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SYMBOLS

Angstrom unit = 10"% cm

= velocity of sound

= second virial coefficient

= third virial coefficient

= heat capacity at constant volume of the ideal gas

heat capacity at constant volume of the real gas
heat capacity at constant pressure of the ideal gas

heat capacity at constant pressure of the real gas

= fourth virial coefficient

internal energy of the ideal gas

= internal energy of the real gas

= heat of formation at T = 0°K

= maximum energy of attraction between two molecules

free energy of the ideal gas at P =1 atm

free energy of the real gas

= enthalpy of the ideal gas

= enthalpy of the real gas
= Boltzmann's constant = 1.3805 X 107! erg/deg

molecular weight
Avogrado’s number = 6.0228 X 102 atoms/mole

pressure

= gas constant = 1.987 cal/deg mole

= collision diameter
S° =

entropy of the ideal gas at P = | atm
entropy of the real gas

= absolute temperature in degrees Kelvin

= volume

= Eu/k

dipole moment

CR/CV

coefficient of viscosity
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S UMMARY

For the study of thermodynamic properties of solid and
liquid propellants—such as used in rocket motors and artil-
lery shells—the following subjects have been discussed: (1)
the equation of state for real gases based on the kinetic
energy and the potential energy of interaction of pure sub-
stances; (2) the related expressions for the thermodynamic
properties of real gases varying with temperature and pres-
sure; (3) the computation of the thermodynamic properties
for the non-polar molecules H,, N,, NO, CO, Q,, CO,; for the polar
molecule H,0; and for air, presenting the results in tabular
form over a temperature range from 500° to 5000°K, so that
the correction for gas imperfection can be attained at the
pressures encountered in solid propellant units: (4) calcu-
lation of specific impulse for a solid propellant system
used in a rocket motor assuming the ideal state and the
real state of the system at a chamber pressure of 126 atm;
(5) calculation of total change in specific enthalpy of the
same powder used in an artillery shell, assuming the ideal
and the real state of the system at a chamber pressure of
4000 atm.

The effect of changing the assumptions—real or ideal
gases—on the calculation of certain performance character-
istics of a rocket propellant unit is small. The effect on
the calculation of performance characteristics of the same
propellant, when used in an artillery gun, is large. Numeri-
cal values and a comparison table are presented in the report.
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INTRODUCTION

An essential factor in the study of rocket and gun performance
characteristics is the accurate knowledge of the thermodynamic properties
of the propellant systems. The properties entropy, enthalpy, free energy
and heat capacity are in general known over a wide temperature range for
the individual components of a gas mixture, assuming the gas behaves as an
ideal gas. In an ideal gas the enthalpy and heat capacity are functions of
temperature only and do not change with pressure. Actually, neither the
constituents nor the gas mixture behave like ideal gases, although some
pure gases approach the ideal state more closely than others, especially
at low pressures. Depending on the particular substance, the difference in
thermodynamic properties between an ideal and a real gas increases with
increasing pressure and is appreciable at moderate temperatures.

In a liquid propellant system, where the chamber pressure seldom ex-
ceeds 30 or 40 atm, only the polyatomic species such as CO,, H;O0, NH;, etc.
show differences in their properties at the common chamber temperatures of
2000°K or 3000°K. In a solid propellant system, the chamber pressure is
considerably higher, although there are practical upper and lower limits
for the satisfactory operation of a solid propellant rocket unit. Below a
certain pressure the combustion becomes unstable, above a certain pressure
the burning rate will increase so rapidly that detonation will occur. The
chamber pressure usually encountered in rocket solid propellants varies
from 50 atm to 250 atm at chamber temperatures between 1000°K and 3000°K.
In this temperature and pressure range the diatomic species also differ
in their properties as between the real and the ideal state. The differ-
ences are particularly noticeable for a quantity like Yy, which defines the
ratio of the specific heat at constant pressure to the specific heat at
constant volume. Another quantity which also varies with pressure and
temperature and which is used in rocket performance calculation is so-
called velocity of sound. This quantity, too, can be considered a thermo-
dynamic property.

It is the purpose of this paper to discuss and present equations,
derived from an equation of state for real gases, which are suitable for
the calculation of thermodynamic properties varying with temperature and
pressure for real gases. From approximately room temperature to 5000°K the
equations are applicable to pressures ranging from zero to 300 atm. In the
temperature range from 1500° to 5000°K the equations are applicable to
pressures up to 5000 atm. The interaction between two different species
has not been worked out numerically but the theory has also been outlined
in the parts A,(b) and B,(c) and can easily be applied to actual cases.
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The present paper contains four parts:

In the first part (A), the theory on which the thermal equation of
state [f(P,V, T) = 0] is based, is outlined in brief; P is the pressure,
V is the volume, and T is the temperature of the system. A comparison be-
tween the calculated and experimental PV values (pressure times volume)
has been made to show the degree of accuracy to be expected in the final
results, since they are based on the theoretical expression for PV.

In the second part (B), the explicit form of the equation of state
is used to derive the related expressions for the thermodynamic properties
of real pure gases and also of real mixtures. Depending on the type of the
gas, the final form is given for (a) pure non-polar gases, (b) pure polar
gases, and (c) binary gas mixtures.

In the third part (C), the application of the theory to the gases
(H2, Ny, O,, NO, CO, CO,, H,0 and air) is discussed, and the final results of
the computation are presented in tabular form. All properties are obtained
under the assumption of constant composition, i.e., under the assumption
that no dissociation of the molecules takes place as the temperature
increases.

Finally, in the fourth part (D), two examples have been worked out
which show the differences in specific impulse and change in specific en-
thalpy for a solid propellant system, assuming first the ideal state and
then the real state of the system in the combustion chamber.



RM-442
5-15-50

THEORY AND APPLICATION
A. THE EQUATION OF STATE FOR REAL GASES

(a) General Remarks

The fact that only two of the three thermodynamic coordinates, pressure,
volume, and temperature, are independent variables makes it possible to
define an equation of state in either of the following forms:

P=P(V,T); V=VPT); T=T(V,P). (1)

The explicit form of Eq.(1) has long been, and still is, the subject of
extensive research and great care, because of the general relations which
can be established between the thermodynamic properties of a substance

and its independent variables. Although these general relations as well

as their explicit form will be discussed in B, it is important to realize
that some of the caloric properties, as free energy and enthalpy, not only
depend on P, V, T individually, but also on combinations thereof, and on
their first and second derivatives. In other words, a small discrepancy
between the measured quantities, like volume or pressure, and the same
quantity calculated from the equation of state, might increase when these
quantities and their derivatives are combined to obtain the caloric data.
Precise measurements, however, indicate that so far it has not been possi-
ble to express the experimental results by a simple equation which would
be applicable to all gases at all temperatures and all pressures. Despite
the general nature of the relationship between the thermodynamic properties
of a gas and its thermodynamic coordinates, the explicit form of the e-
quation of state is more or less empirical and will depend on the degree
of accuracy desired in obtaining numerical results over a certain tempera-
ture and pressure range. Not less than 56 different equations of state are
listed in the Handbuch fiir Experimental Physik(Y alone.

(b) The Perfect Gas Law

The simplest and best known equation derived from elementary kinetic
theory, is the equation of state for an ideal gas—in short called the
ideal gas law:

PV = NRT. ~ (2)

The symbols have the usual meaning and R and N are the gas constant and the
number of moles, respectively. This equation assumes that the molecules are
material points, which only possess kinetic energy and which do not inter-
act with one another. Although no real gas behaves exactly like an ideal
gas, the usefulness of Eq.(2) is manifold.

Because of the simplicity and the wide range of application of Eq.(2),
it has become customary to define a normal or standard state of a real gas
as one which strictly obeys the ideal gas law at all pressures. With respect
to the thermodynamic properties of such a gas it means that the heat capaci-
ties at constant pressure and at constant volume (Cp and Cy), the internal
energy (E) and the enthalpy (H) are independent of pressure and volume. For
a real gas this would be true only if P = 0 and V = o, However, the entropy
(S) and free energy (F), even for an ideal gas, are dependent on pressure.
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Consequently, the standard state of a real gas is defined as one where
the quantities Cp and H° refer to P = 0, the quantities C/’ and E° refer
to V= ®, and the quantities S° and F° refer to P = 1. At low pressures,
around 1 atm, and over a wide range of temperatures, most gases approxi-
mate the behavior of an ideal gas. But, as the pressure increases, the
actual size of the molecules and the intermolecular forces of attraction
and repulsion become important. For most gases PV < RT at room tempera-
ture and below, and PV > RT at higher temperatures.

(c) The Virial Equation

It has been found useful to describe the properties of real gases as
the sum of their ideal behavior and a correction for their real behavior;
i.e., it has been found possible to write an equation of state, called
the virial equation, in either of the following forms:

PV =RT+ BP + CP? + DP3 + --- (3a)
B Cl 1

pv=ar(1 +—+—+9—+---). (3b)
| 4 V2 y3

Here RT is called the first virial coefficient, B the second, C the third,
etc. C and C! are related by the expression:

Cl_B2
C= RT ’ (4a)
D and D! are related by the expression
D'—- 3C'B+ 2B?
D= — . (4b)

It is obvious that if the pressure approaches zero and the volume ap-
proaches infinity, Eqs.(3a) and (3b) are equal to Eq.(2).

Based on the definition by Clausius of the virial coefficient, these coef-
ficients depend only on the temperature of the gas and the intermolecular
forces between the molecules. The second virial coefficient depends on
the intermolecular forces between a pair of molecules and is of parti-
cular importance since for many practical purposes the density is such
that any higher virial coefficients can be neglected. It follows from
statistical mechanics!® that the second virial coefficient has the form

B(T) = 2N£°°{1 — exp[—E(r)/kT]} r2dr. (4c)

Here E(r) is the potential energy of interaction of a pair of molecules
as a function of their separation.

(d) Potential Energy of Interaction

A comparison of experimental and theoretical results obtained by
Lennard-Jones® and Hirschfelder(® has shown that this interaction energy
for non-polar molecules can best be approximated by the sum of inverse
power terms as follows:
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12 6
E(r) = 45.{( ’r—°) —(-’rﬂ) ] ) (5)

The energy of repulsion varies inversely as the twelfth power, and the
energy of attraction varies inversely as the sixth power of the sepa-
ration of the two molecules. Eyp is the maximum energy of attraction of
the two molecules, and ry is the collision diameter corresponding to
E(ro) = 0.

For polar molecules (molecules having a dipole moment) the same form
of the potential as in Eq.(5) is used by Stockmayer® with an additional
term which represents the permanent dipole interaction. Assuming the same
exponents as in Eq.(5), the potential energy between a pair of molecules

is then
12 6 2
E(r, 1) =4E.[(—r3) —(E) ]—E-a-g. (6)
r r r

In addition to the symbols used above, i is the permanent dipole moment
and g = 2 cos O; cos B, — sin 6 sinB, cosy; 6, and 6, are the angles the
two dipole axes make with the intermolecular axis and y is the azimuthal
angle between them.

When the expression for the potential energy is substituted in Eq. (4¢),
and integrated, the second virial coefficient for non-polar molecules has

the form
E,

B(T) = boFu(L—;) (7a)

in the notation used by Lennard-Jones, Hirschfelder, and others in the
field. It is, however, preferred in this report to reserve the subscript 12
for a collision of dissimilar molecules and therefore rewrite Eq.(7a) for
a pure gas as follows:

B(T) = bo Fo (En/kT) . (7b)
For polar molecules the expression becomes:

E. n n n
B(T) = bo[Fo(-k—T) + xHO(%) + szo(%) + xJKo(%)

4 Ea 5 Ex 6 En
+xl.0;; +xMO-’;7 +xNo-;& RN N (8)

Here b, = 2 mNr#, where r, is the distance of closest approach in the
absence of dipole forces, as defined before. The important quantity for
polar molecules, as Hirschfelder(® points out, is not the dipole moment
itself but a related quantity defined as x = W*Eg2ry®. If u is in esu,
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E, in ergs, and ro in cm, then x is a dimensionless quantity. The func-
tion Fy (Ex/kT) can be approximated as a converging series which has been
evaluated for various kT/Ex and tabulated by White in the RAND tables(” in
order to evaluate the thermodynamic properties of real gases. The other
functions: Hy, Jy, Ko, etc., depend on combinations of Fy(E./kT) and their
derivatives; they too are listed in the RAND tables(™ for kT/E, ranging
from 0.260 to 480. The exact form of the functions is given in the Appendix.

