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PREFACE

Part of the Project RAND research program consists of
basic supporting studies in mathematics. This Memorandum
shows how some simple algebraic peculiarities of the branch
of mathematics known as number theory might be incorporated

into a machine for generating proofs in number theory.






SUMMARY

A number of mechanical procedures for generating
proofs of theorems of logic have appeared in the literature,
all based on the Skolem—Herbrand theorem. Although in
principle the procedures can be applied to find proofs of
mathematical theorems, the procedures are very inefficient
for this purpose because they are designed to operate on
too large a domain. This report outlines a general method
by which these procedures can be adapted to operate morek
efficiently on a much more restricted domain: the statements
of elementary number theory.

The method is given a theoretical justification, and
several specific algorithms are described for realizing
the general method. These algorithms are applied to
examples. Much more detailed study must be done before
the method can be successfully utilized by a computer to

generate proofs of difficult number—theoretic theorems.
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ALGEBRAIC TECHNIQUES AND THE MECHANIZATION
OF NUMBER THEORY

1. INTRODUCTION

There has been much interest recently in the problem
of devising mechanical techniques for generating proofs of
theorems. Although ultimately one would like to find
feasible procedures for deciding interesting mathematicalfy
statements, thus far most of the work has been confined to
theoremproving in pure quantification theory (see [4] for
a notable exception). 1In principle, techniques developed
for proving quantificational theorems apply to proving
mathematical theorems, since the truth of a mathematical
statement S is always equivalent to the validity of a
quantificational formula (A1 & Ay & ... & Ah) — S, where
Al’ AZ’ ey Ah are suitable axioms. It is probable, howevétg
that methods so general that they apply to all quantifica-—
tional formulas will not be nearly efficient enough to
prove interesting mathematical theorems. On the contrary,
a procedure capable of deciding a large class of interesting
mathematical statements will have to be deeply involved
with the peculiarities of the relevant branches of mathe—
matics, as well as cognizant of logical deduction. It is
the purpose of this paper to show how some simple algebraic
peculiarities of number theory might be incorporated in

a device to prove theorems in number theory.

[ We choose to concentrate on number theory because
.. .
X1t is an example of a branch of mathematics in which
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many interesting statements have simple formulations. In
addition, the class of true statements of number theory is
highly undecidable (in fact, not even arithmetical). This
theoretical result is driven closer to home by the common—
place observation of the many simple open questions in
number theory—and closer yet when we notice that there
have been many remarks in the literature expressing interest
in mechanizing number theory, but as yet not even a con—
vincing deécription of a possible number—theory machine
comparable to the several logic machines or to the Gelernter—
Hansen—Loveland geometry machine. This paper does not
present such a description, but hopefully brings such a
description closer at hand.

Before presenting our approach, we take note of two
papers which comment on mechanizing number theory. In
[5], Machover and Robinson give a general description of
a proof procedure and two examples of proofs which their
procedure might generate. Their point of view differs
from ours in that they outline a general procedure that is
supposed to prove the standard results of elementary number
theory, given a list of these results in the right order.
(Of course, earlier results may be used in proving later
ones.) Our thesis is that if we are to have any success
at all, the basic results cannot simply be made available
as a 1is£f5f'EhgbremSJEbut rather they must be thoroughly
built into the procedure. For example, if the problem at

hand involves verifying a polynomial identity, obviously



no general heuristic device that must select the proper
instances of the properties of associativity, commutativity,
distributivity, and substitutivity of identity is going to
be nearly as effective as the simple algorithms available
for checking polynomial identities.

In the second paper [3], Davis and Putnam present a
finitely axiomatizable system for number theory, and remark
that such a system is necessary for a mechanical theorem
prover. But surely one can replace the usual infinite set
of induction axioms by a single rule of inference, which a
machine can handle as easily as the Putnam—Davis set—
theoretic induction axiom. Thus, the plethora of additional
symbols necessary for the finite axiomatization seems an
unnecessary complication from the point of view of efficient

mechanization.



2. THE FORMAL SYSTEM

Our theorem—prover will be cast roughly along the
lines of those in [1], [2], [7], [10], [1l1], [12], and
others. Davis [1] provides a well-written elementary

description of the general technique. Briefly, if B is

the theorem to be proved, then a selection of axioms and
|
|
t;glevant theorems Al, Ag, v, A is made, and the con— |

junction A.1 & A2 & ..i?&igg & — B iéuﬁﬁé inggﬁﬂégional
form (i.e., existential variables are replaced by functions
of the universal variables governing them). The result
is put in conjunctive form, and a list Ll’ L2, cees Lm
of the conjuncts is made, where each Li is a primary
formula (i.e., a disjunction of atomic formulas and
negations of atomic formulas). The object is to find a
set of substitution instances of the Ls which is truth—
functionally inconsistent. The terms used in the substitu—
tions are taken from the Herbrand universe., which consists
of all terms built up of the constant symbols and function
symbols of the L;. The Herbrand theorem guarantees that
an inconsistent conjunction exists if and only if B is
quantificationally implied by A,, ..., Ah'
Before discussing our proposed modifications of this
method, it will be convenient to introduce a slightly

