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PREFACE

In July 1969, Rand initiated a Missile Test and Evaluation Study
at the request of Major General S. J. Byerley, Director of Operations,
Headquarters USAF. The objectives of this study are (1) to compare
accuracy and cost of data obtained by different configurations of test
equipments and sensor locations, and (2) to devise an orderly process
for the best sequencing of missile tests for the highest assurance of
success. The goal is the improvement of missile test accuracy while
operating under reduced budgets.

This Memorandum is one of a series exploring techniques for oper-
ational use in ICBM testing; it specifically develops mathematical
foundations for improving the test range configuration. A computer
program derived from the results of this study might be used to opti-
mally locate radar trackers on the missile test range. This study is
not totally self-contained and should be read in conjunction with the
following studies: R. Turn, Real-Time Data Transmission and Process-
ing for Missile Testing, RM-6286-PR; T. B. Garber, R. L. Mobley, and
D. §5. Pass, A Computer Program for Estimating Inertial Guidance Sys-
tem Error Parameters, RM-6287-PR; R. H. Ball and A. B. Kahle, Gravity
Effects on the Missile Test Range, RM-6289-PR, and T. B. Garber, The
Determination of Inertial Guidance System Error Parameters from Missile
Flight Tests (U), RM~6290-PR (Secret).

The material presented here is concerned with improving vehicle
test accuracy by optimizing the range configuration through optimum
placement of the radars.

This Memorandum and its four companion pieces should be of inter-
est to those military and civilian personnel responsible for planning,

evaluating, and administering missile tests and test ranges.






SUMMARY

This Memorandum contains the mathematical foundations necessary
for the development of a computer program that could be used to locate
the radar trackers on a missile test range. The problem considers the
radar tracking, during boost phase, of a rocket vehicle whose naviga-—
tion is provided by an inertial measurement unit (IMU). One criterion
for selecting radar tracker locations is as follows: If the maximum
likelihood estimate of the IMU parameters that produced a given set of
noisy range data is determined, and if the maximum likelihood estimate
of miss is determined from this parameter estimate, then it is evident
that the vehicle miss covariance matrix is a function of the radar map
locations. This Memorandum shows in detail an optimization scheme for
locating the radars such that the maximum eigenvalue of the covariance
matrix is minimized. This criterion results in improving overall ve-
hicle test accuracy. In addition, this scheme has applications to the
real-time navigation of rocket vehicles. Another criterion, briefly
considered, for optimizing the radar locations is the minimization of
the variance of a given IMU parameter as a function of radar locations,

as outlined in the concluding paragraph of the Introduction.
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I. INTRODUCTION

In this study the following problem is solved: A vehicle, whose
navigation is provided by an inertial measurement unit (IMU), is to be
tracked in range and/or range change during powered test flight by a
network of radars, and the sensed acceleration of the vehicle IMU is
to be telemetered. We shall find the optimum physical location of the
individual radars of the network such that a certain statistical esti-
mate of miss, relative to the actual impact point, is minimized.

Assume that the IMU has a mathematical representation involving
the sensed acceleration of the vehicle and a finite number of parameters
which are assumed to be constant throughout a given powered flight.

The (noisy) data of range and/or range change from the network for a
gilven test flight is then used to obtain the maximum likelihood esti~-
mate of the IMU parameters that produced the noisy data. The maximum
likelihood estimate of miss relative to the actual impact point is then
derived from this estimate of the IMU parameters. If we let E(xx’) de-
note the covariance matrix of the maximum likelihood estimate of miss,
where x is two-dimensional miss (column vector), then we can define a

"standard" dispersion ellipse by the two-dimensional equation,
1 =x E—l(xx') x  (where ’ denotes transpose)

This ellipse, centered about the actual impact point, has a semimajor
axis, a, which is a function of the radar locations. The optimum phys-
ical location of the radars is defined to be the location such that a
is minimized.* This is the criterion we shall study in depth.

A vector v is defined whose elements are map coordinates of the

radar locations. Formulas defining the optimum locations are given in

*In fact, if we define a general "p" dispersion ellipse to be the
one obtained by multiplying the "standard" dispersion ellipse axes by
p, where p > 0, then the probability that the maximum likelihood miss
estimate will be within the "p" dispersion ellipse (same center and ori-
entation) will be 1 - exp(-1/2 p2). Thus, if C(r,) is the circle of
radius r, (centered about the actual impact point§ which contains [1 -
exp(-1/2 pz)] x 100 percent of the miss estimate, then rp is obviously
bounded above by the semimajor axis of the o dispersion ellipse.



Egs. (53) to (69) A technique for calculating the corresponding opti-
mum best location vector Voin is given immediately following Eq. (69).