The study made by Rowlinson(® on the second virial coefficient of nine
polar gases based on the calculations of Eq.(8) for B(T) showed very good
agreement when the theoretical and experimental results were compared.

(e) Effect of the Virial Coefficients

Having decided on the form of the second virial coefficient, it is well
to investigate the third and fourth virial coefficients and at the same
time the effect and significance of all of them in applied thermodynamical
problems.

The third virial coefficient in the equation of state represents the
collision between a pair of molecules and a single molecule. Hence, the
determination of C! in Eq.(3b) would be a three body collision problem,
which cannot be solved accurately in any sinple way. However, such ternary
clusters would only occur in very dense gases which are either at very low
temperatures—near the liquid range—or in gases which, although at high
temperatures, are at extremely high pressures. Neither of these conditions
ordinarily occurs in rocket motors, but they may occur in artillery guns.
It has been found that at relatively high temperatures, the internal energy
is a linear function of the density, and the third and higher virial coef-
ficients do not depend on temperature. Also, at higher temperatures it is
assumed that the molecules behave like rigid non-attracting spheres. Under
these conditions Happel(®® has evaluated the third and fourth virial coef-
ficients. For the third virial coefficient he obtained

C! = .625b2 (9a)

where b is the well-known constant introduced by van der Waal* into the
equation of state for an ideal gas to take account for the definite size
of the molecules. By substituting Eq.(9a¢) into Eq.(4ae), one obtains

.625b% — B?
C= —&r - (9b)

The fourth virial coefficient, accounting for a four body collision, is
given by

D' = .287b° (10a)
and is related to D by

.287b6% — 1.8756%B + 2B3

D= (RT)? . (10b)

* Numerical values for b are listed in technical handbooks; see, for example, Handbook
of Chemistry and Physics.
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For the temperature and pressure ranges considered in this report,
investigation has shown that, for most molecules, the equation of state
containing only the first and second virial coefficients checks with the
existing PV data rather well.

The great number of terms which define the second virial coefficient
for polar molecules in Eq.(8) lose their significance as the temperature
increases. As Hirschfelder(® pointed out, the polar contribution to the
second virial coefficient for water vapor at 400°K is approximately 83%,
where the fifth term x*L;,(En/kT) still contributes 3.1%, but at 575°K it
is only 0.6%. At 1000°K and higher, Eq.(8) becomes essentially

En

Ey,
B(T) = bo[Fb(;F) + be(;T)]- (10¢)

(f) Binary Mixtures
Although it is not the purpose of this report to obtain numerical an-
swers for the thermodynamic properties of gaseous mixtures, since the

results depend on the individual composition, a solution at least for
binary mixtures can be obtained rather readily on the basis of the follow-

ing arguments:

Assuming an equation of state for pure substances and a method of
combining the constants of the pure gases for computing the parameters
of the mixture, the second virial coefficient for a mixture of gases is
well presented by

B, =X 3 nij Bij , (11la)
i

where n; and nj are mole fractions and the summation goes over all species.
For a binary mixture the relation results in

Be = n?B;; + 2n;n,B, + niBy, . (11b)

On the basis of Eq.(5) the energy of interaction between two different
species, non-polar—non-polar, or non-polar—polar, can fairly well be
approximated by the geometric mean:

Eyp = (Ei Ep2)V?, (12)

while the collision diameter between two different molecules is given by
the arithmetic mean:

ra = 51(711 + ra), (13)

and the second virial coefficient of unlike molecules by

E
_sz = bszlz(k-lT‘z‘) . (14)

Beattie and Stockmayer(® have determined B,, at different temperatures
for the mixture methane—normal butane from experimental data. Comparing
these values with the ones obtained from Eq.(14) shows the following
results:
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T B]g(obs) Bu(calc) A
§73 -.0292 -.0253 -.0039
523 ~.0420 -.0411 -.0009
473 -~.0604 -.0602 -.0002
423 -.0816 -.0838 +.0016

by, = 1.58.3 cc/mole; Eyn/k =199

The work done by Hirschfelder, Bird and Spotz‘'? on transport proper-
ties of gases showed also fairly good results when these combination rules
were applied to multi-component mixtures.

(g) Discussion of Theoretical and Experimental PV Data

A comparative study of experimental and theoretical pressure volume
data has been made to indicate the accuracy of the basic equation of state
for reasons mentioned under A(a). The comparison has been made for hydro-
gen, nitrogen, carbon monoxide, water vapor and air. The results are pre-
sented in Tables 1 through 6. The basic equation of state, which has been
used throughout this work is

PV = RT + B(T) P, (15)

where B(T) is defined by Eq.(7b) for non-polar molecules, and by Eq.(8)
for polar molecules (H;0). The second virial coefficient for air has been
calculated by treating air as a molecule. All constants used in the calcu-
lation are listed in Table 1, together with the same constants referring
to substances not included in the comparison. The close agreement which
obtains between the experimental values and the values calculated from
Eq.(15) justifies the use of this equation as a basis for determining the
thermodynamic properties of real gases.
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B. RELATIONS BETWEEN THE INDEPENDENT VARIABLES AND THE
THERMODYNAMIC PROPERTIES OF A GAS

(a) General Relations

In thermodynamics, the independent variables of a substance are
pressure, volume, and temperature. The thermodynamic properties of a
substance of interest here are heat capacity, internal energy, enthalpy,
entropy, and free energy.

The only measurable quantity in a thermodynamic process is usually
the specific heat, either at constant pressure or at constant volume,
i.e., the heat necessary to raise the temperature of a unit mass by 1°.
However, the more useful quantities in technical problems are the ones
obtained by integrating Cy and Cp over T or log T and obtaining what is
known as: the internal energy, the enthalpy, and the entropy. They are
defined in order as follows:

E=fTcyar (16)

H=fo’c,d'r (17)
T dT

s=fc =. 18
0 P T (18)

By introducing Gibb’s function or free energy, defined as
F=E+ PV -TS (19a)

F

H—-TS, (19b)

the general relations between the thermodynamic properties of a gas and
its independent variables can be found rather readily. By differentiating
Eq.(19a) or (19b) with respect to T,P, or V, keeping one of the variables
constant and making the proper substitution of Egs.(16), (17), and (18), the
variation of any variable with respect to any other is attainable. From
the usual thermodynamic relations, the variation of the properties of a
gas with pressure are as follows:

G =v &), -G G)-v-6)

P /p ’ P/ 3T /lp’ P/r T/p’

' as) (aV) (av (ac 2%y

(ap r P/r ar)p P/ T AT /p’ (20)

), = G5, 5)
oP/r T2/ \oP/;"
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Making use of the equation of state for real gases, PV = RT + B(T) P,
Eq.(15), the following useful partial differentials are obtained:

(@) -2,
3T)p P T

(32V) 3?8
9T?/p 3T?

T

(21)
(y) __RT_ _(v-B)?
P/r P? RT
(2) B AT 9B
o1/, V-B (V-B)? 3T’

and by neglecting terms of higher order than (V — B)"?

(azp)_ 2R _a_§+ RT 3B
312/, (v=B)* 3T (V-B)? 31? "~

The next step will be to substitute the proper expressions from Eq.(21)
into Eq.(20) and to integrate over P, taking the standard state, as
defined in Part A, as the reference state of the gas. When this is done,
the final equations for the thermodynamic properties of a real gas varying
with temperature and pressure will be

F=F°+RT Iln P + B(T)P (224q)
s—s°—(31 P+B—BP) (225)
- " T
OB
H=H° + BP—T— P (22¢)
3T
E-E°—TBBP (224d)
T
. 3?B
c, =C8 - (2@+ T——azB)P (22f)*
v AT T2/ f

The symbols have the usual meaning. The superscript, small zero, refers
to the particular property of a gas in its standard or ideal state.

* Equation (22f) in its exact form, if the higher order terms in the differentation
would not have been neglected, would be

28 a’a) (aa)’ PzJ
= CS - —_—t T— + |=] =—
& =0 [(237 )P " \er) R

The order of magnitude of the last term on the right-hand side of the equation is so
small, that for all practical purpose, it can be neglected.
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With the pertinent equations arrived at under (22), the numerical
answer to a problem now depends only on the form of the second virial
coefficient, which has already been discussed in Part A.

(b) Equations for Pure Non-Polar Gases in Terms of P and T

For non-polar gases, the second virial coefficient has the form of
Eq.(7), namely:

E
=bF(——“)=bF.
B(T) oFo{\ 7o ofo

Here a simplified notation is used for the convergent series Fo(E,/kt)
and its derivatives as explained in the Appendix. The notation is
consisteut with the symbols used in the RAND tables(” which list the
numerical results for kT/E, varying from 0.260 to 480. Expressed in terms
of F(E,/kT) and the derivatives of F(En/kT) with respect to E,/kT, the
equations, which determine the properties of a pure non-polar gas at
pressure P and temperature T, are:

F =F° + byPFy + RT 1n P (23a)
boP

S=S°—RlnP--LT-F’ (23b)

H=H° + byP(F, — F') (23¢)

E = E° — byPF! (23d)
bo P "

Cp = C§ — —— FII (23e)
T
bo P

cy=c;’—LT(2FI+F") . (231)

The Eqs.(23a) to (23f) indicate the possibility of rather simply
obtaining the needed corrections for the deviations of real gases from
the ideal state with the help of tables, when the proper constants are
known. How this will be done will be discussed in Section C.

(c¢) Equations for Pure Polar Gases in Terms of P and T

For polar molecules, the second virial coefficient is defined by Eq.
(8), and in the simplified notation reads as follows:

B(T) = bo(Fo + IHO + IZJO + x3K° + Z‘Lo + IsMo + IsNo)

where the symbols have already been explained in Part A(c). Although the
terms on the right side of the equation lose their importance as the
temperature increases, the complete expression for each caloric property
will be given, since all the necessary derivatives of F(Ex/kT) for
evaluating the terms are listed in the RAND tables. (" By proper
differention, substitution into Eq.(20), and integration as previously
outlined under Section (b), the equations for pure polar gases, at
pressure P and temperature T, are:
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F=F° + boP(Fy + x?Hy + x%Jy + 23Ky + z*Lo + x°My + 2°Ny) + RT In P (24a)
b°P k794 4r 1 Syl 671
S=S°—BlnP——TT(FI+xIJI+12JI'J-zK + LT + SMT + 2NT) (24b)
H=H®+ byP[(Fy — F') + x(Hy — H*) + x%(Jo — JT) + 2*(Ko — K')
+ x*(Lo = L) + 25(My — M') + x8(No — N7)] (24c¢)
E=E°— bP(F* + xH' + x2JT + 23T + 2*LT + M1 + 25NT) (24d)
boP 2 31'411 SyIl 611
Cp=Cﬁ"T(F”+xH”+xJ”,+xKI + ALY+ SHTT + xONTT) (24e)
4 bOP I II 1 II 2 I II 3 I II
c,,=cy——T—[(2F + FU1) + (20T + H'T) + 22(2JT + JT) + 23(2KT + K1)

+ x((zLI + LH’) + IS(ZMI + MII) + xG(zNI + NII)] . (24f)

Equations (24a) through (24f) have been used to determine the thermody-
namic properties of H,0 as discussed in Part C.

