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PREFACE

This is a continuation of RM—5468—PR: Values of non—atomic

games, Part I: The axiomatic approach. Non—atomic games are

models for competitive situations in which there are many participants,
none of whom has any appreciable influence as an individual.

Robert Aumann is a member of the Mathematics Department
of the Hebrew University in Jerusalem, and a consultant to the
Mathematics Department of The RAND Corporation. Part of his

research was supported by various ONR contracts.
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SUMMARY

The value of an n——perswon game is a function that associates to
each player a number that, intuitively speaking, represents an a priori
opinion of what it is worth to him to play in the game. A non—atomic
game is a special kind of infinite—person game in which no individual
player haé significance; such games have recently attracted considerable
attention as models for mass phenomena in economics and game theory.
This is the second in a series of papers in which the value concept is
extended to certain classes of non—atomic games.

In this Memorandum the value concept for non—atomic games
is developed not from axioms, as in the first part, but by measuring
the expected marginal worths of the players after a sufficient amount
of "shuffling" has randomized the order in which they enter into coalition.
Some consideration is also given to a third,"asymptotic' approach, in
which the game with a continuous infinity of players is treated as a

limit of finite games.
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‘ VALUES OF NON-ATOMIC GAMES
PART II: THE RANDOM ORDER APPROACH

11. INTRODUCTION TO PART II

Shapley's original paper [81] contained two equivalent approaches
to the value of games with finitely many players: one based on axioms,
and one based on the idea of the expected marginal payoff to a player
when the players are ordered at random. PartI was devoted to a
generalization of the first of these—the axiomatic one—to games with
a continuum of players. Most of Part II will be devoted to investigating
analogues of the second of Shapley's approaches.

It turns out that a direct generalization of the random order
approach is impossible; this will be shown in Sec. 12. .In Secs. 13
through 17 we present an approach based on mixing transformations.

In Sec. 13 we define the concept of "'mixing value' and state the basic
theorems; this section also contains a guide to Secs. 14 through 17.

In Sec. 18 we briefly discuss an asymptotic approach due to
Kannai [K2]’ in which a game with a continuum of players is treated
as a limit of games with finitely many players. In Sec. 19 we discuss
a remarkable common property of the axiomatic, mixing, and asymptotic

approaches, namely the '"diagonal property'.

*
To enable easy reference to Part [, the sections of this part

will be numbered 11, 12, and so on. Conventions introduced in Part I
will be continued here, and familiarity with the definitions and results
of Part I will be assumed throughout.



Both the mixing and the asymptotic approaches have in common
that they give an expression for the value directly in terms of the set
function v. Although the axiomatic approach also yields expressions
for the value, these are not directly in terms of the set function v,
but in terms of some representation of v—for example, as a sum of
scalar measure functions or as a C1 function of a vector measure.

Another similarity between the mixing and the asymptotic
approaches, which is not shared by the axiomatic approach, is that
both of the former work on individual games, whereas the latter

works only on spaces of games.



12. ORDER AND RANDOM ORDER

The generalization to games with a continuum of players of
Shapley's random order approach to value would, if it were possible,
proceed as follows: fifst one defines (and possibly restricts) in an
appropriate manner the notion of an order £ on the player space.

Then with each characteristic function v and each £, one associates

a measure ro/?v on the player space; intuitively (co'?v)(S) is the
marginal contribution of the coalition S to the payoff if the players
"enter the scene' according to the order R. Next, one defines the
notion of measurability, and a probability measure w, on the space

Q of orders; and finally, one defines the value ®wv to be the expectation

R

of v v, i.e.,

(12.1) (@) = [ @ (S dwe).

Vo
Let us see how far we can get in carrying out this program.

An order on the player space I is a relation £ on I that is

*
transitive, irreflexive, and complete. For each order £ and each

se I, define the initial segment I{s; £) by

I(s; R) = {t: spt}.

The entire space I and the empty set ¢ will also be considered initial

segments, and as such will be denoted I(®; £) and I(—; ) respectively;

*
I.e., for all s, teI, one and only one of the three statements
s Rt, t R s, s =1 holds.



*
it will be understood that * £ s £(—=) for all s¢I, and we will denote
{==}UIU {=} by I. The intuitive requirement on the measure QD/?V

that was given in the previous paragraph is then mathematically

expressed as follows:
(12.2) (0%v) (1(s; £ = w(I(s; £))

for all seI. For this equation to be meaningful, I(s; ) must be
measurable for all s; and for it uniquely to define the measure
co/?v on the player space (I, ¢) it is necessary that all coalitions
(members of ) be in the o—field F(R) generated by all the initial

segments I(s, #). These two requirements may be summed up by
(12.3) ¢ =F(R);

orders R obeying (12. 3) will be called measurable, and we will
henceforth restrict the discussion to measurable orders.

We now digress to prove a number of lemmas that will be
useful in the sequel. Given an order £ on I, we will let ''s -

denote "'s Rt or s =t." Then a subset R of I will be called #—dense

if for all s and t in I such that s £t, there is a member r of R such

thatsgrgt.

*

Formally, we extend @ to I by the condition ® £ s R(—) for all
sel. This however is a notational device only; we are not adding
anything to the underlying space, and all set functions, measures, etc.
continue to be defined on subsets of [ only. Note that if I has an
"p—first' element t, then I(t; R) = O = [(—=; R).



LEMMA 12.4. If R is a measurable order on I,

then I has a denumerable £~dense subset.

Proof. For each family 8 of subsets of I, let F(8) denote the

o—field generated by 8, i.e., the smallest o—field that includes §.

b

From (12.3) we know that every measurable subset S of I is in F(R),
which by definition is the o-field generated by all the initial segments.
Our first claim is that to generate a given measurable S, only a
denumerable number of initial segments are needed; more precisely,

for each Se¢ C there are initial segments Il’ I2, ... such that

Se F({Il, I .}). To show this, note first that it is trivially

2’

true when S is itself an initial segment. Next, if it is true for a
given S then it is also true for its complement, and if it is true for

a denumerable sequence of Si then it is also true for their union.
Hence it is true for every S in the smallest o—field containing all the
initial segments, and as we noted above, this is precisely C. Since

the player space is isomorphic to ([0, 1], #), it follows that C is

. 1 .2
countably generated; that is, there is a countable family S, S,

of measurable sets such that ¢ = F({Sl, 82, ...}). TFor each S

i

5> -+ Such that SleF({Ill, I, ... ).

there are initial segments Ill, I 9

Then if we renumber the Il. so that they form a sequenceI_ , I_, ...,
j 1’7 72

we obtain

(12.5) a=F({11, Iy, ---1).



Define r , r,, ... by I, = I(ri;.e) for all i, and let R = {rl, r

N
Suppose s £t; we claim that there is an r, such that s'g ri/?t .
Indeed, if not, then each of the initial segments Ii either contains
both s and t or neither one. Then from (12,5) it follows that every
measurable S either contains both s and t or neither one; this contradicts
the fact that (I, ¢) is isomorphic to ([0, 1], B).
Thus {rl, Loy - .} is a denumerable #—dense subset of I, and
the proof of the lemma is complete.

The following corollary is of some interest, though it will not

be used in the sequel.

COROLLARY 12.6. If £ is a measurable order on

I, then {(s,t): s Rt} is a measurable subset of I xI.

Proof. Sets containing a single point are measurable; hence

each set of the form {s: sgt} is also measurable, since {s: skrt}

it

IN(I(t; RYU {t}). Now if {rl, r ..} is an R—dense subset, then

2)

@

U {s: s/?ri} x {t: ri,‘?t}

{(s,1): srt}

c

U,y I3 x{ts v, Rt

U U?___l {s: s/&?ri} X {ri} .

This completes the proof.



The converse of Corollary 12.6 is false. Take the unit square
with its Borel subsets as the underlying space. If £ is the lexicographic
order, then £ is not measurable, but {(s,t): sRt} is a measurable subset
of T XI.

Returning to the matter at hand, we remark that although the
measurability condition (12. 3) is a necessary condition for Eq. (12. 2)
to define a unique measure copv, it is not sufficient. For a simple
example, let the player space be ([0, 1],3), and let the order # be
the usual order > (which is clearly measurable); in this case I(s; R) =[0, s).

Let v = fe A, where

ol

0 for x <
f(x) =

v

1 for x>

Then there is no measure m'?v satisfying (12. 2).

It might be thought that what makes this example possible is the
discontinuity in the function f; but this is not the case. Indeed, suppose
again that the player space is ([0, 1], 2), and let the order be defined
as follows: for two points s and t that are either both in the Cantor set,
or both outside of the Cantor set, s £t iff s >t; and if t is in the Cantor
set whereas s is not, then s Rt (i.e., the entire Cantor set comes
"before' its complement). Let v = fo\, where f is the Cantor function.
Then there is no measure m'?v satisfying (12. 2).

If, however, f is absolutely continuous, then a counterexample

of this kind is impossible.  Indeed, we have



~PROPOSITION 12.7. If ve AC, then for each

measurable order £, there is a unique measure col?v

satisfying (12.2). For this measure, we have

Loy i< v,

Finally, if 4 is a nonatomic probability measure such

*
that v <y, then cp/?v << M, uniformly for all measurable

R

v is nonatomic.

R; in particular, o

R

Remark. o v <y uniformly for all £ means that the §

appearing in the definition of absolute continuity (see Sec. 5) depends

' of coyv

on ¢ only and not on . If lco}?vl is the ''total variation'
[Hl, p. 122], this may be restated as follows: For eache >0
there is a 6 > 0 —depending on ¢ and v only, and not on £—such that
u(S) < 6 implies [@/Pv[(S) <e. Of course, this condition of uniform
absolute continuity implies the ordinary absolute continuity, i.e.,

it implies that cp'?

v <{i in the ordinary sense, for each £ separately.
Proof. Let H(R) be the field (not o —field) generated by the

initial segments I(s; #); if we define a half—open R—interval (or simply

an R—interval for short) to be the set difference between two initial
segments, then the members of H(®R) are precisely the finite unions
of R—intervals. Clearly there is a unique finitely additive measure

v on H(R) such that

*
See the remark below.



vil(s; #)) = v(I(s; #))

for all s.

