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PREFACE

When an ICRBY approaches a defended target, the
defender has to determine the altitude at which he wilil
detonate his AICHM warhead, and the attacker must decide
the altitude at which he will detonate his ICEM. The
situation is analyzed in this Memorandum as a game of
strategy, and under certain assumptlons, optimum strategles
are found for the attacker and the defender. The Memorandum
should be of interest to operations researchers concerned

with choosing optimal strategies for AICEM or ICEI detona—

tion.






SUMMARY

This Memorandum treats a situation where an ICHY
plunges toward a target defended by one or more AICEW
missiles. 1t is assumed that if the defender identifies
the ICBM and scores & hit within the lethal radius of the
AICBM before the ICRY detonates, the ICBM does no damage.
(No sympathetic autodetonation.) If the ICHV detonates
first, however, it does an amount of damage that depends
on the height of the detonation. The defender has a
dilemma. If he tries to knock ocut the ICENM at a greect
height, he is less likely to identify and kill it than
if he waits until it is lower. On the other hand, if
he waits until it 1s low, it may explode before he attacks

t, at an altitude low enough to produce severe damage.

}e

The attacker must decide at what altitude he will detonate
the ICBM. The defender does not pick the same altifude

to detonate his weapons everytime, since then the attacker
would detonate the ICHM always Just a little above that
altitude. Thus the strategies involve random selection

of altitudes for both the attacker and the defender.

In this Memorandum the best strategies for both the
attacker and the defender are found, first for the case
where tThere is just one defense missile, and then for the
case of multiple defense missiles.

The author gratefully acknowledges his indebtedness
to T. Brown and M. Dresher for many valuable discussions

concerning this project.
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A MISSILE — ANTIMISSILE DUEL

1. INTRODUCTION

The problem that we conslder nere is closely related
to the duel problems that are discussed in Dresher [11.
We formulate it as a game—theoretic problem involving
ICEM's and AICEM's. Let us suppose that if an attacker
detonates an ICEM at height x, then the damage done will
pe given by D(x). Let us also suppose that the defender
has a probability o(y) of destroying an ICBM at height y.
Our problem is to determine optimal strategies for the
attacker and the defender. It 1is reasonable to let the

payoff fo the attacker te

(‘D(f’d s X D> ¥,

Il —p(y)plx) , x<vy .

It 1s clear that the game does not have a saddlepoint;
that is, the game has no solution in pure strategies.

In Sec. 2, we present a solution to the problem, while in
Sec. 3 we solve a more general problem—we allow the
defense to use n antimissiles. In Sec. 4, we restrict

our attention to a special class of probability functions

pl{y), wnich are possibly of some practical interest.

2. THE GENERAL SOLUTICN TO THE PROEBLEM

e shall assume throughout that p(y) is a nonincreasing

position functicn. Also, we shall assume that D(x) is a



D

continuous nonnegative function which attains its maximun
value zt some point %y > 0 and 1is subsequently strictly

decraasing. This 1s the qualitative bvehavior that one

would expect if D(x) is taken to be the area over which

[t1]

a specified overpressure is attained (or exceeded) as the

result of a detonation at the height x. We shall also

assune that

It turns out that the solution to the provicu ailgss

on the existence of a number o such that

As we shall presently show, the value of the game is then

D(a).
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Proposition 1.1. If p(ao) < 1, then there exists a

unigque number a > Ay such that

Q
1 1
b(a) I p(x) d[?(X)] =1
o)

Proof. Let

I 1 1
E(X) = {‘ d{D(X)J .

We observe that #(x) is a continuous function for all
X 2 Q5. To snow this, it clearly suffices to show that

F(x) is continucus in any copen interval %y < x <L Xg- I

%y < X, x' < %X,, then

xl

I - | = L :
i7(x') mx) | J o(x) d[a{x)] l
b
1 { 1 - 1 |
S ) | DT TOBGRT

Hence the continulty of F follows from the continuity of D.

