interpretations which can be
assumed for this problem; the ones made here will be apparent
from the analysis.

We assume a time study has been made so that the time for
each step in the procedure 1s known. Also the probabilities
that the various parts are in working order are given. These
are assumed to be independent. The machine has several disjoint
components each containing one or more parts which may fail.

There are tests avallable for the components and for their

parts.

2. DEFINITIONS

Let
n = the number of components in the machine.
W = the time to start the machine and test whether
it works.
R, = the time to remove the 1-th component from the
machine in order to test 1t.
W, = the time to test the i1-th component to see 1if

it works.

* This problem was suggested by Dr. Ward Edwards of the Alr Force
Personnel and Training Research Center, Lowry Air Force Base.
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R; = the time to return the i—-th component or a
working replacement back into position in the
machine.
T, = R, + W, + R, .

i i 1 i
q = probability that the 1-th component is working.

py = 1 - qy = probability that the i—th component is

not working.

n
Q = Tr qy = probability that all components numbered

J=1
from 1 to n, inclusive, are working.

E, = minimum expected delay time to get the i-th
component in working order after it has been
tested. The determination of E1 is a subproblem
of the same type as the original problem. (see
Sec. 5.) The parts making up this component are
assumed to be tested in an optimal order.

S = the component test sequence (1, 2, ..., n).

E(S) = expected delay time after the machine has been

tested initlally and before it works if the

components are tested 1n the sequence S.

3, ASSUMPTIONS

1. The component tests used are efficient enough to save

expected time.
o, After each faulty part is repaired the component 1s then

tested; after each faulty component is repaired the machine 1itselfl

is tested.
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5. The component is tested before its parts are tested
(except that the final component is not tested initially).
k., The parts of the final component are tested after all

other components are repalred.

4, SEVERAL FAULTY PARTS

From the assumptions, we obtain

(1) E(s) = (1 ---Ql)T1 + E; + pyW + (1 —-QE)TQ + E, + pW

1

+ o0+ (1 -Qn)Tn +E +pW—pW

n
Z(T + E,; +p1W)-—ZQ,ii P ¥, -
1=1 i=1

Note that if we get to the final component we do not test it
before testing its parts, for we know 1t is defective since all
other components are working while the machine is not.

Let S!' be the sequence S after interchanging components (1)

and (1 + 1), where 1 + 1 < n. Then we have

1
(2) E(87) = E(S) = = Qq (= qyTyPy g + 9347T341P4)
positive q,T >l 24,447
which is 0 accordling as 13 =p Al 141 , & transitive
negative Py < Piy1

relation.
If we fix the final component, and successively interchange
consecutive components, we are thus led to the optimal sequence

(for this fixed final component) given by the rule that
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(%) 1 precedes J if B < g

. Thus n! arrabgements have been reduced to n related arrange—
ments., The special consideration for the final component is due
to the nonsymmetric term --pnwn in the expression for E(S).
However, the final component can be determined as follows.

Let the n components be numbered according to (3). Let Sn =
(1,2,3,...,n)andsk==(L 2, v.., k=1, k+1, ..., n, k);
i.e., Sk = Sn with the k—th component transferred to the end.

Let G = E(Sk) - E(Sn)' We wish to determine J such that

G, = min Gk’ k=1, 2, ..., n.

J Kk
Now

= [ — o 6 0 mum — — y

G = = Q3 Trr — U0k Q. T — Ty — Py

+ QT * UoTign + 000 F QT + QT +p W

or

n
(3) 6 =p 22Ty —q (1l =9 ,)T —p W +pW .
1=k+1

n
By generating > QiTy = M.y, say, and G, 1in some convenient
1=k+1

table, we can easily calculate GJ = min Gk'
k

Theorem 1. Number the n components according to increasing

value of qiTi/bi. Then thils is the optimum order except that the

J—th component is transferred to the final position, where J is

determined by
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GJmm}_’tn G, , k=1,2, ..., n,

and G, 1s given by (4).

5. THE PARTS OF A FAULTY COMPONENT

The problem of finding the minimum expected delay time Ei
for the i—th component is Jjust a subproblem of the maln problem
already treated.

We define all the terms with double subscripts for the J-th
part of the i-th component in an analogous way tc those defined
for the machine and its components, and define

Big = Paghag o

where Lij is the time taken to get a new part to replace the
faulty one. Then if S is the test sequence (1, 2, ..., ni) and

if the assumptions of Sec. 3 are fcllowed, we have
(5) Eg(S) = (1=Qy1)Tyq + Egq + pyqWy + (1=Qup)Typ + Egp + pyoly

toeee ¥ (1-'Qini)Tini + Eini Win, — Pin ¥y »

-p
iny "ing 1

since the last part would not be tested and the component would

not be tested after the last part was repaired. Thus we have

Ny Dy
(6) Ei(S) = Zl(TiJ + .r«:iJ + piJWi) “lei,jTiJ - pini(wini + W),
J= J=

which 1s analogous to (1). The proof of Theorem 1, applled to

(6), now ylelds the following result.
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Theorem 2. Number the ny parts of the i—th component

accerding to increasing value of qimTim/bim' Then this is

the optimal order of testing the parts except that the J=th

part is transferred to the final position, where J 1s given

by
G = min G R k=1, 2 n, ,
1y = min Gy » 25 eeey Dy
and
Ny
Gype = Page 2= QupTan = Ggp(3 = Q 1yq)Tyy
h=k+1

= Pype(Wyy + Wy) + pini(wini + W) .