(d) Equations for Binary Mixtures in Terms of P and T

If one considers a binary mixture of non-polar molecules or of non-polar-
polar molecules, with n; being the mole fraction present of the first
kind and n; being the mole fraction present of the second kind, the
virial coefficient for the mixture is defined by Eq.(11b) in Part A. In
terms of the collision diameter and the interaction energy, using the
simplified notation, the coefficient is of the form

By = nby Fiy + 2nynybyaF1y + nibyaFay .

The steps leading to the equations of the thermodynamic properties of a
mixture are in principal the same as the ones already discussed under (b).
The collision diameter ry, necessary to determine b;, can be determined
from Eq.(13), and the interaction energy E;, necessary to evaluate the
series Fy;(E;;/kT) can be obtained from Eq.(12). The various property
for binary mixtures, at pressure P and temperature T are as follows:

F= Fo + nfbuFu + 2n,n2b12F12 + n22b22F22 + HT ln P (250)
: P
S=S8—=RlnP "'; (nfby FI + 2nynyby Y, + n2byyF3) (25b)
H=H +P[nfb,,(Fy, — Ff) + 2n1nyby2(Fyy — FYy ) + n2byy(Fyy — FY)] (25¢)
E=E° — P(n{by F{ + 2nynyby,Fhy + n2by, KY) (25d)
P
Cp=0Cp ""T' (nfby FIT + 2nyn b1, RY + ndby, FIY) (25e)
o _P ., 1 11 I 11 2 1 11
Cy=0Cy T [nfbyy(2F] + FIT) + 2nynyby ,QFY, + FY) + ndby,(2F + FI)], (251)

How to obtain numerical results from the sets of Eqs.(23),(24), and (25)
(25), in particular, how to obtain the proper constants for the individual
gases will be discussed in Part C.

1
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C. CALCULATION OF THERMODYNAMIC PROPERTIES FOR NON-POLAR
AND POLAR GASES

(a) Determination of Constants

The two constants which are necessary to obtain numerical results from
Eqs.(23), (24), and (25) are the collision diameter ro and E., the maximum
energy of attraction of two molecules. It will be recalled that ro is re-
lated to the constant by by b, ==%KNrg,and that the infinite series Fy and
its derivatives are functions of En/kT.

There are a number of ways to obtain these constants, each of which
depends on the information available, on the accuracy desired in the final
answer, and also somewhat on the type of molecule involved. Unfortunately,
there is no unique way to exactly specify E, and ry because of the lack of
accurate experimental data on second virials and transport properties,
either of which would precisely determine these constants.

Three methods of obtaining the constants will be discussed in the
following order:

1. Constants obtained from critical data
2. Constants obtained from experimental PV-data
3. Constants obtained from experimental viscosity coefficients.

(1) To a first approximation the following simple relations between the un-
known constants and the critical data result from the Lennard-Jones "
theory of gases:

E
T. ~ 0.75T. and ro = .8330 V3. (26)

Here T. is the critical temperature in absolute Kelvin, and V. is the
critical volume in cm3/mole, while ry is expressed in Angstrom units,
and k 1s Boltzman's constant.

A similar relation, also based on the Lennard-Jones potential, has
been worked out by Hill, *® as follows:

E, T:\'”
— = ,7823T, and ro = 2.346 (——) . (27)
k P

(It will be observed that in his notation r* is related to ro by:

r* = 21/67‘0.) ‘

As mentioned already, these are very approximate relations; they give
fairly good results for a few simple gases, but not for the heavier
molecules where the results differ considerably from experimental PV data
or from viscosity coefficients. Table 7 shows a comparative study made
for a number of molecules where either viscosity coefficients or PV data
were available. In order to show the effect of ro and E,/k on the change
of a thermodynamic property with pressure, the change in the free energy
function (F — F°) has been calculated at a temperature of 1000°K and a
pressure of 100 atm. As indicated in Table 7, the pertinent constants
have been determined from Eq.(26) and also from Eq.(27), and in each
case Eq.(23a) has been used to calculate (F = F°). And finally, in
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table 7 the values for ro and En/k as determined from experimental data are
listed, together with the change in free energy for the same temperature

and pressure as mentioned above. Except for N3, O3 N0, and CHs the agree-

ment between the theoretical and “experimental” values is quite poor.

(2) Stockmayer and Beattie(*®) have derived an equation for determining
E./k with considerable accuracy from known PV data. By letting Ex/k be
equal to 6, the approximate equation is of the following form:

B (e>m(1 064 — 3 9) '
= . - 3.602 ) . (28)

by

If neither b, nor 6/T are known, two equations of the form of Eq.(28) can
be set up at two different temperatures, in order to eliminate b,, thus

_ (Tl/T2)5/4(Bl/BZ)T2_T1-|
6 = .2954[ G 1] (29)
and

B B. b

o7 = b0 °F Fe/m) = % (30)

Equations (29) and (30) have been used to determine the constants for
carbon monoxide, and these constants in turn have been used to construct
Table 4, The following example will show the procedure:

From Ref.14, the experimental value of PV = 35.350 liter-atm/mole at
423.16°K and 50 atm, and RT; = 34.725 liter-atm/mole; from Eq.(15)
B,(473.16) = (PV — RT)/P =1.25 X 1072 liter/mole; again from Ref.l4,

PV = 56.650 liter-atm/mole at 673.16°K and 50 atm, RT; = 55.240 liter-
atm/mole, and B,(673.16) = 28.2 X 107® liter/mole. When the values for
By, T; and Bz, T2 are substituted into Eq.(29), the value for 6 =100,57°
the value of the function F(6/673.16) = .3574 obtained from the tables;®
thus by = B,/F(6/673.16) = 78.9 cc/mole. The constants obtained for other
molecules from Egs.(29) and (30) also agree well with the observed second
virial coefficients within the experimental uncertainty.

(3) Another quantity which is closely related to the law of force between
pairs of molecules, is the coefficient of viscosity. Using the same poten-
tial energy expression as stated in Eq.(5) for non-polar molecules,
Hirschfelder ®® arrived at an expression for viscosity as follows:

5 (mkT\2 Vv
= — | — _ 31)
n 8ro2( 2 ) W2 (2) (

Here ro is the collision diameter, m is the reduced mass of the colliding
molecules, k is Boltsmann’s constant, T is the absolute temperature, and

V/W3(2) are functions of E,/kT which are tabulated.(? If the two collid-
ing molecules are of the same kind, Eq.(31) reads

TV

. (32)
ré W3 (2)

n=2.6693 X 107°
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when ro 1s 1in Angstram units and M is the molecular weight. Viscosity data
for a great number of molecules are available at low temperatures (322
(from approx.100° to 300°K), so that it seemed desirable to approximate
Eq.(32) for that temperature range in order to solve for E,/k and the col-
lision diameter., The approximate equation for the viscosity is given by

2.6A93X 1075

r02

VMT W(Z—T-) , (33)

m
and the function of kT/E, is given by
W(kT) 1.446 + 2 899(IZT)U4 8018(127‘)1/2 . (34)
—) = -1.446 + 2.899(—) - . -] .
En ' En En

This equation covers the region from .4 < kT/En < 10, and thus covers the

experimentally accessible range. Knowing the coefficient of viscosity for

a gas at any two temperatures, one can solve for 90=E./k) by the following
equation

6 __( 2(A -D) )4 (35)
—3.6152(E—B) + [13.06997(E—B)? +7.2156(A—-D) (F-C)]"?

where the constants are defined as follows:
A =Ty B = Ty ¢ =mT"?;
D =Ty E = N % F =n,T"%.

Equations (35), (34), and (33) have been used to determine O and ro for
nitrous oxide, making use of the available experimental data for vis-
cosity. 3V Coefficients of viscosity for numerous molecules have been
calculated from this set of equations. The accuracy of the results
lies well within the limits of the experimental uncertainty.

* * %k % %

In Table I the characteristic constants for fifty-one gases, in-
cluding nine polar molecules, are listed. The constants for the polar
gases have been determined by Rowlinson ®) from the experimental data
of the second virial coefficients. The constants for the other molecules
have been determined by Hirschfelder, ®» mostly from viscosity data,
except for the following: the values for CH; and n-C4Hio have been
taken from Beattie and Stockmayer;(?3) the E/k value of N; has been
changed from 95.9 given by Hirschfelder to 94.5, which gave a good a-
greement with the experimental PV data (see Table 3); the constants
for CO have been redetermined from the experimental PV data as observed
by Deming (Ref.13 and Table 4); and the constants for N;0 were rede-
termined from observed viscosity coefficients. @D

Since the necessary constant for obtaining the thermodynamic pro-
perties of a substance is not r, but the related quantity bo(by = %ﬂNré),
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these quantities are listed in the third column of Table 1. For the
strictly polar molecules, the quantity x which is related to the dipole
moment (x = p‘/E3r§) also plays an important part in the computation, as
already mentioned in Part B. The values for x are listed in the fifth
column of Table 1 under the heading, polar molecules.

(b) Construction of the Thermodynamic Tables for H,, N2, NO, CO, Oz, CO3,
H,0, and Air.

The thermodynamic properties for the molecules listed above have been
calculated by the method described in this report and are presented in
Tables 8 through 14. The tables are constructed as follows: the first
column gives the temperature from 500°K to 2000°K in intervals of 100°K,
and from 2000°K to 5000°K in intervals of 500°K. The second column lists
the internal energy (E° — E¢) in cal/mole at the particular temperature
in the ideal state. The third column gives the change in internal energy
with pressure at the particular temperature and is labled AE/p; i.e., the
number under this column must be multiplied by the pressure in atmospheres
to obtain the correction to be added to the value in the ideal state. The
sum of the terms under column two and three is then the value of the in-
ternal energy in cal/mole of the real gas at a particular temperature and
pressure. Column four gives the enthalpy (H° — E§) in cal/mole in the
ideal state, and column five the corresponding change in enthalpy with
pressure at the particular temperature; here again, the value given under
this column must be multiplied by the pressure in atmospheres to obtain
the correction to be added to the value in the ideal state. The sum of
the terms under columns four and five is the value of the enthalpy in
cal/mole of the real gas at a particular temperature and pressure. Column
six lists the free energy (F° — E§) in cal/mole in the ideal state, and
column seven gives the corresponding correction. The entropy, S°, in
the ideal state is listed under column eight and the corresponding
correction under column nine. Under column ten, the heat capacity at
constant pressure for the ideal state is listed and the corresponding
correction is given under column eleven. And finally, the heat capacity
at constant volume in the ideal state is listed under column twelve and
the corresponding correction is given under column thirteen. For each
individual thermodynamic property of a substance, the correction given
at a particular temperature has to be multiplied by the pressure and
the term has to be added to the value given for the ideal state to obtain
this property for the real state.

The thermodynamic properties of Hi, N2,NO, CO, O, CO,, and H20 in the
ideal state are the ones given by the Bureau of Standards. (33 The thermo-
dynamic properties of air in the ideal state have been computed for the
composition of dry air at sea level as given by Humphreys. (2®) In terms of
mole fraction the composition 1is:

N,, 0.7809; 0,, 0.2095; A, 0.0093;  CO,, 0.0003.

All thermodynamic properties of air, varying with temperature and pressure
are given in Table 14. The table is arranged in the same manner as the
preceding tables and needs no further explanation. In Table 15 the so-
called Y ratio and the velocity of sound for air are tabulated. The ratio
is defined by
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Cp
= — 3
Y c (36)
and the velocity of sound is given by
(RT+ 2BP)Yy \'/?
a=|— . (37a)
M
This last equation can be more conveniently written as
YT ( 2AF )
a = 9120,04/— {1 + ——— . 3
V/M + 19877 (em/sec) (37b)

The symbols have the usual meaning; B is the second virial coefficient,
and M is the molecular weight. The computation of the quantities defined
by Eqs.(36) and (37) is based on the composition of air as given above.
The numerical values for “Y” and “a” are listed at the same temperature
intervals as the preceding tables, and at pressures of 0, 25, 50, 75, and

100 atm.

