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PREFACE

In the summer of 1959 RAND was asked to explore the
possibility of devising a technique which could help the
Directorate of Military Personnel (PMP) determine among alter-
native training and retraining programs those which promise
either the best expected match of available manpower to require-
ments, or the minimum-cost training program to achieve projected
requirements. Officers of PMP acquainted us with the key
aspects of their problem and suggested that in our initial
effort we give these primary consideration, abstracting to the
extent necessary from possible data limitations and the
administrative context in which the problem is embedded. While
the primary goal was to design an analytical tool for the problem
as given to us, our awareness of contextual and data consider-
ations moved us to conceive an analytical model which could be
useful over a fairly wide spectrum of data availability and
administrative conditions.

Acknowledgment is extended to G. B. Dantzig, who recommended
that the problem be cast in terms of a network model, and to
D. R. Fulkerson, whose "out-of-kilter" technique for solving
minimal-cost flow networks is used. Although this model would
not have been formulated without their help, responsibility for
the correctness of the application and the details of the model

itself is the author's alone.
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1. SUMMARY AND INTRODUGTION

Personnel logistics, the job of providing properly trained
men where and when they are needed, has always been a formidable
wilitary problem. Although it has the same objective today as
it has had for ages, the size of current peacetime forces and
the proliferation of skills called forth by modern weaponry
have increased its complexity enormously.

A particularly difficult aspect of current personnel
logistics is that of programming training and retraining
activities. Various length lead times, uncertainty regarding
requirements and losses, and the numerous alternative ways of
meeting a new or incréased speciélty requirement are only a few of
the factors which contribute toc its troublesomeness. In this area
the goals of the personnel programmer, oversimplified somewhat,
are to determine the set of training and retraining flowsl which
is most likely to result in the best fit of available and expected-
to-be available manpower to projected requirements, or alter-
natively, the set of training and retraining flows which results
in the achievement of projected requirements with minimum train-
ing cost. This memorandum presents a mathematical model which,
when tailored to the specifications of their task, can help

personnel officers to accomplish these goals.

Y ftraining flow" refers to the number of recruits in train-
ing for an individual specialty or group of specialties, initiated
at a specific time and terminated in a specific length of time.

A "retraining flow" refers to the number of personnel retraining
from one specialty or group of specialties to another specialty
or group of specialties, initiated at a specific time and termin-
ated in a specific length of time.
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The problem is cast in terms of a network flow model, the
nodes of which represent individual specialties in specific
time periods, the links of which represent all potential train-
ing and retraining flows (and all nontraining flows or intra-
specialty movement as well). For the case to be stressed here,
in which the problem is to maximize the achievement of require-
ments, a mechanism is introduced at each node which credits or
values each airman ®"arriving" against a requirement. These
values may be equal for all specialties and time periods or
they may be used to reflect priorities. The solution yields
the set of flows over nontraining, training, and retraining
links which maximizes the aggregate value of the network, or,
what amounts to the same thing, the set of flows which results
in the best expected match of expected available manpower to
projected requirements (in view of expressed priorities, if
any). The solution offers, as a by-product, information useful
in determining desirable aptitude characteristics of recruits.

Three principal factors recommend the network flow model
for application to the personnel training problem: first, it
appears that those considerations which must be taken into
account in determining training flows can be simulated in a
network; second, of the several mathematical techniques which
might be applicable, the network formulation appears best able
to éope with systems as large as those entailed in programming
USAF personnel training; and finally, once the first set of

flows has been computed, alternative or successive solutions
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based on. changed input data can be obtained quickly and
inexpensively.

The network simulation is discussed in detail in Section II.
A general introduction to the elements of a network, describing
the ground rules which must be observed and the way the links
and nodes may be manipulated, is followed by consideration in
turn of the specific primary links of most personnel networks,
i.e., training and retraining links, loss links, and gain links.

The subsection devoted to the training and retraining links
touches on appropriate criteria for the inclusion of retraining
alternatives; details the mechanics of setting up a training
and retraining link; and describes and recommends devices for
resolving the difficulty entailed in establishing time inter-
vals or periods for the model which are compatible with train-
ing and retraining periods.

The losses to the Air Force from each specialty are-repre-
sented in the network by specified or pre-set flows in each
time period. Because estimates of losses are subject to error,
they introduce a source of error in the solution. The manner
in which this error may be minimized forms most of the substance
of the subsection devoted to losses. Additions to the force
may be handled in a number of ways described in the gain link
subsection; the way in which they should be handled will depend
of course on the conditions to be reflected. For example, in
the case of a constant ceiling on total manpower, gains may be
set equal to expected losses in each period, or allowed to

fluctuate below, but not above, expected losses.
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Aveilatle manpower is directed to requirements by placing
value on the achievement of requirements. The techniques for
setting up the valuing complex and for using it to reflect, if
necessary, specialty, time, and other priorities are described
in the next subsection. The mechanics, as well as possible
rationales for the inclusion of priority systems, are also
discussed. For example, the use of a slightly diminishing
value in each successive time period to reflect the increasing
uncertainty of input data such as requirements, losses, etc.,
is recommended. EKere also the manner in which the values tend
to direct the flows is illustrated. The subsection closes with
a statement and recommended solution of the problem of the
interdependence of projected requirements (a necessary input)
and the training and retraining flows (the answer).

Real, or simply "desirable", limitations on the training
and retraining flows may be reflected in a network by placing
bounds on the links over which these flows will take place.

For most constraints the use of upper and lower bounds suffices;
some, however, require minor adaptions of the network. Using
six examples, the subsection devoted to constraints illustrates
how most limitations may be handled in a network. The examples
chosen include: (1) limiting turnover in a specialty; (2) re-
quiring a minimum manning level in a specialty; (3) reflecting
aptitude limitations for certain training and retraining flows;
(4) forecing a certain manning mix as between recruits and others;

(5) directing flow from a group of surplus specialties to a
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particulﬁf specialty; and (6) limiting the fluctuation in a
flow in successive time periods (to reflect possible interest
in keeping training course size-fluctuations within limits).
The relationship between effective constraints and how well
the solution "does its job™ concludes the subsection.

The final part of Section II brings together the bits and
pieces, restating how they fit together and contribute to a
solution. The solution itself is shown to be something more
than is immediately apparent; that it is not only the best
expected match of available manpower to projected requirements,
but with a slight modification also reaches that degree of
requirement fulfillment with minimum aggregate training time.

In Section III a small but complete illustration of an
hypothetical Air Force planning problem is presented and dis-
cussed. Ten specialties and a recruit category are programmed
to achieve a best possible fit to given requirements over

twelve time periods.
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II. THE NETWORK ANAIOGUE

GENERAL

A network is composed of two elements, nodes and links. A
very simple network is shown on Figure 1 on the next page. The
primary nodes, shown as O's on the chart, represent airmen with
specified specialties in specific time periods. For example,
the O in the upper left-hand corner represents a specialty in
the first time period. To these primary nodes are added cer-
tain artificial nodes shown as ® on the chart, which are needed
for the valuing mechanism and to complete the network. The
latter nodes are labeled "source" and "sink" in the diagram.
The other filled-in circles, representing nodes required for
the valuing mechanism, are discussed fully below under "Require-
ments and Valuing Mechanisms" (page 19 ff.)

The primary links of the network (Figure 1) represent all
potential real flows:l (1) nontraining links, within each
specialty from each time period to the successive time period
(solid arrows); (2) training links, from the recruit category
to each specialty into which recruits may be trained (dashed
arrows); (3) retraining links, from each specialty to other

specialties to which retraining is possible (dash-dot arrows);

lThese are referred to as "potential® because a flow need
not occur on these links, and "real® to distinguish them from
certain artificial flows which do not actually represent the
movement of airmen either or both between specialties and over-
time such as those from the "source™ and to the "sink".
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e (1} ———————= Non-training link
(2} ———-——- Training link
(3) ———~———= Retraining link
——— |_oss link
(5) ———--— Gain link
() wrevemevrrincem Secondary link

Fig. |— A simple personnel flow network
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(4) loss links, from each specialty in each time period out of
the system (the long dash arrow from Specialty 1 in time
period 1 to the sink; only one of such loss links is shown in
order to keep the diagram simple); (5) gain links, from out-
side the system to the recruit category in each time period
(the dash-2dot arrows from the source).

In addition to the primary links, certain artificial or
secondary links are needed for the valuing mechanism and to
make the network a complete circulation. These links are
represented on Figure 1 as dotted arrows (6). A group of
such links from the "source™ to each of the specialties in
the first time period is used to "set in" the availability
status of each specialty in time period 1.

