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PREFACE

This Memorandum presents a part of a theoretical study on the
effect of moving loads on the surface of cylindrical bore in an
infinite elastic medium. The results of this study will have some
application in connection with the analysis and design of vertical
access shafts to deep underground installations and other similar
shock diffraction problems.

The results of the study* are reported in the following three
Memoranda:

Part I (RM-4418-PR) considers the case of line loads that travel
with constant velocity in the axial direction along the interior of a
circular bore in the elastic medium., Numerical results for stresses
and displacements at the cavity boundary for the axisymmetric case,

n = 0, are given.

The current Memorandum (Part II) considers the case of traveling
loads with step function distributions in the longitudinal direction z.
Numerical results for stresses at the boundary of the bore are presented
for different values of the Mach number V/Cp. Curves for the response
due to axisymmetric (n = 0) and more general (n # 0) applied traction
loadings are shown. Displacement components at the boundary of the
bore are also given.

Part IITI (RM-4420-PR) considers some applications of the results
obtained in Parts I and II,

T *The authors of the study, all members of Paul Weidlinger, Con-
sulting Engineer, a firm under a consultant contract with The RAND
Corporation, are as follows: Part I--R. Parmes, M. L. Baron, and

H. H. Bleich; Part II--J. M. McCormick, M. L. Baron, and G. Modiano;
Part III--R. Parnes and M. L. Baron.
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SUMMARY

This Memorandum considers a step load applied along a transverse
circle that travels in the axial direction along the interior of a
circular bore in an infinite elastic, homogeneous, and isotropic medium.
The load has an arbitrary distribution in the angular coordinate along
the circumference of the circle,'a step function distribution in the
longitudinal direction of the bore, and moves with a constant velocity
that is greater than the propagation velocities of the dilatational and
equivoluminal waves in the elastic medium.

Three cases of moving step loads are considered: load normal to
the surface, tangential to the surface in the axial direction of the
bore, and tangential to the circle of load application. For each type
of load application, the steady state solutions of the stresses and dis-
placements produced in the elastic medium have been determined.

In the solution of the problem, the components of the applied loads
are expanded into a Fourier series in terms of the angular coordinate.
Expressions of the stress and displacement components at points in the
medium are derived for each term of the Fourier series as a function of
the radial distance from the axis of the bore and the longitudinal dis-
tance behind the wave front.

Numerical results are presented for the stresses and displacements
at the boundary of the bore for two values of the velocity of the moving
step loads. Curves for the response are shown for the axisymmetric
(n = 0) and the more general (n # 0) modes of the applied tractiom

loadings.
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SYMBOLS

radius of bore
expansion coefficient (Table 4, p. 56)

propagation velocity of dilatational and equivolumi-
nal waves, respectively, in the medium

function (Eq. 3.11, p. 13)

function of r, v, £ and corresponding transformed
function with respect to E

function (Table 2, p. 53)
function (Table 3, p. 53)

modified Bessel function of the first and second
kind, respectively, of order n

integrals (Egs. 3.19 and 3.20, p. L5)

= index defining distribution of applied step loading

indices

unit vectors in r, ¢, and z directions, respectively
Mach numbers with respect to Cp and Cs’ respectively
functions (Eq. 2.28, p. 8)

number of circumferential waves, integer

polar coordinates =-- fixed system (Fig. 2, p. 4)
polar coordinates -- moving system (Fig. 2, p. 4)
transform variable

time

displacement vector of a point in the medium
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unit step function

velocity of propagation of applied step loads and
moving coordinate system

radial, tangential, and longitudinal displacements,
respectively, of a point in the medium

r- and £- dependent expansion coefficients of
displacements

coefficients

coordinate

Lam& constants

potential function

r- and £-dependent expansion coefficients of
potential functions &, Y, and ¥, respectively
mass density of medium

stress components at a point in the medium

step load in radial, longitudinal and circumferential
directions, respectively, (Fig. 2, p.4)

Fourier expansion coefficient of step load I (®)
(k =1, 2, 3)

stress component at the cavity boundary r = a,
produced by a S step wave loading

Poisson's ratio

e 2
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Subscripts r and ¢ preceded by a comma indicate differentiation:

g, ¥ .= (V) [ GF o)

n,rrgd

Additional symbols are defined as they occur in the text.






I. INTRODUCTION

A load applied along a transverse circle (Fig. 1) travels in the
axial direction along the interior of a circular bore in an infinite
elastic, homogeneous, and isotropic medium. The load has an arbitrary
distribution o(8) along the circumference of the circle, a step function
distribution U(z)in the longitudinal direction, and moves with a velo-
city V > Cp > Cs; the speed is therefore superseismic with respect to
the propagation of both dilatational (P) and equivoluminal (S) waves
in the elastic medium.