How set

X

a(x) = D(x) f D%X) d{D%x)}
o
0

Thzn
ol - D{x) 1 _ 1
#(x) 2 575 [D(x) D(ao)}
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lim D(x) = 0, it follows that G(x) is eventually
than one. Since G(xo) = O,we know from the inter—

value theorem that there exists an a > ao such that

We show finally that a is unigue. If we let a be the

smallest number such that a > a, and G(o 1, then it

i

obviously suffices for us to show that G{z+h) > 1 whenever

n > 0. Now we have

a+h
3(a+n) = D(o+h) i =5 d[n(i;}
0
- . a+h
=D e + - :
= L(Ct.“i"h) ‘l;o 5(x) d[D(X)] g D(A+h) ‘i 63 d[D(K)]
a+hn
_ _ 1 1
= + D(a+h) JOZ plx) d[ﬁ\&)}

et A = D{a+h)/D(a). Then 0 < A< 1, and

£

Gla+h) > A + (1) ﬂé-)— .

Since the latter is a proper convex combination of 1 and
1/o(a) > 1, we have G(ao+) > 1.

et

[ 63

w8 NowW

el

a()=f n(ey)ar) = [ p(x)ar(x) - o (v) f D(x)aF(x)
o 0 0 :
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y
s() = [ mGeyIante) = [ pxarx) —py) [ plx)eE(z) .
0 0 0

Then H(x) is the expected value of the game (to the attacker)

if the attacker uses the pure strategy x and the defender

uses the mixed strategy defined by the cumulative probability

distribution function G(y). A similar interpretation may

be given to K(y). The game has a solution in mixed strategles

F=Fand G = G* 1T

max H(x) = min K(y) ,

value of ths game. (3ee M. Dresher [1], p. 108. Although
continuity of the payoff function H(x,y) is assumed throusgh—

validity of the crucial equation,

Suppose that p(ao) < 1. Then the

game has a solutlon and the value of the game is D(a),

whers o > ao and
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s [ 52y fota] -
%

=

he following are optimal strategles:

0

-

x < Gy ,

p(2)D(a) 1
1 - p(2) plag)dley)

e(x) = < X
1 1
+f‘mmdbuﬂ} %S FS %

1 > @ < X
L
_
9] s ¥ < :).'.Q »
y 1 1
{y) = < D(Oﬂ)f (%) j[n(;ﬂ} R RN
%0
1 5 28T -

* i3 a cumulative

13

Proof. First we check that
probability distribution. Since 5%(x) is manifestly
monotone in the interval O ¢ x ( ao,it suffices for us ©o
show that F*¥(a) = 1. This easily follows from integrating

by carts:



it is clear that G* is also a cummulative prcoabllity

disztribtution function.

A little alzebra ylelds:
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Thus max H(x) = min K(y) = D{(a). This completes the

Z, A MORE GENERAL RESULT

We pass on now to a more general problem. Instead
of allowing the defense to use only one AICEM, we now
permit him to fire n antimissiles. As bpefore, we are
concerned with finding the best helzghts Yys =005 Yy at
which interception should be attempted. 3y properly
labeling the subscripts, we may always assume that

vy < I  vee LT, The payoff to the attacker 1s

D(X) , 1f x > yn:
(R aeeay,) =
n
pi{x;) o [1-— p(yj>] y ATy g <X

-’

We make the same assumptions concerning the functlons D(x)

and ply). Also, as tefore, we introduce the functions

Sgseesy) = | xayyseeoyy) af(x),
0



this ca“e,G(yl,...,yn) i1s a jolnt probability distrlbution

defined on the wedge.
{(yl,...,yn) 0y £V € et € yn} .

e state immediately the main result.