Associated with each link may be three numbers: (1) a
lower bound; (2) an upper bound or capacity; and (3) a cost
(negative) or value (positive) per unit of flow. The first
two of these numbers may be used either to "set in" flows (as
~in the case of projected losses) or to regulate the flow within
certain bounds dictated by feasibility or other considerations.
A value is placed on the links of the valuing mechanism and
may be associated with training and retraining links as a
device for obviating the need for very short time periods.

- The specialty group must be assumed to be homogenous. If
distinctions must be considered within a specialty group--as
beﬁween airmen on their first enlistment and airmen on later

enlistments--the group must be fragmented (e.g., in the case
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of first termers versus careerists, two categories would be
required for each specialty). It is highly desirable to keep
the basic category as inclusive as possible, i.e., to avoid
fragmenting specialty groups if other means are available for
dealing with the problem. The reason is that the time and
effort required to compute a solution is directly related to
the number of basic categories; if the number of categories
doubles (even if the absolute number of airmen involved is
constani), the machine computing time also will double. Fre-
quently, by merely setting capacities or minimums on flows out
of a specialty group, the apparent need for breaking the group
down can be avoided. Resourcefulness in avoiding small, un-
inclusive basic categories will substantially lessen programming
and machine-computer time and cost.

The special problems, uses, and characteristics of the
links are discussed in subsections on training and retraining
links; on loss links; and on gain links. In the remaining
subsections, techniques for constructing valuing complexes
and using them to reflect priorities are explained; constraints
are discussed; and finally, the parts of the prior subsections

are brought together to show how they contribute to a solution.

TRAINING AND RETRAINING LINKS

~ When all training and retraining time can be expressed as
whole-number (integer) multiplers of one time period, trans-
lation into links of the network is straightforward. First, a

table of all training and retraining possibilities is
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constructed. This table indicates, in terms of time periods,
the lengtnh of time it takes to train from the recruit category
toVeach specialty or retrain from one specialty ﬁo another.
Only those training and retraining possibilities should be
included which are feasible in the sense that if the model
solution indicates a flow over the link, other overriding
considerations will not rule the flow out. However, when alter-
native links are being considered, judgment must be exercised
not only in the exclusion of impossible links, but also in the
inclusion of links which may seem unreasonable. It makes
sense to be as inclusive as possible when setting up alter-
native training and retraining links, since the model (with
machine computaticn) is able to consider simultaneously an
enormous number of alternatives and indicate among them which
choices are consistent with the criterion established by the
planner.

The training or retraining time should include both the
time required for formal training and an alloﬁance for unpro-
ductive time (to account for time lost in transit, time to
adjust to new location, specialty, etc.). Throughout this memo-
randum this more inclusive definition for training and retrain-
ing time will apply. The training and retraining time flow-
inputs which would have been required for Fig. 1 are shown in
Table 1 on the following page.

An arbitrary ground rule must be made for the point during

a time period when the flow would begin, and end. In the
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Table 1
TIME PERIODS REQUIRED FOR INTRA-SPECIALTY TRAINING

From Specialty To Specialty
A B C

A 9 1 2

B 3 0 1
C 2 1l 0
Recruit 4 1 2

table above, we assume that flows begin at the beginning of
the period of origin and terminate at the beginning of the
period of destination. For example, note that retraining from
specialty A to specialty C requires 2 time periods. The link
representing this activity originates at the beginning of time
period 1 and terminates at the beginning of period 3. An
airman being retrained from specialty A to specialty C would
be unproductive during periods 1 and 2. We could assume that
flows originate (or terminate) at the theoretical end of a
period, in which case the link would originate (or terminate)
at the right-hand node of the valuing complex. By not "valuing"
an airman in a time period, it is assumed the flow starts at
the beginning of the period; or by "valuing" him during that
period, it is assumed that the flow starts at the end of the
period.

- In some problems it will be undesirable to set the time
period sufficiently short to allow all training and retraining

periods to be expressed as integer multiplers of one time
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period. . Two factors might argue for time periods longer than
that which would be compatible with integer multiplers: (1) for
a given overall planning period, the shorter the time period,
the larger the network and the more time consuming and costly
the solution; and (2) it would be desirable to set the length
of a time period with reference to the reporting time interval
used in raw data inputs, e.g., losses, requirements. Conse-
quently, it may be useful (or even essential) to be able to
set the length of time periods without reference to training
and retraining times. In the next several paragraphs one of a
few alternative ways of handling this problem will be described.
These techniques use concepts which are described in detail in
the "Requirements and Valuing Mechanisms" subsection starting
with page 1v.

Consider the partial network depicted below of 3 specialties

and 4 time periods. The circles represent specialties in time

periods; the links connecting them to the filled-in circles
are the valuing links, worth in all cases, say, 1l unit. A
retraining link "am™, as it is depicted, would represent a
trgining time exactly equal to one time period. The departure
from specialty B is assumed made at the end of period 1; the

arrival at specialty A is assumed at the beginning of period 3.
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Value is picked up for the first time period, it is lost for
the second, and it is picked up in the third. If a time
period were 6 months, the length of training represented by
link "a™ would be 6 months since flow on that link would not be
contributing value for the 6 months represented as time per-
iod 2. Let us now say that retraining from specialty B to A
takes 7 months instead of 6 months. How should this link be
shown? If departure from specialty B is again assumed at the
end of period 2, we must in some way show that arrival at
specialty A takes place one month after the beginning of period
3. This may be done by attributing to airmen arriving on this
retraining link less than a full period of value. How much
less? 1In this example 1 unit is given for attendance in a
specialty for a complete time period; since for one month of
that period an airman on that link would still be in training,
he should upon arrival be given 5/6 of a unit (1-1/6). How-
ever, since all arrivals to a specialty lose their identity and
must be treated as a group, this reduction in wvalue must take
place prior to arrival or on the retraining link itself. Hence
a negative value or cost of -1/6 is placed on link "a". Each
airman retraining from specialty B to A would lose 1/6 of a
unit "in transit" and would pick up a full unit upon arrival
at specialty A. The net effect is the same as if a value of
5/6 were given in specialty A for time period 3.

~ When the valuing complex offers not one, but several pos;k

sible values (see page 23 tf.), the cost associated with re-
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training--links cannot be preciée. In such cases an approxi-
mation can be made by averaging the alternative values. It

is only in the rare instance when an overflow link in the com-
plex (for which no value is given) is the destination of
retrainees that such an approximation may be inappropriate.

This occurrence is too remote to merit our attention.

LOSS LINKS

Losses of airmen from the Air Force are represented by
links joining the nodes of each specialty in each time period
to the sink. The flows on these links are specified by setting
expected losses equal to the upper and lower bounds. For two
reasons this element will be a source of error. First, esti-

mated losses are simply predictions of the number of airmen who

will separate (or be separated) from the service and will con-
sequently be wrong in many cases. The average quality of the
estimates will vary by time period and by specialty. Estimates
for the earlier time periods will naturally tend to be better
than those for the more distant periods; and the loss estimates
for specialties in which the Air Force limits retention, i.e.,
where the number of airmen who desire to stay in service ex-
ceeds the number the Air Force wants to retain, will be better
than those for specialties in which expected retention falls
short of desired retention.

The second reason loss estimates will be in error stems
from the model itself. The network is a static formulation in

which the flows for all time periods are solved at once; the
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model doess not solve the flows of time period "1", permit the
planner to adjust loss estimates; accept these new estimates,
and move on to solve the flows for time period ®"2", etc. This
presents difficulty because it requires that the loss estimates

be made in ignorance of the number and composition of airmen of

each specialty in each time period insofar as the flows gener-
ated within the model will alter them. An illustration will
serve to clarify this point. Let us say that expected losses
to be experienced in a certain specialty have been projected
by time period. These estimates will have been predicated
(among other things) on the past and projected careerist/first-
termer composition of the specialty. But this projected com-
position may turn out to be quite wrong. For example, the model
might generate, as a preferred source of input for this specialty,
another specialty rather than its "traditional"™ input of re-
cruits. In this case the composition of the specialty would
tend to change in the direction of more careerists than assumed
in the original loss-estimate. Since careerists have much more
stable tenure characteristics, losses to this specialty would
probably have been overestimated.

Although this limitation in the model's capability has
been dwelt upon, its seriousness should not be overrated. Loss
flows can be adjusted after the first run of the model displays
shifts in specialty composition which are apt to make the loss
estimates incorrect. The model would then be run again with

the improved loss estimates. Such re-runs with altered inputs
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are very cheap and fast and comprise cne of the major strengths
of the mcdel.

One more point should be noted regarding losses, namely,
that the flow over a loss link must be specified in the form of
an absolute number. Although the use of rates would, under
certain conditions, be a preferred method of specitying losses,
the flow over any link may be contreolled only with the use of
‘upper and lower bounds. The maximum penalty which this limit-
ation could exact would be one iteration of the model, the use
of which would cancel the handicap of having to use absolute

numbers rather than rates.