L.et Ue H(R). Then we may write

where the right side contains a self-explanatory notation for £—intervals,
and

tkf?sk,? e ,?tl R Sl'
Let

S; = I(s;s R),

T, = I(ti; R)),
let (0 be the chain
(Z)CT1 <8, < ...CchskCI,

and let A be the subchain whose links are the {Ti’ Si} ; we will say

that 0 and A are associated with U. Then
k
i = —
vl =5y [v(s) —w(T)]

k
=5 lV(Si\Ti)[

(12.8)

|

1

uy

(s, \T)|

[}
Ot’J ~

[v(m].

it

Furthermore, for any nonnegative measure 4 we have

k

futl, = Z () —u(T) = (0.
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*
Now by a well-known theorem, in order to prove that v can
be extended to a completely additive measure co'?v on F(R) =C, it
is sufficient to prove that it is bounded, and that it is completely

additive on H(R); that is, if Ul’ U .. is-an infinite sequence of

2’

pairwise disjoint sets in H(R) whose union U is also in H(R), we

must show that

ti8

(12.9) V(1) =
1

1 \)(Ui).

To prove that v is bounded, let Ue H(R), and let A be the subchain

associated with U; then

vl slvl, <ol

k
To prove (12.9), let us for the moment fix k, and let W, = U \Ui=1

Then Wke H(R), so there is a subchain A associated with Wk;

A we have
Il 2 lvew |

Now let 4 be a probability measure such that v < u. Lete > 0 be
given, and choose 5> 0 to correspond to ¢ in accordance with the
definition of v € u (Sec. 5). Let k be such that ||u ”/\ =1 (W)

= (U \U?=1 Ui) < 5; the existence of such a k follows from the

complete additivity of u and U = UT=1 U.. Then by (12.8),

. |
vy = g vpl = vewp g fivll <«

*
See for example [Dun-S, III.5.9, p. 136].

for this

1
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or in other words, _
k
V(U) —e <D WU) gv(U) + e .

2 iZ =

1

Letting k » ®, we obtain

k
v{U) — ¢ < lim infk_’Oo L V(Ui) <lim Sup, .,
i= } i

v(U.) < v(U) + e.
b7

[y
Il[\j;;;‘

Here the middle two terms are independent of ¢; so if we let e = 0
we find that the limit exists and equals W(U). But since by definition
the limit is £

) \)(Ui), it follows that

v(U) =

N M8

\)(U.l) .

i=1

This completes the proof of the first part of the proposition. Note

that we may now rewrite (12. 8) as

> [0S,

v,

where A is the subchain associated with a coalition U in H(R).
R + — s
To prove Hco v HS || v H ,letl =5 US be a Hahn decomposition
*
of I w.r.t. ofv [Hl, p. 121]. By a standard approximation theorem,
every measurable S can be approximated by members of H(R) w.r. t.

+
con; that is, there is a U ¢ H(R) such that

[(0®0)(sT) = T <e ;

— +
setting U =I\U , we deduce easily that

*
One uses [Hl, p. 56, Theorem D] on the ''total variation"

lo®v].
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I(COPV) (s) - (m"?v)(U_)[ <e.

+ . j—
Now the chain (0 associated with U 1is also associated with U ; denote
+ - L
by A and A_ the subchains associated with U and U respectively.
Then

Iz llell = Dol + 1l 3 T o [+ e S|
+ —_

2 [@fwishH] - + [ nE) ] ¢ = o] —2¢ .

Letting ¢ - 0, we obtain ||v]|> |0 ] .

Finally, to prove the uniform absolute continuity, let ¢ > 0
be given, and let 6> 0 correspond to ¢/2 in accordance with the
definition of v < u. Let # be a measurable order, let Ue H(R),

and let the subchain A be associated with U; then

(W) = ki, 5= [l = livi, gerz.

*
Now by a standard approximation theorem, every measurable S

can be approximated by members of H(®), simultaneously w.r.t.

R

M and w.r.t. o v; hence

u(s)y < s = [(m?v)(S)lj «/2,

+ -
for every measurable S. If, as before, I =S U S is a Hahn

decomposition, then it follows that

u(S) < 6 =u(SNS) <5 = [(coev)(SﬂSJr)[ S %’

*
One uses [Hl, p. 56, Theorem D] on the measure u + {cpﬁ?v!.
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and similarly

m

ws) <5 = lesasHl ¢ 5
Hence

w9 sz < t= [0yl = [FusnsH+ e s ns]

[TWAN

€
2
and Proposition 12.7 is proved.

The program outlined at the beginning of this section has now
been carried out up to the point at which it is necessary to impose
a probability measure on the space (0, which we now take to be the
space of all measurable orders. It is true that in order to define

R

the measures o v, we had to limit the domain of set functions
rather drastically; nevertheless, at this point there might still be
hope that the program would work out for ve AC (and in particular
for ve pNA).

Obviously, there are many ways to impose a probability
measure on {_; for a trivial example, one can concentrate all the
probability on one order £ . This is unsatisfactory because of its
arbitrariness; why one order rather than another order? The
situation as given consists of the underlying space (I, ¢), and a
symmetric subspace Q of AC on which we wish to define a value.
Singling out a specific order £ on which to concentrate all of the

probability adds a new, nonintrinsic element to the situation, which

cannot be derived from what is originally given.
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LetI = (I, ¢) and I' = (I', C') be two underlying spaces,
and ' the spaces of all measurable orders on I and I' respectively,
® an isomorphism from I onto I'. Then to each order £ on I, there

corresponds an order 8f on I', defined by
s B Bt = skt

Note that ®f is measurable iff # is; thus ® may be considered a one—
one mapping from Jonto Q', in addition to being an isomorphism from
[ ontoI'.  Furthermore, if on the space O there is defined a o—field
of measurable subsets and a probability measure w, then we may
define a corresponding o—field and a corresponding probability
measure w' on (', as follows: the measurable subsets of 0' are
precisely those of the form ®', where I' is measurable in Q; and

their probability « '(37) is given by

'ET) =w) .

-~

Now setI' =1, whence 0' = 2. If Q is the symmetric space
on which we wish to define the value, then because of its symmetry
we get Q' =@ Q = Q as well. Thus ® transforms the given situation
back into itself; it does not change anything, it is a symmetry of the
situation. Therefore it should not change w either, i.e., we should
have w' =w. This means that for each automorphism ® of the

underlying space and each ' © (0, we should have

(12.10)  OT is measurable in () iff T is measurable,
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and
(12.11) wld =y .

In the preceding discussion we have assumed that the probability
distribution on 0 should depend on Q, I, and ¢ only, but not on any
specific set function v. It would, irdeed, be curious if the definition
of "random order' changed from game to game. This, however, is
not a crucial point, our conclusions remain unchanged if we fix v and,
in (12.10) and (12.11), restrict® to be a symmetry of v (i.e., demand
B,v = v).

One more requirement must be made on the probability space

~

Q in order for it to enable us to carry out our program, namely

(12.12) (cc-,?

v) (S) is measurable as a function of R,
for each fixed measurable S <1I.
This condition follows at once from (12. 1).

We are now ready to state the impossibility theorem that is

the object of this section.

PROPOSITION 12.13. There is a v in pNA such

that it is impossible to define measurability and

probability on the space (0 of all measurable orders

on the underlying space I, in such a way that conditions

*x
(12.10), (12. 11), and (12. 12) are satisfied.

*
In either interpretation on the range of ®.
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It is convenient to procede the proof of this proposition by a
number of lemmas. A subset J of I will be called an initial set

(to be distinguished from an initial segment!) if

seJ, sks'=> s'eld.

LEMMA 12.14. Let ve AC be monotonic, £ a

measurable order, J an initial set of I. Then J

is measurable, and, settingJ = J U {~=}, we have

(0% V)(3) = v(3) = sup v(I(s; ) = inf  v(I(t; £)).
seJ tel/J

Proof. Let R be a denumerable £—dense subset of I (Lemma

12.4), let R= {~=}URU{=}, and let

-
[}

L7 NgeR\ T G R,

i\

I quﬁrﬁ I(q; R).

Then JID = J,» and because R is £—dense and each qe R must be
either in RN J or in R \J, it follows that J1 \JO can contain at
most two points. Since the intersection and union defining J1 and
JO respectively are denumerable, it follows that J1 and JO’ and
therefore also J, are measurable. Furthermore, since the I(q; &)
are linearly ordered under inclusion, each finite intersection of the

I(q; R) is equal to one of them; hence
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i
Jl_ﬂiI(ql)p)’

where {qll} is a sequence of points in R \J such that

SESE
i.e.,
(CHISED CHE N
Similarly

i
JO - Ui I(qoﬁ E)}
where {qg} is a sequence of points in RNJ such that

B 281
° qo qo’

Mg £) S Ua; RIS ...

Now since co&)v is totally finite, we have

4]

%) =1im__ e’ e)

@F ) = 1im v o) .

But since Jl \ JO consists of at most two points, and o " v is
non—atomic (Proposition 12,7), it follows that (cp/?v)(Jl) = (op PV)(JO)
Hence

v(ta}; R)-vlllap; RY) = (o T1(a; £} — (Fvaal; £)) = 0

as i - @ . Butclearly, for each i we have
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V(Ila}; @) 2 inf _ viI(t; £)) 3 sup v(I(s; £)) 3 v(Ilqy; £));
T teI\J seJ

hence if we let i - ® we deduce that

inf _ v(I(t; &) = sup v(I(s; R)) .
teI \J sedJ

R

Now note that because v is monotonic, (v " v)(S) is nonnegative

whenever S is a half-open £—interval, and so by (12. 2) for all S.

Since for teI\J and s¢J we have
I(t; R) D J D 1s; R),
it follows that
: = (K : R r : - . o)y
v(I(t; R)) = (0 vI(I(t; R)) 2 (0" vI(J) > (0™ vI(I(s; R)) = v(I(s; R));
since v is monotonic, it also follows that
v(I(t; @) 2 v(J) > vl(s; R)).
Taking the inf w.r.t. t and the sup w.r.t. s and using the fact that
they are equal, we deduce the conclusion of the lemma.
Now if £ is a measurable order and i a non—atomic probability

measure on the underlying space, and if e [0, 1], let J(a; 1, R)

denote the intersection of all initial segments of p—measure > o.

LEMMA 12.15. J(a; 4, ®) is measurable, and

M(I(a; 1, R)) = a.
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Proof. The case o = 1 is trivial, so we may exclude it
without loss of generality.’ ‘Clearly J(a; u, R) is an initial set;
therefore by the previous lemma it is measurable. Set v =pu . If
t 43, then there is an initial segment I(t'; £) of i—measure > « not
containing t; hence I(t; £) > I(t'; £), so u(I(t; £)) > w(I(t'; R)) > o.
Hence the inf appearing in the previous lemma is Za. Ifse 3,
then we must have u (I(s; £)) < eo; for if u(I(s; R)) > «, then by
definition J < I(s; #), so se¢I(s; #), a contradiction. Hence the sup
appearing in the previous lemma is < a. Since the inf and the sup
are equal, they both = a, and the result follows from the previous

lemma.

