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SUMMARY

An idealized neutron—multiplication problem is treated,
in which neutrons move left or right in a one—dimensional body
and undergo fission with doubling. The paper studies the
probabllity distribution of the total number of neutrons pro-—
duced by an initial trigger neutron. Special attention is
given to the case where the length of the body is exactly

critical.
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ON ONE-DIMENSIONAL NEUTRON MULTIPLICATION

1. INTRODUCTION

Because of difficulties involved 1n the mathematical
treatment of complex neutron problems, it seems worﬁh—while to
investigate mathematical models for neutron multiplication that
are simple enough to yield explicit or easily computable
solutions. The qualitative features of such simple models
sometimes suggest properties of more complex ones.l

Recently an interesting mathematical model for neutron
multiplication in a one—dimensional "body'" has been discussed
by Bellman, Kalaba, and Wing; see [2] and [3] for discussion
and further references. These papers have used and developed
further an "invariance principle" that has been used in trans-—
port theory by Ambartsumian [1] and Chandrasekhar [4]. Further
discussion and history of the method are given in the latter
reference, and we shall make some further remarks on this topic
in the last section, where we discuss the relationship to
Markov processes.

In this paper we shall study a mathematical model only
slightly different from the one treated in [2], showing how the
problem 1s related to the general theory of branching processes.
Methodologically, we shall make use both of genéral techniques
applicable to all forms of branching processes (these lead here
to integral equations) and of the invariance principle mentioned

above.

lThis has been the case in several problems related to
neutron multiplication.



In Secs. 2 and 3, the mathematical model is described.

The basic assumption is that a neutron appearing as a result of
fission in a one—dimensional body of length L has probability
1/2 of going right or left, and probability dx of splitting
into two neutrons while passing through any small interval of
length dx. (We thus take the mean free path as the unit of
length.) The moment—generating functional for the process is
defined and its use in obtaining moments’is indicated.

In Secs. 4 and 5 the integral equation for the expected
number of neutrons is derived, and the asymptotic form of the
solution 1s considered. The eigenfunctions for this equation
have been given by Kac Eﬂ. The expected value has been studied
from a different point of view in [2].

Section 6 discusses the question of critical length. It
is pointed out that general results on branching processes
ensure that m/2, the value shown in [2] to be the length at
which the expected number of neutrons produced becomes infinite,
is indeed critical in another sense.

Sections 7 and 8 deal with the supercritical case L > W/2.‘
Using an idea of Waugh [15] we define, for each supercritical
process, a subcritical "conjugate process," study of which
vields some results about the original process.

In Sec. 9 we study the critical case L = m/2. Using
known results on nonlinear integral.equations, and recent work
by Sevast'yanov [1%] on a related problem involving diffusion

and fission, we show that
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(l) qn ~ To:é—-; 0_3/2 + O(n—5/2), n —» O,

where Ay, is the probability that when one neutron enters a rod
of length /2, exactly n neutrons will eventually be reflected
back.

Finally we consider the behavior of the function q(L),
the probability that only a finite number of neutrons is
produced if one neutron enters at one end of a body of length
L. Since m/2 is the critical value, we have g(L) = 1 for

L < m/2, while for L > m/2 we obtain the result
7~
(2) 1 - q(% + A) = (%) A1+0(1)], A — 0, A>O.

Thus g has a corner at L = w/2.

The result (2) is suggested by some conjectures of Bellman,
Kalaba, and Wing [2] for the model discussed in their paper.
We shall not give a detailed proof of (2), since the method
used by the author is rather lengthy, and more general results
have now been obtained by Mullikin and Snow [10]. However,
the present method is sketched briefly, since it may be
applicable to more gzeneral models. Also, perhaps the method
is instructive in that some of the approximations usually made
in applying the invariance principle are not valid when L 1s
close to m/2. Thus, certain small probabilities that are
usually O0(A) are now only O(Al/Q), and likewise the

expression 1 — e"nA, which is encountered in a situation where
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n 1is a random variable with an infinite expectation, cannot

be approximated by nA.