GAIN LINKS

The gains to the force are represented by links from the
source to the recruit or any specialty node over which tflows
are specified. These gains, although generally made to the
nodes representing recruits, may be made tco any of the special-
ties directly. The former condition would reflect the addition
to the force of non-prior service airmen; the latter would be
used to indicate the exogenous addition to the force of men
either already skilled in some specialty or destined to fill
jobs which require no training and entail no unproductive time.
Although recruits will generally be treated as a homogenous
catégory, by setting capacities on the flows from that category
to the specialties, information regarding the aptitude composi-
tioﬁ of the recruits can be translated into appropriate training

constraints. (See page 29 ff.) With or without known recruit
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aptitude constraints, a useful by-product of the solution is
information upon which to base recruiting. This information is
in the form of the flows by time period from the recruit cate-
gory to the specialties. With the ultimate destination of
recruits known, the ideal aptitude distribution of successive
generations of recruits can be readily determined and used as a
guide to recruitment.

Three alternatives exist regarding the degree of flow con-
trol on gain links: gains to the force may be specified; they
may be entirely unconstrained and generated by the model; or
they may be limited but not specified. If a rigid, overall
manpower ceiling were in effect the gains would have to be
limited by an upper bound, the level of which would depend on
the specific ceiling and expected losses in each time period.
In a completely unconstrained case the solution would indicate
the number (and implied aptitude) of recruits which can be used
productively, i.e., trained within the time period against a
requirement. In the more probable case in which gains, though
not specified, are limited on the upper end, the solution would
give the number (and implied aptitude) of recruits up to the
limit which could be trained against a requirement. When gains
are specified, virtually the same information available in the
case in which an upper limit was imposed can be extracted from
a solution. For it will be found that recruits who cannot be
trained against a requirement will remain in the recruit cate-

gory in successive time periods. By subtracting these from the
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total recruit input, the number of needed recruits may be

determined.

REQUIREMENTS AND VALUING MECEANISMS

tvailable manpower is directed to requirements by placing
a certain value or values on the achievement of requirements.
These values, given for requirements tilled, are what drive the
system to solution. The solution is the set of flows which
maximizes these values, or, what amounts to the same thing, in
view of priorities maximizes the achievement of requirements.
Through the valuing mechanism the model permits the introduction
of any set of priorities. By applying small differentials in
the value of achieving requirements, priorities can be expressed
among specialties, time periods, and/or the per cent of a
requirement fulfilled.

For example, in the simplest case, an arbitrary value of 1
unit might be given to each airman arriving at a required
specialty (node) when needed. With no credit given for over-
filling requirements, the number of ®credits™ achievable for
meeting the requirement would be just equal to the number of
airmen required at each specialty in each time period. Two
flow conditions must be allowed in each specialty in each time
period: (1) from zero flow to a flow equal to the requirement,

and {2) flow in excess of the requirement. The figure below
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depicts how these conditions may be structured in the network.l

Each node (representing a specialty in a time period) would
become three nodes and schematically would appear as shown.

The link between node 1 and node 2 is the valuing link; the
lower bound of this link is O, the upper bound equal to the
requirement, and the value of the link, 1. Using the value
system each airman who arrives at node 1, until the requirement
is reached, is valued st 1 unit on link l=2. Airmen arriving
at node 1 in excess of the requirement are shunted off to¢ link
13 on which no value is received; this overflow link has a
zero lower bound and an infinite upper bound. Since the solu-
tion "seeks" the maximization of value, link l-»3 is used only
after a capacity flow on link 152 is reached. Link 2->3 has a
zero lower bound, an infinite upper bound, and no value associ=-
ated therewith; it is merely of a residual nature, to complete
the network.

The question might arise as to why link 1-»3 is included.
wWhy should more airmen be allowed to be at a specialty than are
required? By allowing the system to overfulfill requirements,
the over-all value (i.e., over-all achievement of requirements)

might be higher than it could be without that flexibility. The

Lrwo structural conditions of the network may be used to
simulate these conditions: the first corresponding to a solution
technique in which the same two nodes may be joined by only one
link and the second for a solution technique in which the same
two nodes may be joined by any number of links. At the present
time the first technique has been embodied in a computer program,
whereas the second has not. Network illustrations used in this
memorandum show no more than one link joining the same nodes so
that the illustration in Section III (for which this had to be
one of the ground rules) will be more comprehensible.
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overflow link can never result in a lower achievement of require-
ments since there is no value associated with flow on link l-»3.
A flow will take place on this link if, and only if, that flow
results in picking up "value™ elsewhere (or later) which other-
wise would not be achieved. Hence the overflow link l=3,

though not necessary, is desirable; it cannot result in a worse
match of available manpower to requirements and may yield a
better match.

In the simple value-gystem discussed above, no discrimina-
tion is made among specialties, time periods, or the degree of
requirements achieved. Achievement of requirements in all
specialties is thereby assumed to be of equal importance; the
value of fulfilling requirements is assumed equal in all time
periods; and the value of each airman assigned against a re-
quirement is equivalent irrespective of the degree of manning
which has been achieved prior to his Marrival". This is not
necessary. In fact, the model, through the valuing mechanism,
provides an excellent framework for the inclusion of priorities.
Priorities among specialties may be expressed by ordering them
and scaling the value associated with each accordingly. The
rationale for expressing priorities among time periods or
degrees of manning may not be obvious, and is worth considering
briefly.

% The network formulation is a static analogue of a dynamié'
problem. The network is solved as a whole. The computer does

not solve the flows leading from the nodes representing time



period one, and then with the results in view move on to solve
those fror the nodes representing time period two, etc. Rather,
with a prescribed amount of "material" (airmen), a "map" (alter-
nate training and retraining links), and a table of values for
material delivered to certain nodes, the set of material flows
over available routes which yields the highest possible value is
determined. Consequently, if it is desired that the early time-
period requirements be taken a little more seriously than the
later ones, this can only be expressed by offering a little
better pay-off in the early periods. And such discrimination
appears warranted since the prime data inputs--losses, gains

(if they are an input), and requirements--are projections, the
reliability of which inevitably diminishes with each successive
time period of prediction. Scaling value down for each succes-
sive time-period would cause the solution to "favor®™ the achieve-
ment of requirements in the earlier periods over achievement

of requirements in the later periods.

In addition to its optional use as a device for reflecting
priorities among specialties and for discounting the relative
uncertainty of input data, value differentials will have to be
used in most problems to reflect the complementarity among
specialties. An example will clarify this point. Assume that
speg}g};zwéiand specialty B require 150 and 30C airmen, respec-
tivély, in the ti time period; the maximum potential supply Qf
airmen for these requirements coming from common sources is only

350; and for both specialties a value of 1 is given for each
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airman assigned against a requirement. The question is how will
the allocation of the 350 airmen to 450 spaces be made? Each
airman delivered against a requirement increases aggregate value
by 1 unit, hence there may be many equally %"gocd" allocations.
For example, 30C airmen might flow into specialty A and 5C into
specialty B. This can be expected since the last airman filling
the requirement in A receives the same value as the first air-
man filling the requirement in B and the solution is indifferent
to these two flows. In most problems, at least in specialties
of equal priority, it would be desirable to introduce a device
for insuring that requirements will be met, more or less,
evenly. Of course such a device is needed only when availatle
manpower is insufficient to meet requirements fully in every
time period. Since this sufficiency cannot be known with cer-
tainty prior to the computation of a solution in most cases,
inclusion of value as a decreasing function of the per cent of
the requirement achieved appears warranted.

The requirement can be broken down into any number of
groups of any size. Moreover, the absolute levels of the values
are not important. What is important is that the values (which
guide the flows and ultimately the availability of airmen
against requirements) be consistent with one another and
adequately reflect the explicit (and implicit) priorities of

the @ersonnel planners.



A typical network complex for this purpose is illustrated

below.t Tnree different levels of value for fulfilling

‘‘‘‘‘
........

requirements are shown. If the total requirement were for, say,
99 airmen for a specialty "G" in this time period, three levels
of achievement, associated with a successively diminishing
value, could be distinguished. For example, the requirement
might be broken down into three equal groups; the first third
of the requirement, from the first to the thirty-third airman,
might be assigned a value of 3; the second third, from airman
34 to airman 66, might be assigned a value of 2; and the final
third of requirements, from airman 67 to airman 99, might be
assigned a value of 1. Each of the links 1->2, 123, and 14
would have upper bounds of 33, lower bounds of O, and would be
"worth" 3, 2, and 1, respectively. Another specialty, "H" with a

lower priority, might have its link 12 valued at 2.5, 1->3

1If multipler linkage of nodes were used, the complex
would appear as below.

