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PREFACE

Part of the Project RAND research program consists
of basic supporting‘studies. The mathematical research
presented here is concerned with boundary conditions of
ordinary differential equations, which arise in a

varlety of physical problems.



In previous papers we discussed various methods of

establishing the nonnegativity of the Green's function
O & o

assoclated with the ordinary differential eguation

In this paper we wish to present another method which

nas certain merits. I{ clarifies the role played by
the cnaracteristic valuves of the associated Sturr—

wlouville problem and it indicates how useful it may be
to study the behavior of the solution of ILu = v, where
L 1s a linear operator, by means of the limiting

behavior of the solution of

as t - ®». This method has been used by Arrow and

the Inverse of input—output matrices.

g

ITearon to study
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HONNEGATIVITY OF GRIEN'S FUNCTIONS

1. THTRODUCTION

- . i1 I Al r ol .
In previous papers L1i, i2i, L3i, we discussed
various methods of establishing the nonnegativi

the Greents function associ:

ty of

ated with the ordinary
i1fferential equation

(1.1) u’ + a(x)u = £(x), u(0o) =u(1) = 0.

In this paper we wish to present another method which
has certalin merits It clarifies the role played by the
cinaracteristic values of the assoclated Sturm—Liouville
problem and it indicates how useful it may be to study
the behavior of the solution of Lu = v, where L 1is
a linear operator, by means of

-1

the limiting
the solution of

g behavior of

u :
(1.2) A’“jc——— LA - 6\7,
a t —» o00. This method has been used by Arrow and
Hearon to study the inverse of input—output matrice
see L4,

2. IIOHNEGATIVITY OF SOLUTIONS OF PART

TAL DIFFERENTIAL
EQUATIONS

Consider the partial differential equation of
parabolic type,

(2.1) U,



D

tial condition u(x,0) = h(x), with

|
<
]
»
ot
|
o

(x) >0, 0< =<1, and u(0,t) I we
suppose that a(x) is uniformly bounded, 0 < x < 1,
it is easy to show, under the hypotheses that

n(x), £(x) >0, that u(x,t) >0 for t > 0. If

a(x) > 0, we use the finite difference approximation

_u(x + 4,8) +ulx - 4,8)

2

2
(2.2) u(x,t + &%)

+ G( )7(-‘*:"'5)/\ g f(‘f{)d:

to 0,4 ,..., which establishes inductively that
u(x,t) > 0. As 4 > 0, the solution of the finite
difference equation converges to that of the partial
differential equation, tThus egtablishing the required
nonnegativity.

If aq(x) 1is not nonnegative, but bounded Irom
below by a constant so that M + q(x) > 0, we write

tituting, we obtaln the equation

;‘Jd
(2.3) W, = W+ (a(x) + Mw — £x)e ",

A

which we can treat as in (2.2) to establish nonnegativity.

3. HOMNEGATIVITY OF SOLUTION O ORDINARY DIFFERENTI

SEUATION
Returning to (2.1), let us allow t© %o beconm
infinite. If all the characteristic values of the

equatlon



L

(3.1} u_., + a(x)u = 2, u(0) = u(1l) = 0,

pio:d
are negative, the solution of (2.1) converges as

L > 00 to the solution of (1.1), establishing thereby

the nonnegativity of the solution of (1.1).

v in extending the proof to

)

cove:r oxrdinary differential equations with more general
poundary conditions and multidimensional partial

)

differential equations of parabolic type.
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