non—standard formal system for number theory. The principal

unique feature of the system is simply that ordinary

polynomial expressions such as xyz + 3 + xz are well—formed



as they stand,without parentheses being required to indicate
a particular association. 1In fact, we shall not allow

such parentheses. Thus there is no need for the axioms

of associativity for addition and multiplication; indeed,
these axioms cannot even be expressed in the system. The
reason we take the trouble to formulate the system explicitly
is that we wish to note the necessary modifications of a

tew metamathematical concepts. .

The intended range of variables of the system is all
integers—positive, negative, and zero. Multiplication is
indicated by juxtaposition. The various special function
and predicate symbols can stand for such things as the
greatest common divisor function, x divides y, etc. The
specific interpretation will depend on the context.

The symbols of the system are the following: an

infinite ordered list of variables (usually denoted by

X, V¥, 2z, etc.), an infinite ordered list of special function

symbols (£, g, h, ...), an infinite ordered list of special
predicate symbols (P, Q, R, ...), the numerals 0, 1, -1,
2, =2, ..., the symbols +, <, =, &, V, — , E, comma.

Terms are defined inductively as follows: (i) Sums,

products, numerals, variables, and special terms are terms.

(ii) Function symbols are special terms. (iii) If
E1s +ees E (n > 1) are terms and f is a function symbol,
then f(ty, ..., t ) is a special term. (iv) If ty, ...,

t (n > 2) are terms none of which is a sum, then

ty +t, + ... s
( 1 2 + ty) is a sum. (v) 1If ty, sty (n > 2)



_._6__

are terms, then t;t,...t  1is a product. (vi) Nothing is
a sum, product, special term, or term, except as required
by (1) — (v).

For example, (2x + 3 + 5(f((x + y), y)zz + 3)) is a
term, bﬁt (xy)z and ((x + y) + z) are not.

Atomic formulas are of one of the forms P(tl’ cee, tn)
(n>1), ty = t,, t; < t,, vwhere the t; are terms and P
is a special predicate symbol.

Formulas are defined inductively as follows (all

clauses have the condition that no function symbol can

appear twice in a formula with different numbers of argu—

ments): (i) Atomic formulas, disjunctions, and conjunctions
are formulas. (ii) 1If By, ---» B, (2 2) are formulas,
none of which is a disjunction, then (Bl\/ Bz (VR V’Bn)

is a disjunction. (iii) If Bys v Bn(n > 2) are formulas,
none of which is a conjunction, then (Bl & B2 & ... & Bn)

is a conjunction. (iv) 1If B is a formula and x is a

variable, then 7B, (x)B, (Ex)B are formulas. (v) Nothing
is a formula, conjunction, or disjunction except as required
by (L) — (iv).

If a function symbol occurs with no arguments, we
shall call it a constant (symbol). Constants will be
denoted by a,b,c, etc. We shall use the standard notation
for exponents ahd take other liberties with writing formulas
when convenient. The notions of scope and of free and bound

variables are defined as usual.
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A formula is in rational form if no quantifier is in
the scope of an occurrence of -, and if no two quantifiers
operate on different occurrences of the same variable. The

functional form fn(B) of B is the formula obtained from B

as follows: (1) Put B in rational form (using the standard
logical equivalences). (2) 1If y is an existentially
quantified variable, replace each occurrence of y by
f(Xl’ Cee, Xn)’ where f is a new function symbol and
X1s --+s X are all the universally quantified variables
which include (Ey) in the scopes of their quantifiers.
If (Ey) is in the scope of no universal quantifier, then
y is replaced simply by a new constant symbol a. Distinct
existential variables should be replaced by distinct function
symbols. (3) Delete existential quantifiers.

This definition of functioﬁal form differs in clause
(2) from the one given by Davis [1]. Davis includes as
arguments for f(Xl’ R Xn) all universal variables which
precede (Ey). We include only those whose quantifiers
govern (Ey). As is well—known, the Herbrand theorem
(Theorem 1) remains valid when the definition given in
the preceding paragraph is adopted; in fact, the number
of substitution instances necessary to find an inconsistent
conjunction is in general reduced.

Modifying Davis' definition [1] slightly, we define

the Herbrand universe H(B) of a formula B to be the set

of all terms t such that (i) no variables occur in t, and

(ii) each function symbol occurring in t must occur in
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fn(B) with the same number of arguments.

By a substitution instance of a formula B in rational
form, we shall mean the result of substituting terms for
the universally quantified variables of B and deleting
universal quantifiers. The terms are from H(B), or from
the Herbrand universe of the conjunction of all formulas
under discussion at the moment. If the term t being
substituted is a sum, and the variable x which t replaces
is an "addend" of a sum, then the external parentheses of
t must be deleted.