........
. ..
........
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valued at 1.5 and l1-»4 valued at O.5. This ranking would tend
to cause the following pattern of flow as between specialties
G and E. The first third of specialty G would be filled, then
the first third of H, followed by the next third of G and the
second third of H, etc. The word "tend" is underscored to
emphasize the fact that in viewing a portion of network one
can only see tendencies; other factors in the network can,
under certain conditions, alter the flows implied by these
tendencies. Such would be the case if the flows which seemed
to yield the highest value in the small segment of the network
were inconsistent with the total set of flows yielding maximum
aggregate value.

It should be obvious that any valuing scheme is arbitrary;
a good valuing scheme mirrors the priority systems and perhaps
takes some account of relative input uncertainty.

Submerged until now has been the interdependence of certain
specialty requirements (an input), and the level of training
and retraining activities (an aspect of the solution). The
reason for the interdependence is straightforward: total
requirements (which is what has been meant by "requirements")
includes the requirements of the activities exclusively con-
cerned with training and retraining. But the prime purpose of
the model is to determine the level of specific training and
retfaining activities. Consequently, the specialty requirements
of the training activities, insofar as they are directly and

closely related to the level of the training activity, cannot
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be known before the model is solved. And, to complete the
circle, the flows cannot be solved if requirements are not known.
Although this problem of interdependence cannot be ignored,
neither should its seriousness be exaggerated. First, the
personnel involved in the training activity comprises a small
part of the total requirement in virtually all specialties.
Second, it may be that the level of training and retraining-
personnel requirements is sensitive to only fairly substantial
changes in the level of training activity. Finally, an iter-
ative process can be relied on to remove much of the sting of
the dilemma in the following way: (1) an informed guess of the
specialty requirements likely to be generated in the training
activities must be made and (2) added to the non-training
specialty requirements, to arrive at (3) "preliminary"™ total
requirements which are then used in the first solution and (&)
if the level of training activity indicated by the model is
inconsistent with the first estimate of training personnel
required, these estimates are adjusted and incorporated into

the second run of the model.

CONSTRAINTS

A variety of constraints can be introduced through either
upper or lower bounds on existing links, or minor adaptations
of the network. Several jllustrations, demonstrating how typi-
cal "considerations" can be included in the model as constraints,

will be followed by a few general remarks.
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(1) _.Without specitic "guidance" the model will have no
specizl incentive to limit turnover. Consequently, certain
training/retraining patterns may appear which involve high
turnover in one or more specialties. Such would be the case
if a solution of the model indicated high retraining flows,
out of one specialty into another, with replacement of the re-
trainees lost by recruits. Turnover may be limited by either
setting upper bounds on the total retraining flows out of a
node or, more simply, by placing a lower bound on the non-
training link which joins the nodes of a specialty in each
successive time-period. In the diagram below the latter
teechnique is illustrated. The nontraining link labeled "s"

would have the lower bound associated with it.

The lower bound should be equal to the minimum number of
airmen estimated to be required to maintain specialty continuitye.
(As well as keeping turnover in check, specification of this min-
imum flow will also force at least that number of airmen to be

in the specialty of origin.)



(2) - Certairn specialties may require some absolute-minimum
level of mznrning, irrespective of the general manning level.
Such a requirement may be included in the model in one of two
ways: (a) In specialties which are nct a retraining source,
by placing a lower bound equal to the minimum requirement on
the link joining that specialty in the time period of the re-

quirement to the next time period, as shown below. (b) In

specialties which are a potential retraining source, an

additional artificial node and link are required.

Retraining links
~— 9

The node marked "a" in the above diagram is added after
the last artificial node of the valuing complex, and the lower
bound equal to the minimum requirement 1is placed on the link

labeled n3* joining these two nodes.
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(3). On the basis of aptitude, certain limitations may
exist on the number of recruits who may be trained to one or
another of the specialties, or on airmen who may retrain be-
tween certain speciaglties. Such limitations can be expressed
by placing upper bounds equal to the maximum number of airmen
with the requisite aptitude or the appropriate links. However,
the same problem which was enumerated in the section devoted
to loss links (pagesl5 ff.) is relevant here when it comes to
setting the level of these limitations. Again, while the
aptitude distribution of the airmen in each specialty is known
exactly for the initial force, less specific information is
available on the aptitudes of the airmen in successive time
periods when the distribution may have altered. The solution,
or partial solution, to this problem is the same as that recom-
mended for handling the uncertainty in the loss area, namely,
the use of at least one iteration. One run of the model will
provide a basis on which reasonable estimates may be made re-
garding aptitude limitations in future time periods.

(4) It may be important to limit the manning mix of a
specialty as between, on the one hand, recruits and, on the
other, airmen who are either continuing in the specialty or
retraining from another. Such a limitation is best implemented
in the model by setting an upper limit on the recruit training
link approximately equal to the maximum number of recruits that
would be desired if the requirement were fully achieved. If
it is known before one run of the model that the requirement

will not be met, the upper bound should be scaled down to a
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level consistent with the expectation of how much of the re-
guirement will be met. Here is ancther case in which the plan-
ner is in a much better position to set constraints intelli-
gently after one run of the model.

(5) In some instances, the demand for certain specialties
will diminish more quickly than the supply is reduced by non-
reenlistment and other attrition. The surpluses which result
will normally retrain into specialties for which the require-
ment exceeds the supply. No additional special device is
needed; the fact that nc value is given for overfulfilling
requirements is all that is required to set flows in motion
which will correct the imbalances. However, there may be
occasions when it is desired that the overage of a group of
surplus specialties be directed to a specific specialty. The
general way in which more than one flow may be contreoclled as
a group is by restructuring the network tc have the group flow
into a single node, from which the outflow is controlled. For
'example, if there are four sources--1, 2, 3 and 4 supplying
node 5--and it is desired that node 1 and 2 together supply,
say, a minimum of 50 airmen, the following adjustment in struc-

ture can accommodate the requirement:
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Necde 52 is introduced, into which flow the inputs from
nodes 1 and 2, and out of which flow the sum of those inputs

(all nodes must balance: flow in = flow out). A lower bound

nsn of 50 is placed on link 5a-»5. This insures that node 5
receives a minimum of 5C airmen from nodes 1 and 2.
Incidentally, this is a good place to illustrate the
inability to control proportions of several flows intc a node.
If nodes 1, 2, and 3 comprise separate specialties and node 4
a recruit category, there is no way to structure the model
(without specifying the flows) so that, say, half or three-
fourths of the flow into node 5 is from nodes 1, 2, and 3 and

the other half or one-fourth is from node 4. Of course, if the

exact number that will flow into node 5 is known, the flows
themselves can be set to meet whatever proportionality require-
ments are specified.

Unfortunately, it is not possible within the present
formulation to set bounds on the flow from one group of special-
ties to another group of specialties (nodes) under all conditions.
Such a capability might be desired in connection with the prob-
lem alluded to above where the destination of the overage of
the several specialties was more than one specialty. For ex-
ample (as shown in Fig. 2) if it were desired that some minimum
flow from nodes 3 and 4 together go to nodes 1' and 2' together
and no control is desired over the mix of the origin of the
flow {as between specialty 3 and specialty 4), or over the mix

at the destination of flow (as between specialty 1' and 2'),
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Fig. 2

the structure below (Fig. 3) would seem to be called for (in

which only the relevant flows are included): Intermediate

Fig. 3
nodes 5 and 6 are introduced and the link between them con-

strained at the lower end by the minimum desired flow from

3 and 4 to 1' and 2'. Such structuring is incorrect because
it assumes that all flow into node 5 (from nodes 3 and 4) may
go to nodes 1* and 2'. But this is wrong. Flow from only
node 3 may go either to node 1! or 2'; flow from node 4 may
go only to node 1'. Since all inputs into a single node are
treated as homogenous, a network structure such as that shown
abofe would be applicable if and only if all possible links

between the nodes of origin and the nodes of destination
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were not. only feasible but also unconstrained.l In the example
above, if link 4L->2' were added to Fig. 2 and there were no
constraints on the original links 3-»1', 3->2', L->»1', 427
Fig. 3 would be correct.

(6) For a variety of reasons, it may be desirable to
limit the fluctuation in training-course size implied by flow
fluctuations in successive time periods. This is another con-
straint which is best included after the first solution is
given. Two possibilities require separate consideration:

(a) when only one link carries all the flow which represents the
enrollment of the training course, and (b} when several links
carry the tlow which represents the enroliment of a single
training course. In the former case, it is sufficient to place
upper and lower bounds, corresponding to the maximum tolerable
fluctuation, on the link in question. In the latter case, an
intermediaté node is introduced just prior to the specialty of
destination, and a lower and upper bound corresponding to the
maximum tolerable fluctuation put on the link joining these

nodes. In the diagram below, intermediate node "a" is intro-

From other { - - '5‘

specialties

1There may be some sets of constraints on the original
links which are compatible with a network structure shown in
Fig. 3. The characteristics of such a set have not yet been
formulated.
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duced betwesn the retraining and/or training links and the

specialty of destination, and lower and upper bounds "S" and "t"

plggggrégiindicated.