2. THE MATHEMATICAL MODEL

Consider a one—dimensional interval of length L, which
we shall call the "body.!" Points in the body are described by
numbers between O (the left-hand end) and L (the right—hand
end). (In Sec. 11 the left—hand end may be at — A < 0.) A
neutron moving inside the body has a probability dx (we omit
second—order terms when there is no confusion in doing so) of
being transformed into a pair of neutrons while moving across
any small interval of length dx (we thus take the mean free
path as the unit of length). We refer to this transformation
as "fission." When fission occurs, it is assumed that each of
the two new neutrons has a probability 1/2 of going to the left
and 1/2 of going to the right, independently of the other one,
and each one is then subject to the same laws as the original
one. (It is at this point that the model differs from the one
in [2], where 1t is assumed that always one neutron goes right
and the other left. 1In order tc get some of the results of
this paper for the model used in [2], it would be necessary to
generalize to pairs of integral equations certain results for
single equations, or to perform some other reduction.) A
neutron that reaches either end of the body is lost thereafter.

The foregoing assumption concerning the probability of
fission in any interval means that a neutron moving inside the

body has a probability e""y of moving a distance greater
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than y without fissioning, with the corresponding probability
density e_ydy for fissioning after having moved a distance
between y and y + dy in the body.

Let us consider generations of neutrons, as follows. The
zero generation is the original neutron, which we shall sup—
pose originates at some point x in the body, and which has
equal probabilities of going right and left. Mathematically,
the zero generation is characterized by its starting point X.
The first generation either is empty or is the pair of neutrons
into which the original one is transformed, described by their

points of birth x and X o9 which are equal to one another.

11 1

The n—th generation is described by a set an’ X os ot
representing the birth points of those n—th generation neutrons
whose line of descent has not been interrupted by loss from

the body.

Definitions. For convenience we put

Alx) == e + % o~ {T%) s

!

k(x,y) = % e_lx—yl

We let PX(~) denote the probability of the event (-) and

Ex(-) the expected value of (-) calculated according to P_.

Let Zn denote the total number of neutrons in the n—th

generation (take ZO = 1) and let Z denote the total number

born in all generations,
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Notice that if a neutron is born at x, then k(x,y)dy is
the probability density for undergoing fission at y, 0 Ly < L,
and A(x) is the probability of escaping from the body with—
out fission.

The random variable Z may in some cases be infinite.

Accordingly we define the extinction probability Q(x) by

Q(x)

Il

P [Z2 < o]

=P _[2Z =0 for some n|
x n

5. THE MOMENT-GENERATING FUNCTIONAL

If s(y) 4is any nonnegative function defined for
0O<y L, we define, for each n =20, 1, 2, ..., a moment—

generating functional (mgf), namely

(1) 6n(%,8) = B exp [=s(x,,) = s(x,) — -]

The points x_,, X ,, ... that appear in (1) are the birth
locations of the n—th generation neutrons, as defined above.
If there are no n—th generation neatrons, then the right-hand
side of (1) is taken to be 1.

It 1s clear that we have

(2) Go(x,s) = e—s(x)
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As in the case of other branching processes, the mgf

satisfies a recurrence relationship, namely

(3) G, (x,8) = Alx) + éL k(x,y) 62 (y,8)dy .

The meaning of (3) is as follows. The term A(x) on the
right-hand side of (3) is the probability that the initial
neutron gets out of the interval without being transformed; Il
in this case, the mgf for the (n+l)th generation is 1. The
integral term on the right-hand side of (3) representé what
happens 1if the initial neutron is transformed at y. In this
case the (n+l)th generation consists of two independent
families, each of which started at y and developed for n
more generations.

In particular, if we put n = 0 in (3) and use (2), we

obtain

(4) 6,(x,8) = Ax) + [ x(x,y) 230 )gy
0

The mgf Gl may be considered as defining our process.