It is interesting to note the following. If, in real time, the
maximum likelihood estimate of the IMU parameters is used in the mathe-
matical navigation equations associated with the IMU (in which these
parameters occur as variables), then the probability that a guided ve-
hicle will impact (assuming no other error sources) within the p dis-—
persion ellipse (centered at the desired impact point, i.e., the tar-—
get) is l—e—1/292. This follows from the first part of Section VI.

A complete mathematical description of the "standard" dispersion
ellipse, together with the minimization of its semimajor axis as a
function of the radar location coordinates, is given below. Usually,
in practice, the noise in range and/or range change measurements is
assumed to obey a normal probability density law, with a covariance
matrix that is uncorrelated (for any pair of time measurements) between
different radars, but which may be correlated (for different times) for
a given radar. 1In addition, the noise in range is assumed to be un-
correlated with respect to the noise in range change. There are three
categories of measurements: (1) range only, (2) range change only,

(3) range and range change. Independently of these categories we will
allow some radar locations to be fixed (not to be optimized), while al-
lowing the remaining locations to be optimized.

In the sections that follow, the mathematical models which express
range and range change as functions of the state vector (i.e., the IMU
parameters) do not include the effects of the troposphere. The models
which are used herein employ the Hi and Ji matrices in Egs. (33) and
(39), respectively. If the tropospheric effects are to be included,
then the Hi and Ji matrices must be modified by introducing the func-
tional relationships between the instrumented range (range change, re-
spectively) measurements and the range_(rangefchange, respectively),
the unit vector from the radar beacon to the vehicle; the radar beacon
bias, and the time-varying tropospheric delay. In this case, there
will be a random error for the instrumented range (rahge change, re-

spectively), and also a random error for the time-varying tropospheric



delay.(l)

The methods of this paper then apply to the tropospheric
case in essentially the same way as presented here. In terms of the
mathematical model described here, one can say that the major effect
of including the troposphere is that the off-diagonal elements of the
covariance matrices Ri and Si of the range and range change, respec-
tively, become non-zero. The reason is that any error in measurement
due to the tropospheric effect is correlated with measurements nearby
in time.

In Section VII, we present a summary of matrix inversion formulas
for calculating the covariance matrices of the estimates (of either the
miss or the IMU parameters) in a sequential manner. These formulas may
be used either when the TMU parameter estimates are required in
real-time navigation of the vehicle, or when the IMU parameter esti-
mates are desired in real time when a test of an IMU system on a ve-
hicle is being conducted. The formulas are sufficiently general for
calculating the covariance matrix of the estimate (sequentially) even
when the covariance matrix of the random noise (assumed Gaussian) in
the basic measurement vector is not diagonal.

We briefly mention another criterion for optimizing radar lo-
cations. Instead of minimizing the semimajor axis, a, of the stan-
dard dispersion ellipse as a function of radar locations, we can mini-
mize the variance of each IMU parameter as a function of radar loca-
tions. 1In terms of the covariance matrix, E(AD Ap’), of the maximum
likelihood estimate of the IMU parameters, this means minimizing the
diagonal elements of E(Aﬁ Aﬁ') as a function of radar locations. This
amounts to omitting A and A’ in Eq. (59), and then finding the radar
locations such that the jth diagonal elements of BE/BGi and 3E/3¢i,
i=1, ..., ko’ are equal to zero. This yields the radar locations
which minimize the covariance, Gj, of the jth IMU parameter. The sub-
sidiary equations, Eqs. (60) through (67), are exactly the same as be-

fore in their use in Eq. (59).



IT. NAVIGATION EQUATIONS OF THE IMU

We shall derive the equations of motion of a vehicle as a function
of the output and the parameters of the IMU.
In an earth-centered nonrotating coordinate system, the equations

of motion of the vehicle (assumed simply to be a "point mass') are

X =V
(1)
V = g(X) + a
where
Xy Vi g, (% 4
X = X2 , V= V2 , g(X) = gZ(X) , a= a,
X3 V3 g4(X) a3

and g is the gravitational acceleration and a the nongravitational ac-
celeration. The class of IMUs that we shall consider has the property

that the output, a”, is of the form
a” = f(p,a) (2)

where from Eq. (1)

and

is a vector function of a and
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n

the nX1 column vector of IMU parameters (constant in time for a
given powered flight). The components of p include misalignment an-
gles (relative to some desired orientation) of the gyros and accel-
erometers, drift, nonlinearity, and other phenomena of the instru-
ments, and scale factors that describe the output of each accelerom-

eter. A"

perfect' IMU is defined as one having all variables equal
to zero, except the individual accelerometer scale factors, which are
equal to one. Let us denote by P, the value of p in a ''perfect'" IMU;

in other terms, a "perfect" IMU satisfies
a = f(Po’a) (3)

Furthermore, we shall assume that the matrix of partials of fi with
respect to aj, i, =1, 2, 3, evaluated at Py and for all values of

a in the operating range of the IMU, satisfies

afi
ga—j (Po,a) =

(%)