The notion of model* for a formula of our system
coincides with the usual one, except that a model M with
universe U for a set S of formulas (or a single formula
B) must include not only a function for each special
function symbol of S (or B), but also two additional
functions @ and - , which map U x U — U. We shall
require that + and ° be associative; i.e.(writing
a & b and a - b for & (a, b) and - (a, b),
respectively), they must satisfy (a @ b) & c = i
a & (b & c) and (a -lb)fx c=a - (b c) for all

a, b, ¢ in U. The interpretation of terms must be such

that if the terms ty, ---, t are assigned objects
El:"': En in U, then (t1 + ... + tn) is assigned
t; & sy & & t, and t1t2"'tn is assigned

* 3 3
The interpretation of = need not be the identity
relation in a model. :
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El . EZ e En (under any association). As usual, we

say a set S of formulas (or a single formula B) is consistent
if S (or B) has a ﬁédel.

We shall show that the relevant version of the Herbrand
theorem holds in our system.

Theorem 1. A formula B is consistent (has a model)

if and only if no (finite) conjunction of substitution

instances of fn(B) is truth—functionally inconsistent.

Proof. If B has a model, then the standard argument
(see, for example, Davis [1]) shows that each conjunction
of substitution instances of fn(B) is consistent. Now
suppose, conversely, that each conjunction of substitution
instances from H(B) is consistent. Then, by the infinity
lemma, there is an assignment 4 of truth values to every
atomic formula of one of the forms P(tl, cee, tn), ty = t2’
ty < t,, where t; is in H(B) and P is a predicate symbol
occurring in B, which makes each substitution instance of
fn(B) come out true. We construct a model M for B as
follows: The universe of M is the set H(B). The inter—
pretations of the predicate symbols (including < and =)
and of the special function symbols are determined by the
truth assignment % in the obvious manner. The two functions
& and - are defined by the equations = & t, =
(ti + Fé), and ST t1t2’ where =1 and t, are in H(B),
and ti is the same as t;, except if t; is a sum, then ti

is t; without the outside parentheses. The functions® and -+ thus

defined are clearly associative. Hence M is completely
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defined, and it is easily verified that M is a model for B.
We shall axiomatize our system by listing essentially
the axioms for an ordered commutative ring with unity
(briefly, an ordered domain), together with an axiom schema
for the least number principle. Because we chose to in—
clude numerals for every integer in our system, the axioms
must be cluttered with schemata defining the numerals.
This is perhaps a formal difficulty, but certainly not a
computational difficulty, since the defining properties of
numerals are always built into computing machines.
We omit universal quantifiers in this list of axioms.

I. Axioms for equality.

| B o B o T o B o D o B o |

1 X = X.

22 "X =Y V=2 =Y VZ=X.

3 ax =y v (x+2z)=(y+2z)

4 —x =y v oxz = yz.

D ax =y v ax<zvyvy<z.

6 —x =y v 4z <xvzc<y.

.7 Axiomfschemata for substitution of equals in sﬁépial

function and predicate symbols.
II. Ring axioms.

IT.1 (x +y) = (y + x).

IT.2 xy = yx.

IT.3 x(y +z) = (xy + xz).

IT.4 (x + 0)= x.

IT.5 x1 = x.

IT.6 (1 +-1) = 0.

IT.7 —0 = 1.



ITI. Order axioms.
III.1 0 <xV0=x\V0<-1x.
ITI.2 —0 < x \/ —0 < —-1x.
III.3 /0 <x /-0 <yVO0O< (x+y).
IIT.4 —0 <x /=0 < y\/0 < xy.
' IV. Definitions of numerals.
IV.1 Aoyl = (An + 1), where n > 1 and A is the
numeral standing for n.
IvV.2 A—1 = (An + —1), where n < 1, A, as above.
V. Least-number principle.
V.l —(Ex)(B(x) & 0 < x) \/ [(Ex)(B(x) & 0 < x & () ( —B(Y)V
-0 <yVzx=yVx<yNl
where -B(x) is a formula with the free variable x

and no occurrences of y.

Every ordered domain is a model for axiom groups I, II,
ITI (with I.7 deleted), and conversely, given a model of
these axioms, we obtain an ordered domain by passing to
the equivalence classes defined by the relation interpreting
=. Addition and multiplication are associative in such
models by our definition of model.‘Axiom 1.7 can be made to
satisfy any ordered domain R simply by assigning trivial
functions and predicates on R to the special function and
predicate symbols; group IV is satisfied when numerals
are given their standard interpretation in R.

Our system is essentially equivalent to standard

systems for elementary number theory in the fpllowing




sense. Given a formula A in a standard system, we can
change A into a formula B of our system by deleting excess
parentheses and relativising quantifiers to nonnegative
integers. Then A will be a theorem of the standard system
if and only if B is a theorem of our system; that is, if
and only if B is true in all models satisfying the axioms
of our system. The proof of this statement is straight—

forward, and will not be presented here.