Limitations on the over-zll number of airmen in training
at any given time cannot practically be included in this model.
When such constraints are of central importance, a general
linear programming approach to the problem is required.l

Before leaving the subject of constraints, it would be well
to pause long enough to make several general observations about
them. First, inscfar as constraints are effective, i.e., inso-
far as a flow would be higher or lower but for the upper or
lower bound, they result in a poorer solution (achievement of
requirements) than would be possible in their absence. Con-
sequently, they should be introduced only to reflect firm or
expected limitations. Second, care must be taken when several
constraints are introduced to insure that they are consistent.
If the constraints introduce irreconcilable demands, naturally
no solution will be forthcoming, which, incidentally, is a

fact that might be worth finding out. Finally, when a choice

is available, the preferable way of introducing constraints is

1Problems in the class ot the one described here cannot
now be handled by general linear programming techniques because
extant solution techniques cannot be handled on existing com-
puting equipment. However, with the use of decomposition
principles now under development at RAND such problems as the
one discussed in this paper may one day be cast_and solved in
general linear form. gee G. B. Dantzig and Philip Wolfe, A
Decomposition Principle for Linear Programs, The RAND Corpor-
ation, Paper P-1544, November 10, 1958.
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by setting bounds on existing links rather than by adding to
the network; the former method entails no additional time or

cost for the computation of a solution.

THE SOLUTION

The problem, obscured perhaps by the discussion of the
details of the model, deserves restatement: to determine the
set of retraining and training flows which, in view of relevant
constraints and priorities, yields the best expected match of
forecast available personnel to projected specialty require-
ments over a specified time period. The network structure into
which the problem is cast allows for the simulation of (1) all
alternative training and retraining flows with relevant con-
straints, (2) existing strengths, (3) expected gains and losses,
and (4) a requirement-valuing mechanism. The solution, a set
of flows which indicates by time period the number of airmen
to be trained and rétrained by specialty of origin and destin-
ation, maximizes the ™value"™ of the network. Since the value
of the network reflects achievement of requirements, this
maximum is equivalent to the best match of available personnel
to-}equirements; no alteration in the flows given in the solution
will yield a higher value, or better achievement of requirements,
in view of the specified constraints and priorities.

Several techniques are available for solving the network;
the most promising (and the one used to solve the illustrations
deseribed in Part III) for solving networks as large as those

likely to be required is described as an "out-of-kilter" method.
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It is extremely efficient, and is particularly well suited to
problems, such as the ones we are dealing with here, in which
it will be necessary to have several reruns with slightly or
moderately altered data inputs. The technique is described in
the Appendix.

It will be worthwhile at this point to discuss an aspect
of the solution of this model which, although not entirely
apparent, is both interesting and important. The model has
been structured so that solutions maximize the achievement
of requirements. No trade-off between training time and re-
quirements has been recognized. However, implicit in reaching
the best attainable match of available manpower to requirements
is the minimization of aggregate training timel (for that level
of requirement fulfillment). When surplus personnel may always
be directed to unfulfilled requirements, aggregate training
time minimization is automatic; when overages (if they exist)
cannot always be trained or retrained against a requirement, a
very slight structural modification is required to insure that
for the level of requirements achieved no other set of flows
results in lower aggregate training time.

In the first instance, an airman is in one of two conditions:
he is in a specialty against a requirement or he is in a train-
ing or retraining activity. When an airman is in the former
condition he is contributing value; when in the létter condi-

tion he is contributing nothing. Since the solution maximizes

lAirmen (X) time-in-training or retraining.
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it always. prefers the former to the latter condition. Put
differently, aggregate value is the complement of aggregate
training time, and for the maximum achievable aggregate value:E
there is a unique aggregate training time; since they are com-
plements, lower aggregate trainiﬁg time would imply higher
aggregate value. But this is not possible since the solution
is characterized by the fact that it is the highest attainable
aggregate value. Hence, there is no way of achieving the same
aggregate value as the solution using less aggregate training
time.

In the second instance, an airman may be in one of three
conditions: (1) in a specialty against a requirement; (2) in
a specialty in which an overage exists, hence not against a
requirement; (3) in a training or retraining activity. In this
case, since there are two conditions in which an airman may
fail to contribute value the simple complementarity of the for-
mer case may no longer apply. The "danger" in this case, that
is, the possibility that an aggregate maximum value may not be
associated with a unique and irreducible aggregate training
time, stems from the fact that airmen could under certain con-
ditions be retrained from one surplus specialty to another
surplus specialty. This could happen because there is no cost
or mnegative value directly aséociated with a training activity.l
As far as the solution is concerned, surplus status is the same

as retraining since equal value (none) is attainable in either.

Isee page 12 for exception.
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This peculisrity can be circumvented by placing a small cost

or negative value on agll training and retraining activities.

The effect of this will be to introduce preference for keeping
surplus airmen in their own specialty rather than retraining
them to other surplus specialties. If this is done, this second
case will be the same as the first; the solution will be
characterized by a unique and minimum aggregate training and

retraining activity.



III. AN ILLUSTRATION

NETWORE STRUCTURE AND INPUTS

To demonstrate the way in which the diverse elements of
the model are brought together into a solvable network, an
illustration is presented. Although it will not be drawn from
a real Air Force planning problem and will be relatively small
in scale, virtuslly all of the features of the illustration
resemble those which are likely to be encountered in the "real
world", The specific design as well as the size of the example
were dictated, in part, by the desire to stay within the con-
fines of an already existing IBM 704 computer program. If a
program were designed expressly for a typical personnel-
programming exercise, more latitude in model design, leading
to greater speed in computing time, would have been possible.
For example, the existing code required that no two nodes be
joined by more than one link. In the valuing complex this
necessitated the inclusion of many more artificial nodes than
would have been required if several links could have been used
between two nodes. In this first effort, ii was felt that the
availability of a ready-made machine program was adegquate com-
pensation for the less-than-ideal formulation.

Each of the features will be described, the numerical
valhes of the inputs given, and the results, in the form of
(1)1training and retraining flows and (2) assigned versus
required by specialty and by time period, will be shown. Ten

specialties plus a recruit category are programmed for twelve
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time periods. The inputs and structure are discussed in the
following order: (1) training and retraining time; (2) initial
strength; (3) projected losses; (4) projected gains; (5) pro-
jected reguirements and valuing mechanism; (6) assumed cor-
straints.

(1) Table 2 is the assumed technology for the illustration.
The numbers in the table represent the time periods required
to train airmen from the specialties listed in the left-hand
stub to the specialties listed across the top row. The number
nlr represents no training time; the number "2" represents 1
period of training time, "3" represents 2 periods of training
time, etc. This is purely a matter of convention and is based
on the assumption that flows out of a specialty take place at
the end of a time period and gains are made at the beginning
of a time period. Thus it takes one "1" time period to get
from time period 1 to time period 2 even in the same specialty
(that is with no retraining). But there is no "unproductive”
time since losses are suffered at the end of period 1 and gains
made at the beginning of period 2. On the other hand, if an
airman is retrained from specialty 1 to specialty 5, he leaves
specialty 1, say, at the end of the first time period and arrives
at specialty 5 at the start of the fourth time period. This
airman was "unproductive” during the 2nd and the 3rd time per-
iods. These ground rules are purely arbitrary. Any other set
which stays within the framework of the network formulation

would do as well.
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For simplicity in this illustration the assumption is made
that treining and retraining time can be expressed as integer

multiplers of one time period.

Table 2

TRAINING AND RETRAINING TIME
(in time periods)

From Specialtyl 1 2 3 L ToﬁSpecialty7 g 9 10 11
1 1| 1 3 2 | 2 1 1 2 1 1
2 il 3] 2201 l2rlz2] 1]
3 L| 3 1 3 2 1 1 2 1 1
L 2| 2 3 1 2 1 1 2 1 1
5 L | 3 3 3 1 1 1 2 1 1
6 L| 3 3 3 2 1 1 2 1 1
7 L| 3 3 3 2 1 1 2 1 1
8 2 1 1 1 1 1
9 2 1 1
10 2 1 1
11 S| 4| & | & | 3 2 2 2 1 1 1

(2) The initial assigned strength in each specialty in
the first time period is an input. Two cases were run: Case I
in which initial assigned strength plus scheduled gains, less
projected losses, are sufficient to meet requirements; and
Caée II in which initial assigned strength is 20 per cent lower

than Case I and with scheduled gains and projected losses

insufficient to meet requirements.
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Table 3 lists the initial strengths for specialties 1
through 1C for Cases I and II.