The testing procedures outlined in Theorems 1 and 2 are
optimal over the set of permissible procedures of Sec. 3. The
exact conditions for the most general problem require much more
complicated analysis, which may be carried out in a future study.
Some progress along this line has been made already.

If we assume the machlne breaks down due to a failure of
Just one of 1ts parts, the analysis is somewhat easler, as will
be shown iIn the next section. There we still make assumptions

1, 3, and 4 of Sec. 3.

6. ONE FAULTY PART

Assume 1t is known that the machine has falled because just

one part (e.g., a radar tube) has broken down. We still have all
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the terms defined in Secs. 2 and 5; but now the probabllities

of fallure are normalized to sum to unity, so that

Ny n
pigzpi,j’ Zpi.l'
J=1 i=1

Define, further,

H, = expected delay time to fi1x the i1—th component,

i
knowing it has exactly one faulty part. (It 18
understood that we test its parts in the optimal
manner outlined below in Theorem 4.)

S=1(1, 2, 3, eeey n) = a component test sequence.

H(S) = expected delay time to fix the machine, knowilng

Just one of its parts is faulty.
Vi = ii:pj.
J=1

Then we have

n . n
(7) H(S) = 30Ty + Py + 30 PyTp + PRH,
1=1 1=2

+ o + pnTn + ann —-ann .
Note that the last component would not be tested; rather we
would go directly to its parts.

From (7) we obtaln

n n
(8) H(S) = 35 V,Ty +iz pyHy — PV, -
1=1 =1



RM-1652
3-15-56
8=

As before, we define S' = S with the i-—th and (1 + 1)=th

components interchanged. Then if i1 + 1 < n, we have

(9) H(S')=H(S) = (pyyq+Py)Tyyq*+ PyTy= (Pg+ Pyyy)Ty = PyyaTyyg

T

= PyTi4y — PyyaTy »

Ty Ty
which 1is positive whenever —= > —— . Thus 1f we rank the
Piy1 " Py

components in order of increasing value of Ti/bi, we would have
the optimal order for each fixed final component.
Next we find the optimal final component.
First we number the n components according to increasing
value of Ti/p1 .
Let
Sk = S with k transferred to the end.
n
UJ = :E:Ti .
i=]
G, = H(S,) - H(S)

= - TV, +p (T, + o+ +T) +p W, +p Ty — PN,

(10) Fi, = G —p W, =—TV + pk(Uk - W) .

The optimal sequence is obtained by minimizing Fk .
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Theorem 3. When there 1s Just one faulty part, the machine

is put into working operation in thg minimum expected time when

the components are numbered and tested in order of 1ncreasing

value of Ti/bi, except that the j—th component is transferred

to the end of the sequence, where J 1s given by the minimum Fk

in (10):

FJ = min Fk ’ k=1,2, ..., n .

We can easily compute the minimum Fk by generating Uk and
V. in a convenient table. Since (10) is linear in the p,'s, we
can use frequence of failure for probabllity of failure.

The optimal sequence for testing parts of a component known
to have one faulty part 1s given by the same rules as for the
component testing since this is a subproblem of the same type as
the original one.

Define all the parts terms with double subscripts analogously
to those defined for the components. Then we have the following

result.

Theorem 4., For a component known to have one faulty part,

the parts are numbered and tested in order of increasing value

22 Tim/bim?W1th the exception that the j—th part is transferred

to the end, where J is given by

F l‘l'ﬂir'] Fik, k-l, 2, ev e, ni,

1] Kk

and
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(11) Fie =Ty Vep + Py (Ugpe — Wy -

7. EXAMPLE

Consider a machine with five components whose failure matrix

is
1| 2] 3] 4] 5
T, | 3 4| 5
Py 6 | 11 5113 | 20
Wi 1 2 2 3 4

Renumber and order the components according to increasing

value of Ti/bi, thus

k 1 2 3 4
T, 6 4 5 3
P, | 20 [11 |13 6

1

L 4 2 3
55 |35 | 24 | 11
23 117 | 13
U P, |19 |15 |10 6

F, |50 |15 14 3 |=10

D HFlWUM O] WD

F3 is minimum, so the optimal sequence for testing the
components is (1, 2, 4, 5, 3). The parts of the faulty component

would be tested according to Theorem 4,
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