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PREFACE

This Memorandum was prepared as part of RAND'S continuing study
of advanced radar signal processing methods. It extends previous
work on optimum signal processing methods for determining the
characteristics of a radar target by analyzing the target's radar
signature. Explicit formulas are derived for optimum estimates of
the manner in which signal power is distributed among target signal
components when the processing is constrainedrgp ?e partially non-
coherent.

The results are applicable to the radar signature amalysis of
earth satellites, radar reconnaissance targets, or collections of
scatterers which one desires to resolve on the basis of doppler
frequency differences or other differemces in phase hisﬁory.

The author is presidenﬁ of Technology Service Corpeoration,

Santa Monica, California, and a consultant to The RAND Corporation.






SUMMARY

This Memorandum extends the investigation begun in a previous

report by the author, Radar Signature Analysis of Extended Targets,

RM-5134-PR, October 1966. ")

The objective of the analysis is to define optimum signal
processing methods for determining the characteristics of radar
targets by analysis of their radar signatures. In this Memorandum,

- formulas are derived for Bayes optimum estimates when

1. the target signal can be represented as the sum of a set of
possible components, each component having amplitude and phase modu-
lations of ?nawn form but with unknown absolute amplitude and initial
r-f phase;

.;2. the quantities to be estimated are functionals of the
distribution of signal power among the components; and

3. the processing may involve varying degrees of coherence and
noncoherence, due either to phase errors or to failure of the radar
to preserve phase information.:

Many situations of practical interest can be treated by such an
analysis. Their general feature is that the signal includes a number
of components, or possible components, which have different phase
histories, and it is desired to resolve these components. Examples
are signals consisting of a set of possible doppler components and
signals arising from a rotating set of rigidly connected point

scatterers.
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I. INTRODUCTION

This Memerandum extends the investigation of radar signature
analysis metheds begun in Ref. 1, with emphasis on?déééer investiga-
tion of the effects of nencoherence in the received signal or in the
signal processing methods.

The analysis will be concerned with received signals of the

form

S(t) = 7 a; Mi(t) cos [wct + fi(t) + gi] + e(t) (1)
i

where {e(t)fis observation noise}:Mi(t) and fi(t) are known functions,
wc is a known carrier frequency, and a, §i are a priori unknown
amplitudes and r-f phases. ThisAcan equivalently be expréssed in

the follewiég fagm,iwhich will be used in the énalysis:

59 =) a, @ M (6) sin [u e + £ (0] @)

i
T @
+2ai Mi(t) cos [wct + fi(t)] + e(t)
. i

The types of signals which can be described in this manner
consist of a set of components, indexed by i; each component con-
tributes a signal whose amplitude and phase modulations have known
form, but a priori unknown amplitudes and r-f phases. The values of
i should be said to index the possible components, since some of the

ai's may be equal to zero.



The individual components may arise, for example, from individual
scattering centers in a radar target, or may represent individual
frequency components of a signal, or individual components in other
types of expansion of the signal.

As Ref. 1 indicates, it is often of interest to consider the
sigpal to depend on additional a priori unknown parameters
A

.+3A,+ In the present analysis, such additiomal unknown para-

1’ M
meters will, with one exception to be noted below, be treated as
increasing the set of values taken on by the index i. Thus, i may
be considered to be a multicomponent index i = (il,iz,...,in); an
unknown parameter set, xl""’XM’ adds M components to i.

Reference 1 points out that noncoherence ean arise in two ways:
first, if the radar observes (or utilizes) only the absolute value
of the signal envelope; and second, if the signal is subject to

additional unknown phase errors. The representation of the signal

in the latter case is (excluding additive noise)

S(t) =Zai(1) Mi(t) sin [wct + fi(t) + C(t):' (3)

i
+) 0, P M () cos [w t + £, (t) + C(t)
i i 1. ¢ i
i

where {€(t)} is a random process. Here [(t) represents an a priori
unknown phase deviation to which the signal as a whole is subject,
that is, which is the same for all values of i, but may varyv'
in an arbitrary manner from one time instant to another. Such phase

deviations can arise from unpredictable displacements of the target



(or of the radar platform) along the line of sight, from propagation
factors, etc.