3. A CONNECTION WITH REAL CLOSED FIELDS
In this section we give a result which suggests a
way of excluding from consideration all the axioms except
the least—number principle when proving theorems. First,
we must set up some terminology.
Group I' shall refer to axiom group I, with I.7 omitted.

A closed formula B is wvalid for ordered domains if B is

true in every model for axiom groups ﬁT;ﬁii;ﬁiii; IVI755
matter how the special function and predicate symbols in
B are interpreted.

Lemma 1. If B is closed and has no special function

or predicate symbols, then B is valid for ordered domains

if and only if B is true in every ordered domain R.

Proof. By "B is true in R" we mean B is E;géiéhéﬁ its\
variables are interpreted as ranging over R, and when +,
ngtaposition, and numerals are given their natural interpre—
tations in R. The lemma follows from the remark immediately
following the axioms.

Now suppose C is a formula without quantifiers or
variables. A wvaluation from C to an ordered domain R is

a map p from H(C) to R such that (i) the numerals 0, 1,

=1, 2, =2, ... are sent to their natural images in

R(i-e-, o(a)) =n - 1), (ii) o((t] + ty + ... + 1)) =
p(t) @® w(ty) & ... & o(t)), and (iii) o(tyty..-t)) =
v(ty) - w(tz) Coa @(tn), where @ and - denote

addition and multiplication in R. If 7 is a truthw

assignment to the atomic formulas of C, then the valuation



® is compatible with 77, p;bvided that formulas of the
forms ty < ty, t1 = t,s come out true under 4 if and
only if ®(t1) —~ w(té), and $(t1) = @(tz), respectively,
where —< 1is the ordef relation in R.

We shall say the formula C (without variables) is
consistent for ordered domains if there is a valuation
v from C to an ordered domain such that ¢ is compatible
with a truth®assignment making C true. For example, the
formula - £(1 + 1) = £(2) is consistent for ordered domains,
while the formula - 1 + 1 = 2 is not.

Theorem 2. A closed formula B without special function

or predicate symbols is valid for ordered domains if and

only if some (finite) conjunction of substitution instances

of fn(— B) is inconsistent for ordered domains.

Proof. Suppose B is not valid for ordered domains.
Then by Lemma 1, B is not true in some ordered domain R;
i.e., = B is true in R. Hence, by use of the Skolem
functions for — B we can find a valuation ¢ from fn(— B)
to R and a compatible truth assignment 4 such that (i) 4
assigns truth values to the atomic formulas composed of
terms of H(— B) and predicate symbols from B, and (ii) 7
makes every¢9njuﬁctidﬁof substitution instances of fn(— B)
true. Hence, all such conjunctions are consistent for
ordered domains. Suppose, converseiy, that B is wvalid for
ordered domains. Let Al’ A2, Cee, An be the axioms in
groups I', II, III, IV, except we include only those

(finitely many) instances of IV which are necessary to



define the numerals occurring in B. Then B is true in

every model for A1 & A2 & ... & A, soO Al & A.2 & ... & A.n &= B
is (quantificationally) inconsistent. By Theorem 1, there

are substitution instances Sl’ SZ’ cee Sm of

fn(A; & Ay & ... & A) & -1 B) such that S; & S, & ... & S

is truth—functionally inconsistent. We may write S; in
the form Si = Xi & Yi’ where Xi is a substitution instance
of fn(A1 & ... & An) and Y, is a substitution instance

of fn(— B). We claim that C = Y, & Y2 & ... & Ym is
inconsistent for ordered domains. For suppose, to the
contrary, that there is a valuation ¢ from C to an ordered
domain R which is compatible with a truthwassignment .7 ,
making C true. We can extend ﬁT,to all formulas of one

of the forms £ < ty, £ = t,, t; in H(B) = H(C), by making

i
£ty < ty, ty =ng true if and only ifrm(tl) — $(t2) in R,
v(ty) = 9(ty) in R, respectively. Thus extended, A makes
each of the X, true, since thexi are instantiations of
A& Ay & ... & A, and this conjunction contains no
special function symbols and is universally true in R.
Therefore, X & Xp & ..& X & C (i.e., Sy &...& S,) is B
truth—functionally consistent, contrary to assumption.

Thus C is indeed inconsistent for ordered domains. This

completes the proof of Theorem 2.

Suppose C is a formula without variables or quanti—

fiers. An occurrence of a special term in C is maximal

if it is not a proper subterm of a special term. A table



for C is any 1-1 correspondence between variables and the

special terms which have maximal occurrences in C. The
existential form of C with table T, ET(C), is the formula
obtained from C by replacing all maximal occurrences of

special terms in C by the variables specified by T, and

then adding a prefix to C consisting of an existential

quantifier for each new variable. For example, an exis—

tential form of a2 + 1+ f(a+3) =0 is (Ex)(Ey)(x2 +1+y=0).