[ -
[ )
= o O
it
=~

For a given reference trajectory, X(t) = Xfef(t)’ v(t) = Vref(t)’ which
is obtained by solving Eq. (1) for a reference nongravitational function,
a(t) = aref(t)’ let us expand Eq. (2) -linearly about a(t) = aref(t),

P =P, for each value of time, t, in powered flight 0 < t < tb 0. "

ba®(t) = A(t)da(t) + B(t)Ap (5)

il

ACE)[AX(E) - G(E)AX(E)] + B(t)4p



where

of .
A(t) = <§g?> (pl, aref(t)) (3%3 matrix) (6)
Bgi '
G(t) = gig (Xref(t)) (3x3 matrix) (7)
of ,
B(t) = ggi (pys a_ (D)  (3¥n matrix) (8)
Aa”(t) = a”(t) - a;;f(t) G;ef(t) = f(pl’ aref(t))) (9)
Aa(t) = a(t) - aref(t) (10)
bp =p - P (11)

“ = = t b Eq.
ref(t) f(po’ aref(t)) aref( )> by Eq

(3). Furthermore, A(t) # I, in general, unless P, = P From Eq.

Note that if Py = P,> then a

(5), by multiplying both sides on the left by A(t) ~ (which we assume

to exist) we obtain
AR(E) = G(e)AX(E) + ACE) L [Aa’t) - B(t)ftp] (12)
The solution to Eq. (12) is (we always assume AX(o) = AV(o) = 0)

AX(t) ‘ 03x1
- oo [ ar
AV (t) © A(m haa" (1)

v T -1
[ [ a® BEagdar
o 0

-1 . Ap (13)

[ a® 'B(o)as
[s]



where ¥(t) is the 6X6 matrix solution of

0 I
3X3 3X3
da(e) _
T 3(t) (14)
G(t) O3><3
having initial condition &(o) = I6X6 (the 6x6 identity matrix), O3X3
is the 3X3 zero matrix, I3X3 is the 3x3 identity matrix, and ngl lfl
the 3x1 zero column matrix. If we partition the 6%6 matrices, &(t)
and 3(t), into 3X3 block matrices by defining
e g0 _1 808 8,(0)
3(t) = , () = (15)
P21(8) 2,(0) 7y1(8) 8yy(0)
then AX(t) in Eq. (13) is given by
t * * -1, ¢
BX(t) fo [8),(0)8,,(T) + 3, (£)2,, (T JA(T) da” (T)dT
t T 1 ’
- | [ ] A B(g)dEdr {ap (16)
8} o] :

Equation (16) is the linearized approximation of vehicle position
(relative to Xref(t)) as a function of small changes, Ap (relative
to p = pl), in the IMU parameters, and of Aa”(t), the output of the
IMU relative to a;;f(t) (see Eq. (9)).

If Eq. (16) is integrated by parts, then AX(t) will be given as
atfunction of perturbations Av”(t), from refergnce values vﬁef(t) =
jo a”ref(T)dT, and of Ap. Note that V”(t) = fo a”(T)dT, the integrated
value of a” from o to t, is actually the natural output of an IMU that

consists of pendulous integrating gyro accelerometers. Let

t
av'(t) = | pa" (TydT 7)
[e)



ce,m = (3, (0)8),( + 2, ()8, (NIAM " (18)

We deduce that

t T=t t
[ ce,maa"(myar = c(e,mav(n) - éc—%”—) v (mydr

o] T=0 (o]

t
cle,t)av(e) - | B—C%Jl av*(Tydr (19)
o]

O
since &v*(o) = jo v “(€)dE = 0.

Substituting this into Eq. (16), we finally obtain

t
AX(t) = c(t,t)hv(t) - | 30%—211 av(Tydr
. o]

£ T

- [f J A<€>'13<§>d§dT} tp (20)

o] O



TIT. RANGE MEASUREMENTS AS A FUNCTION OF INTEGRATED
OUTPUT AND THE TMU PARAMETERS

The location at time t of the ith radar, Pi(t)’ i=1, ..., k in

‘ an earth-centered nonrotating coordinate system is

P.(t) = [P ()] U (£,8,,0) (21)
where
Ui(t,ei ¢i) =.Col(cos ¢i cos (Gi + wEt), cos ¢i sin (ei + wEt), sin ¢i)

(22)

ei is Greenwich referenced longitude, and ¢i is the latitude.