Table 3

INITIAL STRENGTH
(by Specialty)

Specialty ‘ Case I Case II
1 400 320
2 180C 1440
3 250 200
b 600 480
5 4,200 3360
6 3100 2480
7 500 400
8 500 400
9 1100 880

10 800 640

(3) Table 4 lists the projected losses by specialty.

(4) Some "give"™ was assumed to exist and while total
losses varied somewhat from period to period, gains were con-
stant at the level of 500.

(5) Table 5 lists the assumed requirements by specialty
and by time period. Note that some requirements increase,
others remain stable, and others decrease over thé 12 time
periods. Of the several valuing mechanisms discussed, the one

incorporated in the illustration has the following character-

istics. The requirements for each specialty in each time
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Table &
PROJECTED LOSSES BY SPECIALTY AND TIME PERIOD
Time Period
Specialty | % 2 3 b 5 ) 7 8 o wl 1] 1
1 oo | 2c Vao| 2| 2b| 28| 23| LE| L&) sz} 7Te] T2
2 &1 712 |21 721 56| 56| s56) kol Lol Lo k| WO
3 & € g & & g & & & & & 8
L 8| 85 {95 95| 961 96| 96| 85| & &£ | & | &
5 105 |105 | 99| 93| 93| 93| 18| 69| 69| 62| 63| €3
6 9o | 87 | 8k| 8:| 8u| &4} 84| 84| 8| &1 €1 &1
7 oh | ok fou| 30| 30| k2| 2| 5T| 57| 66| TH| TH
8 13| 13 |13 13| 13| 13} 13| 13| 13| 13| 13| 13
9 25| 22 |22 20| 20| 20| 20| 20| 2| 20| 15} 15
10 19| a7 a7 7| 17| 16| 16| 16| 16| w6 | 16] 16
Total Lok 1hsé |55 | bs7 bha | b6 | kb1 | b3 | bk3 | k53 | k62 | k62

period is broken into thirds and the value associated with
successive thirds of the requirement diminishes. Also, an
arbitrary priority system is assumed between specialties. On
the other hand, no priority system, hence, no discrimination,
is expressed among time periods. The numerical values ot the

illustrative priority system are in Table 6.



TABLE 5

REQUIREMENTS BY SPECIALTY AND TIME PERIOD

Time Period
Specialty 1 2 3 4 5 6 7 8 9 10 11 12
1 500 500 500 600 600 700 700 1200 1200 1300 1800 1800
2 2000 1800 1800 1800 1400 1400 1400 1000 | 1000 1000 1000 1000
3 200 200 200 200 200 200 200 200 200 200 200 200
4 2000 2200 2400 2400 2400 2400 2400 2200 2200 2200 2000 2000
5 3500 3500 3300 3100 3100 3100 2600 2300 2300 2300 2100 2100
6 3000 2900 2800 2800 2800 2800 2800 2800 2800 2700 2700 2700
7 800 800 800 1000 1000 1400 1400 1900 1900 2200 2450 2450
8 500 500 500 500 500 500 500 500 |. 500 500 500 500
9 1000 900 900 800 800 800 800 800 800 800 600 600
10 750 700 700 700 700 650 650 650 650 650 650 650

i

L8§Z=iid
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Table 6
VALUE FOR REQUIREMENTS ACHIEVED

E_Specialty 0 - 33% 34% - 66k 67% - 100%
1 10 7 3
2 10 7 3
3 10 / 3
I 10 / 3
5 10 7 2
6 10 7 2
7 1C 4 2
g 10 7 2

-9 7 5 1
10 7 5 1

NOTE: Values the same for all time periods.

The schematic of the valuing complex is shown below:

...........

where the upper bound or capacity on links l-»2, 1-»3, and leyh
equals a third of the requirement, the lower bound is zero, and
the values associated with those links are those given in

Table 6, for the 1lst, 2nd, and 3rd third of requirements,
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respectively. Link 15 is an overflow with no upper bound
and zero lower bound, and links 2-»5, 3-»5, and 45 are merely
residual links, required to complete the circulation.

Table 7

TRAINING AND RETRAINING CONSTRAINTS
By Specialty

To Speclalty
From Specialtyl 1 2 3 4 5 6 7 8 9 10
1 X 100 300 | 300 | 300
2 X 450 1350 | 1350 | 1350
3 X 50 50 50
4 400 X {1200 1200 1200
5 420 | 420 120 | 420 X
6 310 | 310 | 151 | 310 X
7 50 50 25 50 X
8 * * * * X
g * * %* * * * * X
10 * * * * * * * X

*Nonfeasible flow.

(6) 1In the first time period certain retraining constraints
were introduced. These took the form of upper bounds simulating
aptitude limitations on certain retraining links originating in
the ipitial time period. These limits are shown in Table 7. 1In
addition, upper bounds were placed on recruit training to special-

ties 1, 2, 3, and 4. These are listed in Table 8 and were
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3 Table &
RECRUIT CONSTRAINTS BY SPECIALTY AND TIME PERIOD

Time Period _
Speciaglty] 1] 2 3 b 5 & 7 g 9 110 111 | 12

1 701 70| 120] 120} 130 lSOL 18C

2 1401140 |140 |100 {100 {100 |100 [100

3 201 20 | 20 | 20 | 20 | 20 | 20 | 20

4 2401240 240 (220 220 220 [200 |20C

5

6

7

8

9
10

applicable to all time periods in which the training flow could

take place.

THE RESULTS OF THE ILLUSTRATION

This model was run on RAND's 704 computer in about 45
minutes. No programming was required since it utilized an
existing code which was set up for another network tlow problem.
Had a code been written expressly for this problem a faster
sclution could have been expected. This is pointed out to
warn the reader against using the 45 minute running time as a

benchmark to compute the time required tor solving much larger
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problems:l

Once a sclution is reached, less machine time is required
for recomputing a new set of flows (with f'airly major pertur-
bations in inputs) than that required tor the original soclution.
The reason is that the original solution would have begun with
2ll but specified flows at a level close to optimal, except
perhaps those which are most directly affected by the input
change. Of course, the read-in and print-out time would be
the same for any re-run in which the number of nodes and links
were the same. The illustration has rather more extensive
retraining alternatives than would be expected in a real
problem.

Table 9 (pages 51ff.) shows by eleven separate time per-
iods the training and retraining flows of the illustration.
The specislties listed in the tab on the left of each section
of the table are the specialties from which the flow originates;
the specialties listed across the top of the table are the
destinations of the flows. It should be restated that the flows
are here assumed to begin at the end of the time period. The
flows which are indicated to take place from a specialty to
itself are simply the number of airmen who remain in the
specialty between the time period in question and the following

one.

1The network was solved entirely within the machine which
had a sufficient memory to handle the somewhat less than 2000
links and 600 nodes of the problem. If a problem entails signi-
ficantly more links, the memory of a 704 computer would be over-
taxed and reliance would have to be placed on counterpart tape
equipment. A significant increase in solution time would result.
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Note that in some specialties a pattern of flows is
indicated which involves retraining some airmen out and replac-
ing them by recruits. When the retraining and training times
in question are examined the reason for such occurrences be-
come apparent.

The fluctuation in most flows from one time period to the
next was to be expected since, except for upper bounds to
simulate aptitude constraints, no constraints on flows were
specified for the purpose of keeping flows from one specialty
to another or from the recruit category to the specialties
within bounds. |

In Figs. L through 23 on pages 57 through 76 the status
of each specialty is plotted for the twelve time periods. Also
on those figures an indication of turnover is given. The bars
below the line indicate the total losses suffered by the
speclalty at the end of the period; the bars above ;he line
measure the total gains made at the beginning of thé period.
The gain bars are further broken down to indicate the amount of
gain from other specialties (through retraining flows) versus
the recruit gain. Losses include losses to retraining plus
losses to the Air Force. The broken line on the graphs in those
figures represents the assigned, the solid line represents the
requirement. Figs. 4 through 13 depict the results of Case I
in which available manpower was ample to meet requirements;
Figs. 14 through 23 depict the results of Case II in which

initial assigned strength is 20 per cent less than Case I and
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insufficient to meet reguirements. The results of Case II are

more demonstrative of the effect of the priorities expressed on
page 2i.