4. THE FIRST MOMENT

Define

s_(y)

i
-
g
IN
N

1
O
.
<
4
N

s, (y) =
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Let us note that if we put s = ts, 1in (3.1) and differ—

entiate with respect to t at t = O, we obtain

(1)
= — EX{GXPI‘E“CSZ(an) - tsz(XnQ) -] Esz(xnl} + sz(XnQ) + ]} ]

When we put t = O on the right-hand side of (1), we have
Just minus the expected value of the number of neutrons in the

n—th generation having birthplace < z. Thus if we define

Mn(x,z) = Ex [@umber of n—th generation neutrons born < é] s

then we have

Y = 2
(2) Mo (x,y) = — 5 G, (x,ts,)
t=0 .
Now put s = ts_ on both sides of (3.3) and differentiate

z
at t = 0, obtaining

L
n+1

— —

(3) M (X,Z) = 2 f k(x:y>Mn(&"Z)dy, 0 < X, ¥ < L .
0 ]

It can be shown that there is an expectation density

mn(x,z), so that

(u) vo(x,z) = f% m (x,u)du, n=1, 2, ...,
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and the densities satisfy

(5) moq (x,2) =2 O/L k(x,y)m, (y,2)dy

The density is such that mn(x,z)dz is the expected number of
n—th generation neutrons born between =z and 2z + dz.
In a similar way we can get equations for the higher

moments.

5. ASYMPTOTIC BEHAVIOR OF THE EXPECTATION DENSITY

From (4.5) we see that L is obtained by iterating an
integral operator with a bounded uniformly positive kernel.
From the general theory of integral equations we thus know,

since the operator is symmetric, that

(1) m (x,5) = cp u(x)u(y) (1 + Ra") ”,”

where ¢ and p are positive constants, d 1is a constant
with |d| < 1, the function u 1s strictly positive and
bounded, and the guantity R on the right—hand side of (1)
has a bound independent of x and y

Moreover,
L
(2) pu(x) = 2 / k(x,y)uly)dy ,
O

w 1is the only positive eigenfunction of the kernel 2k, and p
is larger in modulus than any other eilgenvalue of the kernel.
It is fortunate that in this case all the eigenvalues and

elgenfunctions of the kernel can be found, because of the fact
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that the integral equation (2) can be reduced to the differ—
ential equation for a harmonic oscillator by twofold differ—
entiation with respect to x. This has been done by Kac [9],

and we have

il

(3) g (x)

sin Bx + B cos Bx ,

2
1+8°

3

where B is, when L # m/2, the smallest positive root of the

equation
(4) tan (BL) = — 22 .
1-8
If L = 7/2, we have
(5) w(x) = sin x + cos x, p=1,

and it is easily seen that p > 1 if L > w/2, and ¢ < 1
if L < m/2.

6. CRITICALITY

Recall that Zn and Z are respectively the number of
neutrons born in the n—th generation and the total in all
generations.

From the results of the previous section it is seen that
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that the integral equation (2) can be reduced to the differ—
entlal equation for a harmonic oscillator by twofold differ—
entlation with respect to x. This has been done by Kac [9],

and we have

(3) L#(x) = sin 8x + B cos Px ,
2
P = 2 b
1+8

where B is, when L # 7/2, the smallest positive root of the

equation
(4) ten (L) = — 22 |
1-B°
If L = 7/2, we have
(5) w(x) = sin x + cos x, p= 1,

and it 1s easily seen that o > 1 1if L > /2, and ¢ < 1
it L < T7/2.

P

0. CRITICALITY

ecall that Zn and Z are respectively the number of
neutrons born in the n-th zeneration and the total in all
generations.

From the results of the previous section it is seen that
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Moreover, Q(x) and 1 are the only positive solutions ¢ 1 of

the functional equation

(2) Q(x) = G [x, —log §J ,

where G1 is the mgf for one generation. In our case

equation (2) becomes

(5) alx) = A(x) + [ k(x,y)Q2(y)dy
0

If F(x,t) = ZPX(Z=n)tn is the generating function for

Z, then F satisfies the equation

F(x,8) = ¢ G [x, — log F(-, t)] ,

which in the present case becomes

(5) F(x,t) = tA(x) + t [~ k(x,y)F(y,t)dy, |t <1 .
0

By differentiating (5) with respect to t at t = 1, we
see that if L < m/2 then the expectation EX(Z) = M(x)
satisfies the integral equation
\ L
(6) M(x) =1+ 2 [ kix,yMy)dy .
0

Employing the method used by Kac [91, we can verify that the

solution of this equation is
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(7) EX(Z> - (l + sin L — cos L) sin x
cos L
+ (L + sin L + cos L) cos x — 1, L < g .
cos L
7. THE SUPERCRITICAL CASE
When L > m/2, it is convenient to consider the random
variable
Zn
! e R A
(1) Nh T pn ?
where Zﬂ is the number of neutrons in the n—th generation.
From a general result on branching processes ([7] and [8]),
we then have the following theorem.