The values of [(t) at a set of time instants may also be
regarded as a set of a priori unknown additional parameters. This
particular set of parameters will not be incorporated into the index 1.

The primary subjects of this Memorandum are the derivation of
Bayes optimum estimates of functionals of {d;(l)}gand {ai(Z)}?
the influence on Such'estiﬁates of both possiblehéources of non-
coherence (failure of the radar to observe received signal phase on
one hand:and phase errors ((t) on the otber),>and thertglétioy ‘
between these two sources of noncoherence.

It will be shown that under appropriate conditions the Bayes
optimum estimates are the same for both types of noncoherence. This
is true only for certain classes of functions of {gi(l)} and
{gi(z)}, and then only if the a priori distr;butigg;of {c(t)} is
uniform and has sufficiently small correlation time. Reference 1
proves this result when the a posteriori distribution of {¢e)} as
well as the a priori distribution has these properties, and the
form of the Bayes estimate for such cases is exhibited.* The

present Memorandum will show thatiéwsiﬁiiar result holds regardless

*It would be well at this point to make three correctiens to
Ref. 1.

First, in Eqs. (133) and (134), the terms S1m SZ should be

. . n
preceded by minus signs.

Second, Eq. (124) holds only if the observation interval is an
integral multiple of 2n/W_, a condition which Ref. 1 dees not state.
This also affects the subgequent formulas, which are, however, easy
to extend to the case where this condition fails to held.

Third, the sum in Eq. (6) should contain a term nuu-
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of the a posteriori distribution of {{(t)}, although the form of the

Bayes estimate is, in general, different from that exhibited in
Ref. 1 unless the a posteriori distribution is also uniform.
The form of the Bayes optimum estimates can be interpreted in

an interesting way which will be discussed herein.
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II1. THE BAYES OPTIMUM ESTIMATES

Consider the signal represented as in Eq. (3), and assume for
the present that the radar observes S(t) for some interval of times
< <
1= t=T

assume that

T i.e., that both amplitude and phase are observed. Also

1. the additive observation noise ¢(t) is gaussian white noise

having one-sided spectral demsity NO and

2. the a priori probability distribution of the quantities

{?i(l)}, {qi(z)} is a joint gaussian distribution with zero
means and covariance matrix A, and these variables are,
a priori, statistically independent of {e(t)}.

The second assumption is really an assumption about the a priori
state of knowledge used in forming the estimates, and does not preclude
application to cases where the "real" a priori ensemble statistics are
nongaussian. In the latter case, of course, the results would not be
the true Bayes optimum estimates.

However, there is one important class of cases in which the
resulting estimates will be ap;roximately Bayes optimum, even if
a priori ensemble statistics are not really gaussian. By letting the
elements of the a priori covariance matrix é‘approach infinity, the
maximum likelihood estimates are obtained. Under certain conditionms,
these are approximately the same as the Bayes optimum estimates. For
example, there are many cases in which the Bayes estimates depend
élmost entirely on the observed signals, and negligibly on the a priori
statistics of the ¢'s; in such cases, the maximum likelihood estimates

are approximately Bayes optimum.



The following notational comventions will be adopted. Let the

index i take on values 1,...,K. Define a vector o by

g (@, P @, o @) @

Let B(g) denote any real-valued function of g.

Also, the functioms 8(t) and {(t), T1 S¢S Tz, will be denoted
in vector notation by § andﬂé; In the notation of Ref. 1, A denotes
a vector of unknown additional parameters on which the received signal

depends; here, the only such parameters are the values of {, so that

A further convention will be to write probability demsity
functions for E as 1f the latter were finite'dimensiona;. This
simplifies the notation and is acceptable since the specific cases
with which the analysis will be largely concerned deal with pulsed
radars in which g really can be reduced to a finite dimensional
vector.

