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PREFACE

In certain situations it is necessary to repeatedly
solve systems of linear equations with varying coefficient
matrices, but it is not feasible to use a digital computer
for this purpose. There is a technique for solving such
systems with an analog computer which is known to work in
some cases. In this Memorandum we show that this procedure
can be successfully applied to obtain a solution to any
system of linear equations with a nonsingular coefficient

matrix.






SUMMARY

In this paper we give an affirmative answer to the
following question. Let A be a nonsingular matrix. Are
there matrices P and Q, each a product of diagonal and
permutation matrices, such that PAQ is stable; i.e., all
of its eigenvalues have negative real part? This question
arises in attempting to solve the equation Ax = b with an
analog computer. Our result is an existence theorem
rather than an effective algorithm. The problem of find-
ing a computationally practical method of doing what we
have shown can be done remains open.

We also investigate the effect that the transformation
A - PAQ has on the eigenvalues of A 1in general. We show
that for "almost every'" n x n matrix A, given any n
complex numbers Ao ooees Ay there is a diagonal matrix

D such that DA has ll’ cees A as its eigenvalues.
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ON STABILIZING MATRICES BY SIMPLE ROW OPERATIONS

1. TINTRODUCTION

Consider the system of linear equations

(1.1) Ax = b

2

where A 1is an n X n nonsingular matrix and x and b

are n—vectors. All matrices and vectors are assumed to

have complex coefficients. Suppose the matrix A is

stable (i.e., all eigenvalues of A have negative real
part). Then any solution x(t) of the system of differential

equations.

(1.2) g% x(t) = Ax(t) — b

tends to a limiting solution x(«) as t - « and x(=) is
the solution of the system (1.1). Hence, when A 1is
stable the system (1.1) can be solved with an analog
computer by finding the limiting solution of (1.2).

In general, A will not be stable. However, there
are very simple transformations which change (1.1) into
an equivalent system but drastically alter the eigenvalues
of A. The transformations we have in mind are permuting
the rows of (1.1) and multiplying each row by a nonzero
constant. Thus we are led to ask the following question:
Given a nonsingular matrix A, is there a permutation
matrix P and a diagonal matrix D such that DPA is

stable? Our first result answers this question in the

affirmative.
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Theorem 1: Let A be a nonsingular matrix. There

is a permutation matrix P and a diagonal matrix D such

that DPA has distinct eigenvalues all of which have

negative real part. Furthermore, if A is real, the

matrix D may be chosen with real coefficients so that

DPA has distinct negative real eigenvalues.

This result raises the question: What eigenvalues
may the matrix DPA have for a given A? Our second result
asserts that for a large class of A's, DPA may have any
set of eigenvalues.

Let A be an n X n matrix and let (il, 1y, wees ir)

be a sequence of integers with 1 < il < i2 < v <L ir < n.

By A(. . we mean the r X r submatrix of A whose
ll""’lr)
(i, k)—th entry is a; We say the matrix A is
3otk
totally nonsingular if all of the submatrices A

(il,...,ir)
are nonsingular for r =1, 2, ..., n. 1t is easy to see

that the set of totally nonsingular matrices is a dense

open subset of the space of all matrices.

Theorem 2. Let A be an n X n matrix that is

totally nonsingular and let

_ .n n—1
f(x) =x + c X + ..o e X + c,

be any monic polynomial of degree n. Then there is a

diagonal matrix D such that f is the characteristic

polynomial of DA.