X

P. (t)

Fig. 1—Radar location

The range, ri(t), from Pi(t) to the vehicle, X(t) (at time t), is

r () = [x(t) - ()] (23)
Perturbations in range about a reference trajectory X(t) = Xref(t)’
are given by -
I
Ari(t) uiref(t)AX(t) (24)

where



10

w0 = X (6) - Pi(t)l_l [X_£(8) = P ()] (25)

.th
The vector in Eq. (25) is the unit vector from the i radar to Xref(t)

at time t. Using Eq. (20), we obtain

iref

t
br (6) = u!’ (6) [C(t,t)AV”(t) BT ryar
o

t T 1
- (j’ | AT B<§>d§dfr> ApJ (26)
(o] o
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Iv. MAXTMUM LIKELTHOOD ESTIMATE OF IMU PARAMETERS DETERMINED BY
A GIVEN SET OF NOISY RANGE AND/OR RANGE CHANGE DATA

We now suppose (hypothetically) we are to make a test of a vehicle
a large number of times, and that the vehicle trajectory and IMU param-
eters are identical for each of these tests. The only thing that will
change from test to test will be the noise in the range and range
change data. This is tantamount to saying that for a given test, the
noise in range and range change are random variables. In mathematical
terms, we assume X(t) = Xfef(t) for each test. This is equivalent to
a(t) = aref(t)’ which in turn is equivalent to a”(t) = a;;f(t), p =
Prog> and, finally, this is equivalent to v (e) =0, p = Prof We
now first examine the case of noise in the range measurement.

Let ni(t) be the error (i.e.

, the noise) at time t that exists in

the actual (imperfect) range measurement, ria(t). Thus, in general

ni(t) = Ari (t) - Ari(t) (27)
a

where

Ari (t) = r. (t) - r. (t), Ari(t) = ri(t) -r, (t) (28)
a a ref ref

By Eq. (27) and Eq. (26) we have (remembering that Av'?t) = Q)

t T
n(6) = &r, (t) - uf () [- 77 A<§>‘IB<§>d§dw] bp (29)
ref o o

a

Note that A(E) and B(E) (see Eqs. (6) and (8)) are to be evaluated at

= = - ’ < < t
P =P g a(t) aref(t). In general A(E) # I, 0 g tb.o.’ excep

when Pref = Po-

For convenience, define the 3Xn matrix

t T 1
Qe) = - [ [ A9 B(E) dedr (30)

(e} O
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.t .
Assume that for the i b radar, range measurements are taken for a
iven test at 0 < t.. < t,. < ... < ty.4 <t i=1, ..., k. Then
& =ty 2i N;d b.o.’ ’ >
the range noise vector (a random variable), o, and actual range meas-

urement vector, Ar; , have N, components:
a i

1

n, = CoL(%i(tli)’ ni(tZi)’ ey ni(tN,i)) (31)

We then have, by Eqs. (27) and (30),

n, = Ar, - H,Ap, i=1, ..., k (32)

i i i :

a
where Hi is the Nan matrix
Cuf (g0 ) ]
i 1i 1i
ref
H, = N (33)
i .

u?l (
| ret tNiJ'.)Q(tNii) a

written in block form. Under our test assumptions, Ap = 0, so that
Ari = HiAp = 0 and n, = Aria. We also emphasize that Hi depends upon
ei’ ¢i’ and IPi(o)l (see Egs. (21), (22), and (25)). We assume that

if a large number of tests are made then the random vectors n, have

. . _ 7 — 1/ -
covariance mat?lces Ri = cov(ni,ni) E(nini), and that E(ni) 0.
We next examine the noise m, (M. -1 components) in the range
i i

change measurements, r., (tl’tz)’ in the time interval t1 to t2. It

i

a
is defined by

mi(tl,t2) = Arcia(tl’tZ) - Arci(tl,tz) (34)

where
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Arci (£,,t)) = Te, (tt)) -

i
a a ref

(£,,t,)

Ar (tl’tZ) =1 (tl’t2) - rci (tl’tZ)

c. c.
b t ref
rci(tl’tZ) =, (t) - r(ep)
r. (t,t) = r,o () - (e) (35)
i ref ref
ref

Thus we have, from Egqs. (26), (34), and (35) (using AVJYt) = 0 in Egs.
(26) and (30)),

mi(tl,tz) = ArC‘ (tl,t2) - ArCi(tl,tz)
a

= A"’c,L (t,t)) - [rci(tl’tz) " e, (tl’tz%

a lref
= Arcia(tl,t2) - {[ri(tz) - ri(tl)] - [%iref(tz) - riref(tl)]}

= Arc‘l (tl,tz) - {Ari(tz) - Ari(tl)]

a

4

Arc' (tl,tz) - [u{ (tZ)Q(tZ) - ug
ref

a

(H)Q(tﬁ] . (36)
ref

th
Using the time points 0 < T t for the 1i

. =T, ,.,. < i =
1i 2i Mit b.o
radar in order to take range change measurements (note that this divi-
sion may be different from that used for range measurements), the range
change noise vector (a random variable), m, , and actual range change

measurement vector, Ar.. , have (M,-1) components:
i i
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=]
]