Lemma 2. Everv ordered domain is a subring of a real

closed field.

Proof. If R is an ordered domain, then the order
relation can be extended to the fraction field K of R

by the rule a/b > 0 if and only if ab > 0. But according

to van der Waerden [9],f§ec[7?2,4k‘Eéﬂgggieﬁﬂe&aéaiiﬁi
a real closed field. -
Theorem 3. If C has no quantifiers., variables., or

special predicate symbols, then C is consistent for

ordered domains if and only if ET(C) is_true in_the real
numbers .

Proof. Suppose C is consistent for ordered domains.
Then C has a valuation ¢ into an ordered domain R which
is compatible with a truthwassignment frfunder which C
comes out true. Ep(C) is true in R, since ¢ and T tell
how to assign members of R to the variables in ET(C) in
order to satisfy the existential quantifiers (nmotice that
ET(C) has no special predicate or function symbols). Now,

by Lemma 2 we may assume R is a real closed field. Hence



ET(C) is true in the real numbers, since Tarski's decision
procedure for real closed fields [8] shows that an elementary
formula is true of a real closed field if and only if it

is true of the reals.

| Suppose, conversely, that ET(C) is true in the real
numbers. Then there is an assigmment of a real number to
each variable of ET(C) which makes ET(C) come out true,

and p composed with T tells how to transfer the assignment
to certain special terms in H(C) (notably those special
terms which have maximal occurrences in C). This assignment
can be extended to a full valuation p of C into the reals

by setting @ (t) = 0 for each special term t not '"appearing'
in T, and then extending to H(C) by the rules (4 ) = n‘,
p((tg + ty + ...+ tn)) = cp(tl) + ... +cp(tn), and

Pt o ) =t oty + .t w(E). ;Thﬁlﬁlﬁ?!icpr becomes
the required valuation of C into an ordered domain (the

real numbers). The truthwassignment fffcompatibﬁg‘with

¢ is the one determined by the ordering and identity

relations on the real numbers. C is true under J?J

precisely
because ET(C) is true in the reals.

Combining Theorems 2 and 3, we obtain the following
theorem.

Theorem 4. If B has mno special function or predicate

symbols, then B is wvalid for ordered domains if and only

if the existential form of some finite conjunction of

substitution instances of fn(— B) is false in the real

numbers.



Theorem 4 is relevant to mechanizing number theory
because Tarski's decision procedure can, at least in
principle, be applied to decide whether the existential
form of a substitution instance is true or false in the
real numbers. Hence a possible procedure for proving a
formula B in the integers is as follows. First, select
relevant theorems and instances of the least number principle
A

1> "o An, as before, but do not include the axioms in

groups I', II, ITII, IV. Set A =‘fn‘(A1 & A& ... &AL &N B).

2
If a proper selection of the Ai's”ﬁas been made and B is

a theorem in our system (i.e., B follows from axiom groups
I' — V), then — (A & Ay & ... & A )V B will be valid for
ordered domains, and so by Theorem 4 the existential form

of some conjunction of substitution instances of A is

false in the reals. Thus we may proceed systematically

| (or heuristically) to form substitution instances of A and |
'to test the existential form of their conjunctions from |

time to time, using the Tarski procedure.
We dofnot claim that the above method is efficient or
even feasible. The”Térski decision procedure is very

complex and difficult to mechanize. However, the alternative

of trying to show that a formula is algebraically inconsistent

by finding truth—functionally inconsistent instances of the
formula and axioms I', II, III, IV (and perhaps some algebraic
theorems) is hopelessly inefficient fg?iaAihééfeﬁébfavgf?ﬁiﬁ?

is to have much algebraic sophistication. The unconvinced

reader might find it instructive to exhibit explicitly a



conjunction of substitution instances of the axioms which

is truth—functionally inconsistent with the formula
= (a+1)(a+1) = (aa + 2a + 1).

The Tarski decision method required deep insight into
the structure of real.closed fields for its formulation,
while the method of finding inconsistent substitution
instances is so general that it works for systems with no
relation even to algebraic rings. Hence, on these general
grounds it is highly plausible that the former method is
far more efficient at deciding statements about real numbers
than the latter, even if the class of statements we are
interested in is rather special (namely, the existential
forms of conjunctions of subsitution instances of formulas
of the form A given above).

In a practical number-theory machine, the algebraic
procedure used will probably be more closely related to
the integers and be substantially less general than Tarski's
procedure. One possibility, for example, is to check the
conjunction of substitution instances for consistency in
additive number theory rather than for ordered domains.

That is, all polynomial terms could be completely multiplied
out and simplified, and the resulting formulas put in an
existential form similar to the one described above, except
multiplication (i.e., juxtaposition) would be regarded as

a special function symbol. The Presburger decision procedure

[6] for additive number theory would be applied to the result.