—3—

2. PROOF OF THE FIRST THEOREM

We argue by induction on the order of A. The theorem
is clearly true when A is a 1 X 1 matrix. Letn > 1
and assume the theorem is true for matrices of order n — 1.
Let A be a nonsingular n X n matrix. Let B be the
n X (n — 1) matrix consisting of the first m — 1 columns
of A. Since A 1is nonsingular, B has rank n — 1. Hence,
B has n — 1 linearly independent rows. Therefore there
is a permutation matrix PO such that the first n — 1 rows

of P B are linearly independent. If we set C = POA,then

c ... C
nl n

where C, is a nonsingular (n - 1) x (n - 1) matrix.
By the inductive assumption there is a permutation

matrix Pl and a diagonal matrix D1 such that the polynomial

f(x) = |xI — DlPlCll

has distinct roots él, vy §n_1, all with negative
real part. If A and hence C; are real, then D, may

be chosen real so that 51, ceey gn—l are real.

For each complex ¢, let



and let
0
P2 = Pl . .
0
0 ... 01
We have
// €1n
Dz(a)PZPOA = DZ(Q)PZC = D1P1Cl DlPl .
Cn—l,n
\\acnl .. acn’n_l ac
Let

ha(x) = |xI — Dz(a)PZPOAI
Expanding the determinate by minors of the last row we have
ha(x) = xf(x) + ag(x),

where £ 1is as above and g 1is independent of . Now
ho(x) = xf(x) has distinct roots 545 -ves Epqs B, = 0.
(The numbers €10 -+ gn-l are nonzero because they have
negative real part.) Since ha(x) is a polynomial in x
and o, there is an ¢ > 0 and analytic functions

gl(a), cees §n(a) defined for |a| < €, which are the roots

of ha(x). We may assume §i(0) = &5 1<1i<n.



Choose nn > 0 so that

(2.1) \gi - gjl > 2n for 1 < i< j < n,
and
(2.2) Re z < 0 if |z — §i| <m, i=1, ..., n—1.

Choose & with ¢ > 38 > 0 so that

lg;(@) = g5 < n for 1< i< n,

whenever |aq| < 5.
For o # 0, D,(a) is nonsingular. If not, then D,
and hence DlPlCl would be singular. This is not the case

because DlPlCl has nonzero eigenvalues. Therefore,

ag(0) =h (0) = (-1)™ [Dy(a)P,P A # 0

if a # 0,s0 g(0) # 0. Hence, the function

xf (%)
T e(x)

X —

is continuous in a neighborhood of zero and vanishes at
zero.

Choose X real and negative so that

xof(xo)

x| < n and lgrggy——l < 8

Let
_ xof(xo)
OLO ‘E(-}z;))—.
Then hq (x) has roots gl(ao), cees gn(ao) and

o}
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lgsCa) = &1 < m for 1< ign.
By (2.1), for 1 < i< j< n,
2n < ey =5yl < lgy = 5l + 15, — 2] + [55(a) — &l
<ont fgila) — g5l
so the roots of ha (x) are distinct. By (2.2),
o
Re §i(ao) <0 for i=1, ..., n— 1.

It remains to show that Re gn(ao) < 0.

Now

Xof(xo)

h, (x)) =x f(x)) - B g(x,)

(¢]

|
o
a

SO X = E, for some 1. But
o = &;(a)

Igi - gn1 < Igl - gi(o‘o)l + IXO - gn]

it

lg; —giCa )l + [x | < 2n .

Therefore, by (2.2), i = n, so gn(ao) = x_, which was chosen
real and negative. The first part of the theorem is now
established by taking D = Dz(ao) and P = P,P_.

Now suppose that A 1is real. We may assume that
Dl and 85 +--, £ 4 are real. To establish the remainder

. . =

of Theorem 1, it suffices to show that ags al(ao), e, §n(ao)
are all real.