. .. s T
5 col mi(Tli’ TZ]‘_)’ * ’ mi<T(Mi-l)1 Mil>

A\

\

c. col Arc‘ (Tli,TZi), ey Arci (T(Mi_l)i,TMiiZ) (37)
a

R
1

1 \ 1
a a

Then by Eqs. (34) and (36), we have

m, = Ar -J. p,1i=1, 2, ., k _ (38)
i c. i
i
a
where Ji is the (Mi-l)Xn matrix
- g ? —
o (1T -y (1 RCT )
ref ref
Iy = : (39)
ul (T )Q(T ) - ua! C‘ >Q<‘T >
L Los Mil Mil Lo (Mi—l)l (Mi-l)l

p—

As in the case for n,, we assume the random vectors m, have the covari-
ance matrices S, = cov(m.,mf) = E(m,,m’,) and that E(m,) = O.
i 74 i i i
What we seek for a given test is the most likely value, 0p = O
(=P - pref), which produces the actual range measurements, ria(t),
and/or range change measurements, e, (tl’tz)’ i=1, ..., k.
a

n, and m

The joint probability density for n, <5 My Lo Oy

the normal density function

/2 d -1/2 ( 172 'R 1n )

P(nl, cees Ty, Wy, el mk) = ‘H (2m) (det Ri) exp\ - n.R.n,

i=1

:(Mi_—l)/z~ -1/2 2.-1
X (217) (det Si) exp(—l/2 m:S, ‘m,
(40)

Using Eq. (32), we deduce the joint probability density function for
Arla, cees Arka, ArCla, ey Arcka (using the true value Ap and assuming

Av(e) = 0) is



\ Ok N /2 -1/2
L(ér s , Ao o Ar oL, Ar s Ap) = I (2w (det R.)
1 k c c . 1
a a 1 k i=1
a a
[ L1 _ —(Mi—l)/2 -1/2
- - - - d
X exp I/Z(Ari HiAp> Ri (Ari HiAp> (2m) (det Si)
i a a
i "7t (41)
X expy-1/2 Arci - JiAp Si ,Arci - JiAp
- a a

Thus, in order to maximize the probability density that the actual

collection of vectors, Arla, ey Arka, Ar s eens Aer , were pro-
a

Cla
duced by some value of Ap = Ap (note that Av”(t) = 0 and that the
true value is Ap = 0), then the maximum Likelihood estimate is the
nxl vector, Aﬁ, that minimizes, as a function of Ap, the exponent

which appears in L. This is equivalent to minimizing

k
~ r-1 r.-1 .
J = Z [(Ari - HiAp> R, (Ari - HiAp> + (Arci - JiAp> s, <ArCi JiAp)]

i=1 a a
a a
(42)

as a function of Ap. The result 1is

>
T

K 1k
- > (H.’Rflﬂ. + J.’S'.IJ.)' S (wrtar, o+ 3fsThar >] (43)
1 1 L 1 1 iy i=1 1 1 'La 1 1 C.

i=1 L
a
If for each test we know a priori that Ari(t) = 0, then ni(t) = Aria(t)

and mi(tl’FZ) = ArCia(tl,tz), and so this reduces to

k
z

i=1

k -1
n -1 7 -1
0P = [2:‘1 (HiRi H, + JfS) Ji>:| [

1

-1 t—1
+
(HiRi n, +JUS, mi>]: (44)



16

V. DENSITY FUNCTIONS FOR MAXIMUM LIKELTHOOD ESTIMATE
OF PARAMETERS AND FOR DERIVED MISS ESTIMATE

It is a basic fact in probability theory that the maximum like-
lihood estimate, Ap, given in Eq. (44) satisfies E(Ap) = 0 (i.e., has
expected value zero) and that the joint probability density for the

estimate Ap is

~ = - 2 -1 Aanl ~
P(83) = (2m) ™2 (dee w0871 2 expl-1/2 0B'E (0P85 ") 051
(45)

where

-1

k
E(MARY) = [Z H;R;lHi + st'il;ri] (46)
-1

L

I1f we know that miss m = AAp, where A is the 2Xn "miss" matrix rela-

tive to the impact point produced by Ap = O and Av(t) = 0 (these two

0), then the probability den-

conditions being equivalent to AX(t)

sity function for the miss estimate, m, 1is

¢

P@) = (2 [det E(a 2°)] 2 expl-1/2 &°E (A a1 (47)

where

Kk
. a - -1
E@a’y =AY 1R H, 4+ 0’s] J,] A’ (48)
i=]_ i 1 1 1 L T
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Vi. OPTIMIZATION OF RADAR LOCATTONS

