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PREFACE

This study, sponsored by the USAEC under the direction of the Lawrence
Radiation Laboratory,was stimulated by the theoretical findings of A, L.
Latter and his collaborators% at RAND concerning the concealment of
underground nuclear explosions, These ideas have since received ample
experimental verification as a result of the underground tests of Project
Cowboy.** In these tests, extensive seismic data were obtained when
high explosives were detonated at the center of spherical cavities in a
salt dome and also when tamped charges were exploded in the salt,
Nevertheless, no results of an entirely theoretical nature concerning the

close-in phenomenology of the cavity explosions have been reported, and

v3

Y

the present report remedies this lack. Brode's*mﬁ theoretical calculations
of the cavity hydrodynamics are used as the basis for a series of elastic
wave calculations in order to obtain a theoretical description of the
close~in elastic radiation field in the salt., Such calculations permit
one to assess the precision of elastic wave theory and of theoretical
cavity hydrodynamics under conditions of the tests and to find useful
methods, which have previously escaped notice, of correlating the
experimental results,

———_fgfgz—gzample see: Latter, A, L,, E, A, Martinelli and E, Teller, ''4
Seismic Scaling Law for Underground Explosions,!!:Phys, of Fluids, 2,
280-282, 1959; and Latter, A, L., R, E, LeLevier, E, A, Martinelli and

W, G, McMillan, '*A Method of Concealing Underground Nuclear Explosions,'!
J. Geophys, Res., &€, 943-946, 1961.

*%See Ref, 8.

woSee Ref, 1.~






—v—

SUMMARY

Theoretical calculations for elastic wave radiation from spherical
cavities in salt are compared with close-in experimental results from the
Cowboy Program of underground high explosive tests, The overall agreement
between experiment and theory is thought to be excellent, More detailed
comparisons show that the salt does depart from elastic behavior as a
result of plasticity at distances close to the cavity for large charge
weights and as the result of other losses at small strains which enhance
attenuation of the waves at larger distances, The theoretical findings
are used to suggest new ways for correlating such quantities as explosive
and radiated energies, peak values of particle displacement, velocity,
acceleration and radial stress, The potential usefulness of these new
procedures is tested by using them to find a new way of scaling
experimental values of the peak particle velocities from all uncoupled

shots of the Cowboy tests.
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I, INTRODUCTION

This memorandum is a sequel to H, L, Brode's RM-2624,~-AEC, entitled

Lavitv Explosion Calculations for the Cowboy Program.(l) The present

report summarizes theoretical results for explosively induced elastic
dilatational waves which radiate from spherical cavities in rock salt.
Calculations of spherically symmetric dilatation waves resulting
from normal pressures on the wall of a spherical cavity in an elastic
medium have been carried out with considerable generality by many previous
writers,(z’B) and we certainly make no claims concerning the novelty of
the present methods, This work extends the results of Ref, 1 by using
Brode's theoretical wall-pressure histories to calculate the elastic
radiation field implied by his results, With the idealizations of spherical
symmetry and homogeneity, a complete set of consistent theoretical
calculations of events. both inside and outside the cavities, permits one
to discern physical trends which might otherwise be obscured. Moreover,
in order to show the effects of the idealizations as well as the realistic
features contained in the calculations, the present results are compared

with some of the close-in measurements of B, F, Murphey.(h)



II, CAICULATIONS

Let a be the radius of the cavity, P(t)

cavity wall, and aF(t) the radial elastic di

The function F(t) is given by'

the pressure acting on the

splacement at the cavity wall.

c 1 "t 3—_’_‘@ L' %ﬁ i(t—'r)
F(t) = 5 ol j P(7) [ 5 sing(t-T)* %w cosy(t-r) ar (1)
rA«
a w o
where .
we Sl - (-8
and B = 2u~A
2u+A°

The quantities A and ¢ denote the Lame const

and ¢ the dilatational wave speed,

The density of the medium is denoted by p.
is given by

=, 88, _2a
€r 2 I‘2(1 r) e

& 2 I=a
+81 - 22+ p) F(t - 59

The transverse strain €

6 is given by

ants of the elastic material

(2)