LEMMA 12.16. If® is any automorphism of the

underlying space, then

B3(a; 4, R) = J(e; ®;1u, 8R).

Proof. This is a straightforward consequence of 8 I(s; R) =
[(®s; ®R); the details are omitted.

Proof of Proposition 12.13. W.l.0.g. let (I, &) = ([0, 1], B).

Define v = feX , where

w-

X, when x <
f(x) =

o

%, when x Z

For each measurable order £, set J = J(R) = J(1/2; X\, ). Then

for each S< I, we claim that
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(12.17) co/?(v)(S) = AMJ NS).

To prove this, first let S be an initial segment. If M(S) > 1/2,

then S© J, so

2R ((S) = v(S) =% = (D) =1 (I N 9).

If A (S) < %, let S =1(s; ). Then for all s' such that M(I(s'; R)) > 1/2,

we have s'Rs, i.e., sel(s'; #). Hence seJ, and so S J. Hence

2Fw)(S) = v(S) = M(S) = A (I N 9.

Hence (12.17) is proved whenever S is an initial segment, and so, by
(12. 3) and the fact that both sides are measures, for all measurable
S.

We now apply a trick due to Furstenberg (cf. [AB]), Let®

be a Lebesgue-measure-preserving automorphism of the underlying

*
space, which is moreover (strongly) mixing. For each fixed

measurable S CI, define a sequence of random variables x 1 Xgr oo

on the probability space ) by

% =,§f =2 (JO"R) nS);

~n

* %
from (12.10), (12.12), and (12. 17) it follows  that the x  are

*
Readers not familiar with this term may refer to the definition,

which is given in the next section.
X%
Note that 9 and hence all the ®  are not only automorphism of

the underlying space but also symmetries of v.



indeed random variables, i.e.; measurable in 2. From (12.11)
it follows that all the x n have the same distribution. On the other
hand, since 8" is measure—preserving, L.emma 12. 16 yields

J(@n,?) = ®HJ(E). Therefore, since 9is mixing, it follows that
x_=1@7I(R) NS) ~ MILNA(S) =% (5.

So X tends to a constant (independent of £); but since all the X

have the same distribution, it follows that for each n,

- L
X z A (S)

with probability 1. In particular, setting n = 0, we deduce
(12.18) MJI(R) NS) = £2(8)

with probability 1. In particular, this is true whenever S is a finite
union of intervals with rational end points; therefore, since there

are only denumerably many S of this kind, (12.18) holds simultaneously .
for all such S with probability 1. But from this, a simple approximation
argument leads to the conclusion that with probability 1, (12. 18) holds
simultaneously for all measurable S. If we then take an £ for which

(12.18) does in fact hold for all S, and set S = J(R), we obtain

= AIR) =MIR) NS) =F 1 (S) = EN(I(R)) = &,

an absurdity. This completes the proof of Proposition 12.13, and
shows that the random order approach to values cannot be used for

even the simplest non—atomic games.



Rather than paralleling a proof of the theorem of [A3] , it is
also possible to use that theorem directly in order to prove the
above impossibility result; but little if any space would be saved in
the process.

Basically, the impossibility theorem we have just proved
hinges on the demand that the probability measure w on (0 be invariant
under all automorphisms of the underlying space, or at least under
those automorphisms that are also symmetries of the game v. Such
a demand is unavoidable in the context of this paper. In a different
context, though—if more "structure' were imposed on the game—it
might be avoided; or if not avoided, at least rendered harmless.

We could, for example, view the underlying space as having a
topological as well as a measurable structure. That, of course,
would change our whole outlook. We would restrict ® to be a
homeomorphism of the topological space as well as an automorphism
of the measurable space; this restriction would, however, be applied
not only to (12.‘ 10), but also to the axiomatic definition of value in
Part I, and in particular to the symmetry condition (2.2). The out—
come would be a value that is not the analog of the ordinary value

for finite vgames as treated in [Sl], but rather of variants in which
the symmetry axiom is relaxed in one way or another. We have

not followed this direction any further (cf. [O]).
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13. MIXING

The impossibility theorem in the previous section may be
intuitively understood as follows: Suppose that there are a large
finite number n of players, rather than a continuum. Let S bé a
coalition of these players which is ''not too small;" to fix ideas,
let [S] = [n/4] (the greatest integer in n/4). For each ordering
R of the players let J(R) be the coalition consisting of the first
[n/2] players. If we assign probability 1/n! to each of the n!
possible orderings £ of the player set, then it may be seen that
[3(f) n S /n will be close to 1/2 - 1/4 with high probability; more
precisely, for each ¢ > 0,

l5e) ns|
n

Prob ( —X " 2>e)-0

asn - « ., Thus if we shuffle a deck of cards and then cut it in half,
the proportion of hearts in the top half will with high probability be
close to 1/4.

More generally, if we replace 1/4 by any other fixed number
8 suchthat 0 <8< 1, i.e., if we take [S| = [6n],then [J(R) N S[/n
will be close to §/2 with high probability.

If we now ''pass to the limit, "' i.e., use a continuum of players

>

rather than a finite number, then we might expect to replace the

"

phrase ''close to" by ""equal to, " and ''high probability' by ''probability
1." An appropriate analogue for the relative number of players in a

coalition T (i.e., the quantity |T{/n) might be the measure & (T).
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Of course-it is not quite clear which measure u is the correct one

to use, and presumably this-depends on just how one "passes to the
limit;" but this is a technical point that need not concern us for the
present, since the whole discussion is only meant to be suggestive.

The upshot is that we would expect, for every S, that
H(I(R) NS) = Fu(S)

with probability 1; and this leads to a contradiction as in the end of
the previous section (from (12. 18) to the end of the proof).

We saw in the previous section that matters are not really as
simple as all this. Nevertheless, it will be useful to keep in mind
the principle behind the impossibility theorem: If it were possible
to define the notion of random order, then the first "half' of the
players would with probability 1 be evenly mixed among all the players,
i.e., the first half would intersect each coalition S in the same
proportion that it intersects the whole player space; and such evenly
mixed sets do not exist (cf. the discussion following (12. 18)).

This idea of "even mixing'" reminds us of the notién of mixing
transformation from Ergodic Theory. Letu be a probability

measure on the underlying space (I, ¢). Recall that a mixing

transformation of the measure space (I, ¢, u) is a u—measure

preserving automorphism ® of (I, ¢) such that for all S, TeC , we have

(13. 1) WS N8 T) = u(SHu(T)
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asn- @ . Roughly speaking,- the sequence (8, ®2, col)
accomplishes "in the long run" the mixing job that we would have
liked to (but cannot) accomplish "in one fell swoop' with a single
automorphism. We will now see how such a sequence can be used
as an approach to the value concept.

First let us generalize slightly the notion of mixing trans—
formation. All that really interests us is the property (13.1) of
the sequence {8, ®2, ...}; the fact that it is a sequence of powers
is irrelevant. W.r.t. a fixed non—atomic probability measure u

on (I, ¢ ), we therefore define a un—mixing sequence to be a sequence

{® B ...} of y—measure preserving automorphisms of (I, C);

T2
such that for all S, Te ¢, we have

L(sn ® T - L(S)u(T).

Now let £ be a fixed measurable order (cf. Sec. 12) on

(I, ¢). Then for each automorphism ® of (I, ¢), 8f is also a

measurable order. We shall be interested in measures of the
8R . . . .
form ¢ v (cf. (12.2)); since this notation will occasionally be
8r

cumbersome, we will sometimes write ¢ (v; ® ) rather than ¢ " v.

*

DEFINITION 13.2. Letve AC. A set function

¢v is said to be the mixing value of v if for all non—

atomic probability measures 1 such that v <y, for

*
We will see below that the mixing value, if it exists, must
necessarily be a measure.
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all y—mixing sequences _{@1, ©) .}, for all

27

measurable orders 2, and for all coalitions S,
we have
(13. 3) ¢ (v; @n RIS) - (pv)(S) as n - =.
The mixing value, if it exists, is clearly unique.
The set of all members of AC,that have mixing
values will be denoted MIX.
Let us review the idea behind this definition: We saw before

that a random order (if there were such a thing) would be "thoroughly

R

mixing'' with probability 1. So rather than averaging the ¢ v over

all # as we tried to do in the previous section, we could let £ be a

R

single "thoroughly mixing' order, and define the value to be ¢ v
for this £. This would especially convincing if cp/?v were the same
for all "thoroughly mixing'' £ . Unfortunately, as we have seen,
there are no "thoroughly mixing' orders. But there are orders
that are "approximately thoroughly mixing, ' namely the orders

®n/€, where {@1, G ..} is a H—mixing sequence and £ is arbitrary.

91 -
So the measures ¢(v; 9 ) may be considered "approximate values'’;
and if their limit exists and is independent of the various choices
that must be made, we may feel justified in calling it a value.

The need for the condition v < 4 may be illustrated as follows:

if (r, ¢) = (0,11, B), v = )\2 and 1 is defined by u(S) = AM([0,31NS),

Y

then a sequence whose behavior on [z, 1] is perfectly arbitrary may

be u-mixing, and clearly this cannot always produce convergence in
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(13.3). In Sec. 14 we will state an alternative condition on W,
similar in spirit to the condition v < 4, and prove that it leads to
the same definition of mixing value.

The main theorem of this part is that the mixing value exists
for each member of pNA and coincides with the unique value on‘pNA
as determined in Part I; this will be proved in Sec. 16. On the
way to this theorem, we Will prove that MIX is a closed symmetric
linear subspace of BV, and that the operator ¢ that associates to
each v its mixing value ¢v is a value on MIX (Sec. 15). Our proof
will be independent of the proof of Theorems A and B given in Part I,
and indeed it will enable us to give an alternative proof of the existence
of a value on pNA and of formula (3.1)(Sec. 16). Also, we will show
that the set function of Example 5.8 is not in MIX; combined with the
fact that pNA € MIX, this provides an independent proof that this set
function is not in pNA, and also shows that MIX does not comprise
all of AC (Sec. 17).

We remark that the lengthiness of the development of the
mixing value is in part due to the fact that we have no underlying
measure to work with. Thus, if we had restricted ourselves to
set functions v that are absolutely continuous w.r.t. a fixed measure

+ . . . .
M e NA , it would have simplified matters considerably.
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14. AN ALTERNATIVE CHARACTERIZATION OF THE MIXING VALUE

PROPOSITION 14.1. Let ve AC. A necessary

and sufficient condition that the set function ¢v be the

mixing value of v is that there exist a measure Mo in

+
NA such that for all u>» uv,

(14.2) for all uy—mixing sequences {@1, 8 ..}, all

2,

measurable orders £, and all coalitions S, we

have o(v; ® R)(S) - (gv)(S) as n ~ =.