Theorem 2. When L > 7/2, the random variables Wn
converge with probability 1 to a random variable® W as
n — @, and the probability distribution functions3 9£ the k
W, converge to that of W. If ©(x,t) 1is the Laplace
transform of the distribution of W,

e(x’t) - E e—’t\/‘J - fm e"'tW dP (w» < W) s
X X =
0
2That is, in any experimental realization, the W converge

to a quantity W, which is random since it varies from one
experiment to the next.

5The term distribution will always mean cumulative distri-—
bution.
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fthen © satisfies the functional equation

(2) 8(x,tp) = Ax) + [~ k(x,y)e%(y,t)ay , £ >0
0

Equation (2) is valid when £ 1is replaced by it,
1 =V-1l, —® <t << om. It can be shown that

img o o 0(x, it) = Q(x), where Q(x) 1is the extinction
probability. Then, following the idea of the proof of the

corresponding theorem in [51, we have the following corollary.

Corollary. The distribution function of W 1s continuous

except for a jump of magnitude Q(x) at W = O.

Remarks. The fact that the distribution of W 1is con—
tinuous except at W = O has the following corollary (proved

Just as in the simple case considered in [5], p. 481).

Corollary to Theorem 2. Vhen L > T/2, we have for each x

lim P {Z = k} = 0 uniformly for k =1, 2, 3, se¢ .
X n
n —

Using the corollary we then have the following result.
Theorem 3. If L > 7/2, then

(2) lim EX(Zn | 2 < o) = 0.
n — oo

Proof. We have, using Bayes' rule,
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(3)  p.( | 2 ) = P.(Z | z k) Py 2y = K
3 Z =k <) = Z < oo = —
/ X' n X n PX(Z < 03)
QK
< P(Z, =k), k=1,2, ...,
~Q(X) X ]

where Q = SUp, Q(x). Since L > 7/2, we have Q(x) < 1 and

hence from (6.3) we see that Q < 1. Hence

(4) E(Z | Z2<@) < =

x (% |

and the right—hand side of (4) goes to O by the above corollary.

8. THE CONJUGATE PROCESS

If L > m/2, then there is an interesting branching process,
closely related to our neutron process, that we shall call the
conjugate process. It is obtained by a straightforward extension
of a recent idea of Waugh [16].

Consider a process whose first—generation mgf 1s given not
by (3.4) but instead by (see Theorem 1, Sec. 6 for the definition

of Q)

L 2 _
(1) H (x,s) = A, P kbuy)et(y) 2s(y)gy
Q(x) 0 Q(x)
The mgf H corresponds to the following process. The probsbility

1
that a neutron, born at x, is transformed between y and vy + dy,
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where y 1s any point in the tody, is

2
1 Izl ()
2 Q(x)
When a neutron is transformed, it is replaced by Ttwo new
neutrons.

Using the ides of Wsuzh, we now have the following result.

Theorem 4. Let A ©be any event, and let PX(A | 2 < o)

be the conditional probsblility that A occurs, zgiven 7Z { @,

calculated for the original neutron-multipiication process

whose mzf 1s G Then PX(A | 2 < o0) is equal To the uncon-—

gy . inen

ditional probability of A calculated for the conjuzate process

starting at x.

nemark. It might seem reasonable to consider another
mzf that has an analogzous relationship to Gl for the condition
Z = oo. There is such a related process, but it is more com—
plicated, since in it the families of separate neutrons affect
one another; i.e., they do not develop independently.

One result that is obtainable by using the conjugzgate

process 1is the following one.

Theorem 5. When L » w/2, the conditional expectations

(in the origzinal process),

(2) EXEKI Z<C€T ,

are finite, k=1, 2, ... .



Proof. Consider a conjugate process whose successive

* * * * *
zZeneration numbers are ZO’ Zl’ ee., and let 2 = ZO + Zl + ...
*
From Theorems 3 and 4 we see that Ex(zn) = Ex(zn | Z< o) — 0.