Then the radial strain er(r,t)

4 — £=2 QE
j € e @'p(e)ac
o
(3)
_a 1l pgy - I=3)
r At2u c °°

*For completeness, the derivation of these results is given in the

Appendix.
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c r-a, .t - ==
- (- =By c ¢ 2
€= - i%(l -8e ® c i e a5 F(£)de + ia F(t- £8), (&)

From these results one can compute the radial elastic displacement

u(r.t) = re = A(r,t) and the two stress components

o the dilatation €_ + 2¢
r

6
Og = Ae ¥ 2(M+ideg.

and
o, = (M2u)e + 2he. (5)

The particle velocities and accelerations are obtained by differentiating
the formula for u(r,t) with respect to time,

A1l of the preceding formulas were programmed for RAND's Johnniac
digital computer, Numerical values for the stresses, strains, dilatation,
particle displacement, particle velocity and particle acceleration were
calculated as functions of time at any radius r from the center of the
cavity. In conjunction with the spherical wave code outlined above, a
short FORTRAN code has been written for the spectral analysis of the
particle velocities, This program calculates the quantity

~o ‘
F(w) = J ut(t)e_lwtdt (6)

=00

In addition to the machine calculations noted above, hand calculations

were made to obtain the total energy radiated into the elastic medium,
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Imagine a volume V of the elastic medium which moves solely by the
deformation of the material, The energy flux W radiated through the
surface S of this volume is equal to the rate at which the stresses on

(5)

S do work upon the material outside V, If the time interval T includes
the total pulse duration, we can write the approximate result for

spherically symmetric motions so that

W= Lar? | u o dt, Q)

where it is assumed that, r(ro,t) can be replaced by r_. This Lagrangean

formulation dees not include any transport terms.
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I1I, THECRETICAL AND EXPERIMENTAL DATA

The elastic constants used in the present calculations are:

Young's modulus, E = 5.125x106 psi

Poisson's ratio, = ,25
Dilatation wave speed, c = lh.hxlOB fps

(é)

Afier the present calculations were started, Nicholls, Hooker and Duvall
published slightly different definitive values, The present values,
however, appear to be close enough to those cited so that no further
calculations are necessary,

Calculations were carried out for cavity radii of &6 and 15 feet
corresponding to ten of the twelve cases treated in Ref, 1., The two
cases of cast TNT explosions were excluded from this study, as they were
calculated for time intervals toc short to be of present use, Only those
cases corresponding to pelletol explosions are considered here, For each
theoretical P(t) from these explosions, elastic wave calculations were run
for three radii which were chosen to approximate closely the experimental
gauge locations, Thus, for the 6-ft cavity, r values were chosen to be
at 10, 20,7 and 36 feet from the center of the cavity., For the 15-ft
cavity, chosen r values were 50,5 and 80 feet,

A summary of data pertaining to the theoretical calculations is given
in Table 1., Except for values of the energy radiated in the salt, this
table is an abridged version of Table 1 of Ref, 1, More complete
information concerning the hydrodynamic calculations is given in Ref, 1,

Only those data which have immediate application for the elastic calculations

are presented here,
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It is to be noted that we have adopted Brode's numbering system to
designate the various calculations. The designation of each calculation
is according to cavity radius (6 or 15), air (4) or vacuum (V) in the
cavity, charge weight (1bs), type of explosive, pelletol (P), or pelletol
with revised equation of state (P), and detonated (b) or without
detonation (n). Thus the designation 6V20Pn represents a calculation for
a 20 1b pelletol charge in a completely evacuated cavity with a -t radius
in which the energy is initially distributed uniformly throughout the
charge (without burn) so that no detonation calculations are included,

As explained in Ref. 1, the hydrodynamic conditions within the cavity
are markedly influenced by the nature of the burning process and by the
equation of state for the explosive products, As might be expected, these
effects are directly mirrored by the response of the elastic medium, as
evidenced by the large variations in radiated energy of Table 1 for the
same charge weight but for the different equations of state for the explosive.
Cf course, the calculated values>of the radiated energy depend upon the
time interval over which the calculation is extended, Even for those
cases of longest duration it is not strictly true that the entire elastic
pulse could be used in Eq. (7). ©n the other hand, it was found that the
calculations of shortest duration contain about 90 per cent of the radiated
energy. The calculations of greatest duration appear to give energy values
‘which are accurate to within 1 per cent.