This Memorandum considers the following three cases of moving
step loads: the direction of the load normal to the surface, tangential
to the surface in the direction of the axis of the bore, and tangential
to the circle of load application. This Memorandum determines the
stresses and displacements produced in the elastic medium by each of
the moving loads. These results can be used, by superposition, to
determine the effects of other load patterns moving with the velocity
V in the direction of the axis of the bore.

Reference 1 (Part I of this study) formulates the analogous problem
for applied line loads moving with superseismic velocity along the axis
of the circular bore. There, an integral transform approach was used.
In the solution of the problem for the moving line loads, the applied
boundary tractions were expanded into a Fourier series in © and formal
expressions for the stress and displacement components at points in
the medium were derived for each term of the Fourier series as a

function of the radial distance r from the cavity axis and the distance




Fig.1—
Moving line load

o %



z behind the wave front (Fig. 2). Expressions for the transformed
stresses and displacements in the media were given in Ref. 1 for all
cases of n 2 0, and numerical results were evaluated for the axisymmetric
case {n = 0) for both the stress and displacement components on the
cavity boundary, r = a,.

Expressions for the inversion integrals for the stresses and dis-
placements produced by moving step loads on the boundary of the cylindri-
cal bore are presented in this paper for the load components, n = O.
These results are derived from the corresponding formulas for the line
loads in Ref. 1 and are shown in Appendix B of this Memorandum. A
considerable simplification in the inversion of these contour integrals
over the standard procedures of Ref. 1 has been effected in the present
Memorandum. Explicit formulas for the displacement and stress components
at the cavity boundary r = a are given. Numerical results are presented
for the modes n = 0, 1, and 2 for several Mach numbers. These numerical
results for stress and displacement components at the boundary are re-
quired for use as influence coefficients for application to specific
problems of practical interest, as outlined in Ref. 1. Such applications,
with specific emphasis on the response to air induced pressures of
vertical risers located in material that may be considered to act
elastically, e.g., competent rock in the superseismic region of a

nuclear explosion, are given in Ref. 2 (Part III of this study).
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II. GENERAL FORMULATION

The derivation of the inversion integrals for the stresses and
displacements in the medium closely parallels that of Ref. 1. For
convenience, a brief outline of the procedures will be given.

Consider a cylindrical cavity of radius a referred to a fixed
coordinate system (;,5, z = ag) in a linearly elastic medium. The
origin of the coordinate system lies on the axis of the cavity (Fig. 2).
A circular step traction whose front is along the circle z = -Vt pro-
gresses along the interior of the bore with a velocity V > Cp < CS such

that the stresses on the boundary are

o = 31(5) U(z + Vt), (2.1)
Jr=a

orz_ - 02(5) Uz + Vt), (2.2)
| r=a

crg- = 0,(®) UG + VD), (2.3)
i r=a

where the functions ok(e) define the distribution of the applied load.
To determine the steady state solution, a moving coordinate system

(r,8>z = af) is introduced such that

r=1, 8=256, €= (z + Vt). (2.4)

» N
[ =

The surface tractions are referred to the r,9,f system and expanded

into a Fourier series in © such that
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o0
¢ ‘ = g, (6; UE) = \ o U(E} cos nf (2.5)
i = 1 / s/ = /. 01’7-’ >/ e, Ce )
r=g -
n=0
(o]
N g ' e - N
c, ] = 0,(6) UE) =§ o, UlE) cos nd (2.5)
e = et A n£ 4
e n=C
[eo]
1 N
i - 3 Y TTEE Y e ooy
O] = 03(9) uE) =, O3 U{(z ) sin n6 . (2.7)
I'=a ~
=0
cimilarly, the displacement components ror polnts in the media
Decone
oo
w(r,8,5) PRE {r,5) cos né {(£.3)
AR P T ’
n=0
o3
Ly T \» - F o a {(z.0)
vir,6,5) = ) v‘l(-L,b ; sin né (2.6
[ 1
N=1
(o)
wizr, 6,3 :::\ v (z,8 ) con nE . (2.10)
n:\_}
Proceeding as in Ref. 1, potential functions are introduced:
(o]
, -
{r,6,8) = E;@n(r,i) cos no (2.11)
n=0
[==]
§(r,0,8) =) y (x,8) cos n8, (2.12)
n=0
&
¥ (r,6,8) = zlxn(r,g) sin no | (2.13)

i

n=1 '

isuch that the displacement components become
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wn(r,§)= @n,r -

S
+

Vn(r,§)= - wn

il od

R

¢ +y

un(r,§)= n,s 1, rr

The potential functions satisfy the modified wave equations

') '2
VC _ I':.
®n 82 @n,éi ’
pe
- M
z s
VY = — g s
n ad n,g§
2
A I
VX, = = X
n o2 >
T a“ n,§§
i } Vi
wneres = e > 1 A
c s C
p P

(2.14)

(2.15)

(2.16)

—
n
;_.1
-]
~——

(2.18)

Txpressions for the stresses in terms of the potential functions are

given by Egs.(2.25) through (2.30) of Ref.l.