If we think of a measure u as being ''more sensitive' than a
measure v whenever v < but not 4 < v, then Proposition 14.1
says that ¢v is the mixing value of v is and only if (14. 2) holds for
all "sufficiently sensitive' u.

The proof of Proposition 14.1 is the object of this section; it
will require a number of lemmas and auxiliary propositions, including
some of independent interest.

It might occur to the reader to ask whether Proposition 14.1
could be used to extend the definition of mixing value to set functions
v that are not in AC. The answer is no, since only for v ¢ AC are

we assured that the o(v; ®i R) are defined (cf. Proposition 12. 7).

LEMMA 14.3. For every probability measure

“ in NA, there exists a u—mixing sequence.




—~29—

Proof. W.l.o.g. let (I, ¢) =([0,1], B). Let® bea

L.ebesgue-measure-preserving mixing transformation, e.g., the
bilateral 1—shift [H:Z]‘ If u =X then {0, @2, ...} is a u—mixing
sequence. For general i, let & be an automorphism such that

$,u =) (Lemma 6.2); then {@@@“1, @.@2 @‘1, ...} is a p—mixing

sequence.

LEMMA 14.4. Let # be a measurable order on

the player space (I, ¢). Then there is a Borel subset

D of the real line, such that if /& is the family of Borel

subsets of D, then (I, ¢) is isomorphic to (D, £) under

an isomorphism ® that preserves order, i.e., such that

(14. 5) s Rt & Bs > Ot.

8 * -
Proof. According to Lemma 12.4 and Lemma II of [D3] ,
there is a real-valued function—which we shall call ®—on I, such

that (14. 5) holds. Define

D =8(I).

Clearly ® is a one—one transformation from [ onto D. Let & be the
o—field of subsets of D consisting of all intersections of D with Borel

sets. Now for an arbitrary real «, the set

I,

T =0 YD n(~=, a)

has the property that

*
There is an error in one of the proofs in [DS]; this error is
corrected in [D4] .
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sedJ, sRs' = 8'elJ.

Hence by LLemma 12. 14, J is measurable. The sets DN (=, a)
generate €, and each of their inverse images is measurable; hence
9 is a measurable transformation from (I, ¢) onto (D, €). Then
it follows from Theorem 3.2 of [M] that ® is an isomorphism from
(I, ¢) onto (D, €), and D is a Borel subset of the real line. Hence
if b is the family of Borel subsets of D, then / = £, and the lemma

is proved.

LEMMA 14.6. Onl, let # be a measurable order,

and € a non—atomic probability measure. Let A be

Lebesgue measure on [O, 1]. Then there is an isomorphism

= from (I, ¢) onto ([0, 1], B) such that

€(S) = M&(S))

for all S< I, and such that there is a UC I of E-measure

0 such that

skt = 2 s>Et

whenever s and t are in I\U.

Remark. The lemma says that the "ordered measure spaces"
(I, ¢, &, ) and ([0,1], B, A, >) are "almost isomorphic', in the
sense that there is a one—one mapping from one onto the other that

preserves measurability and measure, and that ''almost' preserves
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the order.. Of course, it follows that any two "ordered measure
spaces' are "'almost isomorphic" in this sense, provided that the
underlying measurable spaces are isomorphic to ([0, 1], B), that
the measures are non—atomic probability measures, and that the
orders are measurable.
Proof. By the previous lemma, we may assume w.l.o0.g.
that I is a Borel subset of the real line, that C is the family of Borel
subsets of I, and that the order is the natural order > (''greater than').
All measurable spaces appearing in this proof will consist of a Borel
subset X of the real line El, together with the family of Borel subsets
of X; thus identifying such a space by X only can cause no confusion.
Since I C El, we may extend &€ from I to a measure &' on all

of E1 by defining

£'(S) = &(sni).

Let us define a mapping ¥ of E1 into [0, 1] by
(14.7) ¥(s) = £'((—=, s)).

Since £ is a non—atomic probability measure, so is €'; hence
¥ is a monotonic non—decreasing continuous function. Hence if
Se El, then from the continuity and monotonicity of ¥, and the fact
that the continuous image of a connected set is connected, if follows
that ¥ ((—>, s)) is an interval with end—points 0 and ¥(s). Hence from

(14.7) we obtain
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(14.8) ‘ MY (==, s))) = ¥(s) = &' ((—, s)).

Next, let W be the set of points where ¥ fails to be univalent,

W = {se El: Ht # s with ¥(t) = v(s)} .

Because of the monotonicity and continuity of ¥, W is a disjoint union
of nondegenerate closed intervals, each of which are carried into a
single point under ¥, and each of which are of E-measure 0. Since
they are nondegenerate and disjoint, there are at most denumerably

many of them; hence ¥ (W) is denumerable, and
(14.9) E(W) = 0,
(14.10) Ay (W) = 0.

* *
et ¥ be the restriction of ¥ to E1 \W, and let £ be the restriction
*
of £' to the Borel subsets of E1 \W. Then Vv is an isomorphism
1
from the measurable space E1 \ W to the measurable space Y(E" )\ ¥ (W).

Furthermore for all se E1 we have

Y (=, NW) = ¥((—=, $)\W) = ¥((—=, ) \ ¥ (W).
Therefore from (14. 10) it follows that
MY (==, s)\W)) = \(¥((—=, s))),

and hence from (14.9) and (14. 8) we obtain
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(14.11) £ (==, s)\W) = &' ((==, &) \'W)

S £ (=, 8) = A (Y (==, §))) = MY (==, §)\W)).

* * 1
Now since ¥ 1is an isomorphism, \¥ is a measure on E"\'W.

: *
Formula (14. 11) says that this measure coincides with £ for all sets

of the form (—=, s)\ W, which generate all the measurable subsets

of El\W; hence
* x
(14.12) € (S) = (v (S))

for all S CEI\W.

From (14.9) it follows that 5*(I\W) = 1; hence I\W is non—
denumerable, and so contains a nondenumerable Borel set U' of
E-measure 0. LetV' = ‘i’*(U'); by (14.12), V' is of Lebesgue

measure 0. Now from (14. 12) and (14. 9) it follows that
* *
My (INW)) =€ (I\W) = E(I\W) = (1) = E(I) = 1;
*
hence [0, 1]\ ¥ (I\W) is of LLebesgue measure 0. Let

U=0U'U(InWw),

v =Vv'u(lo,1] \Y*(I\W));

then U is a nondenumerable Borel subset of I whose £-~measure is 0
(by (14.9)), V is a nondenumerable Borel subset of [0, 1] whose
*

A-measure is 0, and ¥ is an isomorphism from I\U onto [0,1]\V.

Let ® be an arbitrary isomorphism from the measurable space U onto
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the measurable space V. Define a one—one mapping £ from [ onto

[0,1] by
A(s) when se U

*
¥ (s) when se I\U.

Then the demands of the lemma are satisfied, and so our proof is

complete.

COROLLARY 14.13. Let £ be a measurable

+
order onI, and let £¢ NA . Let S and T be measurable

subsets of I of equal E&—measure. Then there is an

automorphism = of I such that

E(S) =T

and such that there isa UCI o~f Z—measure 0 such

that
skt & =s R Et

whenever s and t are in S\ U, and whenever s and t

are in (I \S)\U.

Proof. Assume first that

0 < &(S) = &(T) < &(I).

Consider the following two "ordered measure spaces'': First, the
space formed from S, its measurable subsets, the order R restricted
to S, and the probability measure €(*)/£(S); and second, the space

formed in a similar way from T. Because of Lemma 14.6 and the
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remark following its statement, these two ''ordered measure spaces"

!

are ""almost isomorphic'; let £, be the appropriate "almost isomorphism. "
Similarly, the "ordered measure spaces' formed from I\ S and I\ T

in a similar way are ''almost isomorphic''; let &, be the appropriate

2

"almost isomorphism' If we combine ®, and E,, we obtain an

automorphism of I that satisfies the required conditions.

If 0 = E(S) = §(T), then we substitute an arbitrary (nonorder-

It

preserving) isomorphism of S onto T for =_; similarly if §(S) = &(T)

1

€(I), we substitute an arbitrary (nonorder-preserving) isomorphism

of I\S onto I\T for Ez. This completes the proof of Corollary 14. 13.

+
LEMMA 14.14. Letu <y, wherepue NA , let

T <1 be of p-—measure 0, and let £ and £' be measurable

orders such that

Skt & spR't

whenever both s and t are in I\T. Then

cp'?u = cpelu .

Proof. For sd T, we have

Ws; R) ={t: spt}={tdT: sptIu{teT: spt}
={tdT: spR't}U{teT: st}
=({t: spR't}\{teT: sp't})U{teT: spt}

:u I(s; #Y,
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where =H means ''equal except -possibly for a set of y—measure 0."
1
Since both u <K u and ¢ u K p (Proposition 12.7), it follows that for

seI\T,

(o®Fw(Is; #)) = w(ils; £)) = uli(s; )

= (%W (1(s; #)) = (6% W)I(s; £)).

This is also true when s = £ @, so that we have

?

(14.15)  (o%w(t(s; £)) = (X wls; o))

whenever se I\T; we wish to establish (14.15) for all s. To this

end, let te T, and apply Proposition 12. 14 with

J=n{I(s; R): seI\T and s R t}

and v = . We deduce that for each ¢ > 0 there are s1 and 82 such

that 5, € J, s, ¢ I\J (whence in particular s, R 82), and

)
w(I(sy; #)\ (s R)) <e.

Since szeT\J, it follows that there is an se I\'T such that s @ t

and S {d Us; R), i.e., Sg £ s. But from s ed it follows that s g S

hence
(14.16)  u(l(s; e)\I(sl; R)) <e .
Now clearly te J; hence if t K s it follows that

1’

(14.17)  u((s; RI\UL; R)) < ;



if s, Rt, then from S, € J it follows that I(sl; RNIt; #) © T, hence

u(I(sl; RY\I(t; 2)) = 0, and this together with (14. 16) again yields

(14.17). Hence for each ¢ > 0 there is an s¢ I\T such that st and
. » R R

(14.17) holds; this, together with ¢ u <, ¢ u<Ku, and the truth

of (14.15) for all s e I\T yields
1
(o “W(1(t; 2)) = (Tt ).
Hence (14. 15) holds for all s. But the I(s; ) generate all the

e !

measurable sets, and ¢ and ¢ are both measures. Hence

1
(tp,?u)(S) = (cp'? u)(S) for all S, as was to be proved.