Theorem 2.1. Suppose that p(ao) < 1. Then there

exists a unique set of numbers al,...,an such that

k-1 < and

~f o ~ 1 1 —
“(lk) J c{x) d oi{x) | L

™~
1]
$-~4
o
.
.
-
o)
2
: 4
{
H
it
3
[
-
[$%
47}
W]
Ul
o]
Fu—'
j o
ot
.—.A
sﬂ )
]
§id
o
Cu
[
)
D
1
.
-
[0
(9]
L]

(0 s 1f x <L Gy
_ X
() =<P(an)D(an) 1y L [ 1 4f2 it e o«
‘ 1 [1o(a,)] oo, )Dte, ;) ~ 4 Bl el T
a,;d - Q,
o PNy ®—1
\L s 18 x> %y



(O ) ifyk<a0’
I
a*(y.) = ¢ D(a,) I 1 g|2 ifa . <y <o
PARAN %y o(x) 4| ox7| ’ k—1 = T & %o
He1
1 , 1fy, 2.

(G* is the Joint probability distribution corresponding
to the cartisian product of the probability measures which

are defined by G¥, ..., ax .)

Proof. As before, it suffices for us to show that

max H(x) = min K(yl,...,yn) = D(an).

femma 2.2. The function H(x) satisfies max H(x) = D(an)

n
() = Dl 1 -}J{ SIRLEER e £ (- (y,) Jao3(y,)
j=1
- B(x) D(a,) D(o,,) Bla,) b(a ).

Dix} ° D(ak) *** Dla 1

Similarly, one can show that H(x) = D(x) D(a )/D(ao) if

X € @y, and H(x) = D(x) if x > a -
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Lemma 2.3. The function K(y,s...,y,.) satisfies
1 n’ e

min K{yl,...,yn) = D(an). Moreover, we have

7, . - R 1 « f_‘
&(,l,...,yn) D(an) if and only if o, < ¥, € % for

kK = 1, eeey Do

Procf. It will be convenient to introduce the

following notations:

p = ple) P = Plyy)s
. p(a )D(a) ,
K n
n (1 - play))
=k
n
no= 1o (1-p(¥)) .

Let us suppcse that o < yK < ak, K =1, .¢c¢, I

Then we have

Y1 YB
K(yys--oy,) =0 [ DG am(e) + 0, [ 7 D(x) aF(x)
yn \ an
o+ I j D(x)d?(x) + j D(x)dF(x)

%1 Y1
= 1, [j D(x)dF({x) — Py J D(x)dF(xq

Go ao



™
i

—1o—

a, o
1 [ parte) ey | D(x)ar(x) |
ay iy
Q J
n n
ee + [ f D{x)ar(x) — Ph f D(x)d?(x)w
%1 -1
1 1 1
AE EE L(1~pl)p1 1 - Dy~
po [t (ro o F2 (L 1y]
LSRR g £, NP, | Py ~ 5, <pg p1>
1 1 N Pn 1 1 N
e o[ (A )T (R 2]
n n’Ll — P \pn oo =5, “p  Pp/-
. I
%2 H2 +<ik5 5 %2 .2>
Py P, Py

n

We now proceed to the more difficult

(2 ) is the minimum value of K(yl,...,yn).

task of proving

Because



~1%—

of our preceeding computation, it suffices for us to show
tnat K(yl,...,yn) attains its minimum value v only when

a < Vi < s k=1, ++., n. Clearly, we may assume

k—1 =
that the y's lle between a4, and & . This may be interpreted
as follows: If the attacker has committed himself never to
detonate the warhead outside the interval oy < x < % then
the defender has nothing to gain by trying to make inter—

ceptions outside this interval. We shall suppose that

K(yl,...,yn) = v, the minimum value of K, and that
R R R O S B N

From these aasumptlons we shall deduce that

Virg § ey € Tpane The rest we leave to the princliple

and prove that

W o= K(.Yl: "-:.Yk: QK-H.’ ‘yk+2’ seey ¥ ) <L v = K(yl’ sy ¥ )

is contradictory. The calculations are as follows:



A, i !
T T * Nero Mo <9K+1 Prs1” te
A Il
k41 Tk+1 1 =)
W= + 7\1 - U - o
5 K2 k+2 <pk+1 Pr+1
1 - p(.Yx )
K+1
Vv — W = Ak+2 rk%& i - p(ak+1) -t >0