In Case I in the later time periods, there was a flow
indicated within the recruit category in successive time per-
iods. This flow indicated that more recruits were available

than could be used against existing requirements.
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FLCC
Time Period 1
FroNTe 1 2 3 L 5 € 7 € o 10 losses
1 350 20
z 1k =1 ecs I8
3 216 26 8
L 152C &0
P 232 oo 3hes 37 0%
6 23 310 2470 Gl
7 25 453 2k
8 12 375 13
g 175 900 25
10 208 573 1c
Recruit & 96 172 22k
Time Period 2
From\\To 1 2 3 L 5 6 7 & c 10 losses
1 360 20
2 1350 7
3 208 c
L 1h32 8
> 3300 105
6 2353 &7
7 576 2k
8 2khs 117 3
9 & 92 22
10 1 545 17
Recruit 140 8 96 8k 172
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Time Period 3

1 2 3 L 5 6 7 & g 1  losse:s
355 20
2 95 1183 72
3 200 ¢
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5 8 3293 92
6 2716 8l
7 32 e 2k
9 (e 22
10 526 17
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Time Period 4
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L 230k 9C
2 3100 o
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10 ikl 525 17
Recruit 100 8 68 ook
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Fraz\ e - 2 3 L 5 & 7 < ¢ 10 Losses
1 57¢ 2
2 1zhk 1220 5¢
n 230k 9%
P 3007 93
6 85 263z 8l
7 o70 30
05 oL i3
9 €cz 20
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Recruit 73 8 8s k2 13 135 1k2
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2 28 1316 56
3 192 8
4 230k o6
2 15 2895 o3
6 2716 a3
T 1358 Lz
8 LT 13
9 800 20

10 634 16

Recruit 73 8L 31k 13 16
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Time Period 7

Fre=\Zc¢ b 2 3 k 5 € 7 & g 10 Losses

o €7z 28
2 500 814 56
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L 230L 96
5 135 € T2 2338 225 75
6 2716 8L
7 1355 4o
2 L& 13
5 76 702 20
10 k7 187 16

kecruit 100 8 210 182

Time Period 8 |

From\To 1 2 3 L 5 6 T 8 9 10 Losses
1 1152 L8
2 kg 912 Lo
3 192 8
L 2216 88
> 29 2300 69
6 126 2590 8L
T 337 1506 ST
8 212 275 1
9 682 - 20
10 s 16

Recruit 80 8 31 13 58 5
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7 1&h3 57
& L&7 13
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10 513 16
Recruit 1 81 316 13 59 30
Time Period 10
From\\To 1 2 3 k 5 € 7 & g 10 Losses
1 1248 52
2 552  LoO8 0
3 192 &
4 32 2080 65
5 2162 69
6 2619 81
7 213k 66
& L7 13
9 701 20
10 527 16
Recruit 81 7+ 13 209 123
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Time Period 11

Frot\To 1 2 3 L 5 6 7 8 9 10 Losses
1 1725 72
2 L 920 Lo
3 192 g
L 000 &o
7 2095 63
€ 251¢ 1
7 2376 Th
& h&7 13
g 25 15
10 €3 16
Recruit 324 16




600

Airmen
~n
(@]
(@]

200
1800

1600

1400

1200

1000

Airmen

800

600

400

200

M-2587
57

Time—»

Fig. 4 —Specialty |—Casel

Retrained
- From recruit status
Gains H ]
T — [ ﬂ — - []
Losses
1 | | ] ] | ] ] | I ]
— Required
———~— Assigned
-
= e ——— -//
| | | | | 1 | { | | 1
0 | 2 3 4 5 6 7 8 9 10 i1 i2



Airmen

Airmen

RM-2587

58

600

400

200

200

400

600
2000

1800

1600

1400

1200

1000

800

Time —»

Fig. 5—Specialty 2—Casel

—
Retrained ]
Fromrecruit status
Gains E
N Losses U U I_J
| | | ] 1 | | bd | i | |
B \ Required
\\ ———— Assigned
B \\ /7 \
\ / \
\\ // \
- \\\J/
] l 1 ] i ] ] | ] i 1
| 2 3 4 5 6 7 8 9 10 1 12



Airmen

Airmen

50

50
250

200

150

RM-2587

59

N Req.uired

\\~§‘ ——————Assigned
1 i i 1 1 | | | ] 1 i
| 2 3 5 6 7 8 9 o] H

Fig. 6 —Specialty 3—Casel



Airmen

Airmen

Rli=2587
60

800

Retrained

600 |-

. From recruit status

400 |

200

. TGoins - E !

lLosseJ—luuuuuuuuuu

200 1 1 ] i
2600

2400 |- ,

2200 | /

2000 /

1800 - / Required
/ ———— Assigned

1600 | - /

1400 ] | | | | | | ! | |
0 I 2 3 4 5 6 7 8 9 {0

Time —»

Fig. 7—Specialty4 —Casel



Airmen

Airmen

400

400

800

4000

3600

3200

2800

2400

2000
0

RM-2587
61

TGoins

lLosses

-

N A O W B L

Retrained

.. From recruit status

T 0

Required

———— Assigned

Fig.

8 — Specialty 5—Casel



Airmen

Airmen

600

400

200

200

400

600

800
3200

3000

2800

2600

2400

2200
0

| L osses

Retrained

E From recruit status

Required

o ~——— Assigned

1 ] } | ] | 1

—

| 2 3 4 5 6 7 8 9 IO
Time —»

Fig. 9 —Specialty6—Casel



Airmen

Airmen

1000

800

400

400
2400

2200

1800

1400

1000

600

200

RM~2587
63

-

Retrained

E Fromrecruit status

TGoins ﬁ E
]_]l—ll—-l [_] M\:l—-l_l——-l

L.osses

| | | ] ] { | i J I |

— Required
————Assigned
/7

= ~

//

1 1 i ] | i ] l ] 1 |
0 i 2 3 4 5 © 7 8 9 10 I 12

Time —»

Fig. 10 —Specialty 7—Case I



64

400

300

200

100

Airmen

100

200

300
600

500

Airmen

400

300

RM~2587

Time —»

Fig. 11l—Specialty 8—Case I

)
Retrained
- Fromrecruif status
TGoins ﬂ
l U - =y - .
|_Losses
] | ] ] I | ] ] | ]
- < 7
\ / .
Required
- ———-— Assigned
] ! | L 1 ] ] | | |
0 [ 3 4 5 6 7 8 S 10 1 12



Airmen

Airmen

300

200

100

100

200
1300

1200

1100

1000

900

800

700

600

RM=-2587
65

Retrained

R

From recruit status

Losses U U U

— \ ———=—Assigned /

Required /

Time —»

Fig. 12 —Spéciclty 9—2Case I



RM-2587
ole}

200
®  Retrained
100 |-
Fromrecruit status
‘ Gains E
E Losses
< |00}
200+
300 | 1 1 | ] I | I I I !
800 \
\ Regquired
700+ ————Assigned
\\ //\\ \ —
c 4 \
L]
E 600 | L / \ // \ //
z ~</ \ / \ —
v \ —
500 |- N~
]
400 1 | I I [ 1 I I I !
0] | 2 3 4 5 6 7 8 9 0 il {2

Time —»

Fig. 13—Specialty I0—Casel



Airmen

Airmen

600

RM-2587

400 +

|

200

Retrained

- - Fromrecruit status

|

200

Losses i Gains

1800

1600 -

1400 |-

1200 |-

Jelolo] o

800 |-

600 |-

400 |+

200

Required
————Assigned i

Time —»

Fig. 14 —Specialty|—Casell




Airmen

Airmen

RM-2587

68

600

400

200

200

400

600
2000

1800

1600

1400

1200

1000

800

600

Retrained

. Fromrecruit

status

Losses#—}—» Gains

JO [ Uiu‘u

Time —»

Fig. 15 —Specialty2—CasesIl

Required
~——— Assigned
\\ P
~
Sl e
~
\
\\
[
/>
\ S
\/ ~—
| ] i ] ] 1 | ] ] ]
2 3 4 5 6 7 8 9 10 1 12



Airmen

Airmen

RM-2587
69

50 g
Retrained EFrom recruit status 8
0] -  a— I | - T L_JEL_J %1_.1.1_.4 ] S
°
50 ] 1 1 1 { ] ] ‘g 1 1 ]
J
250
200 B ‘\\\\~
— —
Retrained Trt——— T —— T T —_—
————Assigned
100 ) | | ] i | 1 ] | ] |
0 | 2 3 4 5 6 7 8 9 10 i

Time —»

Fig. 16 —Specialty3—=Case I



Airmen

Airmen

RM=2587

70

800

600 -

400 B~

200

Retrgined

. Fromrecruit status

Losses#»Gains

200

2400
2200 |+
2000 -
1800
1600
1400 |-

1200

Required \\

————Assigned

1000

Time —»

Fig. |7—Specialty 4—Casell




Airmen

Airmen

400

400

800
3800

3400

3000

2600

2200

1800

1400

RM-2587
71

Losses##»Gains

J CJ LJ 4J  Jd

Retragined

L_IL_JLJL_JU

- Fromrecruit status

! ] ] ] ] I l ] ]

Required
—-———Assigned
\\\
N
—
\\
\\
R N
AN
\\
\\\\
\\\
——
\\.‘
d J 1 ] 1 ] | ] | | I
I 2 3 4 5 1) 7 8 9 10 H

Time —»

Fig. 18 —Specialty 5—Casell



Airmen

Airmen

RM=2587
72

600
400 - Retrained
. From recruit status
200 |- »
c
©
o
0 A
'
&
200 @
-l
400 .
600 i ] ] 1 | ] ] ] | ] !
20 \
2800 | ~~
2600+ Required
\ ———— Assigned J
2400 |- \ /
2200 |- \
~ e
—
2000 | ) | 1 | | 1 1 ! ]
0] | 2 3 4q 5 6 7 8 S i0 I

Fig. |19 —Specialty 6 —Case Il



Airmen

Airmen

800

400

400
2800

2400

2000

1600

1200

800

400

RM~2587

73

Time —»

Fig. 20 —Specialty 7—Case IL

AjRefroined
— E EFrom recruit status
o
4
]
[7,]
b
| _| | 1 | | ! ! ! | | !
—
- Required
————Assigned
- /’____/
/
-
e — T | | [ | | | | | ]
0 | 2 3 4 5 6 7 8 9 i0 I 2



Airmen

Airmen

N-2587
T4

300
Retrained
200
.- Fromrecruit stotus

c
100 S

y B

. ” .