+
LEMMA 14.18. Letue AC, letpeNA

be a probability measure such that u <y, and let

{@1, Oy - .} be a p—mixing sequence. Let g be

+
a measurable order, and let + ¢ NA . Then there

. iy + .
is a probability measure §¢ NA withu+ v+ K g

and a £€—mixing sequence {‘Pl, ¥ .}, such that

20

1
o(u; Yk R) = olu; ®k R)
for all k.

Proof. Letr =t + ' be the Lebesgue decomposition of

. ac L .
T W.r.t. 4, iL.e., T and v~ are nonnegative measures such that

ac L ac 1 . -
T <K and 17 L u; then 7 and ¢~ are necessarily non—atomic.
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If +* vanishes identically, then »<< u, so we may take § =y
and ¥, = ®.1_1, and the proof is complete when we note that {@i_l} is
a mixing sequence if and only if {®1} is. Suppose, therefore, that
+* does not vanish identically; w.l.0. g., assume that D) = 1.
Define

=1

- 1
E=3(H+ 7).

Let W< T be such that u(W) = 0 and (W) = 1.

The idea of the proof is to restrict {@:l} to I\W, to define
an arbitrary Tl-—mixing sequence {éi} on W, and then to combine
these into a €—mixing sequence {Yk} on all of I by "'mixing them"
together. The choice of the sequence {éi} will not affect anything,
because we are only interested in the effect of {‘Pk} on u, and because
u <, the set function u is "essentially defined" on I\ W only. We
now go on to the technical details of the proof.

Construct a - L—mixing sequence {@1, % .} such that

2’
for all i,

. (W) =W
i

and @i is the identity on I \W; the possibility of constructing such a
sequence follows from Lemma 14.3 applied to the underlying space
W. Next, recall again that since {@i} is ui—mixing, so is {@i_l }.

Hence it is possible to construct a u—mixing sequence {®'1, ®‘2, N

such that for all i,
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9 (I\W) = I\W,

: -1
such that @; is the identity on W, and such that @; differs from @'1

on a set of i—measure 0 only; indeed, we may define

t when teU B @FX(W)
n=-o i
9%(0 = _
®i (1) otherwise.
Fori=20, 1, 2, ..., let Ei be a E-measure—preserving automorphism

of the player space such that

i .

(W) = UL 13G/25 8, eI - B2 8, R,

1

Il

and such that there is a set U of §&—measure 0 such that
(14.19) sRt @ Eis%?E.t

whenever both s and t are in W\ U and whenever both are in (I\W) \ U;
such an automorphism exists because of Corollary 14.13. Clearly
U may be chosen independent of i; moreover, it may be chosen so
that Ei U = U for all i (otherwise replace U by UaﬂaU, where na
ranges over all automorphisms formed by composing a finite siring
of Ei's and their inverses).

Fork =1, 2, ... define automorphisms /\k by

@k(s) when se W
A (S)

i)

@l;(s) when se I\ W;
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for k = 0, set /\O(s) = 5. Note that each of the Ak is E~measure-

preserving, and define a sequence {‘Yk} of automorphisms by

RS
i
jist
=

Then we claim:

(14.20) {Yk} is a E-mixing sequence.
To prove this, we must show that

(14.21) E(S N Yy T) - &(S)E(T)

for all S, TcI. We first show this when S is of the form J(h/21; g, /\i/?).

To this end, fix h and i, and consider the underlying spaces

—
1

(I\W\ U
and

Iy

13

WAU.

On them, define orders /?1 and _?2, by restricting £ to I1 and 12,

respectively. Also, we will consider the underlying spaces Ekll

and I,, with the orders Ek /?1 and Ek'?Z , respectively.

St

Now for k > i, we have

S\U = J(h/Zi; g, RN\U

k—i
=UlZ (3G - B2 8, ANIGDI2 8, R\
k-1
UUTZ /2N 8, NG - B2 8, RN T

k, .k
=H] UH,,



where, by (14.19),

Hll{ =SNE 1T, is an initial set in E T

K1 k"1’
and
Hk~SﬂWI i initial set in = I
9 ! sz 1S an initi se ln,_(k 9°
. . 1k —-1..k . .
Hence (again using (14. 19)), %, Hj and E "H, are initial sets in
I1 and IZ’ respectively. On the other hand we have
=1 ko k, _ it+1
e, H) = 8(H)) = h/2
and
el ko k, _ i+1
(2, H,) =8(H,) = h/2 .

But since, of any two initial sets in the same underlying space,
one must contain the other, it follows that initial sets of the same

£—measure can differ by a set of £~measure 0 only. Hence

znglf ?g Ei—lHil
and
5;1}112{ l’g Ei_lHiQ
where :g means 'equal except for a set of E—measure 0.'" Hence
='s T a s\v == 'HE U u
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To prove (14. 21) for the special S under consideration, let

T =T, U T,, where T < IN\W and T, W. Then since {@'1, 8L, .- .}

1

. . —1_.1
is a l—mixing sequence and 2, H_ < I, < W, we have, as k » @,
i 72 2

E(sn ‘Ple)

It
um
jiit
n
]
=
—

1
0
T
111

[y
jay
e
T
~

Similarly, using the fact that {@k} is a Tl~mixing sequence, we obtain

. h 1
E(S N isz) i BT (Tz).

Hence
E(sn ‘i’kT) = (SN \yle) + (SN €kT2)
h 1 14 h 1 L
- —-L(E H(Tl) a7 (T2)) === (3(T) + & 1 (T))

2 ot

=B ery = gm/el g, R))E(T) = E(S) E(T),

21

as was to be proved.
Now we have proved (14. 21) for certain initial sets S of measure

h/2l, and hence an easy approximation argument yields it for certain
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initial sets S of arbitrary measure. Hence it follows for all initial
sets S, in particular, therefore, for all initial segments S, and so,
by standard approximation arguments, for all S. This completes

the proof of (14.21), and hence also of (14.20). From the latter it

follows at once that

(14.22) (v 1 isa E—-mixing sequence.

k

For a fixed k, let

-1 o n
= 1
v, = @)U U 8(W).
Then

(14.23) u(Vk) = 0.

Furthermore, when s, te I\Vk’ it follows that @i{(s) and @{{(t) are

not in @i{(Vk), hence not in W U U, hence in (I\W)\U. Hence

.2 1 1 E 1 E 1
(14. 24) @ks,? @kt © k®ks R k@kt

—1
< B! = Te) @)
@15(,4] \) ]t,

k'?'

where the second equivalence follows from the definition of X

Also, when s, te I\Vk’ we have

-1 —1
P 14 =
®ks @k s and @kt ®k t.

Hence for s, te I\Vk we deduce from (14.24) that



s (‘1’;1%?) t & s (@ = R)t
| s (5R) Bt
& @ks (:k/? "

& @i{s R @i{t

e g (@k/?) t.

Applying Lemma 14.14 with T = Vk and recalling (14.23), we deduce

that

olu; ¥ R) = plu, 0 R,

and the proof of Lemma 14. 18 is complete.

Proof of Proposition 14.1. The necessity is immediate;

indeed, we can choose Mv to be any v such that v < v (such a
; _ +
v eXists because v e AC). To prove the sufficiency, let u ¢ NA

be such that v < u, and let {@1, ®,, ...} be ap—-mixing sequence.

2)
Now apply Lemma 14.18 with u=v and 1 = M- Then M < g,

and so by (14.2),

Bvi @ R)S) = olv; ¥ RNS) = (9u)(S)

asn~- ®, for all £ and S. This completes the proof.



BASIC PROPERTIES OF THE SET "MIX' AND OF THE MIXING
VALUE

In this section we shall prove, among other things, that MIX is

15.

a closed linear subspace of BV and that the mixing value is a value

on MIX (in the sense of Sec. 2).

LEMMA 15.1. Let # be a measurable order.

Then cpe is a continuous linear operator on AC.

Proof. The linearity follows easily from (12. 2) and the

continuity from Proposition 12. 7.

PROPOSITION 15.2. Let ve MIX, with

Then v is a non—atomic

mixing value ov.

measure, and for all non—atomic probability measures

3

# such v < i, all l-—mixing sequences {@1, 9,

and all measurable orders £, we have

¢ (v; ®n/?) - Qv

in the weak topology on the space of all measures on

the underlying space (I, C).

Proof. Recall that 'measure'’ means ''completely additive

totally finite signed measure.' We first prove that the set KV
{cp v: R is a measurable order} is weakly sequentially compact.

The condition for weak sequential compactness of a set K of measures
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is that K be bounded in norm and that the countable additivity of the
measures in K is uniform over all of K [Dun—S, Theorem IV.9.1,

p. 305]. The boundedness condition is satisfied by KV because of
Lemma 15.1. The uniform countable additivity means that for any
decreasing sequence of measurable sets {Sn} withn 8 = ®, we have
(cpf?v)(Sn) - 0 uniformly for all & [Dun—S, p. 160]. Now let v < i;
then M (Sn) - 0, and the uniform countable additivity follows from the

R

uniformity of ¢ K v (Proposition 12.7). Hence KV is indeed weakly
sequentially compact.

Suppose now that v is a weak limit point of ¢ (v; ®n,‘?), i.e.,
that there is a subsequence of {¢(v; ®n/?)} that converges weakly to
v; the existence of such a weak limit point follows from the weak
sequential compactness that we have just proved. Since for each

measurable S, the linear functional that associates with each measure

o the value H(S) is continuous, it follows that
Plv; ® RIS - v(S)

when ¢(v; @nfe) is restricted to the above subsequence. But we know

that
o(v; ®n&’)(S) - (@v)(S),
since v is a mixing value; hence 9¢v = v. This proves firstly that

v is a completely additive measure, and secondly that every limit

point of ¢(v; @n/?) is pv. Hence o(v; ®nf€) must converge weakly to
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¢v; for if there were a weak neighborhood of ¢v outs‘ide of which
there lie infinitely many o(v; ®n/?), then this infinite sequence would
have a weak limit point, which would have to be different from ov,
contradicting what we just proved. The proof of Proposition 15.2

is complete.

COROLLARY 15.3. [lov|[< vl

Proof. A convex set is closed if and only if it is weakly closed
[(Dun—S, V. 3.13, p. 422]. Since the ball with center 0 and radius
H vll in the space of completely additive measures is closed and
convex, it must be weakly closed. By Propositions 12.7 and 15. 2,

¢v is the weak limit of members of this ball, and the corollary follows.

PROPOSITION 15.4. MIX is a closed linear

subspace of BV.