The additions which must be made to the thermodynamic properties of
molecules in the ideal state to obtain their properties in the real state
have all been calculated with the help of the RAND tables, ") using the
constants referring to a particular substance as listed in Table 1 of
this report. The RAND tables(™ consist of three parts: part one lists
the F(E,/kT) function and its five derivatives as explained in the
Appendix; part two is made for calculating the thermodynamic properties
of non-polar molecules; part three is made for calculating the thermo-
dynamic properties of polar molecules. (As mentioned previously, these
tables cover the range for kT/E. from 0.260 to 480.) The corrections
are given as dimensionless quantities. For non-polar molecules, the
change in internal energy, the change in enthalpy, and the change in
free energy due to pressure at a particular value for kT/E, must be
multiplied by bo in cal/mole and by the pressure in atmospheres to
give the contributions in cal/mole, i.e., these properties are given
under the heading

(E—E°) (H—-H°) (F=F°)
boP ' bo P by P

Since the superscript zero refers to the standard state, the term
RT 1ln P must be added to the change in free energy, as indicated in
the tables. The change in entropy, heat capacity at constant volume
and at constant pressure due to pressure at a particular value for
kT/E, must be multiplied by boP/T in the same units as mentioned
above, T being in °K, to give the contribution in cal/mole-deg.
These latter properties are given under the heading

(§—5°) (cp —C3) i (cy=-cy)
o Y R an _—
boP/T boP/T boP/T

Here, again S° refers to the entropy in the standard state and the
term R ln P must be subtracted from the change in entropy in order

to give the correct result.
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In the case of polar molecules, a number of terms are necessary to
obtain the total change in thermodynamic properties with pressure,
particularly at the lower temperatures. This was discussed in Part A
(¢), and is evident from the set of Eqs.(24a) through (24f). The third
part of the RAND tables” for polar molecules is arranged so that each
term, except the first one referring to a particular property at a known
kT/Ey value, has to be multiplied by x and powers thereof, where the
dimensionless quantity x is the significant variable which gives the effect
of the dipole moment. Numerical values for x are listed in Table 1 of this
report. Having multiplied by x each term which contributes to the change
in a thermodynamic property with pressure and its appropriate powers as
shown in Eq.(24), these terms have to be added and the result has to be
multiplied by boP, or by,P/T, as discussed for the non-polar molecules,
adding RT ln P to the change in free energy and subtracting R ln P from
the change in entropy. In the introduction to the RAND tables, (") an ex-
ample has been worked out by White for a non-polar and a polar gas, il-
lustrating the proper use of the tables. (First, multiply each term by the
appropriate powers of x as indicated in Eq.(24), add the terms, multiply
their sum by either boP or boP/T as previously indicated for non-polar
molecules, add RT In P to the change in free energy and subtract R In P
from the change in entropy.)
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D. APPLICATION OF THE THEORY TO TECHNICAL PROBLEMS

(a) Specific Impulse Calculation for a Solid Rocket Propellant

The application of the theory outlined above is manifold, and is of
particular importance in the study of high pressure and temperature prob-
lems. In view of the fact that this work was primarily concerned with
the effect of changes in thermodynamic properties with pressure and
temperature in the study of performance characteristics of guided missiles,
first the specific impulse of a solid rocket propellant system will be
investigated.

The system chosen is a double-base solid propellant, which develops
no smoke. For a particular motor design and at a storage temperature
of 70°F, the average pressure in the combustion chamber was given as
1850 * 50 psi or 126 * 3.4 atm, resulting in a measured specific impulse
of 184 + 4 sec; the chamber temperature was not known.

For calculating the specific impulse of a propellant, the composition
and the heats of formation of the components have to be known. The compo-
sition of the powder in percentage by weight is as follows: 58% nitro-
cellulose (13.25% nitrogen), 20% nitroglycerin, 2.5% dinitrotoluene, 8%
ethyl centralite, 10% triacetin, and 1.5% potassium sulfate. In the pres-
ent calculation, potassium sultfate has been omitted and the percentage of
triacetin has been raised to 11.5. The possible error introduced by this
assumption should be very small. The heats of formation for the different
substances have been taken from the report by Hirschfelder(® except for
the value of triacetin, which has been calculated. They are as follows:

Heat of Formation from

Component Elements at 15°C OHf in cal/gm
Nitrocellulose -575
Nitroglycerin -386
Ethyl Centralite -12
Triacetin -1411
Dinitrotoluene -58

The total heat of formation of the powder at 15°C is
AHf = =575 cal/gm .

With this information available and the chamber pressure given (P, = 126 atm),
the method used by RAND, as outlined by White, Kallmann and Bahrman,(2?
has been used to determine the chamber temperature, the exit temperature
and finally the specific impulse of the system in the ideal state, as-
suming frozen equilibrium and isentropic expansion. For the ideal case
the chamber temperature was found to be 1753°K. The exit temperature is
544.8°K when the gases are exhausted to 1 atm. The total change in spe-
cific enthalpy is 475.2 cal/gm; and the specific impulse is 203.3 sec.*

* Specific impulse = 9.327 /475.2 = 203.3 sec, where 9.327 is a constant.
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The ratio of the specific heat at constant pressure tbskhe specific
heat at constant volume, called the Yy ratio (Eq.(36)), is 1.282 and the
velocity of sound (Eq.(37b)) is 93,770 cm/sec = 3077 ft/sec, when calcu-
lated at the chamber temperature. The same quantities have the value of
1.362 and 53,879 cm/sec = 1768 ft/sec when calculated at the exit
temperature.

For the same powder, at the same chamber pressure, the corrections
applied to the thermodynamic properties in the real state affect the
specific impulse only very little. The chamber temperature decreases to
1745°K; the exhaust temperature decreases to 540°K; the total change in
specific enthalpy increases to 476.8 cal/gm; and the specific impulse
increases to 203.65 sec. The Yy ratio at the chamber temperature is 1.287,
and the velocity of sound is 96,135 cm/sec = 3154.57 ft/sec.

The theoretical value of the specific impulse is based on the as-
sumption that the combustion is complete in the chamber, that the flow
is isentropic, and that there are no heat losses due to radiation; actu-
ally that is not the case. The loss in useful momentum alone, due to the
divergent flow of the gases at the nozzle exit, amounts to a probable loss
of 3% in specific impulse. A certain percentage of the propellant will be
unburned and thus is not available for producing thrust. From experience
it seems reasonable to assume a burning efficiency for powders of approxi-
mately 90% (the efficiency for liquid propellants is somewhat higher,
approximately 95%). Thus, the true specific impulse would be 0.90X203=183
sec, a value which lies well within the accuracy of the experimental re-
sult and the accuracy of values given for the heats of formation of the
powder constituents on which the calculation was based.

(b) Calculation of Total Change in Specific Enthalpy for the
Same Powder Used in an Artillery Gun

A calculation for the total change in specific enthalpy for the same
powder, when used for an artillery shell, has been carried out. Corre-
sponding to commercially manufactured guns, it was assumed that the chamber
pressure of the gun is 4000 atm, and that the combustion products leave
the gun at 300 atm. Assuming frozen equilibrium and isentropic expansion,
as before, the following results have been obtained:

(1) If the combustion products behave like ideal gases, the chamber temper-
ature is 1753°K; the exhaust temperature is 963.75°K; and the total change
in specific enthalpy is 320.91 cal/gm. Referring to the chamber conditions,
the y ratio is 1.282 and the volocity of sound is 93,770 cm/sec = 3077
ft/sec; referring to the exit conditions, the Yy ratio is 1.322, and the
velocity of sound is 70,610 cm/sec = 2317 ft/sec.

(2) If the combustion products behave like real gases, the chamber temper-
ature decreases to 1528°K; and the total change in enthalpy increases to
384.15 cal/gm. Referring to the chamber conditions, the Y ratio increases
to 1.398, and the velocity of sound increases to 152,970 cm/sec = 5019
ft/sec, referring to the exit conditions, the Y ratio is 1.403 and the
velocity of sound is 71,630%¢m/sec = 2350 ft/sec.

The comparison table given on the following page shows the difference
in the results obtained for both cases, when the calculations are based on
the ideal behavior and on the real behavior of gases.
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COMPARISON OF PERFORMANCE CALCULATION BASED ON THE IDEAE?

AND THE REAL BEHAVIOR OF GASES

Double Base Propellant:

(a) Used in a rocket motor, where the chamber pressure is 126 atm,

and the exit pressure is 1 atm.

Ideal Real

T, 1753°K 1745°%K

T, 544.8°K 540.8°K
AHrTe 475.2 cal/gm 476.8 cal/gm

I 203.30 sec 203.65 sec
Y(T) 1.282 1.287
Y(T.) 1.362 1.362
a(T.) 93,770 cm/sec 96,140 cm/sec
a(T.) 53,880 cm/sec 53,880 cm/sec

(b) Used in an artillery gun, where the chamber pressure is 4000

atm, and the exit pressure 1s 300 atm.

Ideal Real
T. 1753°K 1528°K
T, 963.75°% 801.5°K
A”Tf: 320.91 cal/gm 384.15 cal/gm
Y(Te) 1.282 1.398
Y(Te) 1.322 1.403
a(T.) 93,770 cm/sec 152,970 cm/sec

70,610 cm/sec

71,630 cm/sec
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DISCUSSION OF THE RESULTS

The immediate result of this report lies in the presentation of ex-
pressions for free energy, enthalpy, internal energy, entropy, and heat
capacity, which are applicable over a temperature and pressure range
that is not accessible with the commonly used equations.

The expressions given under Egs.(23), (24), and (25) apply to polar and
non-polar molecules over a temperature range from 300°K to 5000°K and a
pressure range from 1 atm to approximately 300 atm. For higher pressures
and up to 5000 atm, the temperature range is limited between 1500°K and
5000°K. The so-called real gas contribution to the different functions is
given as an additive term to the ideal contribution and can be incorpo-
rated or omitted ir an actual calculation, depending on the character of
the problem.

Three different methods of determining the collision diameter and the
maximum energy of interaction of the different molecules have been pre-
sented. The third method described in Part C(a), is a relatively simple
relation between the coefficient of viscosity, the temperature, and the
pertinent constants of the gas and can also be used to calculate the
coefficient of viscosity at various temperatures, if the constants are
known. The constants for fifty-one molecules are given; they are listed
in Table 1.

Thermodynamic tables have been constructed for H,, N, 0, NO, CO, CO,, H,;0,
and Air, and are attached to this report. The arrangement of the tables
has been discussed in Part C(b). As the tables show, the contribution due
to gas imperfections to any thermodynamic property is greatest at lower
temperatures and higher pressures.

Two practical examples have been worked out to show the difference in
calculated performance characteristics of a propellant, when the compu-
tations are based on the ideal state and on the real state of the gases:

(1) For a solid propellant (double base powder) when used in a rocket
motor at a chamber pressure of 126 atm, the difference in specific impulse
is 0.2%; and the difference in velocity of sound is 2.5%.

(2) For the same powder, when used -in an artillery gun, where the chamber
pressure is 4000 atm, the change in specific enthalpy is 20% greater for
the real gas; the difference in velocity of sound is 63%; and the differ-
ence in the Y ratios between the real and ideal state is 9%, when calcu-
lated for the chamber conditions.
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CONCLUSIONS

As a final result of this investigation it can be said that for all
practical purposes the real gas contribution to any of the thermodynamic
functions can be neglected at moderate pressures and high temperatures;
i.e., the properties change very little for pressures up to approxi-
mately 200 atm at temperatures above 1500°K. At lower temperatures, even
a relatively low pressure might influence the energy content of a gas
considerably. :

If accurate results are desired at temperatures below apﬁroximately
1500°K and pressures above 300 atm, more terms have to be added to the
equations presented here, as discussed in Part A(e).

