PROJECT RAND

RESEARCH MEMORANDUM

//,§otes on Linear Programming: Part XXXVII‘\\

CONCERNING MULTICOMMODITY NETWORKS
J. T. Robacker
RM--1799

ASTIA Document Number AD 112392

K\\‘ 26 September 1956 4/);

Assigned to

This is a working paper. It may be expanded, modified, or with-
drawn at any time. The views, conclusions, and recommendations

expressed herein do not necessarily reflect the official views or
policies of the United States Air Force.

7te RU 1 D g

1700 MAIN ST. « SANTA MONICA « CALIFORNIA ~—

S

4
i






RM-1799
9-26-56
P

SUMMARY

The minimum—cut, maximum—flow theorem is generalized to

‘multicommodity networks. The generalization is expressed as

a decomposition theorem that is established for these networks.
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~ CONCERNING MULTICOMMODITY NETWORKS

1. Introduction

By a multicommodity network we shall mean a network with
several origins that are associated in one—to—one fashion with
a set of terminals. Flows originating at any particular origih

rcan terminate only at the associated terminal.

In this paper a theory of these networks is developed.
?This theory is quite similar to the theory of single—commodityv
;networks exposited in Ref. 1; it reduces to that theory in the

1speclal case of one commodity. The fundamental result is the
%decomposition theorem of Sec. 3; this generalizes the minimum—
:cut, maximum—flow theorem.

% To demonstrate the fallaciousness of the minimum—cut,
gmaximum—flow theorem as it stands for multicommodlty networks

?it 1s sufficient to cite two examples due to D. R. Fulkerson

gand L. R. Ford, Jr.

Fig. |— A 3-commodity network



Example 1. Fig. 1 illustrates this example with three

- commodities. In the figure, Oi is restricted to ship to Pi

‘for 1 =1, 2, 3. It is clear that the minimum cut has value %,

fwhereas the maximum flow has value 3.

Oy P2

Fig. 2—A 2-commodity network

Example 2. All capacities in Fig. 2 are unity, all flows

gare restricted to be in the direction of the arrows, and Oi %

'while the maximum flow has value 3/2.

i

icommodity case it will be necessary to introduce some basic

éterminology and notation.

zin Ref. 1; the only difference is that instead of having a i

i

ships to P

2. Basic Notation and Terminology

i

1 for 1 = 1, 2. Here the minimum cut has value 2, g

1

L
To surmount the difficulties encountered in the multi-

Essentially a network is defined in the same manner as
§ :
|

]

gsingle distinguished pair of nodes we have several distinguisﬁed

' pairs of nodes, each pair containing an origin and its assoclated

terminal. We shall let these pailrs be m in number for the rest
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' of the paper. The pairs shall be denoted (Ok’ Pk) for
k=1, 2, ..., m, where 0, 1s the k—th origin and P 1its asso—

?ciated terminal. To simplify notation, we have denoted the

fremaining nodes of the network by the letters Pk, wilth
k=m+1, ..
By a flow through the multicommodity network we mean a

fset X of vectors

<“ . > ={X1J}

in m—space, with X?J

assigned to the arc a

the k—th component of the vector Xij

14° We require the vectors to satisfy

i the restrictions:

(1) X?j\i\— xgi is a real number for all i, j, and k.

’

k

(2) xf > 0and x§ ; > O for all j such that PyeN, , all
2

k

i such that P, €N, and all k = 1, 2, ..., m; here N,

k
means the set of all nodes joined to Ok by an arc, and

N, is the set of all nodes joined to PJ by an arc.

J
! m k
(3 Ixijl < eyy for all i and j.
i k=1

7
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(4) :E:xﬁj =0 forall j# k and all k=1, 2, ..., m; here
i

jE:means the sum over all i such that PiéiNj.
1

The value F(X) of the flow X is defined by

m .
(5) P =3 T Ak

k=1 iBPieNi

Physically, X?J represents the amount of flow from Pi tog
Pj that is eventually destined for Pk (or equivalently the |
amount of the k—th commodity which flows from Pi to Pj) and
F(X)represents the sum of all flows from origins to their
corresponding terminals. ;
i By a disconnecting set of N with respect to k we mean a é

set of arcs in N such that every chain from O to P, has at g

least one arc in common with the set. We shall designate a
~disconnecting set with respect to k by I',. Clearly T'= (n;rkf
‘(repetiggons of arcs are counted only once), for any set of :
r 's is a disconnecting set of N in the sense that évery chain
from O, to P, contains an arc of T forall k=1, 2, ..., m.