From the results of Ref.;i and the assumptions stated at the
beginning of this Section, it’first can be conéludéd“that the.

a posteriori p-d.f. of gﬁ'conditional on a definite E: is gaussian

" =
with means g(g), where

T
2

a(g) = g’l %—I F(t,5) S(t) dt (5)
o T1

-1
and covariance matrix B =, where
b

T

2
B=at [ Ee0) Beg) ar (6)
-7 N, dp = -

1
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A and B are 2K by 2K matrices; Fis a 2K-component vector (the
superscript T in Eq. (6) denotes a transpose).*

The vector F has components Mi(t) sin [@Ct + fi(t)] and
Mi(t) cos Enct + fi(t)]- Thus, B consists of four K by K blocks
which will be written‘g(l,l), §(2,2),»§(1,2),:and 2(2,1).

These blocks have elements

T

2 [

2
N T
o

]

1
Bij(l,l) A LD+ M, (£) M, (t) sin [wct + £ (0) + g(t)] 7

1

X sin [wct () + C(t)] dt

ata,2 +34_[T2M M - [ £+ £, (t) + C(t) (8)
LD+ MO M) sin [uce + £ (©) + 0O
f No'r,

Bij(l,Z)
X cos [wct + fj () + g(t)] dt

-1 ) 2
AL;2,1) + 5 JT M, (£) M, (t) cos [wct £ (E) + c(c)] (9)
1

L]

Bij(Z’l)
X sin [wct + fj (t) + C(t)] dt

Ty

]

-1 2
B,;(2,2) = A[;(2,2) + 5= J'

o' T

M (8) M (1) cos [0 € + £ () + ()] (10)
L

X cos [@ct + fj(t) + Q(t)] dt

where i,j = 1,...,K.

* . 9
See Eqs. (9)-(12) of Ref. 1, with n(t,t') set equal to % 5(t-t')-

o



Similarly, éjg) is a 2K-component vector with

X
8. My =2 -1 5
8@ I{Z By, (L,1) M, (6) (o)
i=1

X sin [wct + fj (t) + g(t)i‘} dt

+=——J'§Z B (12)M(t) S(t)
o Lo |

X cos [wct + fj (t) + C(t)] }dt

and
@{2)(5) = j { Z B (2 1) M, (6) ()
. "3=1 |
X sin [wct )+ g(t)]}dt

K

+—0j {Z B, (2 2) M (&) S(O)

‘}J=1
X cos [wct + fj (t) + C(t)]}dt

(All integrals over time t are henceforth to be understood as

extending from T1 to T2°)

Y

Altbough Egs. t7)-(16§ for the eléﬁents of g apparently

depend on {, the matrix B in Eqs. (5) and (6) was written without

inéicating dependence on {. The reason is that for large W,
gvis in fact virtually independent of {. This can be seen by

applying trigonometrical identities to Eqs. (7)-(10) and

TR S

(11

(12)



then invoking the Riemann-Lebesgue theoremcz) according to which the
%
terms involving ?.wc go to zero as wc becomes large. The results of

this can be expressed as folleows: Let

>_¥-= B - é’l (13)
Then
‘l’ij 1,1) = Yij (2,2) (14)
= .;!I.;J" Ml(j M,(6) cos [fi(t) - fj(t)] dt
and
wij (2,1) = -Yij(l,Z) (15)

%:J'Mi(t) 7"'1143 (t) sin [fi(t) - fj (t)]’dt

The second conclusion that can be reached by application of the
results of Ref. 1 is that if 6(9;) is any functional of o> and
E(£,§') is the Bayes optimum estimate of B for a defimite a, then
B(£,§) is the expected value of B(g) with respect to the a posteriori
p-d.f. of a5 given § and ‘%, deseribed just previously.

The third comclusion is that if B is the overall Bayes optimum

estimate of B, i.e., not conditional on a value of (, then
o
w.