Proof. That ve MIX = av ¢ MIX for all scalar o is immediate.
Suppose that v, we MIX, and that M and Mo correspond to v and w
respectively in accordance with Proposition 14.1. Then (uv + uw)/2
corresponds to v+ w. This proves that MIX is a subspace.

To prove that it is closed, let v, ou, where v, € MIX. Let
M oe NAJr be a probability measure such that u <, and let

{8, 8, ...} be au—mixing sequence. LetR be a measurable order.



e

Choose probability measures v, in NA ' such that V. < Vi Let

fee}

T o= Eizl \)i/21, and choose £ and {‘Pi} in accordance with Lemma
14.18.
Let PV, be the mixing value of vy From v, T u and

Corollary 15. 3 it follows that cpvi is a Cauchy sequence (in the

variation norm); denote its limit by ¢u. Since

v, v KT,

it follows that for all SC I,
(v YR (S) = (6v,)(S)
i’ "k i
as k » ®, We wish to show that
—1
(15.5) Plu; ¥, ~RIS) ~ (gu)(S)
for all S © I. To this end, let ST I and ¢ > 0 be given. Then there

is a number j = j(e¢) such that

€

€
lv, —ullg 5 and llgv, —ull s 5

For this j we may find a number k. = k_(¢) such that for k > kO’

0 0

[otv; ¥ R)S) = (gv ) | g e /3

For k > kO it then follows from Proposition 12. 7 that



(s v RS = () 5 s v, RS =t v s |
+ ot VRS ov S+ Liov )(8) — (pu(s)]

< olu; ¥R — (v v RN+ S (e, - gul

- 0T * Tk j; k ! 3 CPVJ Pu

A

o 3 B
u vj|l+ 5 * Hcpvj pu ||

uA
l
i
m

this proves (15.5). But then from Lemma 14. 18 it follows that
-1
¢(u; 8, R)(S) = plu; ¥, "RNS) ~ (pu)S)

for all S. But since 4 was arbitrary chosen with u <, and {@k}
was an arbitrarily chosen U—mixing sequence, it follows that ue MIX;

hence MIX is closed. This completes the proof of Proposition 15. 4.

PROPOSITION 15.6. MIX is symmetric, and

the operator ¢ that associates with each v in MIX its

mixing value ¢v is a value on MIX (in the sense of

Sec. 2).

Proof. The linearity of ¢ follows easily from (13.2) and
the linearity of cp'? (Lemma 15. 1). The continuity of ¢ follows
from Corollary 15.3. The normalization condition (2. 3) follows
at once from (13, 2) and (12. 2). The positivity also follows from
(13.2) and (12.2); alternatively, it follows from Corollary 15.3 and

Proposition 4. 6.
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The proof that MIX is symmetric and that ¢ satisfies the
symmetry condition (2. 2) is straightforward: Let ve MIX, letV
be an automorphism of the underlying space, let i be a probability
measure in NA such that ¥ v <u, let {@n} be a 4—mixing sequence,
and let # be a measurable order. Then v <& “f;lu; W@n‘if_l} is a

Y, M—mixing sequence; and ¥R is a measurable order. Hence for

all measurable S,
-1
o(v; ¥8 YT Y R)(S) = (pv)(S).

Now for any s,

P(¥y v; € RII(s; © &) = (¥, v)(I(s; 8 R))

"

v(¥(I(s; @_R)))
n

®

v(I(¥s; v& £))
n

"

o(v; Y®n RII(Ys; Y@n R))

N

o(v; ‘1’®n RIY(I(s; ®n/i’)))-

Thus for a fixed n,

]

Wy v ® RS) = olv; ¥ RNYS)
for all S of the form I(s; ®n/€); and so, by (12.3), for all S. Hence

“(¥,v; 8 R)(S) = olv; ¥0 v ¥ R)(¥S)

~{pv)(¥8S)



asn — ®. This shows that ¥ v ¢ MIX, so MIX is symmetric. But

then by the definition of the mixing value for ¥ v, we have
(@Y, v)(S) = lim (¥, v; ® R)(S)
= (pv)(¥S) = (Y, ¢v)(S).

This shows that ¥, =¥, ¢, establishing the symmetry condition (2. 2).

The proof of the proposition is complete.
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16. pNA € MIX

The purpose of this section is to show that pNA € MIX. Since
MIX is a closed subspace, it is sufficient to show that \)k e MIX,
for each non—atomic probability measure v and each positive integer
k. As it turns out, it is just as easy to prove that fev ¢ MIX, when
f is nondecreasing and continuously differentiable on the range
L0, 1] of v; and, notationally, it makes the proof somewhat more
transparent.
FI’D;;’;IOW until the end of this section, f will denote a nondecreasing,
continuously differentiable function on [0, 1] with f(0) = 0 and (1) = 1,

v and U non—atomic probability measures on (I, ¢), and £ a measurable

order; f and v will be fixed throughout the discussion, but 4 and £ may

vary as indicated in each context. The set function fev will be denoted
v. Jla;H, p) will be as in Sec. 12, i.e., the intersection of all initial
segments of ui—measure > a. J(B;u, o) \J(a;u , #) will be denoted

(a, B ;, or, when no confusion can result, simply (e, B] M. Parentheses
will not be repeated around (o, 81%; thus w(e, 81" means w((e, 8T"), and
so on. The derivative of f will be denoted f'. Since f' is continuous on a

closed interval, it is uniformly continuous there; its modulus of

uniform continuity will be denoted by m(e).

LEMMA 16.1. Letd and R be arbitrary, and

let G(u,R) denote the o—field generated by all the sets

J(e; 1, R) for @e [0,1]. Then for each measurable T
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there is a set T'¢ G(4, #) such that u(T' + T) =0,

where + denotes the symmetric difference.

Proof. Recall that T'+ T = (T'\T)U (T\T'). FirstletT
be an initial segment I(s, £). Set @ = u(T), and let J = J(a; 4 ,R),
Then J 2T and by Lemma 12.15, u(J) = a = 4(T); since Je G(4, R),
the lemma is proved in this case. Now if F is the family of all sets
T satisfying the conclusion of the lemma, then F is a o-—field; since

it contains all the I(s, R), it follows from (12. 3) that it contains C,

and the lemma is proved.

LEMMA 16.2. ILet M be such that v <.

Then for all e > 0, all £, and all a, B such that

0<a<B<1and Wa, B]; <n(e), we have

[ e, 81— v, BT 11(v(3(es 1w, oM | £ ewa, BT

Proof. Set x = w(J(a; 4, R)), x+ bx = v(J(B; 4, #)), and hence

- M
Ax = V(a, B] > 0. Then by Lemma 12. 14 and the mean value theorem,

(0%)(a, 81"

I

(@ CIB; 1, R)) — (¢T(I(as 1, #))

i

v(J(B; 1, R)) — v(J(a; 1, R))

1]

flx + Ax) — f(x)
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Ax f'(x + 6Ax%)

1]

Ax £1(x) + Ax(f'(x + 9Ax) — f'(x))

i

wia, B (v (J(a; 1, )

+ Ve, B]u (f'(x + 8v (e, B]M) — f'(x)),

where 0 <8 < 1. The lemma now follows easily.

LEMMA 16.3. Letd be such that v 1.

Then for each ¢ > 0, there is a 6> 0 such that for

R, all @, B with0<a<B<land B—a<$§, and all

T < (a, B]H , we have
E - -

[@(T) = A3 1, o | 5 v, BT

Proof. We will prove a somewhat stronger statement, namely
the one obtained from that in the lemma by replacing the right side
by ev(T). Choose 8< 1 such that 4(S) < & implies W(S) < n(%);
this is possible because v K Hd. Assume 0<B—a<?bd.

First let T be of the form (Y, Q]u. Since T < («, B]u, it

follows that a <v < € < B; hence

(16. 4) o< mly, (M =C¢-y<B-a<s,
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and hence V(Y, s n(—g—), and similarly Ve, vI¥ < ﬂ(%) .
Therefore by Lemma 16. 2, -

€

o) —vmreae o, eml< $ v,

and by the definition of n(%),

€

[ Vs u, R = (M3l 1, RN < 5

Combining these, we obtain
(16.5) L@ — e u3tes 1w, @] < e W)

Now think of ¢ and 8 as fixed but of T as varying over C ;
denote by &§(T) what's inside the absolute value symbol in (16. 5).
From v = fev and the conditions on f it follows that v < v; hence
also cpf?v <« v (Proposition 12.7), and so § < v.  What (16. 5)
says is that when T is an R£—interval included in (e, B]u, then
E(T) <e v(T) and — &(T) < ¢ v(T). But then the same inequalities
follow for arbitrary finite unions of R—intervals included in (e, B]u,

and then, by a standard approximation theorem [H_, p. 56, Theorem

17
D] for all T in G(4, ®) (with T C (a, B1", of course). Now if
T < (o, B]I‘l is an arbitrary measurable set, we may find T' in
G4, R) withi(T'+ T) = 0, and we may suppose w.l.o0.g. that

T' < (e, BI" (otherwise intersect it with (a, 81"). From € < vy

it then follows that E(T'+ T) = W(T' + T) = 0; hence §(T') = §(T) and
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W(T') = v(T), and so (16. 5) is proved for all measurable sets

included in (e, B]Ll . This proves the lemma.

LEMMA 16.6. For giveni, let & be a non—

negative measure with £ << u, and let {@n} be a

M—mixing sequence. Then

E@®_T) - u(T) &(I)
n

as n~ @, for all measurable T.

Proof. The Radon—Nikodym theorem gives &(T) = f g(t)du(t)
T
for some g > 0. Suppose first that g is a characteristic function, i.e.,
equal to 1 on some measurable U, 0 on IN\U. Then %(@nT) = u(U ﬂ@nT),

and by the —mixing property this approaches

L(TH (T) = u(T) j g(t)du(t) = p(T)E(T),
I

so the result is proved for characteristic functions. Hence if g is

a simple function (finite linear combination of characteristic functions),
: . 1

it follows as well. Next, let g be an arbitrary member of L (I, C, d),

and for given ¢, let h be a simple function such that

r [ g(t) — h(t) [du(t) <e.
1
Then



£ f

2@, ™ —umeml = | [ gbida(t) —u(1) | gty
eT I
n
I aauw - | v
® T ‘e T

n n

1] n®du) —um) | hodu(s)|
8 T ‘I

r

+ [W(T) | h(t)du(t) —w(T) | glt)du(t)]
I )

I

le(t) — n(t) [du(t) + | j h(t)du (1) — K(T) j h(t)du(t) |
@T e T 1

n n

<)

+ 1 (T) j | g(t) — h(t) | du(t)
I

<| j h(t)du(t) — u(T) j h(t)du(t) | + 2e.
®nT I

Now, allowing n » «, we find that the first term approaches 0, so the
upper limit of 1€(®nT)—u(T)§(I)| must be less than 2¢; but since ¢ is

arbitrary, this upper limit must vanish, and the lemma is proved.