We take up the optimization criterion for k of the radar loca-
o
tions (ko < k) while fixing the remaining k—ko radar locations.
Let us diagonalize the positive definite matrix, E(m m’'), and de-

note the result by

D = = U'lE(ra n’)u

where oy >0, 9, > 0, and U is the 2X2 orthogonal change of coordinates

m = Uy. We then have UDU-1 = E( @'), and det E(@ m’) = det U - det D-
-1 2 2 A
det U =0y 9,. The probability density for the estimate y in the

new coordinate system 1is

>

<>
N?NIN N

)—Aql\Jlr—‘ N

P(3) = (2n)_l(o=10’2)—1 exp |-1/2 (49)

If we calculate the probability that the derived miss estimate (based
on Ap) falls within the ellipse, Ep’ whose axes are pcl, QGz, respec-
tively, p > o, then, if we make the change of variables y, = 9, cos 0,

y, = ro, sin g,

&

Fig. 2—The ellipse, Ep

\
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we find that d§1d§2 = 0,0,rdrd6, and that

A2 2\
P(ye€p) = (2”)‘1(0 o) )_l exp |-1/2 Zl + Zg dy_d¥y
y = (§,,%,) ¢k 9 9/
y = (3,5, 0
2 2 2 22 2
-1 L 2 e r'o) cos” & r’o) sin
= 4(2m) (6132) I j exp |-1/2 3 + 5
o o . o) o
X Olczrdrde
/2 p
«1 A 2
= 4(2m) ] f exp (-1/2 r")rdrd®
o] (o]
2
1 /2 (-1/2)p "
= 4(2m) f J1 (-e )dud®
o] O
/2 (-1/2)0° 5
= 4(2‘W)_l f (—eu >d9 = 1_6(—1/2)0 (50)
(o] (o]

The semimajor axis, a = max(ol,cz), of the "standard' dispersion el-
lipse E1 (obtained by letting p = 1), is a function of ei, ¢i, i=1,
eeay ko (we take lPi(o)] equal to the earth radius, i.e., the radars
are constrained to lie on the surface of the earth). The criterion
that we take for selecting the radar locations is that a shall be
minimized as a function of ei and ¢i. Here, ei is the longitude of
the ith radar, relative to Greenwich, and ¢i is its latitude. Notice
that a is a minimum if and only if the semimajor axis, pa, of every‘
p-dispersion ellipse, Ep, p > 0 is a minimum. 5

Now that we have shown that P(ﬁsEp) = l-—e(_l/z)p , let us note
the relation between a and the radius, Rp, of the cirecular disk, Dp s
centered about the actual impact point, which contains 1—63(_1/2)pz of

the miss distance. Clearly, we have
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2
(-1/2)p" _ 5=
= P(meEp)

P(meD > P(meD = l-e
pa) = P(EEDR )

where Dpa is the disk of radius pa centered about the actual impact

point. From this it follows that Rp < pa. Thus, by minimizing a as

a function of Gi, ¢i, i=1, 2, ..., ko’ we will then minimize the

upper bound for Rp.

We proceed to the details for finding the value of the set 91,

¢i’ i=1, ..., ko which minimizes a. Calling
c c
‘12 “22
(which is positive definite), we see that Cij’ i, 3 =1, 2, are func~
tions of the 2k variables Gi, ¢i’ i=1, ..., ko. We must express
a = max(@l,sz) as a function of the cij's in E(m ﬁf). It is well

known from the theory of positive definite matrices that the eigen-

values of E(m a’) are positive--call them Kl, kz—-and that

— -

~ Al

— or B oa) + J%tr B a7 - 4 det EG &)

(51)

— -

Al

tr E(H &7 - Jitr E(R & )22 - 4 det EGR &) |

(tr denotes trace, and det denotes determinant). Furthermore, since

02
1 ° 1 )
D = =U E(mm )U
o 62
2
where m = Uy, and
cos & -sin ©

sin © cos ©
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is the orthogonal coordinate change, it is also known that the semi-

major axis we seek is given by

[l

Iy

1

max (01,02)

NG

- max (Vﬁg}

/i)

‘/tr E( a’) + \/{tr E(m ﬁ')}z - 4 det E(m m’)

1

T2

J 7
‘/Cll +eyy + N(egy = cpp) + ey

2

(52)