Experience has shown 'that for theorems on thgw}évélidffif
difficulty of those in 'the first chapter of an elementary
textbook in number theory, relatively simple algebraic
methods suffice. Examples are given in the next section.
In concluding this section, we remark that theorems

1 — 4 can be formulated for much more general objects than

ordered domains, and the objects can include special function

and predicate symbols in their axiomatizations. The main
requirement is that the prenex form of the axioms contain

only universal quantifiers.



4. EXAMPLES

In this section we discuss three examples of elementary

number—theoretic theorems and how a machine might construct

proofs of them. We assume in each casei@héﬁrpreliminary steps

have been taken sojﬁhéﬁithgrmgchine has‘;EWitSVQ}sposal a lisE}

of primary formulas (that is, disjunctions of atomic formulas
and negations of atomic formulas), the conjunction of which

is to be proved inconsistent in the integers. The conjuncts
will include the functional forms of the negation of the
statement in question, as well as the functional forms of
various theorems that seem to be relevant. The general
technique will be to substitute terms for universal variables
in the various conjuncts in some order, while at the same
time simplifying the resulting expressions by truth—functional
manipulation and application of algebraic (and simple number—
theoretic) principles.

It will be convenient to define a few notions for the
discussion. We shall say two terms t; and t, are equiva—
lent if they represent the same polynomial; that is, if
ti and t; are obtained from =1 and ty by replacing maximal
special subterms (see the previous section) by variables

in a 1-1 fashion, then t; and t, are equivalent if and only

if

(x1) () - () (2] = )

is true in the integers,where X1sXgs...,X, are the variables occur—|
J L4 > * * . 3 - o . . . ‘
iring in tl and t2. A term is in canonical form if it is written as




a polynomial in some specified standard fashion. This means,
roughly speaking, that multiplication has been distributed
over addition as much as possible, like products have been
combined and simplified, and subterms appear in some standard
order as much as possible. The exact specification of
canonical form is not important, as long as the following
property is satisfied: Every term is equivalent to one

and only one term in canonical form. It is not difficult

to write a computer program to put terms in canonical form.

The notion of canonical form is useful because it
enables us to restrict somewhat the number of terms used
in forming substitution instances. For example, evidently
Th. 4 still holds if the substitution instances referred
to are limited to those formed by substituting only terms
in canonical form.

The first example we present is the theorem that every
integer greater than one has a prime d@wisor. The basic
ideas of our discussion here were communicated to the authof
by Professor Hao Wang. In this example, and indeed for
most theorems in number theory, it is convenient to use
two special predicates: P(x) for x is a prime, and x | y
for x is a divisor of y. We shall assume that initially
the machine is given the following list of conjuncts,

which it must find inconsistent:



(1) 1< a,

(2) ~P(x) V % | a ,

(3) AL < xVPE®)NV < a,
(4) -l < xVEE) | xV &< a.

Formulas (Sjrané 643

é%éiéﬁéﬂresultiof one application of"””f\““~\
the least number principle (LNP) to the formula to be pfoved.
The function £(x) is a "Skolem function" resulting from an
existential quantifier. Formulas (3) and (4) are more intelli-—
‘gible when written in the form (L < x < a) — (P(f(x)) & £(x) | x).

One application of the LNP or the standard induction axiom to

the formula in question is often suffiéiént fér'elementé}§”
theorems, provided enough number—theoretic devices are
built into the machine.

This example seems to refute our thesis that algebra
should be built into the machine, since it requires no
algebraic facility at all to prove the theorem. This is

not surprising, however, since neither + nor . occurs in

(L) - ). }Whggﬁ;hose operations dgbsgéur, ;iééb}éié
facility is required, asggﬁgrééﬁé;{é;;;bieé ﬁiii éhéw. In
general, it seems reasonable to admit for substitution only
those terms composed of 0, 1, and the function symbols
actually occurring in the formulas to be refuted, i.e.,

(1) — (4). 1In this case, the admissible terms are thus

0, 1, a, £(0), £(1), £(a), £(£(0)),..., and this is a

reasonable order in which to substitute them.
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The machine shall proceed as follows. The formulas with
(universal) variables are selected sequentially, and the first
term in the above list of admissible terms which has not yet
been substituted in the selected formula is substituted. Any
duplicate disjuncts in the result are eliminated, and any dis—
juncts to which an application of '"cut' applies (with other
conjuncts of the list) are eliminated. (The rule of cut
allows an atomic formula to be eliminated if its negation
appears as a conjunct.) The result of these operations is
added to the list of conjuncts, and the augmented list is
checked for truth—functional consistency. (An efficient method
for checking consistency of formulas in conjunctive form is
given in Davis and Putnam [2].) If the new conjunct added is
in one of the forms P(t), —P(t), then the proper instance of
the definition of P, or the negation of the definition, is
added as a conjunct. Finally, we assume the machine recognizes
that | is reflexive and transitive. We list below the sequence

of those conjuncts which contribute to the final contradiction.

