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A _MATHEMATTCAL MODEL OF AN ATR TRANSPORTATION SYSTEM

One air transportation problem may be defined loosely as follows:

There are B air bases given. It is desired to transport a glven amount of
goods qg (@, B=1, ..., B; @ { B) from base of origin a to ultimate base

of destination § per unit of time. We shall measure qg In tons per hour.

The problem is to find the most efficient program of operations to effect

this transportation.

We shall consider two kinds of operations, flying planes and loading and
wloading. Two costs are tréated. One may be mga.sured in money. That
includes the costs of flight, which are primarily costs of fuel and personnel,
and the costs of loading and unloading, which are coste of personnel and use
of equipment. The second cost is in terms of the number of planes used. We
take the bases (with their capacities) as given.

The problem is to determine the "efficient points"™ with respect to these
two costs; that is, we find the set of programs such that we cannot change
any program without increasing one cost or the other. We then know the
Program of minimum money cost for a given number of planes; vice versa, we
know the program of minimum plane use for a given money cost.

The essential simplifying assumption is that we can treat the problem
continuously. We shall assume that we can use any fraction of a plane in
our program. We further assume that the situation is stationary; that is,
that we can consider the problem as one of constant flows.

The cargo of a plane on a given hop will be denoted by a vector

Q= (Qquy e-ey qB) ’
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where Gy is the number of tons (measured in integers) of goods destined
eventually for base b. A hop means a flight between any two bases In
our program; that is, we do not meed to consider a base which is only a
refueling stop between two other particular bases.

One of our primary activities is flying & plane from base & to base B
with a cargo q. The intemsity xas(q) is measured in planes per hour. The
cargo is restricted by % q, S Ky, the maximm load for this flight,
and Uy = 0. The range of the indices @, B is restricted to exclude pairs
of bases whose distance apart is too great to permit direct flight between
them.

 The products (inputs and outputs) are:

Notation Quantity
Fueled planes at base Q
with cargo q 1Po(9) -1
Money M (2 qy)
Plane Use . P "bw(qu)
Unfueled plane at base B
with cargo g OPﬁ( a) -

The money cogt maB(Z q.b) of one wnit of the operation depends on the two
bases and the total tonnage of the load. This is measured in dollars per
plane. Thus M is measured in dollars per hour. The plane use cost of one
unit of operation also depends on the two bases involved and the weight of the
load; this is measured in hours. Thus P is measured in planes.

The other primary activity is wnloading-loading. Let £ (g, @

(measured in planes per hour) denote the intensity of the operation of
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taking a plane at base ¢ with cargo q and changing it to a plane with
cargo a Thie includes both loading and unloading. The products are:

Hotation Quantity
Unfueled plane at P (q) -1
base @ with cargo g oaq,
Money M = > 4~ 9
9y >0
et ; % T B
%~ Gy
o
Plane Use P —max{b&', Ty —o % T %
9y, > 9y

Fueled plane at base -
o with cargo g 1Pa( ) 1

goods at base O Ca Q- aq
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The coefficient o, is the cost of wnloading one ton at O and mt'x is the cost
of loading one ton at . Similarly toz and t& are the times of unloading
and loading one ton at @, respectively: r, is the cost of refueling at «;
this is simply the cost of persomnel and equipment, not of the fuel 1tself
(the cost of fuel is included in maa(qu)) . t}' is the tims of refueling.
The goods on the ground at ¢ is a vector Ca each component of which is the
amount of goods destined for a particular base.

Now let us consider the restrictions. The net flow of goods at base C

must be

Z LS, D(@a- ==a

a,4q
where qa = (qu s eeey qg) . This vector equation says that the net flow of
goods destined for B at 0 is the amount specified in the problem as originating
at B with ultimate destination &. Since we have not defined gy , the
equation only serves as a restriction for the B-1 components other than the
a‘th' We may take the ath component of the above vector equation as defining

qg , which is, then, the flow of goods at @ of goods destined for Q. It

may easily be verified that in a stationary state,

DM

p=1

B

i.e., the net flow of goods at @ destined for equalg the total quantity of

goods originating at other bases and ultimately destined for Q.
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The number of planes arriving at ¢ with a given cargo must equal the
number of planes subject to loading activities with that initial cargo;
similarly, the number of planes subject to loading activitles with a given
final cargo must equal the mumber of planes leaving the field with that

cargo. Thus

%xﬁa(q) L £, D
q

%"aa(a’ g_t&(q, 2

If the capacity of a base is limited, we have

ZI&(Q; 5) max tr, t Z a. "'a
= (o4 (04 - D b
q,q Q-b> q‘b
+ 1 g:- 9% T %
4~ Oy
< By

where Pa is the maximum number of planes the base can handle.

The expense in money is

.
i

o 2 oz (@naSa)
a,B,q op P o
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The expense in number of planes used is

9 T 9y

g 2

¥ o,

P = Z f(q,q)max £,

JQ:Q

b

+ 2 x Xop(Dtg(2 ) -

a,B,q

It may be briefly noted that a requirement that airplanes not fly more
than a fixed number of hours before being overhauled may be incorporated into
the system with a ’slight change of symbols. In the activity of flylng a plane
from one base to another, we must specify the "age™ of the airplane used as
well as the other characteristics of the flight already noted. The Intensity
of the activity can be denoted by xaﬁ( q;a), where a is the number of hours the
airplane used has flown since the last overhauling. The input of the airplane
is designated by lPa(q; a), the output by OPﬁ(q; a + taB) . The restriction
that the airplanes must have an overhauling after A hours can be expressed by
saying that we do not pemmit flying activities in which a + taﬁ > A.

Similaerly, an additional index a has to be added to the loading activity and

to the inputs and outputs of airplanes there; for the loading activity, the
input will be P (q; a), the output lPa(é; a). TFinally, it ie necessary to
introduce an overhauling activity, taking an airplane at a base @ of age a

into a plane at the same base of age 0. This activity may also include loadihg
and wnloading at the same base. The inputs and outputs will be the same as the
loading activity, except that the output will be 1Pa(§; 0), instead of 1Poz( a; a)

and that terms depending only on @ will be added to the time and money costs.
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The intensity of this activity will be denoted by va(q, q). The condition
that overhauling can only be done at certain bases can be expressed by saying

that the subscript @ can only range from 1 to B' < B.

Je













<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /All
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile (None)
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages false
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Average
  /MonoImageResolution 300
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org)
  /PDFXTrapped /Unknown

  /SyntheticBoldness 1.000000
  /Description <<
    /FRA <>
    /JPN <FEFF3053306e8a2d5b9a306f30019ad889e350cf5ea6753b50cf3092542b308000200050004400460020658766f830924f5c62103059308b3068304d306b4f7f75283057307e30593002537052376642306e753b8cea3092670059279650306b4fdd306430533068304c3067304d307e305930023053306e8a2d5b9a30674f5c62103057305f00200050004400460020658766f8306f0020004100630072006f0062006100740020304a30883073002000520065006100640065007200200035002e003000204ee5964d30678868793a3067304d307e30593002>
    /DEU <>
    /PTB <>
    /DAN <>
    /NLD <>
    /ESP <>
    /SUO <>
    /ITA <>
    /NOR <>
    /SVE <>
    /ENU <>
  >>
>> setdistillerparams
<<
  /HWResolution [300 300]
  /PageSize [612.000 792.000]
>> setpagedevice