It is also known that a matrix (square) is positive definite if and

only if every principal minor is positive, so that 1 >0, €192 ~
2 A A
19 > 0, which implies oy > 0, so that tr E(m nf) = 11 + ¢y, > 0.
A necessary condition that a be a minimum is that
da -1 fatrE 2 \-1/2 OtrE .odetE
0 =% =(ha ) |5+ {erE}” - 4 det E trE 55— - 2 T35
i . 1 ) / L * -
B 1/2 ]
da -1 OtrE c 2 ) DETE ddetE
0 = %, - (4ba ) 36, + (}trE} - 4 det E) (%rE %%, " 2 6. >
i i i i/
(53
i=1, ..., ko, and where, for convenience, E = E(m @’). Using Eq.
(52) it can easily be deduced that Eq. (53) holds if and only if
2 JtrE odetE 0
& 788, T Toe, T
i i
(54)
a2 OtrE _ odetE 0
5®i el
i=1, ..., k, which is equivalent to (using trE = c1p t Copo
2
detE = €11%92 T 19 )
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SE €op @ “C12
tr| = =0
09y 2
“C12 ‘11 4
55
2 . _ (55)
SE 22 12
tr | = J1=20
b, Y
“C12 “11 .
i=1, ..., ko, which, in turn, is equivalent to
(35 /. -1 ]
0 =tr % £ = Kzlzxz)
(56)

0 = tr :%%; (E—l - lezxz):

k

soeees Ko, where 1 is the 2X2 identity matrix.

2X2

Of the various equivalent forms Eqs. (53) to (56), let us work
with Eq. (53). Since the partial derivatives of trE and detE are
needed, this requires that we must find the partials of c¢,., i = j,

i, j =1, 2, the entries in E. This leads to calculating the partials

BE/aei, 5E/5¢i, i=1, ..., ko. The necessary calculations are as

follows: Define

AN

k
1,-1 -1 )
= 57
Z = }E:(HiRi H, + 3.5 7, (57)
i=1
Then from Eq. (48) we have

(58)

Then
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-1
E oz ) ¢ _ -1 92 -1 s
oA Rg A = - A7 7 A
i 1 1
(59)
g—g— _ oAzt & oo, k_
i 0%;
Next,
F
‘ dJ
A ! g'r7" i 3757 % 4 (gs7h ——1>
aei T i1 99 i 29, i1 Rei 171 Bei
' (60)
M M\ AT\
27 P Bt -1 i r-1 i s-1 U1\
oL _ S JisT T —
20 HiRi A (HiRi 5¢i> + Jl i B@i + < ivi Bcbi)
i=1, , k
o]
Using the definition of Hi in Eq. (33) and the definition of U{ref
in Eq. (25), we obtain (in block form)
-, -
ey y) t. )
6. Qty
1
AH
i =
0., .
1
du? .
uiref<tNii>
36 Q(FNii)
) - (61)
, -
Uirep(fy ) aE. )
g, 11
3H, t
1 - .
0P, :
dou’ «
‘1iref<tNii) o
S Q(t .)
L Nt/ ]
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-, , B
Uireg(Tq) r ) 0o () .
38 UTyy) - aei Q( 13
a7,
i
W,
t 2 2
auiref(TMii) Buiref<T(Mi—l)i>
9. Q(KLi) - 3. QCQM,_1)1>
. i i i i 1

and similarly for 5J1/5¢i (replace Gi by ¢i in the expression for
aJ. /80 .), i =1, 2, ..., k .
it

)
Th i ! i
e partials of uiref(t) are given by

7
e (Eng) ) 2 ()]
o8, *rer(tnis 10
z ? 2
. {f Vit 288 + [Vi(tmi’ei’¢i)uiref(tmi)]uiref(tmi)}
Z
Uirer(Cni) |7, (] (62
L -
e Cires (Fni» %1085

’ ¢ ‘
% {f wi(tmi’ei’¢i) + [wi(tmi’ei’¢i>riref(tmi)]uiref(tmi)}

l<ms=<N,i=1, ..., k, and similarly for t = 7 ., L sm <M.,
! © mi i
where (see Eq. (23))
et 58,0 =[x (e ) -2 (e 0 (63)
= 6
P.(t ) =P (0)U. (€ .,8,,8) (64)

(see Eq. (21)).

Ui(t i,ei,¢i) = col[cos Gicos (ei+w

i 9
. .), cos ¢i51n( i+w

sin @.
L )5 ;1

Etmi
(65)
(see Eq. (22)).
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\Y (tmi,ei,¢l) = col{-cos ¢151n (ei+wEtmi), cos @icos (ei+wEtmi)’ 0]
(66)
W (tmi,ei,®l) = col[-sin ¢, cos (ei+wEtmi), -sin ¢i sin (ei+wEtmi)’ cos ®i]
(67)
Similar expressions hold when t = v ., 1 s m <M

mi i’ ,
These calculations enable us to obtain the partials of a with re-

spect to 91, ¢i’ i=1, ..., ko. Let us define the gradient of a at ,
the 2k-vector v = col(el, ces ek, @1, ey @k) by -
da da da da
V(a)(v) = (——— ey Ry s —-) (68)
581 aek 8¢1 a¢k
Then, at points v” = col(@f, v Gf, @f, e, ¢£) nearby v, we have
approximately
a(vb) - a(v) = V(a)(v) - Av (69)
where Av = v - v.