Now the conjuzate process is a branching process included in
the zeneral category of Theorem 1, and hence has an eigenvalue
p*. Since EX(ZZ) —> 0, we must have p* < 1. Thus the conju—
zate process is subecritical. Using the analogue of (6.4) for
the conjugate process, we can see that all the moments of
Z* are finite, and Theorem 5 follows from Theorem 4.

Mullikin and Snow [10] have already shown that (2) is

finite in the case k = 1 for the process studied in [2].

9. THE PROBABILITIES IN THE CRITICAL CASE

We have seen in Sec. & that wheh L = w/2, Z is finite,
i.e., the process dies out, even thouzh EX(Z) = 0.

We shall be interested in studying a related random
variable U defined as follows.

Definitions. Let U ©be the total number of neutrons that

emerge from the left—hand end of the interval (0,L), if the
initial neutron is at x in the body. Let pn(x) = PX(U =n).
It can be seen without difficulty that if L = 7/2, then
U is finite but EX(U) = 0. We shall now consider the
asymptotic tehavior of pn(x) for large n. The treatment
follows that of Sevast'yanov [14] for a related problem and
depends on a theorem due to Pokornyi [12] on nonlinear integral
equations. This theorem is quoted in [14]. It is closely

related to work of Schmidt [13], although the author has not



RM—23217

18

determined the precise degree of overlap.

10. THE GENERATING FUNCTION FOR U

wWwhether or not L 1is critical, we define the generating

function

(1) 3(x,t) = Z o, (%)t ,
n=0

where t 1s any complex number such that It] < 1. Then we
have 2z(x,1) = Q(x).
An elementary argument shows that g satisfies the

following integral equation:

(2) = —(L—=x) fL k(x,y)e%(y,t)dy .

(x,t) = % t e
0]

+Xe
2

03

The work of Pokornyi, applied to the present case, glves
the following result. [in order to put (2) in exactly the form
treated by Pokornyi, as quoted in EUQ, make the substitution

*
z (x,t) = e*z(x,t) — 51;_- t.]

Theorem 6. When L =7/2 and 1 —t 1s small and posi—

tive, the generating function g has the form

]

. e 1/2 . % e (4 —yr/2 |
(3) s(x,t) = 1 <j :)(31n x + cos x)(1-t) + r§ f ( )(J

11. ASYMPTOTIC FORM OF THE PROBABILITIES IN THE CRITICAL CASE

Following [12] and [14], we can show that, for each x,
the function z(x,t) 1is analytic inside some circle |t] < 1 + €,

€ > 0, provided we remove the segment 1 { t ¢ 1 +€. From this
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fact, using contour integration in a manner entirely similar

to that used by Otter [llj, we obtain the followling result.

Theorem 7. In the critical case the probabilities

b (x) = P (U

n) satisfy

il

n

/ 2N
(1) p (x) == V//jgnv\(sin X + cos x)n‘3/2 + O(n“5/2), n— .
= 10 v/}

/

12. SURVIVAL PROBABILITY NEAR THE CRITICAL LENGTH

We shall now consider the survival probabllity as a
function of the length L, when L 1is slightly larger than
the critical value.

Definitions. Let V ©be the total number of neutrons re—

flected at the left if one neutron enters the body at the left.
Let qn(L) e the probavility that V =n, n= 0, 1, 2,
Let q(L) = 2 g (L) be the probability that V is finite,

i.e., the probability of extinction. Define
. 00) n o
(1) n(L,t) = 2 q (L)t7 , [t <1
n=0

The probabilities qy satisfy a set of differential
equations with respect to the parameter L. These equations
have been solved numerically, for the somewhat different model
considered by Bellman, Kalaba, and Wing, in [é]. The authors

have also shown for their model that

E(V) =2 nq (L) =tan L, 0 L<m/2
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It can be seen that E(V) 1is the same for the two models,
because the same differential equations with respect to L are
satisfied in each case by E(V). (However, when L » /2, the
quantity = nqn(L) is not the same for the two models.)

It can be seen that h(L,t) = 2 g(0,t) — 1, where g 1is
the generating function treated in Sec. 10. Hence, Theorems 6

and 7 imply the following result.

Theorem 8. The generating function h and the probabil-—

ities ay satisfy the conditioms

10

(3)  au(B) =y/52= 02 4 0w /?)

where Co 1s a constant whose value is not important to us.