Finally, we must rule out the possibility that

3

(provided that

P

oy m and thnat vy, 1
for m 2 1 and that vy o4y < Veimeo

Joo. . .s L9 -
<Fnta KHm+2 K+1

{ the tl'is
ter1r © TWLEe,

and shall show that
W o= K(yl""’yk+m’ y¥*, yk+m+2’ ey yn) < Vs,

wnich is again contradictory.

de shall suppose that Ypesn = yk+3 =

kK+m



Continuing the calculations, we have

- ig+1 Hk+1

1

1>

m
+ MNey1 Bepmen (1 - Pio) (

Pr+1

* Nt B rmeo [p(y*) - P

A I

Pr+2

Prr1”

o Tk+l k+l _ m—1 _ %\ 1 1
W= Pror1 * Ney1 Meamen (2 Prap) (L —ply )] (pk+2 Prort
1 1
—_ * —
T My Hk+m+2 (2 ply*)] <p(y*) 9K+“> o
= T Coroey ] . mn—1 1 1N
- W= NK"‘]. }‘;'v{-\?-t +2 {.‘N\"I ) pk'\"g (1 P‘C*r'/_> Q,,+,3 pK'i"l/‘
nTa g
v 1 1
+ D0 * 7 — ]
Folox) — ] I S S
2 Mo P {Lp(y ) = Pran ka+2 Prrl’
1 1 N
+ oly*) [y = s}
l«(y*) pk+2 J
. p(y,.,) — p(y*) 5
e 4 = >
k+1 “k+m+2 p(yk+1) ?



4, A SPECIAL CASE

In this section,we shall present some of the more

detailed results which can te obtained for the speclal
case in which the function p(y) is a step function. Az we
shall indicate later, this case is possibly of some practical
interest. In any event, we shall assume throughout this
section that there is a saquence of numbers 51 <K 32 < 32 < enn
and a sequence of positive numbers Py 2 Py 2 p3 D e such

+ o, and,most importantly,

that 51 > Ay = ﬁo, lim B

U =17 + 1 };>, L
4 ~ v . : 2
k+1 K S pk D{ Sk;

1 - Dy

K 'k
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Let m be the smallest index such that V_ > D(Bm). Then

v_ = D{a) is the value of the game, and B, (@< B .

Proof. Let us suppose that Bk—l g ag Bk' Then

a
) N,
1 = D(G) j p(X) d D(X)
%
k-1
‘ 1 1 1 1 1 1
= D(a) Z?_[ -5 ]*“"[ ) ]
Solving for D(a), we get
1
Py
D(a) = T 1 N1 an! T T
EBIEN] TATD T 5T BB o TG T BT/ T
1 \r‘o 0 l“l 1 \‘P.K P—1 TN T

Tne rest of the proof easily follows from these calculations.
It follows that the value of the game depends only on

the values of D{(x) at the heights x = Bys Bys ++e i further—

more, the value of the game can be obtained from the numbers

D

oy

2.0 D(Bl), ..+ by a Tinite number of arithmetic

~
o

O

reratlons. We might expect similarly that the optimal

t

w

H

ategies would depend only on these same numbers. This

is true for the attacker in the sense that the optimal



stratezy F* of Proposition 1.2 is a step function which

has its jumps at the points 50, Bl, ey ﬁm—l’ and a. As

for cotlmal defensive strategles, we have the following
result.

by

Proposition 3.2. A probability distribution function

G(y) which is concentrated on the interval 2y Vg is

an optimal defensive strategy 1f the following conditions

il 1 — 1
(1) 605 = ey -]

FaannN
PO
S
(9]
—
g
S’
7AN
L
13
e
[
-
E\‘.
e
W)
et
T
3
-
I

A
AN
[
.
1788
H
|
o
B

ey

Jy<a . In

3

articular, if G(Bl): ter G(5?~1

are defined by (1), then the step function




~15—

0 P BO ¥ < 51 s

G(f’k—l) P BK 1 < ¥V < fﬁk ’ k = &, , =1,
Goly) =4

11 ] a g .Y:

is an optimal defensive strategy.