Finally, the potential function

components P, s wn and Xp must satisfy the following boundary conditions

g =01 u(g) ,

o =05 u(g) ,
“ir=a

= Gn3 U(g) .

“r=a

(2.20)

(2.21)

(2.22)




Applying a Leplace transform with respect to §:

T(r,s) = S (r,) e-s§ & , (2.23)
V] 7+i°°

(r8) = e | F(rys) e &, (2.24)
7=-1w

and proceeding as in Sec. III of Ref. 1, the transformed potential

functions become

- , (TS

S (rys) =4 x (=2, (2.25)
mors

oy =5 E (=5_)

’Vn(r»') = 2 lhn( = )
mcrs

xn(r,s) =C, Kn( =), (2.27)

vhere

and Kn are the modified Bessel functions of the second kind of order n.

The transformed stress and displacement components are given in terms of
the potential functions by Egs. (3.10) through (3.18) of Ref. 1. The coefficients
An’ Bn,and Cn are evaluated using the transformed boundary conditions and

are given as

1% ¥ T * Nh3gn3

1, (2.29)




_9_
a
Bn(s) = wsh_ [incnl + Q05 F Qn30n3], (2.30)
a
Cn(s) = ;gz; [Tnlcnl + T o0 Tn30n3]’ (2.31)

where Nnj’ an, Tnj (3 =1, 2, 3), and An are given by Egs. (3.22) through

(3.31) of Ref.l, respectively. The transformed stress and displacement com=
ponents may then be evaluated. Explicit expressions for the inversion integrals

of these quantities at the boundary r = a are given as follows.

Let Jij N (a, §) / S be a typical stress response due to the applied

2

step traction S o the cavity boundary. The response is obtained by

evaluating the complex integrals

Q

a8 L P (es)

; - 1 j,nk s§
o, oni S sA z ) € ds
nk n

y-io

( = I,U,
(k = 1,2,3) ., (2.32)

?\'H

Similarly, the displacement component wn(a,g) of u(a,€) is obtained from
the integrals

y+io
wv_(a,) S A, (88) |
Eni

—‘;(—y— ds (k = 1,2,3), (2.33)

&0

The displacement components vn(a,g) and un(a,é) are obtained by substi-
tuting Av,nk(a’s) and Au’nk(a,s),respectively,in Eq. (2.33). Explicit
expressions for Pij,nk(a’s)’ Aw,nk(a’s)’ Av,nk(a’s) and Au,nk(a’s) are
given by Egs. (A.3) through (A.20) of Ref. 1. The expressions for

;An(s) is given by Eq. (3.31) of Ref. 1.
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It is convenient to present the stress and displacement response
inversion formulas in tabular form, which is particularly suitable for

machine calculations. These expressions are given in Appendix A.



III. EVALUATION OF INVERSION INTEGRALS: TYPICAL EXAMPLE--Og, nl(§) at r=a

o %

Consider the inversion integral

y+ie

e - g | M (3.1)

2mi
Yy-ico

where y is chosen such that all singularities lie to the left of the path
*
Fox
of integration. Let F(s) be a function with no singularities  on the
imaginary axis or to the right of the imaginary axis. For such functions,

the integration may conveniently be performed directly along the y axis

{(y = 0) as follows:

-ie ie ie
e[ T e [
~jiem ie -ie

(3.2)
Taking the limit of f(§) as ¢ - O, the third integral becomes miF(0),

while the first two integrals in Eqg. (3.2) can be combined such that

(e8]

ip€
£(z % g rF(lp) = ] dp . (3.3)
0
Letting
F(iy) = h(y) + ig(y) , (3.4)

(3.3) is written in terms of an integration over the real variable y:

SREORE

[ n(y) sin ¥5 ; g(y) cos y§ ] oy - (3.5)

oL~ 8

The functions F(s) considered are real valued for real arguments
of the varisble. Generally they also will have a branch point at
the origin s = O.