In Figs. 9, 10 and 11 of Ref, 1 theoretical and experimental wall
pressure histories are compared for pelletol charge weights of 200, 500

and 1000 1bs in the 15-ft cavity. Figures 1 and 2 of the present report
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compare particle velocities in the salt for the first two of these charge
’weights. As noted previously, the theoretical curves result from using
the values of wall-pressure versus time from Brode's hydrodynamic
calculations as input data for the elastic wave program, Figures 3 and 4
canpare particle velocities and particle displacements at two distances
from the center of the 15-ft cavity for a charge weight of 100C lbs.

The two radial distances are 25 and 8C ft, respectively.

The overall agreement between experiment and theory shown by these
four illustrations is thought to be quite satisfactory., The differences
between theoretical and experimental values of peak wall pressure from
Brode's work appear here as corresponding differences in peak particle
velocities, The somewhat better agreement between experiment and theory
for the magnitudes of subsequent peaks as well as for differences in time
intervals between peaks is also noted in the wall-pressure curves of
Ref, 1, In Fig, 4 the difference in the experimental and theoretical
arrival times from the instant of detonation until the first signal is
received is about 1 millisecond at r = 80 ft, Figure 3 and the wall-
pressure curves of Ref, 1 indicate that this difference should be about
1/3 millisecond. Inspection of the 'tdigitized!! velocity data(7) at
r = 80 ft for Shot 1C of the Cowboy tests indicates agreement with the
1/3 millisecond figure.

The experimental data of Figs. 1 through 4 of this report have been
taken from copies of the oscillograph recordings which were made from the
original taped records, Evidently the detonation time marked on the

particular record at r = 80 ft has been inadvertently misplaced., Had we
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made use of this information in Fig. 4, the agreeﬁent between experiment

and theory would have been greatly improved., However, we have decided to

apply no corrections to the experimental data. The experimental

displacement data of Figs, 3 and 4 have been read from records which were

obtained fraom the velocity tapes by a process of electronic integration.(h)

Comparison of experimental and theoretical displacement curves indicates

the possibility of same drift in the experimental records. It is to be

noted that Herbst, Werth and Springer(B) present an experimental displacement

curve in Fig, 16 of their paper which corresponds to the conditions of

our Fig. 4. Their experimental curve results from the integration of the

velocity record (presumably by direct numerical computation) and does not

show any drift, Use of their curve in Fig, 4, instead of that read fraom

the electronically integrated record, would provide excellent agreement

between experiment and theory for particle displacements at r = 8C ft.
Figure 5 compares velocity spectra calcul-ted from the experimental

and theoretical velocity data of Figs, 3 and 4. At high frequencies

these spectra show fair agreement. The pulsation frequency of the gas

in the csvity is clearly shown by the peak in these curves between 10C

and 200 cycles per second, The spectra calculated from the measured

velocities have considerably greater low frequency content than the

theoretical spectra. Investigation of this difference indicated that it

was partly due to the fact that the experimental velocity curves of Figs,

3 and 4 have been drawn with rather broad initial peaks, Actually, as

already discussed by Murphey,(h) the velocity records of the decoupled

shots showed a high frequency component due to ringing of the cannisters
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~ containing the gauges. Although? this high frequency on the recordings

is of fairly small amplitude, it obscures the width of the initial velocity
pulse, In the process of trying to smooth out these oscillations in
drawing the experimental curves, the width of the initial pulse tends to
be overestimated, For example, when a samewhat narrower initial pulse

was obtained fram a rereading of the data of Fig. 3, the low frequency
part of the experimental curve of Fig, 5 was lowered by about a factor of
two. No attempt has been made to improve the agreement between experiment
and theory by applying this factor because of the uncertainties associated
with such procedures,