In problems involving high pressures and high temperatures the be-
havior of real gases should be considered in order to avoid serious
errors in any calculated gas property. The equations and tables presented
in this report might facilitate the labor involved in such problems.
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Table |
LIST OF CONSTANTS

Non-Polar ro bo Eu/k
(<]
Molecule (a) (cal mol=1 ga¢p-1) (°K)
H, 2.92 . 760 37.02
N, 3.72 1.572 94. 50
NO 3.47 1.276 119
co 3.97 1.910 100.6
0, 3.58 1.401 117.5
Cl1, 4.12 2,128 357
N,0 3.88 1.789 232. 4
Co, 3.97 1.906 208.1
CH, 3.82 1.702 148
CoH, 4.22 2.296 185
AsH; 4.06 2,044 281
CeHg 5.27 4. 469 440
Br, 3.86 1.755 400
Cqﬂlo(i~butane) 5.34 4.652 313
CCl,- 5.88 6. 211 327
cos 4.13 C 2,151 335
C,N, 4.38 2.566 339
CeH 1, 6.09 6.907 324
CoHg 4. 42 2,633 230
C,Hs0H 4.46 2,700 391
CH, = cH, 4.23 2.314 205
CeH, 4 5.91 6. 300 413
HC1 3.31 1.102 360
I, 4.98 3.776 550
HeBr, 5. 41 4. 846 530
Hgl, 5.63 5.435 698
CH,C1, 4.76 3.2911 406
CoH 54 8. 45 18.410 240
CqH; g 7.45 12.631 320
CsHy, 5.77 5.863 345
Cqﬂm(n~butane) 6.19 7.248 268
cs, 4.44 2.669 488
C3Hg 5.06 3.958 254
SnBr, 6.67 9.045 465
SnCl 4 4.54 2.857 1550
S0, 4.29 2.411 252
A 3.41 1,211 119.5
He 2,63 .556 6.03
Ne 2.74 .628 35.7
Kr 3.61 1.437 190
Xe 4.05 2.030 230
Air 3.62 1.445 97.0
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Table | —Continued

Polar ro bo W Eu/k

Molecule (K) (cal mol™! atm™1) (debye units) x (%K)

H,0 2.648 .567 1.83 11.52 382.5
NH;3 2.598 . 536 1.47 8.0 317.06
CHCl 3 2.982 .810 1.05 .08 510.77
C,HsC1 5.410 4.834 2.02 .32 322.09
(cH3),C0 3.757 ~1.619 2.74 3.92 518.36
CH30H 2,402 . 423 1.66 5.120 634.12
i sON 4.022 1.986 3.50 11.52 402.62
CH;CHO 3.678 1.519 2.70 15.68 266.73
CH3C1 3.426 1. 228 1.89 : 2.88 377.45

Table 2
CALCULATED AND EXPERIMENTAL VALUES OF PV FOR HYDROGEN''®

PV, kcal/mole

Petm T = 473.16°K T = 573.16°K T = 673.16°%K T = 773.16°%K
.9399 1.1388 1.3372 1.5359
25 .9495° 1.1486 1.3471 1.5456
.94931 1. 1487 1.3471 1.5458
50 .9593 1.1584 1.3580 1.5565
.9587 1.1580 1.3570 1.5558
15 .9684 1. 1688 1.3678 1.5668
.9681 1.1678 1.3669 1. 5658
100 .9796 1.1794 1.3786 1.5776
L9776 1.1775 1.3767 1.5758
150 1.0004 1.2004 1. 4001 1. 5995
.9964 1.1970 1.3967 1.5958
300 1.0632 1.2643 1.4670 1.6652
1.0530 1.2556 1.4563 1.6559

* The values in the first line, referring to a particular temperature and
pressure, are the experimental results.

! The values in the second line are Bbt;ined from Eq.(15).
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Table 3
CALCULATED AND EXPERIMENTAL VALUES OF PV FOR NITROGEN '’
PV, kcal/mole

Piia T = 573.16°K T = 673.16°K T = 773.16%K T = 873.16°K
0 1.1386 1.3372 1.5358 1.7345
20 1.1481° 1.3480 1.5476 1.7470
1.1485% 1.3491 1.5489 1.7484
60 1.1691 1.3717 1.5727 1.7729
1.1693 1.3731 1.5753 1.7764
100 1.1916 1.3964 1.5985 1.7999
1.1899 1.3985 1.6016 1.8045
200 1.2519 1.4595 1.6644 1.8677
1.2413 1. 4571 1.6676 1.8747
300 1.3158 1.5263 1.7336 1.9385
1. 3170 1.5171 1.7335 1.9448

* The values in the first line, referring to a particular temperature and
pressure, are the experimental results.

t The values in the second line are obtained from Eq.(15).

Table 4
CALCULATED AND EXPERIMENTAL VALUES OF PY FOR CARBON MONO X! DE!'4

PV, kcal/mole

Pa T = 473.16% T = 573.16°%K T = 673.16%K
0 .9399 1.1386 1.3372
25 .9495" 1.1529 1.3544
.9500t 1.1530 1. 3545
50 .9604 1.1672 1.3713
.9602 1.1674 1.3718
75 L9717 1.1819 1.3888
.9703 1.1819 1.3890
100 .9835 1.1970 1. 4064
.9805 1.1963 1. 4063
200 1.0356 1.2481 1. 4761
1.0209 1. 2540 1.4754
300 1.0944 1.3232 1.5461
1.0615 1.3118 1.5445

* The values in the first line, referring to a particular tempera-
ture and pressure, are the experimental results.

t The values in the second line are obtained from Eq.(15).
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Table 5
CALCULATED AND EXPERIMENTAL VALUES OF PV FOR WATER VAPOR''S’

PV, kcal/mole

Pyea |T = 566.49°K|T = 633.16%K|T = 699.83°K|T = 810.94°K|T = 922.05°K| T = 1033.16°K
0 1.1252 1.2578 1.3901 1.6108 1.8315 2.0522
20.07 1.0641* 1.2143 1.3575 1.5892 1.8171 2.0423
: 1.0688t 1.2155 1.3574 1.5883 1.8153 2.0405
40.15 .9920 1.1675 1. 3237 1.5675 1.8020 2.0321
1.0124 1.1733 1.3246 1.5658 1.7992 2.0288
61.24 1.1137 |  1.2865 1.5443 1.7863 2.0214
1.1289 1.2902 1. 5421 1.7822 2.0164
102.07 1.2093 1.4978 1.7556 2.0005
1.2235 1.4963 1.7492 1.9926
183.7 1.4009 1.6929 1.9585
1. 4047 1.6834 1.9449
272.18 1.2916 1.6243 1.9125
1.3055 1.6122 1.8931

* The values in the first line, referring to a particular temperature and pressure,
are the experimental results.

Y The values in the second line and obtained from Eq.(15), with the second virial
coefficient defined in Egq.(8).

Table 6
CALCULATED AND EXPERIMENTAL VALUES OF PV FOR AIR''®

PV, kcal/mole

Pitm T = 273.16% T = 373.16°%K T = 473.16°%K
0 .5426 .7412 .9399
20 .5366° L7434 .9460
.5374t .7438 .9465
40 .5321 .7463 .9526
.5322 .7635 .9532
60 .5288 . 7499 .9596
.5271 . 7489 .9599
80 . 5269 .7543 9672
. 5220 L1515 .9666
100 .5265 .7595 .9752
.5168 L7541 .9732

* The values in the first line, referring to a particular tempera-
ture and pressure, are the experimental results.

! The values in the second line are obtained from Eq;(15).



-28-
RM-442
5-15-50

Table 7

EFFECTS OF CONSTANTS ON THE CHANGE OF FREE ENERGY WITH PRESSURE

The comparison is made at a temperature of 1000°K and a pressure of 100 atm

ro E/k (F=F°) | ro E/k (F = F°) ro E/k (F = F°)
-]
(X) (%K) (cal/mole) (X) (°K) (cal/mole) (A) (°K) (cal/mole)

Constants determined from

Constants’ calc. Constants’ calc. experimental PV data or

from Eq.(26) from Eq.(27) viscosity coefficients

N, 3.73| 94.54 74.686 3.64| 98.62 68.69 3.720 | 94.5 73.884
Co, 3.81| 228.19 29.097 3.78| 298.02 24.14 3.967 | 208.10 42.484

N,0 3.80 | 232.24 27.214 3.82| 242.25 23.123 3.884 | 232.37 28.966

NO 3.22| 134.37 40. 140 3.29 146.16 41.501 3.470 | 119 54.248
CH,4 3.85| 143.0 65.705 3.77| 149.15 59.480 3.820 | 148 61.774
02 3.50 | 115.77 56.710 3.441 120.76 51.661 3.580 | 117.5 60.397
co 3.75| 100.62 73.096 3.67| 104.95 68.308 3.97 | 100.57 87.857

NOTE: Experimental data used in the computation of the constants tabulated above were
obtained from sources as follows:

Second virial coefficients—Refs.13, 14, 23,24.

Viscosity coefficients —Ref.21.



Table 8

THERMODYNAMIC PROPERTIES OF HYDROGEN FOR THE IDEAL GAS AND THE
CORRESPONDING CHANGES WITH PRESSURE FOR THE REAL GAS

AE/P AH/P AF/P s°t AS/P c’ ACp /P cy°® ACy/P
T |(E® - E§)|(cal/mole- |(H® - Eg) |(cal/mole- [(F°=ES)* [(cal/mole-|(cal/mole-|(cal/mole-|(cal/mole-|(cal/mole-](cal/mole-|(cal/mole-
(°K) | (cal/mole) atm) (cal/mole) atm) (cal/mole) atm) deg) deg-atm) deg) deg-atm) deg) deg-atm)
500 2436 -.075 3430 .306 -13975 .381 34.809 ~.000149 6.993 .000481 5.006 .000183
600 2937 -.047 4130 . 345 -17522 .392 36.085 -.000079 7.008 .000305 5.021 .000147
700 3440 -.028 4832 .370 -21186 .398 37.167 ~.000040 7.035 .000204 5.048 .000124
800 3948 -.014 5537 .387 -24949 .401 38.108 -.000017 7.078 .000141 5.091 .000107
900 4460 -.003 6248 .399 -28804 .402 38.946 -.000003 7.139 .000099 5.152 .000093
1000 4979 +.006 6966 .408 -32738 . 402 39.704 +.000006 7.217 .000071 5.230 .000083
1100 5506 .013 7692 .414 -36742 .401 40.395 .000011 7.308 .000057 5.321 .000073
1200 6043 .018 B428 .417 -40812 .399 41.033 .000015 7.404 .000037 5.417 .000067
1300 6590 .023 9173 . 421 -44945 .398 41.629 .000018 7.505 .000026 5.518 .000062
1400 7146 .027 9929 . 423 -49137 .396 42.190 .000019 7.610 .000018 5.623 .000056
1500 7713 .031 10694 .425 ~53385 .394 42.720 .000020 7.713 .000011 5.726 .000051
1600 8291 .033 11471 .425 -57683 .392 43.221 .000021 7.814 .000006 5.827 .000048
1700 8879 .036 12257 . 426 -62030 . 390 '43.698 .000021 7.911 .000003 5.924 .000045
1800 9476 .038 13053 . 426 -66422 .388 44.153 .000021 8.004 | ........ 6.017 .000042
1900 10082 .040 13858 .425 -70859 .385 44.588 .000021 8.092 -.000003 6.105 .000039
2000 10697 .042 14672 . 425 -75338 .383 45.005 .000021 8.175 ~.000005 6.188 .000037
2500 13882 .048 18850 .421 -98320 .373 46.868 .000019 8.526 -.000010 6.539 .000028
3000 17224 .052 23186 .416 -122157 .364 48.448 .000017 8.791 -.000011 6.804 .000023
3500 20679 .054 27635 .410 -146727 .356 49.818 .000016 8.993 -.000012 7.006 .000020
4000 24223 .056 32172 .405 -171948 .349 51.030 .000014 9.151 -.000011 7.164 .000017
4500 27837 .057 36780 . 399 -1971739 . 342 52.115 .000013 9.282 -.000011 7.295 .000015
5000 31513 .058 41449 .394 -224045 .336 53.099 .000012 9.389 -.000010 7.402 .000014

®* The term RT In P must be added to calculated result.