B- R0 agls) « as

where q((__',\S) is the a posteriori p.d.f. of { given 3.
L L2

*
For practical purposes, W, must satisfy the inequality
w, (TZ-Tl) > > 21, and this is satisfied in all cases of interest.
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Further, the a posteriori p.d.f. of { given § is

a(cl®) = exp {387 BEO] 0@

™o

| Joe {287© 380} 1@ «
where

q(€) = a priori p.d.f. of (

.

The results summarized in Eqs. (5)-(18) are all that is required

to determine Bayes optimum estimates of functionals B of o> in the

presence of phase errorgﬂg;

In Section III, these formulas will be specialized to the case

of pulsed waveforms and special classes of functionals.

(17)

(18)
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II1. SPECTALIZATION TO PULSED WAVEFORMS AND TO P-FUNCTIONALS

PULSED WAVEFORMS

Let

Mi(t) =Zmi(t - tu)
v
where

m (t) =0 if le] > 6
where & <-§- ltu+1 - tul

It will also be assumed that {(t) and fi<t) are approximately con-
stant for time intervals of length 26. Thus, for each value of u,

the values of { and fi in the neighborhood of tM can be written as

LB ~C, bty

fi<t) A2 fiu’ t ~ tLL

One can think of each value of u as representing a single pulse;

in this interpretation, the individual pulses would not be phase or

frequency modulated because of Eq. (22). To apply the amalysis to

cases where the individual pulses are frequency modulated, it would

be necessary to interpret an individual pulse to correspond to a set

of values of .

Also, suppose the received signal S$(t), including its additive

noise component e(t), to be written in terms of its sine and cosine

components as

S(t) = sl(t) sin w t + Sz(t) cos W t

g

(19)

(20)

(21)

(22)

(23)
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It follows that»
] _L ] 24
‘i’ij(l,l) —Yij(2,2) -—NO mijZCOS [fip. fju:l (24)
"
- =1 - 25
¥ 2,0 = ¥ ,2) = N " Z sin [fm fju] (25)
"
where
mij = mi(t) mj(t) dt (26)
Also
~ (1) 1 -1 (¢9)
&y (E_) = ﬁzzz Bij (1,1) {@'jw cos [fjp. + CU'] 27)
ju
(2)
+0, %) sin [fju + Cu]}
1 -1 @)
+ ﬁ:ZZ Bij (1,2) { ij. cos \:fju + ;u:]
jup _
.
T [fju * Cu]}
and

5P = %;Z ZB;; @,1) {ij,(l) cos [ijL +¢ ] (28)
in .
+ cjp.(Z) sin [fju + Cu]}
* 11“_022 % @,2) {"jum cos [ £, * ¢,
J W

- Gju(l) sin \:fjp, + Cu:l}



- 13
where
GJ j S, (t) m (t - t ) dt
3 @¢ng
2
g, ( ) J s, (t) m (t - t ) dt
i

In the subsequent developments, some simplification will be
obtained by making the realistic assumption that A is diagonal

and
Aii(l’l) = Aii(Z,Z)
In view of Eqs. (13)-(15), this implies
Bij(l,l) = Bij(2,2)
B;;(2,1) = -B;;(1,2)

and, therefore,
-1 i -1
Bij(l,l) = Bij(2,2)

-1 -1
Bij(z’l) = -B,

1312

An important result can now be derived concerning q(€‘§), the -
a posteriori p.d.f. of the phase errors {Cu}- From Eq. (17), it is

evident that this p.d.f. depends on the a priori p.d.f. q({) and on

~

the quadratic form &T(C) B o({) where T represents a matrix transpose.