(5) =P(a) (a for x in (2) and recognition

that a | a is true).

6) b | a

(7) 1< b ‘> Definition of P(a).

(8) b<a

(9) P(£(b)) (b for x in (3) and cut with
M), (8)).

(10) £(b) | b (b for x in (4) and cut with
(7), (8)).



(1) £(b) | a ((6), (10), and tramsitivity of |).
(12) —P(£(b)) (£(b) for x in (2) and recognition
that £(b) | £(b) is true).

\Wg see that (9) and (12) fgrﬁitﬁgﬂcontradiction.;

We note that in the process of exhibiting the definition

of —P(a), the machine generates a new constant symbol b. This

;symbolibA}srﬁgﬁyﬁéémg:féfréa§§£1éqﬁign3ié§aimiéhfigéuﬁiéaédnaﬁxx

the list of terms a few notches after the set of terms needed
to generate —P(a). Hence, the actual sequence of terms
used for substitution might be 0, 1, a, £(0), £(1), £(a),
b, £(£(0)), £(£(1)), f(b), with perhaps a few extra terms
resulting from exhibiting definitions of —P(t) for certain
terms t. Since there are only three formulas with variables, i.e.,
(2), (3), and (4), and they have one variable each, the
number of conjuncts generated will be slightly more than
three times the number of terms substituted, perhaps about
100. A computer should not have much difficulty checking
for consistency 100 conjuncts of the present particularly
simple form,using the Davis—Putnam method, because the first
step in this method is to eliminate all atomic formulas
which do not have both positive and negative occurrences.
A little experimentation indicates that very few atomic
formulas would survive this initial elimination.

Our next example is the Euclidean Algorithm. Here it

is profitable to apply the ordinary induction axiom to the



formula in question, rather than the LNP. Thus the machine

is given initially the conjuncts

(}E} a=qgb+r (a, b, q, r are constant
symbols) ,

(2E) 0=rVO0<r,

(3E) r<b,

(4E) —a+1l=xb+yVy<0\ —y<b.

The machine must have some algebraic facility to prove
(1) — (4) are inconsistent, and as a start we shall assume
the machine places every term in canonical form (see the
beginning of this section) immediately upon making every
substitution. Since + and - occur explicitly in kiﬁju: (AE)f
the set of terms substituted must be expanded to include
sums and products. Hence the sequence of terms eligible
for substitution will be 0, 1, -1, a, b, q, r, 2, =2, a + 1,
b+1, q+1, r+ 1, ab, aq, ... . The position of a term
in the sequence is determined roughly by the number of
symbols composing it, except numerals should be counted for
their absolute value and products counted as if the symbol
- were there explicitly. Only terms in canonical form
should appear in the sequence.

With this apparatus, the Presburger decision procedure

for additive number theory (which also takes care of <)

more than suffices to prove klﬁji—Ak4E) inconsistent. Indeed,

the conjuncts
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(5) ma+l=gp+r+1Vr+1<0y-r+1<b
((g, r + 1) for (x,y) in (4)),

(6) =a+1=gpb+bV0OC<OVY-0<<D
((q + 1, 0) for (x,y) in (4)),

togegher with (1E), (2E), (3E) are inconsistent in the

formal theory of integers which exludes multiplication as

a function. 1In other words, if the only product (notably gb) =
is replaced by a new constant symbol, then there is no way

of assigning integers to the constant symbols so that (lE),

(2E), (3E), (5), (6) are simultaneously true. This fact

is easily verified by making a few algebraic and truth-
functional simplifications.

We remark that an essential application of the canonical
form routine was made in forming (6); i.e., the Presburger
procedure would be insufficient without this routine.

Although the Presburger procedure is much simpler than
the Tarski procedure, it operates naturally on formulas in
disjunctive form rather than conjunctive form, and it might
be infeasible to apply repeatedly in its full generality.
However, an easily mechanized special case which suffices

for the present example can be built into the machine.

An atomic formula t] = t, is in reduced form if (i) t,
is the numeral 0, (ii) t; is in canonical form, (iii) the
left-most symbol of ty (excluding the left parenthesis) is
not a numeral for a negative integer, and (iv) the ''co-
efficients" of the "summands' of t; are relatively prime.

An atomic formula t; < &y is in reduced form if either




(i) — (iv) above are satisfied, or (i) — (iv) are satisfied
with the roles of ty and t, reversed. It is easily verified
that every atomic formula whose predicate is = or < expresses
the same algebraic relation as one and only one atomic formula
in reduced form.