For the special case § = 0, the integral of the bounded function

h(y) becomes

glim\ %S h(y) ;in ¥e gy = h_(2‘1°_) (3.6)
0
and
“(e0) - ELO) |, ne) %rg é?ly.y_) iy . (3-7)
0

Equations (3.5) through (3.7) were used to evaluate the inversion
integrals for the various stress and displacement components for n = 0

that are presented in Sec. IV,

Az 2 typicel illustretive example, the inversion integral for the

.. &t the cavity boundary r = &, due to a step traction
loading o = 0, U{Z ) will be evaluzsted. The interrsl is given by
e il

[y e

4
4

G. \=.32;, where
r (a,s)
: -y _ _96,nl ’
1ﬁl’].l(a) - ) ‘S; ? (3'8)
n :
and T (a,bs) and A_(s) are given by Egqs. (A.3) and (3.31) of Ref. 1. For
66,n1 n :

convenience, the following notation is introduced:

Kn-l(lmy) Kn--l

n” TK (imy) " TK, A (3.9a)

o
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K .(imy) X
n-1 5 _ n-:l , (3. 9b)

n . : . B -,
1K (my) 1K

Tog, m1 (1)

i (1y)° 1 K_(imy) K7 (in_y)

= (3rfr2-1) i [(3r42_2) yg + bn(n+1)] v

2
n

o 2] - I . .
- 2F(F1) [(3F-2) ¥© + 6n(1-n9)] v &

22 2y .2, =2
+ 1217 (3 -1) m(1-n®) yT o @

n n
+ 2(335-1) mn [~ (3 +2n) yé: -+ En(l-na)} e
- ry ~ )1, - §

v {-(E-2)(3-1) My - en [1-»42( 6142n+31\1‘-&n»z-1)

s - - _
+ 2nl] v o+ L(3T+1) nd(l-ng)} @

2 c > 2 _
+ O mom [(3M7-1) y© + n(n"-2)] ¥ ¢ & (3.10)

2, (iy)

D (i"f \] = -
2 (1)? 1 K (dny) K (im_y)
J AV By WG

= 3(3F-1) ¥ ny [-30° 3 + bn(n+l)]
+ 2(32-1) m {2(3P-1) ¥ - oy? (3C + b(n+1)]
- en®(n®1)} o - 2(3-1) ¥ [-(3F-2)° §

52

+ 6nM£(l-n2)] '&f + 12(31\12-1) mME(l-ne) y2 @ o

+n {(3F-2)2(3F-1) v* - 2ny® [(3P-1) (@0 -bn)
- af + 4] - bnP(n®1)(3f4)} &

- 2nmy [-(3C4h)(31) 5% + 12 n(1-0°)) e 7 . (3.11>!

|
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Further, for computational convenience, the function N _(iy) is written

nl

in the form

13
an(iy) = E;alj an(iy),. (3.12)
J=1

where the Grj(iy) expressions are given in Table 3 in Appendix A, and
the real a1j coefTicients are listed in Appendix B. Writing the complex

functionz M. (iy) and Dr(iy) in terms of their real an¢ imaginary parts ,

nl

L (iy) = D (y) + 1 D (v), (3.132)
13

0 (iy) = Zua G (v)+18G (v 2 1%

m 5 (y) 4] [an(s, + 1 an(y)], (3.13b)
J=1

end substituting the eppropriaste expressions inte Eg. (5.¢), the {unction

¥ o (iy) of Lg. {3.4) becomes

-13 =y R U=
(19) = v (y) () =Y ey {2 T E Oy (3.1)
F . {iy) =h (y) +ig . (y) =) a,. { - - } s 3.1
e ol nl = 2L D (y) + 1D (y)
J=1 n n
where
v Enjﬁh * Eﬁjrﬁ.n }
nnl(y) =Z alj { .ﬁg N 32 S (3'15)
j=1 n n
o) & 6,5, - 8,5,
g . (y =Za.{ -~ — } (3.16)
nl L%y 52,752




P . )
Substituting Egs. (3.1h

component %56 n1 (£) at the cavity boundary r = & 1is given by the
,nl
pressions
(D) 1£3
- “nltT \ (A = ]
< + ) a1 I E)+Hd (5
Ge,nl(b’ z /%13 l. ng(w) n;l(b) ’
J=1
_—_ voo43
¥ o) h(®) ¥
Ogp pp (0) = 2= R L T S ()
o6, nl " 2 C 13 ng
J=1
o) [ — = ==
G .0 + G _.I . =
1€ [ Tnin " "nin ) siny % gy
frol =2, =2 J Ty v o
C*». D o
g n n
.o
i 5.
= cinr
T U v
C

) through (3.16) into Egqs. (3.5) and (3.7), the stress

eX~

(3.27)

(3.19)

e N
VDY

grant as the variable

y approaches infinity.

formilas and asymptotic expressions for the inte-




IV, NUMERICAL RESULTS AND CONCLUS IONS

For the non-axisymmetric loadings characterized by n > 0, numerical

values of the stress components %9g.n * O
2

boundary r = a are presented in this section.

for the cases n

cated below:

zz,n

and cz6 n at the cavity

These stresses are given

= 1, 2 for each of the three step-traction loadings indi-

Index Applied Load
z o) = g cos n6 U
k= 1 rr | nl (5)
“r=g
[of = (7 = O
rz r6
r=a “r=g
;o= i . £&OTT A
o= 2 9., 0o COS né U(E )
“ir=a
ol = 51 =
rT ré |
r=a Slr=g
k=3 v =g _ sin né U
3 1'9 n3 (g)
“r=g
a = J = 0
rr rz
-r=g r=a

The curves are

shown for two sets of parameters:

v

Case 1: M = rals 2 5 v = 0.25
P

| v

t Case 2 M= T = 1.033 ; v = 0,25

b

e e



The values of M were chosen for application of the results to prob-
lems of some practical interest, as illustrated in Ref. 2. Table 1
is a detailed listing of the stress response curves included in this
Memorandum (Figs. 3 through 24, pp. 19-40).