Y The term B In P must be subtracted from calculated result.
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Table 9

THERMODYNAMIC PROPERTIES OF NITROGEN FOR THE IDEAL GAS AND THE
CORRESPONDING CHANGES WITH PRESSURE FOR THE REAL GAS

AE/P AH/P AF/P sot AS/P P ACp/P cy ACy /P

T |(E® - E5)| (cal/mole- |(H® - E§) |(cal/mole) | (F°= E5)* |(cal/mole- |(cal/mole-|(cal/mole- |(cal/mole) [(cal/mole-|(cal/mole) |(cal/mole)
(°K) |(cal/mole) atm) (cal/mole) atm) (cal/mole) atm) deg) deg-atm) deg) deg-atm) deg) deg-atm)
500 2491 - 117 3485 ~.292 -21208 .425 49.385 ~.001435 7.070 .003381 5.083 .000511
600 3006 -.557 4198 -.017 -26213 .540 50.685 -.000929 7.197 .002244 5.210 .000386
700 3534 —.446 4925 +.172 -31338 .618 51.805 ~.000637 7.351 .001585 5.364 .000311
800 4079 -.364 5669 .307 ~36569 671 52.797 -.000454 | 7.512 .001169 5.525 .000261
900 4640 -.300 6428 .410 -41895 .710 53.692 -.000334 | 7.671 .000892 5.684 .000224
1000 5215 -.250 7202 . 489 -47306 .739 54.509 -.000250 7.816 .000698 5.829 .000198
1100 5806 -.210 7992 .551 -52793 .761 55.259 ~.000191 7.947 .000557 5.960 .000175
1200 6404 -.176 8793 .602 -58355 .718 55.955 -.000147 8.063 .000453 6.076 .000159
1300 7021 -.148 9605 .643 -63983 191 56.606 -.000114 8.165 .000373 6.178 .000145
1400 7643 - 124 10425 677 -69675 .801 57.215 -.000089 8.253 .000310 6.266 .000132
1500 8273 -.104 11254 .705 ~75426 .809 57.786 ~.000069 8.330 .000261 6.343 .000123
1600 8911 ~.086 12090 .729 -81235 .815 58.329 -.000054 | 8.399 .000221 6.412 .000113
1700 9555 .| —.070 12934 .750 -87093 .820 58.839 —.000041 8.459 .000189 6.472 .000107
1800 | 10205 -.056 13782 .167 -93001 .823 59.324 ~.000031 8.512 .000162 6.525 .000100
1900 | 10861 -.044 14636 .782 -98956 .826 59.785 -.000023 8.560 .000140 6.573 .000094
2000| 11520 -.033 15495 , -195 -104956 .828 60.225 ~.000016 8.602 .000121 6.615 .000089
2500 14871 +.008 19839 .839 ~135570 .831 62.167 +.000003 8.759 .000062 6.772 .000068
3000| 18284 .035 24245 .862 -167061 .8217 63.769 .000012 8.861 .000032 6.874 .000056
3500 21741 .054 28697 .874 -199294 .B20 65.140 .000015 8.934 .000016 6.947 .000046
4000 25227 .067 33176 .879 -232172 .812 66.337 .000017 8.989 .000006 7.002 .000040
4500 28745 077 37688 .880 -265622 .803 67.400 .000017 9.035 +.000001 7.048 .000035
5000 32264 .085 42220 .879 -299550 .794 68.354 .000117 9.076 -.000003 7.089 .000031

* The term RT ln P must be added to calculated result.
Y The term R ln P must be subtracted from calculated result.
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Table |0

THERMODYNAMIC PROPERTIES OF OXYGEN FOR THE IDEAL GAS AND THE
CORRESPOND ING CHANGES WITH PRESSURE FOR THE REAL GAS

AE/P AH/P AF/P st As/P cs ACp/P cv ACy P
T |(E° - E5)|(cal/mole- [(H® - E:) (cal/mole- (FO-ES)‘ (cal/mole- |(cal/mole- |(cal/mole-|(cal/mole- |(cal/mole- |(cal/mole- [(cal/mole-
(°K) | (cal/mole) atm) (cal/mole) atm) (cal/mole) atm) deg) deg-atm) deg) deg-atm) deg) deg-atm)
500 2530 -.855 3524 -.638 -22838 217 52.723 -.001710 7.429 .003953 5.442 .000532
600 3087 -.671 4279 -.316 -28181 .353 54.100 -.001118 7.670 .002624 5.683 .000388
700 3667 -.543 5058 -.095 ~33650 -448 55.296 ~.000777 7.885 .001856 5.898 .000304
800 4266 —-.450 5856 +.065 -39235 .515 56.364 -.000565 8.064 .001375 6.077 .000250
900 4882 -.378 6670 .185 -44920 .561 57.322 ~.000420 8.212 .001053 6.225 .000213
1000 5510 -.321 7497 .279 -506917 .600 58.194 -.000325 8.335 .000828 6.348 .000184
1100 6150 -.275 8336 .353 -56556 . 628 58.993 -.000253 8.440 .000666 6.453 .000163
1200 6799 -.238 9184 .412 -62492 .651 59.730 ~.000199 8.530 .000543 6.543 .000146
1300 7259 -.206 10041 . 462 -68504 .669 60.419 -.000158 8.608 .000451 6.621 .000134
1400 8123 -.179 10905 .504 -74581 .684 61.061 -.000128 8.676 .000378 6.689 .000123
1500 8795 -.156 11776 .538 -80712 .695 61.659 -.000104 8.739 .000321 6.752 .000113
1600 9474 -.136 12654 .568 -86906 .705 62.225 -.000085 8.801 .000274 6.814 -000105
1700 10159 -.118 13537 .593 -93155 .712 62.760 -.000070 8.859 .000236 6.872 .000096
1800 10848 -.102 14425 .615 -99457 .719 63.268 -.000057 8.917 .000205 6.930 .000092
1900 11544 -.087 15320 .635 ~105809 .724 63.752 -.000046 8.974 .000178 6.987 .000086
20¢0 12244 -.075 16218 652 ~112208 L1217 64.213 -.000038 9.030 .000156 7.043 .000081
2500 15832 -.028 20800 .710 -144842 .739 66.257 -.000011 9.302 .000085 7.315 .000062
3000 19553 +.002 25515 .743 -178413 . 740 67.976 +.000002 9.552 .000040 71.565 .000051
3500 23387 .024 30342 .762 -212782 .139 69.464 .000008 9.763 .000029 7.7176 .000043
4000 27315 .039 35264 .173 ~247852 .734 70.779 .000010 9.933 .000017 7.946 .000036
4500 31329 .051 40271 .780 -283536 .729 71.957 .000012 10.063 .000008 8.076 .000032
5000 35384 .060 45320 .1783 -319790 .123 73.022 .000012 10.157 .000004 8.170 .000028

*The term RT ln P must be added to calculated result.
The term R ln P must be subtracted from calculated result.
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Table |1

THERMODYNAMIC PROPERTIES OF NITRIC OXIDE FOR THE IDEAL GAS AND
THE CORRESPONDING CHANGES WITH PRESSURE FOR THE REAL GAS

AE/P AH/P AF/P 3ot AS/P ce ACp/P cP , ACy/P

T |(E° - Eg) |(cal/mole-|(H® - E;) (cal/mole- | (F°- 53)‘ (cal/mole-|(cal/mole-|(cal/mole- |(cal/mole- |(cal/mole- |(cal/mole- |(cal/mole-
(°K) (cal/mole) atm) (cal/mole) atm) (cal/mole) atm) deg) deg-atm) deg) deg-atm) deg) deg-atm)
500 2650 -.792 3649 -.604 -23380 .188 54.048 -.001584 7.289 .003657 5.302 .000492
600 3189 -.625 4381 -.305 -28854 .316 55.392 -.001042 7.468 .002452 5.481 .000355
700 3746 -.504 5137 -.102 ~34453 .402 56.557 —-.000720 7.657 .001720 5.670 .000279
800 4320 -. 417 5910 +.050 -40162 -465 57.589 -.000521 7.833 .001238 5.846 .000229
900 4912 -.380 6700 .158 -45968 .508 58.520 -.000422 7.990 .000908 6.003 .000195
" 1000 5519 -.299 7506 .244 -51864 .543 59.370 -.000299 8.126 .000767 6.139 .000170
1100 6138 -.256 8324 .311 -57841 .070 60.150 ~.000233 8.243 .000622 6.256 .000151
1200 6767 -.222 9152 .368 -63894 .590 60.872 -.000185 8.342 .000511 6.355 .000136
1300 7409 -.193 9992 .414 -70015 .606 61.544 -.000148 8.426 .000423 6.439 .000124
1400 8057 -.167 10839 -451 ~76199 .620 62.170 -.000119 8.498 .000353 6.511 .000113
1500 8713 -.146 11694 .484 ~-82446 .630 62.760 -.000097 8.560 .000298 6.573 .000103
1600 9374 -.127 12554 .513 -88750 .638 63.315 -.000079 8.614 .000254 6.627 .000096
1700 10038 -.118 13416 .536 -95706 .644 63.837 -.000069 8.660 .000219 6.673 .000089
1800 10706 -.096 14283 .556 -101515 .650 64.322 -.000053 8.702 .000191 6.715 .000083
1900 11378 -.083 15154 .574 -107971 .654 64.803 -.000044 8.738 .000167 6.751 .000078
2000 12056 -.071 16030 . 590 -114474 .658 65.252 -.000036 8.771 .000145 6.784 .000074
2500 15482 -.035 20450 .645 -147612 .669 67.225 -.000014 8.895 .000078 6.908 .000057
3000 18962 -.011 24924 .675 -181647 .674 68.857 | ........ 8.981 .000046 6.994 .000047
3500 22473 +.020 29428 .691 -216436 .672 - 70.247 +.000006 9.049 .000028 7.062 .000040
4000 26023 .034 33972 .704 -251864 .669 71.459 .000009 9.107 .000017 7.120 .000034
4500 29610 .045 38552 711 -287856 .664 72.535 .000010 9.158 .000C10 7.171 .000030
5000 33244 .054 43180 .713 ~324340 .659 73.504 .000011 9.208 .000004 7.221 .000026

* The term RT In P must be added to calculated result.
Y The term R In P must be subtracted from calculated result.
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THERMODYNAMIC PROPERTIES OF CARBON MONOXIDE FOR THE IDEAL GAS AND