R B

With the assumptions,éf this Section, the quadratic form just

referred to can be evaluated. The result is as follows. Let

2 2 %
in - {[Giu(l)] * [ciu(Z)] }

(29)

(30)

31

(32)

(33)

(34)
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o (1)
= -1 _lk"_.
eiu tan G @ (35)
i
Then
~T A 1 2 ‘
Forao=E) Y Y o c (36)
. . WA WAy o 1“, Jv
i:j VPRV

-1
X {Bij(l,l) cos [fiu - fju + gu - gu - (Giu - qu)]

-1 .
+ By;(1,2) sin [fm IR ejv):l}

Subsequent analysis willA&eal with the following class of

functionals. Let

The class of P-functionals is defined to comsist of those functionals

of the form

B(g) = g(Pl,...,PK) (38)

Thus, P-functionals are those functionals which depend on the manner
in which signal power is distributed among the K signmal components.
A linear P-functional is defined to be a linear combination of
Pl,...,PK. (Thus, a linear P-functional is a éuadrafic functional

of the ¢'s.)
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As before, é(&) denotes the Bayes estimate of Bég) conditional
on a definite g, and ¥ denotes the overall Bayes estimate. In
particular, %i(g) and %; denote these estimates for the special case
Pl@ = Pi'

An expression can now be obtained for %i(é), subject to the
assumptions made in Section II and the first subsection of Section I1I.

Without reproducing the tedious détails, the result is

P.C) = 25;1(1,1) (39)

1

1T -1 -1 -1 -1

o j’k UA’D
X C. [f. -f 46 - - @, -89
Cj# ku cos i kv W Cu @Jw kka]

= 2877(1,1) + [&i(l)(g)]z + [&i(?")(@}z
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As pointed out in the Introduction, noncoherence can arise
either because of the existence of phase errors or because the radar
observes only envelope amplitude rather than amplitude and phase.

For present purposes, the radar will be said to observe only
envelope amplitude if the Bayes estimates are dependent only on the
quantities Ciu defined in Eqs. (29), (30), and (34). Actually, these
defining equations do not restrict Ciu to depend only on the envelope
amplitude of the input signal S(t); rather, the quantities Ciu are
the envelope amplitudes of the outputs of linear filters in which
8(t) is the input. Thus, a more precise definition of the second
type of noncoherence is that the Bayes estimates depend only on the
envelope amplitudes of the outpufs of linear filters with input S(t).

Further, it is seen from Eqs. (29) and (30) that the corres-
ponding linear filters are the same for all values of i provided the
functions mi(t) are the same for all i. In this case, to which
attention will be primarily devoted, the quantity Ciu is independent
of i and can be defined as the envelope amplitude of the uth pulse
after passage through a single linear filter, which can be inter-

preted as the i-f filter.

RESULTS FOR CASES WHERE mi(t) = n(t), all i

A

If mi(t) is independent of i, then one canm write

c, =¢C
iw W
8, =8
e

i=1,...,K (40)
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In such cases, the following theorem cam be stated.

Theorem 1

Let B be a linear P-functional, é be the Bayes optimum estimate
when only the quantities Cp are observed, and'g be the overall Bayes
optimum estimate when both CH and eu are observed.

If the cemﬁgaents CM of étare a priori independent and unifermly

distributed in (0,2m), then

(41)

me
i
@

Discussion

A linear P-funetional, it should be recalled, is a linear

combination of P,,...,P . 8ince the joint a posteriori p.d.f. of

» 1’ K A

{Cu}:ié_inﬁepenﬁent of E: the estimate § is independent of g; Hence,

this estimate.is tﬁe samerwketﬁéi.or nei Ehere‘éré an§>§h#se.errais, or

if there are, it is the same regardless of the a priori p.d.f. @f‘é.
The eétiﬁate E: given by Eq. (16);‘éees éepehd in”genefal on the

a priori distribution of 53 since %(5) depends on g: It will be

shown that under the stated conditions on the a priori p.d.f. of

C,§=E'

-

First, the quantities CM - Gu are uniformly and independently
distributed in g-space (for fixed E) if { are so distributed.
(Reeall that Gu is a functiom of gronly.) Thus, in Egs. (16), (17),

(18), (36), and (39), one may perform the change of variables
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yu = Cp - eu and integrate‘ever a uniform density q(xg without
changing the result. With such a change of variables, however, there
remains no dependence onh{eu}-

Thus, the overall opt%mum Bayes estimate E; for the case where
the radar observes both {Cu}rand {eu}; is independent of-{ﬁw}, i.e.,
it depends only on {CM} if {Cu} afénébpriori uniformly and independ-
ently distributed.