Proof. Let G{(y) be a probability distribution which
is concentratsd on the interval ¢y £V £ a and satisflies

(1), (2), anad (3). Suppose B,_; < ¥ £ 3 » K =1, .., m—1.

Then
ala ) ~ Dla 1 1
u{vk) - G(x) 2 u<§) [Z | D’K}]
1Y £
and
H(x) = D(x) (1 =] B(y) aa(y)]
X
Dia ~
= D(x) [D(Bk) P a(g, ) — G(X)E]

]

D{a) .



H(By) = H(By) = ... = H(3_;) = H(a) = D(a).

Thus - max H(x) = D(a), and this completes the proof.
It is worth while, rerhaps, to point out that the
optimal strategy G*(y) of Propositicn 1.2 satisfies
conditions (1), (2), and (3), with equality holding in
(2) and (3). It is clear, then, that Proposition 1.2

can be restated in the following way: If for =211 vy,

~ AN N e M P, ~f . e P 3.
no(y) < G(y) < @*(y), then &(y) is an optimal defensive
strategy.
z
14
z=G(y)
0} y

c!O=BIO lét IBIZ Bls B'rn—1 a



Tt is appropriate, finally, that we say something
spout the choice of functions D(x) and p(y). The damase
function D(x) possibly presents the least problem. Ve
mignt, for example, reasonably define D(x) to be the area
over which a pressure of 40 psi (or more) is exerted as the
result of detonating a given warhead at height x. On the
octher hand, a reasonable cholce of the probablllty function
o{y) would appear to involve a knowledge not only of the

erformance characteristics of the antimissiles, but also

ko]

a detalled knowledgze of the zttack configuration.

Let us cconsider an example. Let us suppose that the
attacker sends with the warhead a number of decoys. For
the sake of definiteness, we suppcse that he sends r
Al’ esey Ar such that thne decoys
at altitudes above B (which is

these altitudes decoys of

type Ak cannot be distinguished by the defense [rom the
sctual warhead). Let m_ te the number of decoys of

type Ak' By proper ordering of the indices,we may assume
that 5 < 82 s £ 5r. Let us further supprose that

the warhead and decoys are sent roughly abreast but separated

o

gufficiently from each other so that the defense cannot

i

easonably nope to knock out more than one of these objects

with any one shot. So much for the attack. Let us suppos
that the defense 1n attempting to intercept the warhead at

height y would first examine the cloud of incoming objects



-0~

at some height y + € (where € > 0), decide which of these
volley of N antimissiles at the selected candidates. e
shall also suppose that any of these antimissiles has a
probability p of intercepting 1its target. For each

k=2, «.., r, set

M =m, +m, + ... + mo_q + 1,

and choose by the Euclidean algorithm integers 9, and Yy

such that

N o= q, Mk + Yy and 0 < v, < Mk

1o (1 ) (1 ) =
pk— — \ —1/... - P .

Then under these assumptions we might reasonably say
that Py represents the probability that the defense can

succeed in knocking out the warhead at altitudes y,

whers 8, _, < ¥ < B.- In this case, then, c{y) is a step

The preceding paragraph makes 1t clear that the

game—~theory problem that we have discussed 1s probably



of very limited usefulness, since an accurate determination

the functions D(x) and p(y) requires information which

| 252

o
the combatants would normally conceal from each other. In
the example of the preceding paragraph, for instance, the
burst—height of the warhead is not the only strategic
variartle at the command of the attacker. If the attacker
can deliver a payload of total weight W, then he is also
free to choose the distribution of this welgnht between the
warhead and the decoys. In a more realistic analysis,

this distribution of weight would be treated as a strategic

variable (rather than fixed and known to the defense).
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