k ,
It is also clear that any disconnecting set of N may be repreé

i

sentedf(possibly in several ways) as the set—theoretic union

of discoﬁnecting sets with respect to k (one disconnecting seﬁ

for each value of k).
In order to obtaln a generalized notion of the value of a

cut, let us now associate a vector

s
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with each arc aij,such that Vi3 satisfies the restrictions:

i

§(6) Y1520 for all 1, J, k.,

i m
‘ k
(7)Y Syys =1 for each arc ay, .

i The value V(IH{) of a disconnecting set T& with respect ﬁo
i ;
' k and with respect to the set Y = {yij} of assigned vectors

1s defined by

(®) (T - 5 e,

i a 1 jerk E

The value with respect to Y of a disconnecting set T
of N can then be defined in terms of its decomposition into

I’k's by

(9) VUT) =min S°V,(Ty) ,
R k=1




LA

RM=1799
G—20--56
e

,Where

m
T= y

K T

1 |
-and R 1s the set of all such decompositions.

Decomposition Theorem. The values VY(T) of disconnecting

i

isets and the values F(X) of flows satisfy the relation

é(lO) max min VY(I?

vy max F(X)

X€(X)

Proof. Let

max min V (T) = v,, (T .
ve(Y) TeS v(D) Yo( o)

? m ,
' Then Ib can be decomposed into \U Iak as in (9). We see that
i k=1 |

;ij, however, must be a minimum disconnecting set with respect
to Y, and j; for if Péj had a smaller™value than Tbj then
T= L)'rbk\JIgJ would have a smaller value than 16, which

k]
contradicts the assumption on Ia. By the minimum-—cut,
maximum—{low theorem we can obtain a flow from Ok to Pk of

‘magnitude V, (T, ) for each k with the restriction that
; 0

k

;(11) ngjl < 4Ty




' Summing this on k we see that the X?j so determined satisfy (3).

It is clear that (1), (2), and (%) are also satisfied. Hence

(T,) < max F(X).

(12) ot T0) < )

Yo

Now let

P43
]
/\
.
~N

be the maximum flow through N; i.e., max F(X) = F(XO) .

Xe(X
Define (A)
. m K
M- NI Pl DRLFL
(13) gy ==+
iJ m CiJ

By summing on k we see that (7) is sgéisfied. By (7) and (3)5

we see that (6) also is satisfied. But (13) and (3) then imply

k k |
(14) |Xijl S yijcij ’

[3

which in turn implies by the minimum—cut, maximum—flow theorem

that

5(15) F(XO) =.§%g vy(rv s Y = {yij} as defined in (13).
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However, by the definition of Y, this gives

0
(16)  F(Xp) < Vy (To),

and the theorem follows from (12) and (16).

4, Concluding Remarks

The motivation for calling the theorem of the preceding
section a decomposition theorem arises from the geometric inte
pretation. If instead of a single network with m origins and
terminals we picture m networks with single origins and termin
each of which has the same set of nodes and arcs as the origin

network, then xgj is represented by a flow from Pi to PJ in th
k
Y15%13

13 in the k—th network. A cut with

respect to k is simply a cut of the k—th network in the ordina

k—th network. Similarly, may be construed to represent

the capacity of the arc a

sense, The theorem then states that the maximum flow through

the original multicommodity network is equal to the sum of

2

the maximum flows in tﬁé\m single—commodity networks, provided

that the ygj are chosen to maximize the sum of the minimum cut

of these networks.

A4

To illustrate, let us break the network of Example 2 1intq

two single—commodity networks as in Fig. 3. It should be

9
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Fig. 3— Decomposition of the network of Example 2
into two single-commodity networks

noted that arcs on which no flow can occur in the single—

 commodity networks have been dropped and that arcs that then

Eoccur in only one network have been given their full capacity*
iSince é‘ |

¢

A7)y, e, =1,

ithe only cuts whose vélues depend on Y have values (1 + y%ﬂ)’
| 2 1, 1 5
§(1 + y56)’ (1 + Y34): and (1 + y56); thus we have VYO(IB) = 5/?,

iwhich i1s indeed the maximum—flow value.
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At present there are no computational techniques other th%n
those of linear programming for determining maximal flow throuéh
multicommodity networks. It is hoped, however, that the decoméosi-
tion theorem may lead to new methods as did the minimum—cut, |

maximum—{low theorem for single-commodity networks.
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