From this'it can be concluded that §’= % under the stated
conditions, as follows. The mean square error ofigimust be noe greater
than that of §, since it cannot hurt to observe phase as well as
amplitude. On the other haad, the mean square erroxr of § is no
greater than that oflg, since é is the minimum mean square error
estimate among all thoese estimates which depend only on {Cu}.
Consequently, gaand % have the same mean square error, and this is
the minimum among all estimates which depend only on {Qu}- This

~ Y
implies that B = B.

Theorem 2

Let B be a general (possibly nonlinear) P-functiomal. Let ém®
be the maximum likelihood estimate of B when only the quantities
{Cu} are observed, and let'gML be the maximum likelihood estimate
when both {CM} ;ﬁd {?ﬂ}-are observed. éML is the limit approached
by ¥ when the elements of A approach infinity, while B, is the limit
approached by 8 when the elements of A approach infinity and when the
‘ Qw's are a priori uniformly and independently distributed.

v

Then, BM& = BM&'

i

3

&
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Proof
Suppose
B = g(Pl"" ,PK)

Then, because of well-known properties of maximum likelihood

estimates,
<v UP )
B = BPue o Pron,
and

By = g(?lm," . ’?m)

The equality of éML and E&l then follows immediately from Theorem 1.

(42)

(43)

(44)
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V. VARIOUS OPTIMUM AND NEAR-OPTIMUM ESTIMATES

OMBINATIONS OF MAXTMUM LTKELTHOOD, MAXIMUM A POSTERIORI, AND
BAYES ESTIMATES

The overall optimum Bayes estimate is obtained by taking the
expected value of the Bayes estimate conditional on ”C; with respect
to the a posteriori p.d.f. of 5 For purposes of computational

~

convenience, it is also of interest to define a variety of near-
optimum estimates which combine Bayes features and maximum likelihood
or maximum a posteriori features. Often such estimates perform nearly
as well as the true Bayes estimate. Some examples follow.

Suppose the estimate B(E;) is evaluated at the point g(m) where

the a posteriori p.d.f. of { attains a maximum; the resulting

-

estimate é(g(m)) could be s;'axid to be Bayes with respect to § and
maximum a posteriori with respect to g

If é - », then B(ﬁ) is maximum likelihood with respect to i, so
that é(ﬁ(m) ) would be maximum likelihood with respect to .§., and
maximum a posteriori with respect to Eh

Finally, if @é - » and £ has a joint uniform a priori distri-

bution, then 5(5 (m)) is the overall maximum likelihood estimate.

The estimate é(g' (m)) has a particularly convenient interpre-
tation when B is a multiple of the identity matrix and q(é’), the
a priori joint distributiom of ,C,'-’ is uniform. This can happen in
cases of practiecal interest. Since 3-1 is the a posteriori covariance
matrix of 1 and is also the covariance matrix of the estimates 5’1(9’

the stated condition on B is equivalent to the statement that the
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Bayes estimates &i(C), conditional on {, are independent and have
i3 i g
equal variance.

From Eq. (17), the maximum of the a posteriori p.d.f. is

attained at the point where

&T(g) gé(a) + 2 log q(é)

2

S

- 4

is maximized. When B is a multiple of the i&entity, B = B

and q({) = conmstant, this is equivalent to maximizing
"=
- 2 L L2
e (D 2[“ ) .\1
L5 e] <)L [5% ]
i