COROLLARY 16.7. Letu be such that v<u,

and let {@n} be a u—mixing sequence. Then
V(S N ® T)~ u(T)v(S)

asn ~ ®, for all measurable S and T.

Proof. This follows immediately from Lemma 16.6 by setting

E(T) = v(SNT).
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"LEMMA 16.8. v has a mixing value, which

equals v.

Proof. Letu be such that v<u. For given e > 0, pick
a positive integer m so that 1/m is less than the & provided by
Lemma 16.3. ILet {@n} be a u—mixing sequence, and £ a measurable
order. From v < v <<, Proposition 12.7, and Lemma 12. 15,

we obtain
elv, ® RII0; 1, ® R)) = v(JI(0; 1, B £)) = 0.
Moreover, LLemma 12. 16 and the fact that the ®n are M—measure

preserving yields

J(a; 1, ®nﬂ?) =®nJ(0z; M, R)
and

TR "
(a, B]@)n'? —®n(a/, B]E.

Hence by Lemma 16. 3,

. @ - pm—l J JrLlqM
o(v; an?)(S) Ej=0 o(v; ®n/‘?)(S N (m ;) ]@ne)
= m_l H _l .J_-“___]; M ! ® ._‘]_
Ej=0 v(sS N On(m, = ]/?)f (V(OnJ(m S M, R+ I
where |6.| <e v(j—, —jj_—l]“, and hence
i m R

iEgI;gl E)J[ <ev(l) = ¢.

m—1
j=0

8. .
J
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m—1
Let us for the moment ignore the error term I. 6.,

and
=0

allow n » @ in the major term on the right side of the expression
for ¢(v; @HE)(S). Then by Corollary 16.7 and the continuity of f',

this major term approaches

T v e w0 = ws) BT
which we shall call V(S) E(m). It follows that both the upper and
lower limits of ¢(v; @n/?)(S) as n -« differ from v(S) Z(m) by ¢ at
most. Now I (m) is an approximating Riemann sum to the integral
f(l) f'(x)dx, which equals 1. Letting m -, we find that the upper
and lower limits of ¢(v; ®n/?)(S) differ from V(S) by less than ¢.

But since ¢ can be chosen arbitrarily small, both limits actually
equal v(S); so limm_)m o{v; ®ni?)(S) exists and equals V(S). If we now

set M, =V in Proposition 14.1, we find that v is the mixing value of v.

PROPOSITION 16.9. pNA © MIX, and the unique

value on pNA equals the mixing value there.

Proof. That pNA © MIX follows from L.emma 16. 8 and
Proposition 15. 4; the rest follows from Proposition 15.6 and the
uniqueness of the value on pNA. This completes the proof.

Note that we have supplied an independent proof of the existence

of a value on pNA (cf. Theorem A, Sec. 3). Mixing values can also
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be used to give an independent proof of the second sentence of
Theorem B, by showing that the mixing value satisfies (3.1). Indeed,
when K is one—dimensional, then the formula (3. 1) is equivalent to
Lemma 16.8. When t is multidimensional and f is a polynomial,

then (3. 1) follows from the one—dimensional case by using Lemma 7.2,
the linearity of the mixing value (Proposition 15. 6), and the linearity
of the right side of (3.1). In general, when f is continuously
differentiable on the range of i, then (3. 1) follows from the polynomial
case by using the continuity of the mixing value in the variation norm
(Corollary 15. 3), the continuity of the variation norm in the Cl—norm
(7.5), the continuity of the right side of (3. 1) in the Cl—norm, and

the density of the polynomials in C1 (Lemma 7. 4).
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17. AN ALTERNATIVE PROOF FOR EXAMPLE 5. 8.

In this section we will prove that the set function of Example 5.8
is not in MIX; this proves, a fortiori, that it is not in pNA, and it also
proves that not every set function in AC is in MIX.

It is convenient to let the underlying space [ be given by

@

I=x J,

i=— 7

where Ji is a copy of the 2—point space {0, 1}, and to let & be the
standard product c—field.

Define )\i on Ji by
r({o}) = A =g,

and let X be the product measure of the )\i onI. Let

0 ~1 ®
I =(><i= Ji)x {O}x(xi=1 Ji)
1,1 @ ‘
1= (30 x {1 x(x, 30

0
thenT N1l = 0, Putt -1 Define 1 and A’ by

2 2s) = s n 19

V1) = Ms 0 Th,

1
letu = 2XO —2X , and let v(S) = lu(S) l . It is easily verified that this

situation is entirely isomorphic to that described in Example 5. 8.
Now arrange the integers in the order (0, 1, -1, 2, =2, ...).

Let £ be the lexicographic order on I w.r.t. the above order on the



indices; that is, x £y if and only if X; = 1 and M =0 when i is the
first index—in the above order—for which X, {: Y- In the order &,
all of ¥ comes "before'" all of Il, and it follows easily that

0 1
oflv; R) = 20" =20 =u,

since this is so on the initial segments.

Next, let ® be the "bilateral 1-shift" onI, i.e.,

©x); =%,y

In the order @8R, we first get half of IO, then half of Il, then another

half of IO, and finally another half of Il. It follows that again

) 1
o(v: 0R) = 2.0 —an ' = .

In the order @nE, the space I is divided into 22n segments of equal

. . -0
A—measure, in which the odd—numbered segments are contained in I
and the even—numbered segments in Il. Thus we always have

o(v; 8 R) = a0 — 2)\1 = U

for the initial segments, and hénce for all measurable sets. Since

the powers of ® form a Amixing sequence [H2], and v < A, it follows

that the mixing value, if it exists, must be 1. But now if we start

with the order &' that is the ''reverse'' of R—i.e., x R'y if and only

if y £ x—and again apply the sequence {0, ®2, ...}, then we find that
o(v; @nﬁ?‘) = 2X1 - 2X0 = —H;

hence the mixing value, if it exists, must be —. Since u % 0, this

shows that the mixing value does not exist.



18. THE ASYMPTOTIC VALUE

In this section we shall'construct a closed symmetric subspace
of BV on which it is possible to define a value by means of approximation
by finite games. This definition is essentially that of Kannai [K2:i,*
and most of this section is meant less as an original contribution than
as an indication as to how his work relates to that described up to now.
A partition T of the underlying space is a finite family of disjoint
subsets whose union is the whole space; a partition H2 is a refinement

of another partition Hl if each member of Hl is a union of members of

1 A partition is called measurable if each of its members is

9°
measurable. A sequence (Hl, HZ’ ...) of partitions is said to be
decreasing if Hi+1 is a refinement of Hi for each i; and separating
if for all s, t €¢I with s ¢ t, there is an i such that s and t are in

different members of Hi' A decreasing separating sequence of

measurable partitions is called an admissible sequence.

If uis a game with finitely many players, we will denote by ¢u
the Shapley value of u [81], considered as a measure on the set of
players of u.

If v is a set function and 1 a measurable partition of the
underlying space, let vH be the finite game whose players are the

members of | given by

*
There is a small difference due to the fact that [sz works

only with set functions that are absolutely continuous w.r.t. a given
measure.



v_(2) = v(U. _j
€

I JeE
for all = € 71. Now let T be a measurable subset of I, and let § =
(Hl, H2, ...) be a decreasing sequence of measurable partitions

whose first term I, is the partition {T, INT}. For each i, let

- - )
Ti {Jeﬂi.J T} ;

T is a coalition in the original infinite game v, and Ti is the corre—
sponding coalition in the corresponding finite game v If the

numbers (CPVH.)(Ti) approach a limit as i -, then thisl limit will be
denoted (CPPv)l(T). If the limit exists for all admissible  starting
with {T, I\T}, and is independent of the choice of such ¥, then we

will denote it by (¢v)(T). If that is the case for all measurable T,

then we will call the set function gv the asymptotic value of T. Note

that if v exists, it is necessarily finitely additive. The set of all
ve BV having an asymptotic value* will be denoted ASYMP.

For given v, the asymptotic value, if it exists, is clearly unique.
The main theorem of this section is that the asymptotic value does in
fact exist for each member of pNA, and that it coincides with the value
on pNA. On the way to this theorem, we will prove that ASYMP is a

closed symmetric linear subspace of BV, and that the operator ¢ that

*
There are also set functions outside BV that have asymptotic

values, for example, the finite but unbounded finitely—additive ''measures'.
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associates to each v its asymptotic value v is a value on ASYMP.
Our proof will be independent of the proof of Theorems A and B given
in Part I, and indeed it will enable us to give yet another proof of
the existence of a value on pNA and of the formula (3. 1).
Throughout the remainder of this section, when ve ASYMP,
we will always use ¢v to denote the asymptotic value of v.

It will be useful to extend the notion of the variation norm to

finite games; this is done in the obvious way. Clearly we then have

Iv vl

for any measurable partition [J. If u is a finite game with player space
J, note that the value pu, as a measure on J, is itself a finite game.
Then from the expression [Sl] for the value of a finite game in terms

of random orderings of the players, we obtain

loull < flull .

Finally, note that

foull= 2, leutibl,
since pu is a measure on J.

PROPOSITION 18.1. |lov|l < llvll for all ve ASYMP.

Proof. For a given ¢ > 0, let Q be a chain

(D=SOC81C...CS =1



—66—

such that

lovll, 2 llovll ~ .

Let Uj = SJ.\SJ. let 11, be the partition (U, ..., U_), and let @

-1’ 1

, ...) starting with this .. For each

be an admissible sequence (Hl, i 1

2
Tell and each i, let T, = {je I j© T}. Then

(18.2)  lovll =« < llovll, = £,

-

1, [(ev)(T) |

Pren, llimi_mwvni)(’fi) t

i

It
!

1 1irni__.oo [(cpvni)(Ti)[

€
§.

i Erpeqp Lovy XTI,
1 1
since the sum is finite. Moreover, for fixed i, we have

E e @y XL =2 15 tov 2D

i i 1 i i
<E EjeTi[(cpvni)({j})l

TG 11.1

it

Lon Hevy XU
1 1

lov, < v, < vl

Combining this with (18.2) we get ||ovi||— ¢ < Ilvll, and by letting e »0

we complete the proof of Proposition 18. 1.

COROLLARY 18.3. If ve ASYMP, then ¢v ¢ FA.