An illustrative iteration procedure for determining the value

v =v_. such that a(v_, ) is a minimum is as follows:
min min

L. Define the unit vector, v, = V(a)(v)/”v(a)(V)H-
2. For € >0, calculate a(v + evl), a(v), a(v - evl) using
Eq. (52).
3. Quadratically interpolate in order to find a new value, View?

with which we calculate V(a) (v )
new

, 1s sufficiently

4. Repeat until the gradient of a, V(a)(vnew)

close to the 2k-zero vector.
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(IVll=e)v, TVl (IMT+ey, 170

Fig. 3—Quadratic interpolation for minimizing a

We comment that once v . 1is found such that V{a)(v_., ) = 0, this is
min min
only a necessary condition in order that a be a minimum. It is pos-

sible to have a saddle point for a at Vo A sufficient condition

in®
for a local minimum is that the matrix of second partials of a with

respect to the 2k-vector v, denoted
82a
—_ i = . 70
(aviav)%m)’ SR TR TR % (70)

which is a symmetric matrix (this follows provided all the second

partials are continuous so that éza/éviévj = bza/avjavi, i, j =1,
., k), is positive definite. This will be true if and only if 8, >0
for i = 1, ..., 2k, where
B B
623 523
aVZ BVIBVi
1
_ : ; (71
g, det . :
aza aza
Lavlav. av

i.e., every principal minor is positive.
This sufficient condition requires, ultimately, the second par-.
tials BZE/59.5®_, i, 3 =1 ok, but we shall not carry this work
1]

3

further.
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The essential features of a computer program for implementing
either this criterion or the alternate criterion briefly considered
in Section I will now be outlined. The main function of such a com-
puter program is to minimize a as a function of the radar coordinates
(given in Eq. (52)), or in the case of the alternate criterion, to
minimize the jth diagonal element (the covariance of the jth IMU pa-
rameter) of the E(m m’) matrix as a function of the radar coordinates
(given in Eq. (48)). TFor both criteria, a numerical iterative algo-
rithm is needed, such as the illustrative classical steepest descent
method given in the paragraph following Eq. (69). Since linear inter-—
polation is generally a part of any iteration scheme, the partials of
the Hi and Ji matrices are needed with respect to ei and ¢i, as given
in Eq. (61). These partials, in turn, depend upon the-Q matrix de-
scribed in Section IV, Eq. (30). A computer program for the genera-

tion of the Q matrix is described in Ref. 1.
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VII. MATRIX INVERSION FORMULAS FOR SEQUENTTAIL CALCULATION
OF COVARTANCE MATRIX OF STATE VECTOR ESTIMATE

The sequential calculation of the covariance matrix of the state
vector estimate, such as E(AﬁAﬁl) in Eq. (46), essentially comes to
the following considerations. It suffices to illustrate by assuming
one radar station and one type of measurement——for example, range. We
have the covariance matrix of the state estimate, [HIR_lH]—l, after
gathering n data points. Here, H is nx%, 2 is the dimension of the
state vector (see Eq. (32), for example), R is the nxn covariance
matrix of the noise in the measurement:vector (here, range). Next,
we gather k more data points and then wish to calculate the covariance

matrix of the state estimate,

-1 -1
, R q H
ol ()
q r P

. HY . A .
where p is kxZ (note that ( > is the new transition matrix after n+k
P
time points), q is nxk, r is kxk. Note that the measurement noise co-

variance matrix,

is not necessarily diagonal. By straightforward calculation, the fol-

lowing holds:

R o)

“ -1 P /-1 -1, 1 -1
m’p'1| - {HIR H+ (R ) (x-q'R7q)7 (¢ R H)
. q r P

-1 - -1 s -1 -1
+ 't p 4+ (ar” PR (ar”p)

-1 -1 -1 -1 -1 -1
+ ('R qr” p)(r-q'R" Q)7 (¢'R Tar p)
1 1 1 -1 -1 AT
- -1 _ ’ ’ - - -
e g K i e e ' T R e

(72)
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The method used to invert the right-hand side in Eq. (72) is to use

repeatedly Schur's identity:

s -1 -1 -1 -1, ¢ -1, -1 -1
(AL+A2A3 2) -] - a A2<A3+A2A A> AA (73)

1 172 271
-1 ¢ -1
To start the process, we would let Al =HR H, A2 = qR H, A3 =
- - -1
r—q,R lq, and use Schur's identity and thus obtain (Al + A£A31A2> .

We would then let the first two terms in the right-hand side of Eq. (72)
be Al’ and then A2 Would be p, and A3 would be r. Continuing in this
way, we eventually arrive at the desired inversion.

The sequential calculation of the covariance matrix of the state
estimate is especially simple in case q = 0, i.e., when the covariance
matrix is diagonal. In the nondiagonal case, however, the calculations

by the method of Eqs. (72) and (73) become significantly more complicated.
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