Since the Bayes estimate of total signal energy conditiomal on { in
eor

this case is given by
b =[5,V @] Y[, +E
% 1% ﬂ] L% g’n] B
i i

the procedure is also equivalent to maximizing E(ﬁ) with respect
to g.
Thus, the procedure for determining B(_i(m)) can be stated to
consist of two steps in such cases:
1. adjia\st”the phase errors to maximize the estimated total
signal energy (equivalently, the sums of squaves of the

estimated components of g), and

2. evaluate B() at the resulting (.
T w
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This subsection will be concerned with evaluation of expressions
for Pi. Also, it will be assumed that Eq. (43) helds. It is con-

venient to rewrite Eqs. (36) and (39)

AT ~ -1 N
2 (@) BaE) = z L [vi v+ U UJ.] (46)
i,]
+2 31(1,2)\:0 vV, -V U]
i,]
where
. )
= e—— 1 - l{.
Ui No E:Cu sin [fiw + Cu eu] @7
" -
1
= — - 48
Vi Noz Cu. cos [fiu + gu eu] (48)
W
. -1 Co-1 2 ’
B () - 28;(1,1) = {‘Z‘Bij(l,l) uj} (49)

i

+ {Z B;;(l,z) uj}z
J

+ {z B;;(l,l) vj}z
j

+ {}: 3;;(1,2) vj}z
j

Now, if the number of pulses is large compared to the number of
successive pulses over which_l;p.'s are significantly correlated, then

Ui and Vi, considered as fumctionms of é‘, will be approximately
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normally distributed. Moreover, their means and second moments can

be calculated, given the a priori joint distribution of £°,
. 2

Specifically,

=1
I

X -1—-2 C [sin(f. -0 ) cos §
i No o i W ]
M

+ cos(f, - © sin

<
i

. i }:C [cos £, -6 cos
1 ﬁ‘ W ( iy M) gﬂ
O Wk

- sin(€, -0 in
sin( in u) sin GM]

-1 z; . : s —
U, U, NZ _Cu c, [51n(fiu - Gu) sin(fjv - @U) cos CP cos ﬁu)
O Myyp

+ Sln(fip - eu) cos(fjv - Gv) cos'ﬁﬁ sin Qv

4+ cos(f, -6 in(f. -6 cos { sin
( 1y H) sin( v D) Cu QH

+ - P 2 - V ) 3 in {
Cﬁs(fiu eﬁ) ces(fjv @u).slﬂ Cp sin QU ]

(50)

(51)

(52)
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1 i
Vi Vj = §~5 jz CM Cv [ces(fiu - Gu) cos(fjU - Gu) cos gu cos QU (53)

o W,V

: ' - b6 - i i
+ sin(fiu u) sin(fjv Qu) sin CM sin CD

- cos(fiu - eu) Sin(fju - eu) c054C# sin GU

- Sin(fiu - ep) cos(fjv - @U) sin Cu cos CDJ

v T —— 1 - - 54
U, j 3 C C Sln(f. 8 ) cos (fj 8 ) cOs C cos C ( )

o W,V

- cos(fip - Gu) Sin(fju;f @ﬁ) sin gu sin Qu

- Sin(fiu - @u) sin(fjv = ev) cos gu sin Cu

+ cos(fiu - eu) cos(fju - Gv) sin CH cos Qﬁ ]

If the realistic simplifying assumptions are made that, a priori,

cos = sin =0 (55)
¢ C
= 1 i & - b 56
cos £ cos{ =sin( sin{ =R (56)
1 —4 - ':, ‘ — 5
CcOos C sin g sin g cOoSs QU Q ( ;)

‘then the expressions simplify to

U, =V, =0 (58)
1 1
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i 7] 17y 2

“ 70 %5
U, U, =V, V, = = C C |R £, -f, -8 +09
peov Lo cos ( ger jv W U)
O M,v :

i ., - f, -8 +6 ]
+ Quu 31n(flu i . D)

LI}

L }Z [ . -8 +90
. 3 C 51n(f fju W D)
)
- - -0 +
Quu ces(fiu fju w GU)]