Using (2), we can now obtain the form of g(L) for L near

(2) n(L,t) =1 — 2( Z) (1-t)1/2 4 e (1-t) + 0(1-£)3/2 |

'Il'/2.
Theorem 9. The function q satisfies
7
(1) Lo el o) = ()0 ve(l], o

As stated in the Introduction, we shall not give a detailed
proof, but shall indicate the zeneral idea.
Suppose the body occupies the interval (0,7m/2), and let

an additional slice be placed on the interval (—A,O).
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Let Tl(A) be the conditional probability that a neutron,
entering the augmented body at -A, produces a finite total

number of descendants, given that it fissions in (-A,0). Let

TE(A) be defined in the same way except that the neutron,
instead of entering at -4, is projected to the left from O.

Then we have exactly
(6)  af+5) =P nll ™+ 1eT,(8)] ¢ (=TT ()

The next step is to derive the inequality
R o
(7) 1 —T.(8) > 1+0(4) S = + x)]ax
e = A S 2

from which we can then show that

T |, A
(8) 1 ~ q(§.+ ) 2‘03A, cy > 0
as & — 0. From (8) and Theorem 8 we can then show that
(9) 1 - 1,(8) = (&) 2 [1+o(1)]
- o = "5' O\di)] 3

and Theorem 9 follows from (2) and (8).

15. REMARKS ON RIGOR

Regarding the critical case of Sec. 12, it is of some
interest to notice that if an initial neutron starts at O in-—
side the augmented vody and goes to the right, then the pro—
bability that there 1is eﬁentually a fission in the slice

. 1
(—4,0) is not 0(a); instead, it is 0(s1/2). To see this,
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ouserve that the probability that n neutrons are refllected
out of (0,7/2) into (-A,0) is qn(v/Z), and the probability

that none of these fissions in (=A,0) is, by (1) and (2),

=1 - @/%) A2 4 oo(n) .

Notice also that the approximation e‘nAfvl — nA 1is not wvalid

-NnA Ty _ Al
Z e Tq,(5) = n(G,e

L

here, since

S n qn(%) = ® .
| Too much insistence on mathematical rigor can be stifling
to research in new directions. On the other hand, the above:
considerations indicate that some care must be used in handling
infinitesimals in problems of this sort.l

A point of some interest on the theoretical side 1s the
fact that the differential equations derived by use of the
invariance principle actually apply to right-hand derivatives.

In some cases it is qguite easy to show that they apply to left—

hand derivatives as well; in some cases 1t seems harder.

14. REMARKS ON INVARIANCE PRINCIPLES

Let p(x,y,T) be the transition function for a temporally
homozeneous Markov process with time parameter T. Then p

satisfies the equation

(l) p(x)yJTl + TE) = f p(X:Z:Tl) 1% (z,y,Tg)dz s

from which it i1s possible to derive differential equations with
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respect to T. In certain approximate treatments of physical
systems, e.g., cosmic rays, it is assumed that the particles of a
system passing through a thickness of some materlal never reverse
their direction. For such systems, a relationship like (1) is
satisfied, where now T is a thickness or length parameter. The
fact that no backward motion is possible means that the thickness
variable is formally identical with time.

On the other hand, if vackward motion is possible, then
thickness can no longer be equated to time.

For neutron problems of the type discussed in this paper, we
may think of P(x,y,T) as the probability that x neutrons, in-—
jected into one end of a body of length T, will ultimately result
in y neutrons transmitted on the other side. Suppose furthermore
that Q(x,y,T) is the probability that x neutrons, injected as
above, will ultimately result in y reflected neutrons. Then
there 1s a law of composition by which we can find Q(x,y,’l‘:L + T2)
or P(x,y,T1 + T2) if we know P and @ for Tl and T2 and all
values of x and y. This law is more complicated than (1). See
(3] and, for a special case, Stokes [15].

As has been pointed out by Bellman, Kalaba, and Wing in [2]
and [3], more than one kind of invariance principle may be appli—
cable to a given problem. For example, in neutron problems one
principle may lead to a functional equation in which the position
of a source is the variable. Another principle may lead to an
equation in which the thickness of a body is the variable. Often

the correct choice of a principle can greatly simplify the

analytic or computational approach to a problem,
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