Since Dl and A are real, f and g are real

polynomials. We chose x, real, so



xof(xo)
% T 7 g(xoi
is real. Hence, ha is a real polynomial.
)
Let 1 ¢ i < n. Since ha is real, both gi(ao) and
: )
gi(ao) are roots of ha . Hence, gi(ao) = €j(ao) for

o}
some j. Now

I L PR B LN NI Y

1 ] "1
= l5g = 5] + 5(e)) ~ &5
=lg; - 5l + g ) - &l
< 2n o,

By (2.1), i = j,so gi(ao) §i(ao). This completes the

proof.
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3. PROOF OF THE SECOND THEOREM

Let A be a totally nonsingular n X n matrix. Let

be a diagonal matrix. Then

n
|xI — DA| = x" + = % 2: AL A M
r=1 IKi < Tcign ety R iy

where

AL . = (-1)7|a

P ERRRE (il,...,ir)l'

Hence, to prove the theorem it suffices to show that if the

coefficients As ; @are nonzero, then the system of n
1270ty
polynomial equations in Xl’ cay kn given by
Sy A . Ay ... A =c L{rdn
I<i<.Uicign T2ty 1 n r’ ==
—_— r—
has a solution for every choice of Cls +++s C. If we let

f: ¢™ - " by
£() ) = [ ) £ (a 21
1, . e w , 1, * @ ’ , * e e ’ l’ s w ’ n J

n n

where

£S5y, e, W) = z: N .
]. 4 n lgil<...<ir£n ll’---:lrxil « o A_i B

then this amounts to showing that f is onto.



Suppose that X = (xl, ces Kn) #0 = (0,...., 0).
Let ki Xi be all of the nonzero coordinates of .

12e-es 1
Then

r
= A, . AL A 0
£ R RRREE R * [T #0,

so £(1) # 0. Hence, if f denotes the restriction of
£ to C"~ {0} then F: c™ — {0} -~ c" - {0}.

We now assume that f 1is not onto,and we will
eventually arrive at a contradiction. We have £(0) = 0,
so there must be a point (cl, ce, cn) e ¢ — {0} that

is not in the range of T. Let t > 0 be a real number

and suppose that

_ 2 n
T(Kl, e, An) = (tcl, tcy, .., € Cn)'

. r .
Then, since £~ is homogeneous of degree r,
A

= Kl "2 n
f('—t—, T—, “ ey —t—')=(C1, “ ey Cn)

Hence, none of the points
2 n
{(tcl, tTcy, ..., t cn)IO < t}

are in the range of F. Therefore, the map T: c™ — {0} - ¢ - {0}

can be factored through the space

c™ - {(teq, t2c2, e tncn)lO <t} .

This space is contractible, so f is null-homotopic.
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For each r, 1 < r < n, and each r-tuple

1<i;<iy< v <i<mn, let t - Ail”"’ir(t) be a
continuous map from [0, 1] to C — {0}, with
. . = A, d A, . = 1. L
All,...,lr(o) ig,ee,i an All,...,lr(l) 1 et
= 1
Fo= (f s fgx where
Xy, vo., A) = 2: A (A, ... A
el 7 on lgil<...<ir§n 1oty a1 r
The maps ?t: c’ — {0} - c™ - {0} form a homotopy from
T = fo to fl = (ol, 02, oo, o), where Jr(Kl, cey Kn)
is the r—th elementary symmetric function of Xl’ cees Kn.
Since T is null-homotopic, so is fl.
For r =2, 3, ..., nand 0 < £t < 1, let
r : _
Be(hys vevs A) = O + th, Ay +EAA L L, hoq Tt b
b Apgrs s )
and
—1
hz(xl, cees M) = (s ey A gy (-1)* x§
ot i1 i
+ t i§l (DT T Ags e A
Clearly,

g, hy: €% — (0} - c™ = {0} .
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Lemma. For r =2, 3, ..., n,
r, r—-1 r-1 22
hlglhl 8] - hlgl(kl, cee, xn)
= (Gl(hl, cee, )\r)’ ceey Gr(Xl, cees Xr), hpgqs +oeo Xn).
Consequently, hTg™ h2g2 =T
9 Y, D181 --- 018y 1
Proof. 1Induction on r. If r = 2,then
262 (3 L) = hZ0h, + Ao, ) 2)
l 1YL "2 "n 11 22 "2° 2
- 2
= 0‘1 + ko, ~\5 + (xl + )"2”2’ k3, ceny An)
= (Ol(}\l: }\2): 0)2()‘1: >L2): 13: cy }\Tl).
Now let r > 2, and assume the lemma for r — 1. Since
Oi+l(ll’ cees xr_l) + xroi(xl, . xr_l) = oi+l(xl, cees xr),
we have

g{(ol(xl, cees A s eeey 0 1Oy ey AL )y A, e, A )