If it be further assumed that the Qu's are a priori mutually

independent, then

=
=
I
4

J@
o

1 E: - )
i = e cos(f, - f.
2 ( iy )
N .

1 jz 2 e
U, V, =—= ) C R sin(f - £,
VR ( i Ju)

Finally, if the Cﬁ's are a prieri inﬂepemﬂent'anﬂ uniformly

distributed,

_— 1 jz 2 N
U, g, =V, V,=—==) ¢ £, - £,
U v o 3 ) cos ( i jﬁ)

1 2
U, v, = }Z sin(f, - £,
P2 G, sinEy, = )

(59)

(60)

(61)

(62)

(63)

(64)
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The Bayes estimates of P, are then, approximately,
i

P =3 (65)
Y
where
» 1 AT » }]
D1 = expected value of Pi(C) exp | 3 ¢ (5) B g(g) (66)
with respect to the joint gaussianm distribution of
U's and V's
_ 1 AT -
D2 = expected value of | exp 5'%‘(§) E_g(g) ] (67)

with respect to the joint gaussian distribution of

U's and V's

The quantities whose expectations are to be computed are given as
functions of U's and V's by Eqs. (46) and (49); the moments of
the joint distribution of U's and V's are given by Eqs. (50)-(64).
Such expectations can be evaluated explicitly as follows.

The quantity exp {% &E(C) B &(C)}‘is the exponential of a

M el owe o

quadratic form in the U's and V's. Consequently, it can be combined
with the expomential expression describing the joint gaussian

density function, which is exp {- %— by gij (Wiﬁﬁi)(W5-§G)}-where

i,j
W, = U, i=1,...,K (68)
=V, oo i=K+1,...,2K

For illustration, suppose that the assumptions for Eqs. (58)-(60)

are satisfied. Let



where the sums over i and j extend

tt

]
o

]

-1
= Bij (1 ,2)

% ok
@) = @)

(matrix inverse)

from 1 to 2K and

s es2K

.+,2K

.,2K

inverse)

i

(69)

(70)

(71)

(72)

(73)

(74)

pve
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Then

: -1 -1 -1 *
Fpo= 2B (L0 +2 ) 31101 B (LD 9
3ok

= -1 -1 *
t2 ) B;;(1,2) By (1,2) @
isk

where the sums over j and k in Eq. (75) extend only from 1 to K.

Finally, suppose onme is dealing with a case where Bis a

multiple of the identity matrix, say B = b~£'
Then
L. = b“1 if i = j
1]
.. =0 otherwise
1]
and
~ - - *
Fo=2bl42b72 o,
i ii

In the above equations, the quantities which depend on the
*
observations are $jk’ by Eqs. (63), (64), (68), (69), (70), (72),

and (74).

(75)

(76)

(77)

<
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VI. APPLICATIONS

As pointed out in Ref. 1, it is of interest to know how signature

analysis of radar targets is affected by signal-to-noise ratio and by

varying degrees of coherence and noncoherence.

The results given in the preceding Sections, especially in

Section V, can be applied by feasible computer programs to answer

such questions, provided:

(¢]

the signal can be writtem as a sum of possible components of
the type stated in Eq. (1), and

the quantities to be estimated are limear or quadratic
functionals of the components of the amplitude vector

This specifically includes estimates of the distribution of
signal power among the possible signal components.

Two examples of the kind of signals to which such an analysis

can be applied follow.

1.

Reference 1 discusses an example where the signal is assumed
to arise from a rotating target comsisting of a set of

rigidly connected point scatterers. In this case

£.(t) = r, sin(mrt + cpi) (78)

where {ri} and {wi} are given sets of conmstants.

Such cases arise in the analysis of radar signatures of
satellites.

The components of S may be doppler compoments, in which

case

fi(t)’ =it (79)
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where M is a prescribed constant.

Such an example could occur when the signal arises from a
collection of scatterers moving at different radial velocities,
and where it is of interest to resolve these scatterers om the
basis of their differing radial velocities, but where phase
errors prevent completely coheremt processing over the whole

observation time.
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