The stress components in each case approach the static plain
strain solution as & approaches infinity. For those cases in which
the static solutions do not vanish, a typical overshoot above the
value of the static (long term) solution is observed. Moreover, a
decrease in the Mach number M appears to compress the stress response
curve into a smaller range of £ such that the asymptotic values of
the lower value M = 1.033 are obtained for smaller values of E.

Figures 21 through 24 show the stress components and

96,0

% 0 at the cavity boundary r = a for the axisymmetric loading case,
b4
n = 0. As in the cases where n # 0, the stress components in each

case approach the static plain strain solutions as § approaches

infinity.
Figures 25 through 30 (pp. 41-46) show the displacement components
LA un, and v, (n = 1, 2) for each of the three loading cases, k = 1,

2, 3. Figures 31 through 33 (pp. 47-49) show the w, and u, displace-

0

ment components for the case n = 0. These displacement results are

shown for the M=2, v = % case only.
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Table 1

KEY TO STRESS COMPONENT RESPONSE CURVES®

Stress n Loading Case k M Figure
%66,n 1,2 1 2 3
1,2 1 1.033 4
1,2 2 2 5
1,2 P 1.033 6
1,2 3 2 7
i,z 3 1.033 3
cz;,n 1,2 1 2 9
1,2 1 1.033 10
1,2 2 2 11
L,z 2 1.033 12
1,2 3 2 13
i.2 3 1.033 14
~26,ﬁ 1,2 1 z 15
1,2 1 1.033 16
1,2 2 2 17
1,2 2 1.033 18 i
1,2 3 2 19 |
1,2 3 1.033 20
069,0 0 1 2 21
%22,0 0 1 1.033 22
0 2 2 23
0 2 1.033 24

aFigures 3 through 24, pp. 19=40.
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Appendix A

GENERAL INVERSION PROCEDURES

The procedures for evaluating the inversion integrals for the
stress and displacement components on the cavity boundary, r = a, was
outlined in Sec. III, which also presented an illustrative example

showing the detailed steps in the computation of the stress 956, nl"
>

In generzl, stresses and dicplacements at the cavity boundary are

require¢ for each of the three loading cases given below:

Case Applied Load
-" (r'- )
o] ; = g_, U3
rr, nl T
r=8
k=1
| n]
o = G = 0
za,nj ro,
Ir=c I'=a
j o
G ! = d _, 'J(_ ;
ra, 1 Y

rr, re,
r=a

For each value of n, the stress and displacement components %6, nk’
2

and v, are required,vwhere k = 1,2,3

o o} u v
zz,nk’ “z@,nk’ “n,k’ 'n,k’ sk

iidentifies the state of loading of the cavity boundary by the traveling

4

fstep load. For the three cases, a total of 18 stress and
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displacement components are to be evalusted. This number is reduced to

fifteen by reciprocity relationships on the displacements.

The lerge magnitude of the computational effort requires the use of !
the special computational vrocedure as outlined in Sec. III. The
stress and displacement components on the cavity boundary, fn?(g),
'Y

% = 1-15,are defined in Table 2 and may be evaluated from the rela-

tiong
. rni(o) 17 rh =(y) sin y § + g =(y) cos y &~
Lnl‘_(b> = TTS Iﬂ’ < [ 3
z 5 | ¥y
O P
(58 £0), (A1)
[ea)
Fz(0) hz=() 1 (v)
() = e e e 2 T (8 =0), (a2)
]
rhere
Fe(iy) = nzly) + 1i52(0) . (£.2)

The functions Fnﬁ(iy) are given by

G_.(iy) -
Eik‘]—-(ﬁ]-)g— (k=1-9) (A.ha)

F =(iy) = = ,
J=1
agy Gps(1y) -
Fo(iy) = Z EEACO 1y (% =10-15) , (A.bD)
J=1k

!where the complex numbers an(iy), J = 1-24 are given in Table 3.