Another cause for disagreement between the experimental and
theoretical spectra resides with the truncation of the records which were
analyzed, For consistency, all curves of Fig. 5 were calculated for 20
milliseconds after the arrival time for the velocity function Uy in Eq.
(6). Outside this 20 millisecond interval the velocity is assumed to
vanish., On the other hand, when the record is truncated at some arbitrary
time T later than the arrival time, Eq. (6) shows for low frequencies
(w=C, to be exact) that F(w) is nearly equal to the particle displacement
u(T). If the interval of time used in Eq. (6) is short enough, u(T) can
show considerable variation, depending upon the choice of T. Figure &
has been prepared to illustrate the effect of truncation on the theoretical
spectra of Fig, 5.

The preceding comparisons have been made for experimental conditions
in which the assumptions of elasticity are reasonably well satisfied,

For the larger yield explosions in the smaller sphere, the salt shows an
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elastic behavior, which can be illustrated clearly by a camparison of
experimental and theoretical results, This comparison need be only a
qualitative one, in which case it seems sufficient to campare peak values
of the particle velocity and of the particle displacement for each case,
The various values are entered in Table 2, Nearly all of the experimental
values given in Table 2 have been reported by Murphey(h) in his Tables

3 and A.* The first thing indicated by Table 2 is that the peak velocities
and displacements deduced from the Pn calculations show considerable
differences fram the experimental quantities, while the values calculated
from the Pb and P'b wall pressure functions are in fair or good agreement
with experiment, A second thing revealed by these data is that, for those
cases in which elasticity of the salt is a good approximation, the agreemert
between experiment and theory seems to be best at those radii closest to
the center of the cavities, Fram the data at greater ranges it appears
that, even for small strains, the salt has an element of dissipation which
is not accounted for by the theory, Finally, the effects of plasticity
are shown dramatically byvthe results from the 'Yoverdriven'! cavity of
6-ft radius with the 2000-1b charge.

Comparisons between experimental and theoretical data for other
physical quantities are possible, The preceding comparisons, however,
seem to be the most useful ones at this time, For example, the particle
acceleration data from the tests show exceedingly large variations from
the theoretical values, and the body of these measurements does not appear

~ *In Table 4 of Ref, 4 Shot No, 3 should be designated as Shot No,2
and Shot No, 4 should be designated as Shot No, 3.
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to be internally consistent, Similarly, the data fram the ''earth-
pressure!! gauges (whatever it is they measure) show great scatter amongst
themselves, and these pressures show no resemblance to calculated values
of Gr’ Oy Or Or = 9ge Unfortunately, sr(t) data from the dynamic strain.
gauges(é) were obtained for r values which were considerably larger than
any radius used in present calculations, For this reason, no direct
canparison between theoretical and measured radial strains is possible.
Even so, the rise times for the experimental strains reported in Ref. 6
appear to be considerably longer than those which would be found fram

elastic calculations., This finding supports the evidence fram Table 2

concerning the effect of dissipation at small strains in the salt,
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IV, CORRELATTONS OF THEORETICAL, RESULTS

' The signal radiated into the salt is generated by a complicated

sequence of events inside the cavity, The complex nature of these events
makes it difficult to find useful ways of correlating characteristic
features of the waves in the salt, However, if such a systematization
of the data can be achieved, the theoretical findings should offer the
greater chance of success, Even if such correlations are found, it is
important to remember that they would be based upon the approximation
that salt is an elastic solid, In situations for which the preceding
results have shown that this is not actually a good approximation for
salt, the fiction of elasticity is maintained below because of its
theoretical interest,