Proof. It is only necessary to show that v is bounded, and this

follows from Proposition 18. 1.
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"PROPOSITION 18.4. ASYMP is a closed linear

subspace of BV.

Proof. That ASYMP is a linear subspace is immediate.
m m
Suppose now that v ¢ ASYMP and that Hv - VH - 0. Then by
Proposition 18. 1, tpvm is a Cauchy sequence, and hence has a limit
V in the variation norm; by Corollary 18. 3 and Proposition 4. 4,
v e FA. For given ¢ > 0, choose v so that both va - VH< ¢ and
Hcpvm ~ V|| <¢. Now let ® be an admissible sequence (Hl, H2, cel)
starting with {T, I\T}, and for each i let T, = {je M JeT }. Then
m m
[ove M) = Cov W) < llotv, = vl < llvy =
i i i i i i
<lv=-vPli<es
hence

m
“‘Pvni”Ti) - < [“"Vni)(TR - “Pvni”Ti”
+ v HTY) = (v NT)]

il
1

+ (v )T) = v(T)]

S e+ Hov i) — (v [+ fov™ = vl
l

< 2e + [(cpv (T)—(cpv 1) |.
l

Letting i = ® and using v? e ASYM P, we deduce that

lim sup, | {(tpv HT. ) — \)(T)l < 2.
1



v

Hence the lim sup vanishes, hence the limit exists and vanishes, and
hence v is the asymptotic value of v. This completes the proof of

Proposition 18. 4.

PROPOSITION 18.5. ASYMP is symmetric, and

v is a value on ASYMP.

Proof. The linearity of gis obvious. The normalization
condition (2. 3) follows easily from the corresponding condition for
finite games [51] . Positivity is then a consequence of Proposition
18. 1 and Proposition 4.6. The proof that ASYMP and ¢ are
symmetric is straightforward; the details will be omitted. This

completes the proof.

PROPOSITION 18.6. pNA G ASYMP, and the

unique value on pNA equals the asymptotic value there.

Proof. Once we have proved pNA & ASYMP, the rest of the
proposition is, of course, an immediate consequence of Proposition
18.5 and the uniqueness of the value on pNA. Thus it remains only
to prove pNA © ASYMP.

+
For v e NA , let us define a v—admissible sequence to be a

decreasing sequence of measurable partitions that is v—dense, i.e.,
such that every measurable set in I can be approximated in v—measure

by a member of the field 3(f) (not the o—field) generated by the members



of all the ni. Every admissible sequence P is then v—admissible,
for all v. Indeed, 3(P) generates C, since P is separating [M,
p. 139, Theorem 3. 3]; this implies the v—denseness [Hl, p. 56,
Theorem D] .

Let 1 be a vector of non—atomic probability measures, let
el (Lo, lln), where n is the dimension of 4, and let v = ol .
Kannai [K2] proved the following: If ve NA+ is such that My <v

*

for all i, and ® is a v-admissible sequence, then for all coalitions

T, (Qppv)(T) exists and equals
n 1
(18.7) I u(T) jofi(tu (I))dt.

Since an appropriate v can always be found (e.g., Vv = Eiui) and
since every admissible sequence is v—admissible, it follows that
(cppv)(T) exists for all T and all admissible P, i.e., ve ASYMP;
furthermore (ov)(T) is given by (18.7). Since in particular f can be
taken to be a polynomial, and since ASYMP is closed (Proposition
18.4), it follows that pNA & ASYMP. This completes the proof of
Proposition 18. 6.

Note that we have again supplied an independent proof of the existence
of a value on pNA (cf. Theorem A, Sec. 3; also the end of Sec. 16).
Asymptotic values can also be used to give an independent proof of

the second sentence of Theorem B, by showing that the asymptotic

*
Kannai restricted himself to the case in which I = [0, 1] and

v = X, but this obviously implies the above formulation.
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value satisfied (3.1). Indeed;-as in Sec. 7 we may assume that
the range of 4 has full dimension. Furthermore, we may assume
that the “i are nonnegative, and in fact probability measures.
Finally, by Whitney's theorem (W] we may extend f from the range
of u to [0, 17" , and we can then apply (18.7); then (3. 1) follows at

once.



19. THE DIAGONAL PROPERTY

Let Q be a symmetric subspace of BV, ¢ a value on Q. We

shall say that the pair (Q, ¢) enjoys the diagonal property if for all

v ¢ Q such that

(19.1) there is a positive integer k, a k—dimensional
vector { of non—atomic probability measures,
and a neighborhood U in Ek of the diagonal

[0, ¢(1)] such that if ((S) ¢ U then v(S) = 0,

we have v = 0. Strictly speaking, the diagonal property is a property
of the pair (Q, ¢}, but when no confusion can result we will speak of
it as applying to Q or ¢ alone.

In this section we will prove that all the values we have defined
up to now, in both Parts I and II, possess the diagonal property.
This is a remarkable fact, because it shows that the value is
completely determined by the behavior of v near any diagonal. The
property was already hinted at in (3. 3) and (7. 7).

It is an open question whether or not the diagonal property
follows from the definition of value, i.e., whether it holds for all

pairs (Q, o).

PROPOSITION 19.2. The unique value on bv'NA

enjoys the diagonal property.




1o

Proof. Apply Proposition 8.32 to deduce that if ve bv'NA
satisfies (19. 1), then ve pNA. Then apply Proposition 7.6 with
£ = 0 to deduce that ov = 0. This completes the proof of Proposition
19.2.

Let us define DIAG to be the set of all ve BV satisfying (19.1).
Clearly, the diagonal property on (Q, ©) is equivalent to the condition
that pv = 0 for all ve Q N DIAG. Note that DIAG is a symmetric
subspace of BV.

PROPOSITION 19. 3. DIAG N AC © MIX, and the

mixing value, regarded as a value on MIX, enjoys the

diagonal property.

Proof. Let ve DIAGN AC. Letk, ¢, and U correspond to

v in accordance with (19. 1), and let

k
|Jyv h Ei=1 gl
Let 1 be a probability measure such thatp << i, let {91, Og - }

be a u—mixing sequence, and let £ be a measurable order.
Now pick a neighborhood V of the diagonal [0, D] with V& U,

and a number ¢ > 0 such that an ""e—thickening' of V is still in U,

(19. 4) xeVand |ly —x|]|[<e = yeU.
Next, pick a number 8> 0 such that for all S<1I,

(19. 5) sy <s = |l <e;
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this is possible because Ci <<+utV « u for each i. Finally, picka

finite sequence s, .-+, S in I such that
m

s Rs

m m—1

,‘P.../\Qs1

and for every s in I there is an s‘. such that

o

(19.6) lu(i(s; #)) —u(I(sj; el < 8;

this is possible because W is non—atomic (see also LLemmas 12.15
and 12. 14).
For each j, apply Lemma 16.6 with £=¢, and S = I(sj; R),

obtaining
§(®nI(s.; R)) - u(l(s,; £)) C(T)
J J

asn—- ® . It follows that Q(@nl(sj; £)) ¢ V for all sufficiently large n,

say for n > n_; and since there are only finitely many j, we may choose

O,
n, independent of j (though not of £ or of u). But thenfor n>n,, it
follows from (19.4), (19.5), and (19. 6) and the fact that ®n preserves

u—measure, that Q(@nl(s; ®)) e U for all s. In particular, we may

substitute :s for s, and deduce that
—1
7 . = ® . U
U(s; ® R)) = C@ I @ s R)) e
whenever n > ng- Applying (12.2), we deduce that for all s and all
n>n

0’

<P(v;®nﬁ?)(I(S; @n/?)) = v(I(s; ®n/?)) = 0.



But now for fixed n > Ny o(v; ®.nf€) is a measure (Proposition 12.\7),
and since it vanishes on each initial segment I(s; ®nl?), it must, by

(12.3), vanish identically. This completes the proof of Proposition 19. 3.

PROPOSITION 19.7. DIAG € ASYMP, and the

asymptotic value, regarded as a value on ASYMP,

enjoys the diagonal property.

Proof. Letv e DIAG, and let k, ¢, and U correspond to v in
accordance with (19.1). Let V be an open neighborhood of the diagonal

with V< U. Choose a positive integer 4 such that
(p—1elt <y<pelt = yeV

for all integers p with 1 <p< 4. Then there exist open neighborhoods

Vg Vs oo V&—l’ V& of 0, e/t, ..., (. —1elL, e respectively
such that
(19.8) XGV&,ZGV/&+1,X§y§Z = ye U.

Now let P be an admissible sequence. Letll = Hm in ® have
n = n{(m) members Al’ ceey An; the Aj are the players of the finite
game v For each p with 1 < p <4, choosea positive integer

s = s (m) so that
P p

(19.9) sp/n—*p//t

asm - ®. For a fixed m and p, let us now consider a finite probability



75—

space consisting of all the subsets S of Il having exactly sp members,
where every such S has the same probability 1/(];l ). For each

: p
i=1, ..., k, define a random variable x by

(i) _ i
X = EjeS a/j

where a/l. = (. (A.); then
J o)

E(X(i)) =s /n.
P

*
Kannai [K2, bottom of p. 57 ff. ] proved that if
(19.10) maxla§| -0

as m - ©®. Note that in our case condition (19.10) is satisfied, since
£ is admissible, hence Qi—admissible for each i (see Sec. 8).

Now for a fixed m, let us consider the probability space of all
orders £ on the space [I of players Aj’ in which all such orders are
assigned the same probability 1/n!. For each order # and each h
with 1 <h <n we may define S(h) to be the set consisting of the first
h elements of I in the order £. Then each subset S of [I containing
exactly h members has the same probability 1/(§) of being the set

S(h). Now, setting h = Sp’ we deduce from (19.9) and (19. 11) that for

*
Kannai has n —1 and s — 1 where we have n and sp.
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given ¢ > 0, if m is chosen sufficiently large, then
Prob {{(U S(sp)) v, forall 0<p<L}>1—¢;
here U S(sp) denotes the union of the members of S(sp) {recall that

S(sp) is a subset of T, i.e., a family of subsets of I). But by (19. 8),

it follows from
c(J S(sp)) € Vp for all O § p § 1

that

C(US(h)) ¢ U for all 1 <h <n;

and by the definition of DIAG, it then follows that
v(U S(h)) = 0 for all 1 <h < n.

Now the variation of v over the chain
O =s(0)c S(1)< ... ©8(n) =1

is at most HvH for any order R; and we have just seen that it is 0 with
probability > 1 —e. Hence from the random-order definition of the

value for finite games [Sl] it follows that for sufficiently large m,

lo v Igelvl.

m

From this it follows easily that the asymptotic value exists and

vanishes identically, as was to be proved.
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