|
I

i
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Table 2

DEFINITION OF f — (&)
nk

% fn-l;:(é') k by -E(g)
1 %0, n1 o 1,2
e %6,n3 0 %66, n2
3 zz,nl 11 2Z,n2
b Gzz,n3 12 0ez,nl
0 %62, n2 13 %z,n3
6 wn,l Ik wh,2="uh,l
i wﬁ,3;vh,l 15 vh,Ez_uh,S
5 vn’3
Table é
Cnj (iy)
3 Gy (2y) J G5 (37)
1 y3 13 y @ (imy) & (dm y)
o ¥ 1k ybr
3 vre (i) 15 2
by (imy) 16 2 (iny)
5 o (imy) 17 ¥ @ 2(iny)
6 ¥3 anz(imsy) 18 y3 @ (imy)
7 y @2 (im y) 19 y @ (imy)
8 ye e (imy) @ 2(in_y) 20 y3& (imy)
o @ (imy) 21 y@ (iny)
10 y2 @ (im_y) 22 o @ (imy) & (im y)
| n @ (imy) 23 ye e (imy) & (im y)
o2 v (iw) @ (ingy) 2 yde (imy) @2 (imy)

5T
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The real aE, coefficients are listed in Appendix B, and Dn(iy) is
J

given by Eq. (3.11, p. 13). The quantities an and an are evaluated

from the expressions for the quantities
13, <a’°) Aw,nk
4, (s) 7 bp(s)

etc., which are given by Egs. (A.l) through (A.20) of Ref. 1

Proceeding as in Sec. III, the functioms an(iy) and Dn(iy) are

written in terms of thelr real and imaginary parts

G (i) = G sv) + 16 ,(v), (£.5)
p.(iy) = D (y) + 1D (v), (A.G)

and the real and imaginary parts of F_. (iy) become

ak
(24 )
13 +G_ .D -
B nJ u nj n } k= 1-9 (A
-W 555 { = - rons) (£.7)
J=1 by * 5y BT YT
(14)
(2k)
= €5 -56.F ~
I \ nj n Jn k = 1-9 (4.8)
ex(v) = 2, Tl T2 _ =2 } - . e
=1 D~ + D (k = 10-15) .
(1k)
Finally, the functions an(§) are evaluated from the relations
1
-(O) 33
£ 2(E) = o [1,,8) + 9,©)]
J=1
E=1-9 (A.9)

F -(O) h ‘(u:)
an(O) nk2 + } akj JnJ(O)
J=1

il




FnE(O)

24
-
£ o(6) = 25— +Z ag; (Iny(8) + 3,,(5))]
J=1h E = 10-15 (A.10)

Fo(0) b (=) 2
£ (o) = 2T, DK - J (0)
nk 2 %3 “ny
Je=lh
where the functions Inj(é) and Jnj(g) are defined by Egs. (3.19) and (3.20),

and the guantities FnE(O) and hni(w) are tabulated in Appendix C.

A special procedure is required for the evaluation of the three

displacement components w -and v In the above cases, the

' .
1,17 71,3 L3
direct eapplication of kgq. (A.9) lezds tc the problem of determining the

finite value of the difference between two infinite numbers of the same

order, namely FlE(O) and

13
ZEEJ JlJ(§> » E = 6:7181
j=1

respectively. The special formulas required for these cases are presen-

ted in Appendix D.

e



Appendix B

COEFFICIENTS ap 5

The coefficients 8’1':3' that appear in the functions Frﬁ;(iy) are
+Y 'Y
listed in this section in tebulor form, for computational convenience.

The following nomenclature 1s used:

L2 2
c; = 3 -1 Cg=n” -1
C,= 31 +1 Co=2n+1
c = ur C., = on - 1
) o ) (
C, = "+ 2
Table 4
COEFFICIENTS ar.
kj
= T i T
k i J ; akj
100 ¢ C. it
z e, n (nel) i
1 3 o
1 L -c, rn(6M° + bn)
2
1 5 -LLCl C5 mn
‘ 5 '
1 6 acy 03 Y
5 2
1 T 126, Cg nif
8 - /
1 8 12¢; Cg i
1 9 -C, Cym, W
1 10 -2m_ n[c, 12 + 20, n(-1)]

—




Table 4 -- continued

e

¥

a-
kj

0 A A e i w0

11

T T W T N i E 0§ 1 e

—L‘»C2 C5 m. n

i

'f 2
1 13 : 2405 mm n M

{ ‘

: i

i 13

>

v g
o) 1 -2C, n M

€ oL

.

: o <
ZEEE 2 SC. n"(n+l) M7
L . §

[ > C

j
e § L : -kC, CT mn

: i 1

!