Table 1 permits the comparison of the energy released by the explosions
to that radiated into the salt, A significant feature of these results
is that the radiated energy W is ‘alwa;rs a very small fraction of one per
cent of U, the explosive energy released, To obtain a more graphic idea
of this result, Fig., 7 shows W as a function of U in a log-log plot. It
is seen that the radius of the cavity, a, and the nature of the burn
calculation for the explosive affect the result, although the results
obtained from the P'b and Pb calculations show little difference. Figure
7 shows that the radiated energy decreases as the cavity radius increases,
Therefore we are led to plot W as a function of the ratio U/a, The
result of this plot is shown in Fig, & where now only the data corresponding

to explosions with or without detonation calculations lie on separate lines.
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Actually the data for the modified equation of state (P') lie on or below
the solid line in Fig, 8, while the data for the equation of state
designated by P are above the line, so that even in this case some
differences in the details of the burn are evident., However, as noted
previously, the limited accuracy of the calculations for the radiated
energy W does not permit a definite distinction between these two cases.
The curves of Fig, & suggest that for detonated pellatol we have
approximately,

W= 1.025x10°7 (U/a)l°8l, (&)
and for the (Pn) calculations, which exclude detonation, we have
approximately

W= 24631077 (u/a)tCh, (9)

In view of the fact that the elastic constants of the solid were nol
varied in the present theoretical calculations, it is not surprising that
the preceding correlation shows no explicit = dependence upon these constants,
On the other hand, when the elastic constants for salt were used in an
effort to obtain dimensionless correlations in accordance with the well-
known laws of similitude,(9) no correlation of these results was found,
For this reason, calculations for solids with different elastic constants,
but for the same hydrodynamics inside the cavity, might be of considerable
help in obtaining a more general result.

Although the radiated energy W appears to be simply related to the
energy released by the explosive U, the different magnitudes of these two
quartities suggest that two characteristic lengths might be significant

for the dynamic response of spherical cavities, Thus, for effects
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(9)

associated with the explosion itself, we define a characteristic length,
1
o = (u/e)*/3 (20)

and for events out in the elastic medium we define another characteristic

length,
B = /5)+/3, (11)

The Young's modulus E is taken as a characteristic pressure for both a
and B even though it might seem more appropriate in the case of a to use
a pressure characteristic of the explosive, Again we note that the
elastic constamnts of the solid have not been varied in these calculations
so that the use of E in Eogs, (10) and (11) secures only dimensional
consistency,

The characteristic lengths a and B are useful for graphical
presentations of the peak values of calculated quantities. For example,
Fig, 9 is a dimensionless plot of peak displacements versus the distance
from the center of the cavity., For clarity of presentation, only results
from P'b and Pb calculations are plotted, The solid curves and the
open points denote results calculated from the P'b equation of state,
while the dashed curves with the solid point symbols indicate results
from the Pb calculations, This symbolism has been employed for the
remaining illustrations of this report. Figure 9 is the only instance
in which it was found possible to achieve a reasonably close correlation
of the calculated results in terms of dimensionless quantities, Tor

example, in Fig, 10 it was necessary to plot the product of peak particle
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Mach number ut/c and B—l against the scaled distance r/a, Similarly,
in Fig, 11 the best overall correlation is obtained when the product of
dimensionless acceleration uttB/C2 and B-g is plotted versus scaled range.
In this last case the correlation is not as good as that obtained in the
two preceding exarples. In Fig, 12 the peak radiel stresses, including
the pealr cavity wall pressures, are shown as a function of scaled range.
The most efficacious combination of parameters for this correlation was
found to be ¢ _/EB,

In view of the difficulties involved in the scaling : of single peak
values of the various quantities studied, it is thought that the
results given above constitute fairly good correlations, The fact
that the system contains two characteristic lengths has made the task
of finding such trends rather tedious, and we have not explored 211 possible
corbinations, Furthermore, considerations of similitude(g) indicate that
dimensionless quantities such as u/B, ut/c, uttﬁ/c2 and Or/E are the
appropriate parameters for such éorrelations, and these quantities have
been employed even though the elastic constamts have not been varied in
the present study, For the same reason, these parameters have been
retained even in those cases in which it was not possible to obtain
correlations with respect to these dimensionless quantities. Finally,
it is to be noted that the data pertaining to the Pn calculations have
been omitted from Figs., 10, 11, 12 and 13 simply to avoid overcrowding
of the illustrations. It has been found that the points from the Pn
calculations fall among the points plotted in these last four

illustrations., From the foregoing we see that if the dimensionless
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quantities u/B, ut/c and u.ttB/c2 are miltiplied by the quamtity B

(where n = 0, 1 or 2 for the peak displacements, velocities or
accelerations, respectively), these quantities appear to be inversely
proportional to the dimensionless range r/c, For the dimensionless radial
stress, the appropriate value for n is unity.