Table |2

THE CORRESPONDING CHANGES WITH PRESSURE FOR THE REAL GAS

AE/P AH/P AF/P st AS/P cP ACp/P cy cy

T |(E° - E§)|(cal/mole- | (H® - E§) |(cal/mole- (F°-EJ)" | (cal/mole-|(cal/mole- |(cal/mole- (cal/mole- |(cal/mole- |(cal/mole- |(cal/mole-
(°K) |(cal/mole) atm) (cal/mole) atm) (cal/mole) atm) deg) deg-atm) deg) deg-atm) deg) deg-atm)
500 2496 -.948 3490 —~.488 -21974 .453 50.927 -.001896 7.120 .004439 5.133 .000646
600 3018 ~.620 4210 -.100 -27133 .621 52.238 ~.001142 7.276 .002905 5.289 .000481
700 3555 -.582 4946 +.135 -32416 .720 53.373 -.000799 7.451 .002072 5.464 .000391
800 4110 —.480 5700 .307 -37803 .790 54.379 -.000584 7.624 .001520 5.637 .000325
900 4683 -.403 6471 .436 -43287 .840 55.287 —-.000441 7.787 .001176 5.800 .000279
1000 5270 -.339 7257 .539 -48860 .878 56.117 -.000339 7.932 .000922 5.945 .000243
1100 5870 -.287 8056 .620 -54509 .907 56.878 -.000263 8.058 .000749 6.071 .000219
1200 6483 -.244 8868 .687 -60233 .930 57.584 —-.000206 8.168 .000612 6.181 .000196
1300 7107 -.206 9690 .741 -66026 .948 58.243 -.000162 8.265 .000505 6.278 .000177
1400 7739 -.175 10521 .187 -71883 " .963 58.860 -.000126 8.349 .000419 6.362 .000163
1500 8377 -.148 11358 .826 -77796 .974 59.436 -.000099 8.419 .000348 6.432 .000150
1600 9023 -.124 12203 .858 -83766 .984 59.981 -.000075 8.481 .000292 6.494 .000140
1700 9676 -.103 13054 .886 -89791 .991 60.497 ~.000059 8.536 .000249 6.549 .000130
1800 10333 -.095 13910 .909 ~95866 .996 60.987 —-.000046 8.585 .000215 6.598 .000122
1900 10995 ~-.070 14771 .929 -101988 1.000 61.452 -.000037 8.627 .000187 6.640 .000114
2000 11662 -.056 15636 .947 -108156 1.003 61.896 -.000028 8.665 .000164 6.678 .000108
2500 15040 -.002 20008 1.005 ~139605 1.010 63.845 -.000003 8.806 .000089 6.819 .000081
3000 18473 +.029 24435 1.036 -171942 1.007 65.459 +.000010 8.898 .000049 6.911 .000068
3500 21945 .055 28900 1.055 -205023 1.000 66.835 .000016 8.963 .000027 6.976 .000057
4000 25447 .074 33396 1.065 -238752 .991 68.037 .000019 9.015 .000012 7.028 .000049
4500 28970 .088 37912 1.070 -273042 .982 69.101 .000020 9.059 +.000004 7.072 +.000039
5000 32514 .098 42450 1.070 -307830 .972 70.056 .000020 9.096 -.000001 7.109 -.000038

* The term RT ln P must be added to calculated result.
The term R In P must be subtracted from calculated result.
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Table 13

THERMODYNAMIC PROPERTIES OF CARBON DIOXIDE FOR THE IDEAL GAS AND
THE CORRESPONDING CHANGES WITH PRESSURE FOR THE REAL GAS

AE/P AH/P AF/P S°t AS/P c8 ACp /P e ACy /P
T |(E° - Eg;)) (cal/mole-| (H® - Eg)|(cal/mole- (F°- Eoo)‘ (cal'mole-|{(cal/mole-]|(cal/mole-|(cal/mole-|(cal/mole-|(cal/mole-|(cal/mole-
(°K) (cal/mole) atm) (cal/mole) atm) (cal/mole) atm) deg) deg-atm) deg) deg-atm) deg) deg-atm)
500 3229 -2.440 4223 -3.136 ~23834 -. 690 56.113 -.004750 10.662 .010933 8.675 .001435
600 4131 ~1.968 5323 -3.005 -29543 -.340 58.109 -.003072 11.311 .006664 9.324 .000909
700 5090 -1.604 6481 -2.041 -35444 -.057 59.894 -.002241 11.849 .004526 9.862 .000639
800 6100 -1.338 7690 -1.337 -41516 +.150 61.507 -.001700 12.300 .003395 10.313 .000439
9G0 7151 -1.140 8939 -.820 -47742 .305 62.979 -.001286 12.678 .002753 10.691 .000330
1000 8235 -.990 10222 -.565 -54109 .423 64.331 ~.000992 12.995 .002310 11.008 .000330
1100 9349 -.869 11535 —.354 ~-60606 .516 65.582 -.000799 13.26 .001920 11.273 .000280
1200 10489 -. 172 12874 -.186 -67223 .569 66.747 -.000638 13.49 .001572 11.503 .000245
1300 11651 -.690 14234 -.045 ~73953 .632 67.836 -.000516 13.68 .001303 11.693 .000217
1400 12829 ~.623 15611 +.070 -80788 .684 68.857 -.000438 13.85 .001095 11.863 .000196
1500 14023 ~.563 17004 L171 -87722 .134 69.817 -.000375 13.99 .000928 12.003 .000178
1600 15220 -.510 18400 . 256 -94752 .764 70.72 -.000317 14.1 .000802 12.113 .000164
1700 16442 -. 466 19820 .330 -101864 .795 71.58 -.000275 14.2 .000698 12.213 .000152
1800 17683 -. 426 21260 .395 ~109062 .821 72.40 -.000237 14.3 .000612 12.313 .000142
1900 18914 -.390 22690 .454 -116337 .844 73.17 -.000207 14.4 .000541 12.413 .000130
2000 20166 ~-.359 24140 .506 -123700 .864 73.92 -.000179 14.5 .000481 12.513 .000122
2500| 26512 -.242 31480 .691 -161525 .932 17.20 -.000098 14.8 .000286 12.813 .000091
3000 32978 -.162 38940 .805 -200820 .967 79.92 -.000057 15.0 .000183 13.013 .000075
3500 39565 -.101 46520 .879 -241430 .988 82.27 -.000032 15.2 .000125 13.213 .000062
4000 46211 -.066 54160 .933 -283120 .999 84.32 -.000016 15.3 .000091 13.313 .000054
4500 52938 -.013 61880 .972 -325800 1.005 86.15 -.000007 15.5 .000087 13.513 .000048
5000 59714 -.010 69650 .997 -369350 1.007 87.80 -.000002 15.6 .000046 13.613 .000042

* The term AT ln P must be added to calculated result.

Y The term R In P must be subtracted from calculated result.
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Table 14

THERMODYNAMIC PROPERTIES OF WATER VAPOR FOR THE IDEAL GAS AND
THE CORRESPONDING CHANGES WITH PRESSURE FOR THE REAL GAS

AE/P AH/P AF/P set AS/P Cp ACp/P cy ACy/P
T | (E° - Eg)|(cal/mole- (H® ~ Eg)|(cal/mole- | (F°- Eé))‘ (cal/mole-| (cal/mole-|(cal/mole-|(cal/mole-|(cal/mole-|(cal/mole-|(cal/mole-

(°K) | (cal/mole) atm) (cal/mole) atm) (cal/mole) atm) deg) deg-atm) deg) deg-atm) deg) deg-atm)
500 3031.5 ~-11.68 4025.5 -15.74 ~20646 -4.061 49.344 -.0233540 8.415 .10734 6.428 .06103
600 3689.9 -8.80 4882.2 -9.56 -25660 ~-2.918 50.903 ~-.01467 8.677 .0781 6.690 .0420
700 4380.5 ~5.95 5771.5 -8.06 -30817 -1.940 52.269 -.00850 8.959 .0460 6.972 .0230
800 5099.8 ~2.95 6689.6 -4.11 -36102 ~1.162 53.490 -.003687 9.254 .01262 T.267 .00525
900 5846.2 -2.13 7634.17 ~-2.94 -41504 ~.840 54.599 -.00237 9.559 .0075 7.572 .00322
1000 6620.8 -1.73 8608.0 -2.36 -47010 -.630 55.618 -.00173 9.861 .0054 7.874 .00223
1100 7420.4 -1.46 9606.3 -1.94 -52614 ~.482 56.564 -.00133 10.145 .0040 8.158 .00155
1200 8245.4 -1.24 10630 ~1.61 -58312 -.371 57.451 -.001032 10.413 .00304 8.426 .00098
1300 9095.6 -1.08 11679 -1.37 —-64094 -.293 58.287 -.00083 10.668 .0022 8.681 .00070
1400 9971.0 -.95 12753 -1.16 -69957 -.221 59.078 -.00068 10.909 .0017 8.922 .00053
1500( 10867.2 -.83 13848 -.99 -75897 -.160 59.830 -.00055 11.134 .0015 9.147 .00039
1600 11786.5 -.73 14966 -.84 -81914 -.107 60.550 -.00046 11.34 .00126 9.353 .00036
1700] 12727.8 -.65 16106 -.707 -87999 -.056 61.238 -.0003829 11.53 .00103 9.543 .00027
1800{ 13687.0 -.59 17264 -.609 -94151 -.020 61.897 -.0003273 11.71 .00088 9.723 .00023
1900| 14664.3 -.54 18440 -.526 -100368 +.010 62.530 -.0002829 11.87 .00078 9.883 .00020
2000| 15655.6 -. 49 19630 -.440 ~-106644 .037 63.137 ~.0002458 12.01 .00067 10.023 .00017
2500| 20802.0 -.34 25770 -.208 -138888 .128 65.863 ~.0001344 12.56 .00036 10.573 .00010
3000f 26199.0 -.225 32160 ~.066 -172410 .180 68.19 -.0000821 12.9 .00022 10.913 .00006
3500 31719.8 -.19 386175 ~.050 -207095 .212 70.22 —.0000543 13.2 .00016 11.213 .00004
4000 | 37412.0 -.15 45360 +.087‘ -242800 .236 72.04 -.0000372 13.3 .00011 11.313 .00003
45001 43122.6 -.13 52065 . 140 -279270 . 250 73.63 -.0000289 13.4 .00008 11.413 .00002
5000| 48914.0 -.10 58850 .167 -316550 .263 75.08 -.0000193 13.5 .00006 11.513 .00002

* The term RT ln P must be added to calculated result.
Y The term R ln P must be subtracted from calculated result.
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Table |5

THERMODYNAMIC PROPERTIES OF AIR FOR THE IDEAL GAS AND THE
CORRESPONDING CHANGES WITH PRESSURE FOR THE REAL GAS

AE/P AH/P AF/P seot AS/P cP ACp /P cy ACy/P
T |(E° - E:) (cal/mole- (H® - ES) (cal/mole- (F°-E§)' (cal/mole-|(cal/mole-|(cal/mole-|(cal/mole- |(cal/mole-|(cal/mole-|(cal/mole-
(°K) | (cal/mole) atm) (cal/mole) atm) (cal/mole) atm) deg) deg-atm) deg) deg-atm) deg) deg-atm)
500 2491 ~.683 3485 -.310 -21513 . 373 49.995 -.001366 7.127 .003211 5.140 .000477
600 3013 -.621 4205 ~.044 -26580 .483 51.308 -.000908 1.277 .002122 5.290 .000360
700 3550 -.503 4941 +.133 -31768 .556 52.440 ~.000639 7.442 .001505 5.455 .000289
800 4104 -.412 5694 .261 -37063 .608 53.445 -.000467 7.605 .001112 5.618 .000241
900 4675 -.341 6463 .356 -42455 . 645 54.351 ~.000348 7.761 .000849 5.774 .000307
1000 5258 -.242 7245 .431 -47932 .673 55.177 -.000242 7.900 .000666 5.913 .000182
1100 5857 -. 234 8043 . 489 -53487 .694 55.934 -.000196 8.024 .000534 6.037 .000162
1200 6466 -.194 8851 .537 -59116 .710 56.637 ~.000150 8.134 .000434 6.147 .000145
1300 7087 -.159 9670 .571 -64814 .723 57.293 ~.000115 8.230 .000357 6.243 .000132
1400 7715 -.129 10497 .610 -70575 .733 57.907 -.000088 8.313 .000298 6.326 .000123
1500 8349 ~.103 11330 .638 ~-716394 .741 58.482 -.000068 8.386 .000250 6.399 .000113
1600 8992 -.085 12172 .661 -822170 147 59.025 -.000053 8.453 .000212 6.466 .000105
1700 9643 -.069 13021 .681 -88197 .151 59.539 ~.000041 8.512 .000181 6.525 .000098
1800 10300 ~.056 13877 .697 -94176 .755 60.029 -.000032 8.566 .000156 6.579 .000092
1900 10962 -.044 14738 .713 -100203 .758 60.494 -.000024 8.615 .000135 6.628 .000086
2000 11629 -.035 15603 .725 -106276 .760 60.937 -.000018 8.660 .000117 6.673 .000081
2500 15009 -.003 19977 .769 -137249 . 764 62.890 +.000001 8.839 .000061 6.852 .000061
3000 18466 +.029 24428 .790 -169109 .761 64.513 .000010 8.971 .000032 6.984 .000051
3500 21980 .047 28935 .801 -201719 .756 65.903 .000013 9.073 .000017 7.086 .000042
4000) 25542 .060 33491 .807 -234984 .748 67.121 .000015 9.151 .000008 T.164 .000037
4500 29146 .069 38088 .809 -268819 .740 68.204 .000015 9.214 +.000001 7.227 .000032
5000] 32788 .076 42724 .809 -303166 .732 69.174 .000015 9.266 -.000002 7.279 .000029