- H I i '
- t s} 5 0

i i

: :
~ 4 i 31 e
& i ¢ H Lo, ¢, n(eut-1)

{ K )

; i

H »

- : ey ; ~
- i i H L

; ;

H ¢
s c ‘ 0

1]

R

i
) '

[ i 9] o
. H :,. W

N

10

11

iz2

e ,2 L“
m n(loC6 IE 4 W - ucé - 2&06 M)
0

8C. m m_n

C,n M2(3M2-8)

-2C, n2(n+l) 1

Y
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Table 4 -- continued

=l

8% 5

(O8]

(8]

(@S]

L)

Lo

(WL

Lo

W

2
b,cl m
i 2
ke, m(n” + 2n)
0

-c, C3(2ME + )

0
0
[}
o o)
-Cy Cq m_ (M + 2)
en_ n((3f - 2)(n+2) + 50 - &)
o
cSCl mom
O

-8c, » Mo
2c, n2(n+l) e
0

2. ¢ n(M° + 2)
Cl 3nM+

0
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v

v
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kK J al.i,j

L 9 0

L 10 m_n(kC, + 8n - 10M- 6C Ml‘)
s 6 6

L 11 0

L 12 "8Cl mm n

i 13 0

: A

5 1 9Cl n M

5 2 -12C; n(n+1) S

5 3 0

5 L ’.:‘Cl m 11(311'12 - 2n - 2)

5 5 l’rCl CS mn°

5 & -20l C3 n

5 T -LLCl C5 n

5 8 0

p) 9 0

5 10 m_ n[3c, If - 2(n+1)] |

2

5 11 uce C5 ms n

5 12 LLCl mm o

5 13 -b,Cl C.m m. n

>




8]
e

—3Cl mn M

o

Al
67 mn

)

[

Table 4 =-- continued

in

1

N G 8, TR Y e YR RN

a4

n M

fa)

-l2m n

2

T
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Table 4 -- continued

3 J o5
T 7 601 n®
7 8 ~6C, mn M
T 9 Y
T 10 -Cy Cymg n
T 11 -2C, m_ n3
7 12 0
7 13 12m m nMe
& 1 0
&} 2 - 2
8 2 3¢, n M
3 3 { C
g in -kCl mn
8 5 201 m n2
2
8 6 Cl C3
8 7 -6Cl n M2
8 8 6o, m 1
8 9 0
8 10 -2(c 24 l)m_ n
1 s
8 11 2C, m n°
278
8 12 Lbey m mg
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Table 4 -- continued v

J %5
& 13 -l2m m n M-
2 2
9 1 -3clc M
2

9 2 12C, n(n+l) M
S 3 )

o L —2072 m

e} 5 _

0 ;Cl C5 mn

S & 0

o .

9 { ucl c5

9 8 5

< G o

S 10 -2C, C, m_

9 11 -lkC2 C5 m_n
9 12 0

9 13 ucl 05 mm

[»]
10 1 o0 2
1

10 2 0
10 3 0
10 in .80l C5(2M2 - 1)
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Table 4 -- continued
k J a5
(o]
<
10 5 -k, " m
10 6 -8c, C; mn
2
¢
10 T be, " m
£ -
10 8 H ac5 m_n(i - 1)
} [
13
10 S b 0
10 10 6, Cg m m
10 11 : 0
11 1 6c, = 1t
11 A -30C, n(n+l) 1
11 L i -he. e (1 + 2)
& 1 5
2
;
11 5 he,“ m
11 6 801 05 mn
11 [ ¢, ms(91’42 + 2)
11 3 805 m_ n(lLMe + 1)
11 9 0
11 10 -8Cl C5 mm
11 11 0




Table 4 -- continued

-6k - B

5

Rt FT AR L e ]

no

A

e

-

S i R AT g

B K

" T g s e T AT

A BT it ki B i

0
c, n(6° - &F n - k)

-cCl C3 mn

4o m n2(n+l)
1
2Cl C3 m n

L nz(n+l)

w

13

13

13

13

13

13

13

13

eC. mn 7
C

-2C, n(3n W - 3M2 - 2n)
hCl mn

2
-hCl m n"(n+l)

2m_ (oMt - 6 + 2)

~limg n®(n+1)




-65-

Table 4 -- continued

k aﬁj
13 9 -l#Cl m m,
2 p
13 10 Lm m n(3n M~ + 3M" - n)
2

13 11 -6Cl m M
1k 1 O
wob e 3¢, n i

1 1
1k 3 0

L,{ 3
1k . 2¢, 4
L2

1 5 -20," m
1h ; ¢ 2, m n{n+2)

4

4
1k 3 7 Cy Cq

; -y
1l A3 -2m n(Cl n-2)
1k 9 0
1L 10 -hCl m m
1k 11 0
15 1 0
15 2 3¢, n Va
15 3 0
15 L -201 C3 n

1734
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Tgble 4 --chntinued

k J B-EJ.