The only data available to test the utility of the present
correlation schemes consist of the measured peak particle velocities of
Table 2, In the absence of experimental measurements for the energy
radiated into the salt, we have calculated a value for each shot of the
Cowboy tests as follows: First the explosive energy U for each charge
was calculated by using Brode's(l) value of h.O?AxlOlO erz/c for the
energy density of pelletol, Then Eq, (8) was used to calculate the
radiated energy W. The appropriate values of @ and P for each shot follow
from Egs. (10) and (11). With the help of these data and the sound speed
in the salt, the experimental data of Table 2 can be characterized in
terms of the parameters ut/cB and r/a, A plot of these quamtities is
shown in Fig, 14. The correlation of these data appears to be quite good

and suggests an approximate power-law relationship of the form

(u,/cB) = 057(x/a) "2, (22)

Tt is interesting to note that the experimental data show a rore
pronounced attenuation of peak scaled particle velocity with increasing
scaled range than do the corresponding theoretical results. The
theoretical values appear to be approximated simply by an inverse
proportionality, Two factors which are probably responsible for this

difference are those of plasticity and of other dissipation in the salt
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which eccurs even at small strains, The first of these factors is most
important at small scaled ranges., For a given explosive energy, plasticity
in the salt permits larger particle velocities than would be obtained if
the salt were truly elastic, The dissipation at small strains is nost
effective at large scaled ranges where it tends to diminish the magnitude
of the peak velocities more strongly than would occur in the case of an
elastic material. Of course, the calculation of the characteristic

length B has been carried out under the supposition that the salt is an
elastic materizl, To the extent that the salt departs from this idealized
behavior the results of Fig., 14 are inaccurate, Nevertheless, Fig. 1
serves to illustrate, in a fairly quantitative wgy, how wave propagation
in the halite of the Cowboy tests differs from that which would take place

in an elastic solid,
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V, CONCLUSIOIS

The elastic wave calculations presented here complete our attempt
to give a wholly theoretical set of calculations for the cavity explosion
phase of the Cowboy Program, In view of the uncertainties concerning the
properties of the explosives used in the tests,(l) the overall agreement
between close—in experimental measurements and elastic wave calculations
is thought to be excellent, Of course, those cases of overdriven cavities
must be excepted, These cases, when compared with the corresponding
elastic calculations, give a good indication of the close-in effects of
plasticity. Even in those cases for which the assumpbion of elasticity is
a good approximation, comparison of experimental and theoretical trends
has indicated some dissipative effects in the salt which are not present
in an elastic material. Finally, the theoretical calculations have
indicated the existence of some correlations between: (1) explosive
energy and radiated elastic energy, and (2) close-in distances and the
peak elastic displacements, velocities, accelerations and radial stresses.
These correlations could be of considerable use for predictions of these
quantities for other cavity explosions in elastic materials, However,
before this potential usefulness can be reliably exploited, additional
calculations should be carried out for the same and other explosive sources

in other elastic materials in order to extend the present findings.
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Appendix

DERIVATION OF EQUATIONS

In the case of spherical dilatational waves in an isotropic elastic
medium it is known that the dilatation A(r,t) must satisfy the wave
equation,

&~

- \2
7 (ra) = J—E -Q——LI;-Q, (A1)
[o4

at
where the wave speed c¢ is defined by Eq. (2) of the text., When the

motion is spherically symmetric the dilatation is defined by

A= 2P, (a2)

where r is the radial distance from the origin of coordinates at the cavity
center and u(r,t) is the small elastic displacement in the radial
direction which depends upon the time t and the radius r. From symmetry
it is evident that all displacements must be radial. Displacements
directed outward from the or'min‘ are counted positive,