* The term RT In P must be added to calculated result.
Y The term R ln P must be subtracted from calculated result.
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Table 16
HEAT CAPACITY RATIO AND VELOCITY OF SOUND FOR AIR
AT PRESSURES: 0, 25, 50, 75, AND 100 ATM
T
(°K) P =20 atm P = 25 atm P =50 atm P =175 atm = 100 atm
Specific Heat Ratio: Y = Cp/Cy
500 1.386 1.399 1.411 1.423 1.436
600 1.376 1.383 1.391 1.399 1.406
700 1.364 1.369 1.375 1.379 1.384
800 1.354 1.357 1.361 1.364 1.368
900 1.344 1.346 1.348 1.352 1.354
1000 1.336 1.338 1.339 1.341 1.342
1100 1.329 1.330 1.332 1.333 1.334
1200 1.323 1.324 1.325 1.326 1.327
1300 1.318 1.319 1.320 1.320 1.321
1400 1.314 1.314 1.315 1.316 1.316
1500 1.310 1.311 1.311 1.312 1.312
1600 1.307 1.307 1.308 1.308 1.308
1700 1.304 1.305 1.305 1.305 1.305
1800 1.302 1.302 1.302 1.302 1.302
1900 1.300 1.300 1.300 1.300 1.300
2000 1.298 1.298 1.298 1.298 1.298
2500 1.290 1.290 1.290 1. 290 1.290
3000 1.284 1.284 1.284 1.2 1.284
3500 1.280 1.280 1.280 1.280 1.280
4000 1.277 1.277 1.277 1.277 1.277
4500 1.275 1.275 1.275 1.274 1.274
5000 1.273 1.273 1.273 1.273 1.272
Velocity of Sound: e X 1074 (em/sec)

500 4.461 4,524 4.585 4.646 4,708
600 4.869 4,931 4.994 5.057 5.117
700 5.236 5.298 5.362 5.421 5.481
800 5.577 5.460 5.698 5.754 5.813
900 5.894 6.951 6.010 6.068 6.124
1000 6.194 6.251 6.305 6.361 6.415
1100 6.479 6.532 6.589 6.642 6.695
1200 6.752 6. 404 6.857 6.910 6.961
1300 7.014 7.064 6.118 6.166 7.217
1400 7.268 7.316 7.367 7.416 7.462
1500 7.512 7.561 7.608 7.656 7.702
1600 7.749 7.794 7.843 7.888 7.932
1700 7.978 8.026 8.070 8.114 8.157
1800 8.203 8.246 8.290 8.333 8.376
1900 8.422 8.464 8. 507 8.549 8.590
2000 8.634 8.676 8.717 8.752 8.798
2500 9.623 9.660 9.698 9.733 9.770
3000 10.52 10.55 10.59 10.62 10.65
3500 11.34 11.37 11.41 11.44 11.47
4000 12.11 12.14 12.17 12.20 12.23
4500 12.68 12.86 12.89 12.91 12.94
5000 13.52 13.54 13.57 13.59 13.61
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APPENDIX

DERIVATION OF ANALYTICAL EXPRESSIONS FOR REAL GAS
CONTRIBUTION TO THE THERMODYNAMIC FUNCTIONS

According to the theory discussed in this report, the second virial
coefficient for non-polar molecules is defined by Eq.(7), namely:

Eq
B(T) = b0f12 ('}:?) (7(1)
or for a pure substance
B(T) = by F (Eﬁ-) (76)
0 0 kT . .

For polar molecules, the second virial coefficient is defined by Eq.(8),

namely:
o) () + 2a() - oal)
B(T) = by |Fo|l=) + zHo{—.) + 2 Jo|—=]) +
°[ °(kr) * o(kT do\Gp) T 2 Kol

+ x‘Lo(&) + sto(ﬂ) + xGNo(&) + "'] . (8)
kT kT, kT,

The function Fo (En /kT can be expressed as a converging series, and the
other functions Ho(En/kT), Jo (E./kT), etc., depend on combinations of
Fo(b.,/kT) and its derivatives,

If Y = 2VE,/kT, then Fy (En/kT) has the following form:

E 3 n=o
Fo = 2] = yi? (_) - LYn 38
0 Fo (kT) Y [P : nz=1 C Y] (38)

11 2n—1
4 n! 4
The successive derivatives of Fp (E,,/kT), which are necessary to express

the other functions and the related thermodynamic properties in terms of
the F(E/kT) function, are the following:

Fl=T @ _ Yl/?[_l I'(?') +z(l+2n) CnY"] (39)
dT 4 \4 4
d?F 5 _[3 1+2n\(5+ 2n ]
II=72 __ = yl/2| 2 -] - CnYn 40
st aT? Y [16 F(4) Z( 4 )( 4 ) (40)
: = }1/2[_£ P(B) (1+2n)(5+2n)(9+2n)c Y"] (41)
T 64 \4 "
4
FlV=74 = d Yl/z[_sﬁs- [‘(3) (1+2n)( +2n)(9+ 2n)(13+2n) C,,Y"] (42)
dT* 256 \4 4

L} + 13+ 2n\ 17+ 2
o e ) B ]

where

"1

d
FIIl =73 ——
d

w

"1
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The F, function and its five derivatives as defined by Eqs.(38) through
tables™ for values of kT/E,

(43) are listed in the first part of the BAND
ranging from .260 to 480,

The Ho, Jo, Ko, Lo, Mo, and Ny functions appearing in Eq.(8) are related to
the Fo function and its derivatives by the following equations:

=)= (i) (5)
Ho = Hol— ) = F° + F!
° "(kr 6 \4 kT (44)
Jo = J (b—') =L (F° + "F‘)( )3 (45)
0 '\kT 200 kT
Ko = K (.’f_z) =20 [(l Fo + 2 F1 4 F“) (fﬂ)q + (F° + 2F')(—E—1)5] (46)
0 \kT 88200 L\ 4 4 kT kT
E 3 ;o\ 8
o= nofEa) =i [(Lre o T e 2 e (52)
kT 793,000 L\2 2 kT
+ (F° + 2F?)(£1)7] (47)
kT
n 2 2 7
T L [ b |
kT, 77(111) L\2 4 kT
En\® En\’®
+ (3F° + 19F! + BF”)(—l) + (3F° + 8FI)(—"-)] (48)
kT kT
.04510 a\’?
Ny = NO(E:) = _{__fél_g [(E F° + 18F1 + ég FII + é FIII)(Eﬁ)
kT, 12! 2 4 2 kT

10
+ (4F° + 24F' + lOF”)(i—;;)

In order to form the additive terms due to
thermodynamic equations of a substance in the
made to the fundamental relations between the
the properties of a gas, as stated in Eq. (20),
in enthalpy with pressure at a particular temp

(), -,
. \oP oT
For non-polar molecules:

RT

Y + boFo  (from Eg:t}4))

ﬂ_RT+bT3F L
3T P 3T P 0

gas imperfecti

11
E—”‘) ] (49)
T

+ (4F° + 8F1)(k

ons to the

ideal state, reference 1s
independent variables and

For example:
erature 1s:

The change

(50)

(from Eq.(39)),
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and the change in enthalpy with pressure, expressed in terms of the
F(Em/kT) function and its derivative, 1is

(%g)r =.bo(F° - FY).

When this expression is integrated with respect to pressure, keeping the
temperature constant and taking the ideal state as the reference state,
the expression for the enthalpy becomes

H =H° + bOP(FO "'FI) N

which is identical with Eq.(23c¢) in the text.

For polar molecules, the change in enthalpy with pressure is again
defined by Eq.(50). The procedure for obtaining the correction terms
~due to gas imperfection 1s exactly the same as for non-polar molecules,

except that more terms have to be considered.

(gg)r = bo[(Fo = F¥) + x(Ho = H') + z2(Jo = J*) + 2° (Ko = K')

+ 24 (Lo = LY) + x5(My — MY) + 25(Ng — N')]

In order to express the Hg, Jo, etc. functions and their derivatives in terms
of the F, function and its derivatives, it will be convenient to consider
the terms separately. Making use of Eqs.(38) through (43) and Eqs.(44)
through (49), and letting En/k be equal to 6, the individual terms are

as follows:

dF
Fpb =T — = Fy — F!
0 T 57 o F
oH 1 /6\/1 2] 1
Ho—T—=Ho—H‘=——(—)(—F +FI)—[—1(—)(—-1-F°+—FI+F”)
T 6 \T/\4 6 \T 4 4 )
ST =y —J‘=——1—(-e—)3(F°+2F‘)
0 ar ° 200\ T
1 (8\°
- === —3°—3F‘+2F”}
[ 200 (T)( F )
9K ' 29 8\*/1 9
Ko = T— =Ko — Kl =~ (—)(—F°+—F’+F”)
0 ar ¢ 88,200 \T/ \4 4
29 6\’
- =) (F° + 2F!
88,200 (T) ( )

4
_[_ 29 (.e.)(_FO - E FI + l FII + FIII)
88,200 \T/\ . 2 4

5
) (=SF° — 7FT + 2F”)]

~ @

_.29(
88,200
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) 11 8\ 1 7
Lo=T— =Ly —L!=- (— (— F°+~F’+—F”)
o ar ° 793,800 \ T/ \ 2 2
11 (oY
- (—)(F°+2F‘)
793,800 \T

7

[ (9)( 3F°_17FI_.§FII +§FIII)
793,800\ T 2 2

i (7)

T

(=7F° = 11FT + 2F“)]

7
)(l FO gg FI + g_s. F” + FIII)
2 4 4

6
T (3F° + 19F! + gF1T)

7
9)(_._ F° — 341;'1 _2 FII + 2 FIIX + FIV)
T 2 4

8
312 (%)( 24F° — 130F! — 29F11 + gF1Il)

T 7an)
3 6y
12 (— (—36F° — 60F! + 8F”)]
Trun\T
09 L °f 3 5
1\/o—T?-1—V=N,,—NI 1.045109 (— (— +18F‘+—F”+ F‘”)
oT T2

10
) (4F° + 24FT + 10F11)

_ L 045109(

e 11
ot ;) (4F° + 8F1)

[ 1 04510 (9.)(._.2_7 ] .2_8_.5 FI _.@ FII +_3.FIII +§FIV)
12! T 2 4 4 2

_1.045109

12!

10
(?f) (— 40F° — 212FT — 56F'T + 10FIII)

_ 1.045109

12!

6 11
(;) (= 44F° — 76F! + 8F”)]
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Yhen the individual terms, as stated above, are substituted into the
expression for the change in enthalpy with pressure—each term being
multiplied by x raised to the proper power—the resulting equation is
one expressed completely in terms of the F(E,/kT) function and its
derivatives.

Although the example has been worked out only for the change in
enthalpy with pressure, the changes of all other thermodynamic properties
with pressure, are obtained in a similar manner. They have been computed
on IBM equipment from this type of equation for non-polar and polar
molecules, and the results are tabulated in the second part (for non-
polar molecules) and in the third part (for polar molecules) of the
RAND tables, discussed in Part C (b).
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