15 5 0

15 & -2€, Ccmn

15 T 0]

o) ~ 2

15 8 am, n(3M” - Cg)
15 G ¢

15 1C &Cl mm_ n

15 11 ¢

JR—

&3
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Appendix C

EXPRESSIONS FOR h _(«) AND F - (0)
nk nk

The expressions for hnE(w) that are required for the evaluation of
an(§=O) are independent of n and can be written in terms of the parame-
ters M, m,and m, The nonzero values of hnﬁ(m) are given in Table 53
all values of hni (k = 1-15) that do not appear in this table are to be
taken as zero.

Table 5

NONZERO VALUES OF hnﬁ (=)

R £ £(5) (434~ L)m + (M- 2)% m_] h_z(=)
1 099,nl (3M2- 2) Mgms

3 - (3~ 2)(1F+ 2) m_ - hm(3F- 1)
10 999, n2 - 2 (3F- 1)

11 042,02 - 8(31&12- 1) e

13 926, n3 - (3M-2)% -k mm_

The values of Fnﬁ(o) are tabulated in Table 6 for n = 1 and

n> 2.
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Table 6

VALUES OF F . (0)
- nk

k =1 n>2
1/3 1
2/3 -2
1/6 + 1/2
1/6 -1/2
1 +1
10 0 0
11 0
12 0
13 0
® - 1/2 P—%‘il—ﬂ
"4 (n®-1)-
n+
® + 5/12 _u(ngfl)]
o - 7/12 - r——igii—]
“4(n"-1)
1 -1/2 F- 1/n1
0 0 0
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Appendix D

SPECIAL CASES: EVALUATION OF DISPLACEMENT COMPONENTS

Y11, Y1.3, 24V 4

A special procedure is required for the evaluation of the three
displacement compo :
isp emen mponents Wl,l , Wl,3 1,3
Eq. (A.9) is not feasible since it leads in each case to the problem of
determining the finite value of the difference between two infinite
numbers of the same order, namely Flﬁ(o) and Jlj(g)’ 4 = 5, 11, respecti-

vely. An alternative formulation for the evaluation of these displace-

ments 1s presented in this appendix.

The infinite terms that arise in the evaluation of the displace=
ments come, in each case, from quantities that are proportional to the
ratio KO(ms)/sK, (ms). TFor small values of the argument, this ratio

takes the asymptotic form

ms

- m(y + 1n zr) s ms < < 1L, (D.1)

where 7 is the Euler constant.

Consider an inversion integral

Y+ieo
ey 2 [ F(s) _sg
£(g) = o y —— e ds, {D.2)
y-iw
where
Kb(ms)

F(s) ~ m . (D.3)

Proceeding as in Sec. III, the inversion integral for f(£) can be

&ritten in terms of three separate integrals as follows:

and v - The direct application of
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£(§) = Il + 12 + 13 s (D.4)
where /
/2
i6
lim 1 i6, rEe’
o [ reete (p.5)
- n/2
€ .
lim 1 F(iy)elyg‘l
r
and
R iyg
lim 1 [ F(iy)e
I3 Foo 7 Im [ " } dy . (D.7)
€

Substituting Eq. (D.3) into Egs. (D.5) through (D.7), and taking the indicated
limits, it is noted that both Il and 12 diverge as r - O. The integral

I, is well behaved for e¢ > O and may be evaluated numerically.

3

For r - O, the asymptotic relation, Eq. (D.1), is substituted into

Eg. (D.5), thus yielding

n/2

ig i@
lim 1 r - mre r€e
I, ~ o 3= o m(y + 1n 5 ) e a6
- nf2
lim m mr ?
~ a0 =3 7+ 1n 5]+ 0(r)] (D.8)

where O(r) represents a series of terms of order r or higher order.
Similarly, for r - O and ¢ < < 1, the asymptotic relation Eq. (D.1l) is

substituted into Eq. (D.6), such that




i

-T1- S

1im 1 ,f - m(y + 1n lgl e1y§
I_ = = !'Im dy
2 r—=0 m | y -
r
fe
L im _m myy sin §y 17 cos §y
r-0 nu'[(r+ln2) y otz Ty oY (0.9)
r
Finally, 12 may be written in the form
1im m
12 =0 {- 5 {In ¢ cos E¢ - In r cos €r] + Ih(r)] , {D.10)
where
[5
. _m 2 = my, sin y€ .
Ih(r) 2 [ﬂ {(y + 1n 5 )———;——— + & 1n y sin ng dy . (D.11)

r
Substituting Egs. (D.8) and (D.1l) into Eq. (D.4) and noting that

lim m
o Bz ADT [cos Er - 1] = O | (p.12)

the expression for f(€) becomes
m m . -
£(§) = 13 -3 [ln 5 + 7Y + 1n ¢ cos §é],

+ /w[g ( + n &) + €y 1n y] sin 8y dy , (D.13)
J 2 y

where I3 is given by Eq. (D.7).

|

!
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