At any instant let the position of the cavity wall be

r= a 1+ FE), (A3)

where F(t), being part of the elastic displacement,
u(r_,t) = a F(t),
mst necessarily satisfy the condition

|F(t) 1<, (AL)



_30_
Accordingly, the position of the wall will be taken to be at the undisturbed

initial radius r = a rather than at r s SO that u(ro,t) can be approximated

by'the condition
u(a,t) = a2 F(t). (45)

Tt now remains to find the function u(r,t) which satisfies Eq. (A1)
in the infinite region r > a, and which satisfies Eq. (A5) whenr = a, It
will be supposed that the medium is in a state of rest until t = 0 and
that no waves originate at infinity,

For outgoing spherical waves it is known that Eq. (A1) is satisfied

by fte(r—ct

= r
where £ is an arbitrary function of the parameler

n = r-ct, (46)
An accent denotes the derivative of f with respect to nm, From Eq. (A2)

it follows that the displacement u must satisfy the equation

3 7.2
— = t
ar(r u) = r ftt(r-ct),
so that u is determined to within an aribtrary function of time by
r2u = I r £t (r-ct)dr. (A7)

The arbitrary function of time, which might be designated H(t), has been
omitted from Eq, (A7) because a term in the displacenent u proportional
to H(t)/r2 represents a motion which is not a progressive wave and the

ttho-reflection condition!! at infinity rules out standing wave solutions.
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The integration in Eq, (A7) is carried out with t held constant so that
one can substitute Eq., (A46) into Eq. (A7) writing dn for dr to obtain
2
ru = (n+ct) £1(n) - £(n), (42)

after an integration by parts. On the other hand, when r = a, condition

(A5) requires that this relationship be of the form
2P = a £1(n) - £(n),
from which one finds

£ = aQeﬂ/a. 1}\ e-X/aF(éi:é:}.C) %, (A9)
a

Equation (A9) satisfies the condition that £ = O when n = a, that is

when t = 0, One can put Eq., (A9) into Eq., (A8) to obtain

" r—-ct "
( - a ret ~x/an 2=xy 5. 2 5 I—2 (410)
u(r,t) ==5( -1e J e ax + S FGR - ). 0
r a

Tt can be seen from (A10) that when a = r, u(a,t) = aF(t) as required by
condition (A5). loreover, it can be seen by direct computation that Ka.

(A10) leads to the result

y Bt r-ct 2
p — l .
A= %{:f;ae a ja e x/aF(-‘?z-‘—‘)dx + aF - —aé- Ftp = ZG(r-ct),

so that Eq, (Al) is certainly satisfied,
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Tt remains torelate aF(t) to the pressure P(t) on the cavity wall.
This can be done by means of Hooke!s Law which connects the deformation
at the wall to the stresses applied at r = a, In this case, spherical

symmetry reduces Hookets Law (at the wall) to

-P 0 O A 0 O awfar 0 O
0 c ol =alo & of +22. ] 0 wro
0O 0 © 0O 0 A 0 0 u/r

where O denotes the megnitude of the principal stresses normal to the

radius vector., The first of these equations gives for P(t) the expression
~P(t) = (A+2p) % + %‘)-‘ u, [r=al; (A11)
while the second and third of these equations give
c = ?» L o) 3 [r= 2l (A12)

When Eq. (A10) is substituted into Eq., (All) we find that

ct el

Epr(t) + —2-“;’-‘) F(t) « 2 J’ o *r(9a - 'ﬁ%

The solution of this linear equation may be obtained by any of several
methods, all of which give:
- ;:ﬁ'(t—"r)

e 1 (<) tf'P(t) ("l:E sin w (t-7) + 2 ¢ cos (t-7) |e 2 dr
—a?\.+.'2§xacu‘ .jo \_ 2 w i c = J s

(a13)

where as already noted in the text,



_33_.

=2 \4-(1-8)"

2a
and
_ (2umh
B - (2:4-1—}\_)'

The solution u(r,t) is determined when F(t) from Eq. (A13) is put imto

Eq. (A10).
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