= (0O vy 2y e 0 Oy vy A, A, e, ).
Now
T— 1 T r-1 i—1 i
(-1 + 121 (-1 l(kl, ceey kr)Kr
_ r—1 r—i i r
= (=1) [ (=1 crr_i(Xl, cey Xr)?\r - (=D or(?\l,...,

]

[ = AD 0L = h) e O =) = DT (g aae, 2 )J

r

xr?}
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SO

hy(og Oy vvvs 25 vy o g Oy veey )5 A,

r

= (Gl(kl, ey Kr), ey Or(xl’ cees Xr),

This proves the lemma,

2 2
t8t 7

n

The maps ht

n
Bp - h

= _,hn 2 2 2
from f1 =hjgy ... hlgl to hogo ... h &5
2,2 _ ool

. . n_n
the identity so hogo N hogo

Let 2 < r<n. Let

- T , T
at(Xl, ces kn) = (Al cos »t + A sin 5t,
: T .oom
Kr cos 7t — Al sin 7t,
and

, ReR e
BeChys wvvy ) = (xlelTT s Mgy wevs A g5

Since o, and B, are nonsingular linear transformations from

t
c” to C",

ags Be: €T = {0} » €M — (0]

xr+l’

A eth

*2

v

r ’ Xr+l’

)

n

).

n

0<t< 1, form a homotopy

r .
Now g, 1s

Therefore, hg = Boaohgao is homotopic to Blalhgal- Now

r _ r
Bldlhoal(xl’ Tt Kn) h Blalho(xr’ KZ’

Blal(Xr, Kz, ce,

ﬁl(_)\rJ >\2; veey

Il

(xf, Aoy wees A).

v A).

n
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If we set N = n! and define

N
cp(Xl, ey Kn) = (Kl, ?\2, ey Xn) ’
then hg cen hg is homotopic to . Hence, ¢ 1is null-—
homotopic.
For 0 < £t <1, let
W
N 1
mt(Xl, s Xn) = ((1 - t)>\l +t—— Xz, ceey Kn),
™
>\N
where we define T [N_l = 0 when Xl = 0. Then o = v, 1s
homotopic to 071 - L
Represent the sphere $2™L a5 the set

(e cMInl = 13,

where ||A|| = ([kllz + ... + Iknlz)l/z. Let i: g?n=l  on _ {0}
and p: C% — {0} - 8?1 by
i(h) = A
and
p(h) =
1]l
Then po it s2771 o s%™L by
;
PopiCqs ey 1) = =y gy gy eees A Y-
™
If we identify g2n—1 with the 2n — 2 fold suspension,
ZZn—Zslj of Sl, then pmli is just the 2n — 2 fold suspension,
ZZn—Zw, of the map 1V: st . st given by w(kl) = k? .



—14—

We have a commutative diagram

1 1
H, (87) b B (8D
2n—-2 l 2n—-2
Zx 2n-2 LZ*
h&Zl = 1) 5 hFZl
Hpp 1 G 87 NI ECE
2n—2
where &, 'denotes the 2n — 2 fold suspension isomorphism.
Now
2n—2

since w0y 1s null-homotopic, so i, = 0. But if we let

z: [0, 1] - st by

Z(t) = e2ﬂ'it

2

then z 1is a representative cycle for a generator of

Hl(Sl). Now

yz(t) = eZWiNt

so yz is homologous to Nz. Hence,

We have now reached the desired contradiction.
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