With this terminology, we can describe the procedure
as follows. First, negated inequalities are replaced by a
disjunction of two atomic formulas (e.g., —a < b by

a=b\/ b< a), and then all atomic formulas are put in

reduced form. 'ihgs (1E) — (4E) become |

aB'  gptr-a=o0,

(2E) ' r=0\0< r,

;(3E)' 0<b-r,

(4E) " —xb+y-a~-1=0\/y<O0\b-y=0
| \VV b-y<O0,

Next, if one of the conjuncts is an equation in which a
constant symbol c¢ has precisely one occurrence, and that
occurrence\ié'a summand (with coefficient + 1), then the
equation is solved for ¢ and the resulting expression sub-—
stituted for c throughout, thus eliminating c from further
consideration. (The original equation is deleted.) Again,
all atomic formulas are put in reduced form.

Both a and r are eligible for this operation in Kiﬁ;ﬁ;ﬂ
it makes no difference which is chosen. 1If a is chosen,

the result is



()"  r=0VO0<r,

(2E) " 0<b~-r,

J(3E)’f —xb—ghb+y—r—-1=0\y<O\Vb=y=0
b-y<O0.

This step is repeated, if possible. It is not possible
in the present case.
Now terms are substituted for variables, as before.
In addition to truth—functional simplifications on the
resulting conjuncts, the machine recognizes when a single
formula or a pair of formulas with no variables is incon—
sistent in theitheory'df integers without multipli;étibﬂjfiiﬁ1§ 
recognition is easily accomplished. 1If an inconsistency
is found, an application of cut is made, if possible.
After every manipulation, atomic formulas are put in reduced
form. If at any point a conjunct appears which enables a
variable to be eliminated by the device mentioned above,
the elimination is accomplished.
Here are the steps which lead to a solution of the
present example, when this procedure is applied.
(4E)" b-—r—-1=0 ((q, t +1) for (x,y) in k}@)".
The machine recognizes —0 = 0 is false,
r 4+ 1< 0 is inconsistent with ﬂlE)'gn
b-—r—-1< 0 is inconsistent with Eéib'twsoi
these disjuncts are cut.)
Féfﬁula EZE)dgééﬁigéiagédgEgi;1EMinate either b or r frmn ""‘“W
consideration. Either choice leads to success. If r is

chosen, the list of relevant equations become



(1™ b-1=0V0<b-1,
(2E) " 0 < 1 (redundant, and could be eliminated) ,

(3E) " —xb-gpb+y-b=0Vy<O0Vb-y
=0V b-y<O. ‘

Substituting (q‘+ 1, 0) for (x,y) in (3E)"" accomplishes
the contradiction, since every disjunct in the result is
either inconsistent by itself, or contradicts (1E)"'.

The procedure outlined above was of courseclosei§—___—\
tailored to fit the presenfve;ample. However, the pro—
cedure can be generalized to include any fraction of the
entire Presburger procedure. We have given this example

to show how a few simple devices suffice to solve one
interesting problem.

Referring back to our list of terms eligible for
substitution, we notice that success depends on substituting
the thirteenth term in the sequence. Since at any one time
there is one equation with two variables available to be
replaced, roughly (13)2 = 169 substitution instances would
be generated. Actually, 169 is too large, since the
variables a and r are eliminated during the procedure, and
thereafter the terms composing them would not be eligible
for substitution. In any case, the number of conjuncts
generated is uncomfortably large, because each new conjunct
must be compared in a complicated fashion with all the old

ones. Thus, a heuristic to reduce the number of conjuncts

is desirable. One possibility is this: if a conjunct



consists of several disjuncts and it is not simplified and
does not contribute to a simplification within a specified
length of time, it should be eliminated from the list.

As a final example, we present a lemma used in proving
the theorem that every positive integer is a sum of four
squares. The lemma is that the product of two sums of four
squares is again a sum of four squares. The machine need
be given only the single equation

2 2

(1) —(a% + b2 + c? 4+ a2y (e? + £2 4 g2

2 2 2 2
2

+ h%) =x"+y" + 27 + w.

If the machine can find the right substitution
instances for x,y,z,w, the only other facility needed is
the ability to put an equation in reduced form andltgwrgypg—
nize that —0 = 0 is inconsistent. The proper substitutions

are

ae + bf + cg + dh for x,
af — be + ch — dg for vy,
ag — ce + df — bh for z,
ah — de + bg — cf for w.

This example should be borne in mind by all who think

they know a good heuristic for finding substitutions!



5. CONCLUSION

By presenting the theorems in Sec. 3 and discussing
a few examples, we have suggested that an algebraic facility
could be built into a number—theory machine by a set of
little algorithms, such as special cases of the Tarski and
Presburger procedures. Of course, proving results in number
theory depends not just on algebra, but on mastery of a
large variety of special techniques for handling the standard
number-theoretic concepts: prime number, division, con—
gruence, etc. A successful machine will have to incorporate
these techniques, and such a machine can be built only after
detailed analysis of many examples has shown how the

incorporation might be successfully accomplished.
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