100 |- @

(o]

—
200 1 1 1 I L I 1 ] ! i
600
500 -

Required /
———— Assigned 4
400 |- _//
o —_— e e o e o e e e e e
/
300 v
200 1 | l ] 1 | | | | |
0 2 3 4 5 6 7 8 9 10 1 12

Time —»

Fig. 21 —Specialty 8— Casell



Airmen

Airmen

400

200

200

400
1000

800

600

400

200

RM=-2587

75

Retrained

~ From recruit status

:;I

|

[
L.osses e+ Gains

Time —»

Fig. 22 —Specialty 9—Case Il

! 1 ] | | I ] | | | i
\\__\
\\
N /
N~
‘-_———_—_—_————ﬁ\
/
\\/
Required

———=—Assigned
1 i 1 ] | i ] ] ] | ]
I 2 4 5 6 7 8 9 10 11



Airmen

Airmen

RM=-2587
76

200

100

100

200
800

700

500

400

Retrained

_ From recruit status

Losses<e—1+» Gains

\ Required
\ w~——=—Assigned
\
\
\\
\”A\‘-—-—\
S — /
] ] ] ] | | il | | | 1
| 2 3 4 5 6 7 8 9 10 11

Fig. 23 —Specialty I0—Case I



RM-2587
77

APPENDIX

NOTLTTON YT TR TTTONS LTS D
Aha s Ay g WALD LA LUNS . AL I

We suppose given a network consisting of nodes 1, 2, ...,

n together with directed arcs® ij (from node i to node j).

Ezch earc 1) hes assoclated with it three integers: Eij (the
erc lewer bound), U (the arc upper bound or capacity), and
c,. (the arc cost), with 0 < £.. < u, ..

1g == e S F1y 5 Mg

It 1s convenient to descrivbe the problem in terms of cir—
culations, rather then flows from sources to sinks. By a cir-
culation we shall mean z nonnegative integral vector x = (Xij)’
one component for each arc 1j, that satisfies the conservation

equations

(1) Z(x (1 =1, ..., n).

t
O

197 ¥g1) =

lThls appendix is an adaptation of a paper, An Qut-of-
Kilter Method for Minimal Cost Flow Problems, The RAND Cor-
poration, Paper P-1825, January 18, 1960, by D. R. Fulkerson,
the research for which was supported in part by the Pacific
Lighting System. See also:

L. R. Ford, Jr., and D. R. Fulkerson, "™™aximal Flow
Through a Network," Can. Jour. Math. 8 (1956) 399-4CL.

L. R. Ford, Jr., and D. R. Fulkerson, "A Simple Algorithm
for Finding Maxzmal Network Flow and an Application to the
Hitchcock Problem," Can. Jour. Math. 9 (1957) 210-218.

L. R. Ford, Jr., and D. R. Fulkerson, "Constructing
Maximal Dynamic Flows from Static Flows," Operations Research
6 (1958) 419-433.

2In this appendix the expression "arc" will be used for
its synonym, "link."
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(211 arcs 13),

we call x a feasible circulation. We shall refer to a parti-

culer component x of a circulation as the arc flow Xij or

Cote

i
the flovw in arc ij.

e

A feasible circulastion x that minimizes the cost from

Py
Y
p

C, X
over all feasible circulations is optimel. The problem we

are considering 1s that of constructing an optimal circulation.
Of course feasible circulations mey not exist, in which case
we want to discover this fact.

Let 7 = (7 be a vector of integers, one component for
i 3

each node 1., We call 7 & pricing vector, and refer to 1its
t

compeonents as node prices. Op

problem are that the implications

(21") cij-%-'rr '“7T3>O"—“‘>Xi3=zij
(5) iyt Ty = Ty {0 —> X4 = Uy

hold for all arcs iJ. That is, if x is a feasible circulation,

and if there is 2 pricing vector 7 such that (4), (5)

(=2

hold, then x is optimal. e shall shorten the notation by

02}

setting



(8,)
(vs)

We sayv that an arc 1]
stztes a, B, 7v;
solve the problem, we need to get a2ll arcs in kilter.

With each state that an arc 1) can be in, we shall asscc
a nonnegative integer,
the given state.

arc kilter numbers corresponding to ou

listed below:

ol o of o] of o]
I N R = =
Cote €. o Coaw [

0|

otherwise

An

-
M
O
"3

|te
fud
=3
Q)

1l
i
m 0i]

AN

li

N

AV AVANE
AV ANV ATV AN

n

[
n

Thus

in—ilter arc has kilter number O;
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the

ct
O

o
o

called the kilter number of the arc in

the

—of-izilter states are

ot
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Thus out—of—kilter arcs have positive kilter numbers. The

tilter numbers for states a., 51,

D
2
N

3
o
»
€2}

Cf
=3

0
‘._)
ot
=4
@®
o
9]
b
;.,]

Y1» @5 are a measure of the degree to which the optimality
properties (4), (5) fail to be satisfied.

The algorithm stated in the following section has the
property that all arc kilter numbers are monotone nonincrezasing

throughout the computation.

-

We need a few other notions before stating the algorithm,

g

'Jv

the main one being that of a path from some node to another in

»

a2 network. ILet i cees I be a seguence of distinct

13 ig:
nodes of & network such thsa er i 3. or 1 i
& tw uch that either i, el K1 Tw

W

is anarc, ¥k =1, ..., m — 1. Picking out, for each k, one of
these two possibilities, we call the resulting seqguence of

nodes and arcs 2 path from il to i_. Arcs iy Kl that belong

il

to the path are forward arcs of the path; arcs iy+1iy that

belong to the path are reverse arcs of the path.
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frr rre A rmr s e o e

i - o - HE O R S
Lan L L RN LTI A LTl

The algerithn ¢f this section uses & modified lazbeling pro-
cecdure &5 its bzsic routine. In generzl, the labeling procedure

is & search for & pzth (having certzin desired properties) from

(41
3
y
ot

L % L Fq LR g
s vy — ~ P v £ et s [t T = o~
rt lebveling from & given node,

A N R . . K3 P U S . M e . R o =
Ci--eC g corigin, etiempling to reech sone other given node,
T -

~T7 T AS o g m K K RN ¥ 2 2
ca.ied the terminzl. To irnitiste the modified procecure, we
PR N P I R U S N PAT T At mm T e m T A
Tl D Lot 2l (O, OO0 TO TNnEe OrIfin: Tne foilowine lavelins
- 2t z

I._&£. are tnen zrplied:
7 If node 4 ic dabeled T 7] ode ¢ i3S

- node 1 18 laltelel 1_.— €. rncQas PR

s &)
- i 3 Ny S * - 2 N -~ Lo 2 L
vnlebeleqa, anc 1f 17 1s an arc such thet either

ther. node  receives the label E s €. Woere

€, = min(ei, Ly . _'Xii) in case (a), €. = min(ei,'ui: - x

in cese ().

(8) If node 1 is lzbeled [kZ, €., node j is unlabeled,

and 1f ‘i is an arc such that either

ot

[a N = N - .
(C:A) C e LO J;ji Ve ﬁji



RM=2587
82

[ STTRY - y E
(te) c.. <0, 2., u..
o= . o
—_— —
Ll A As o wmanadtuac e Tolial 2 c ! v
el € meleliver ThE laoto ~ s &g wiere
o
/- - Voo PN £
¢, =uninte,, n.. — L..) in case {2/,
o 1 s R
o o ~r PR ) B [ag = - Y
SR s Xa. o — UL, ) LY CEEEZ S A
i [
< - o

called brezlithrough and nonbrealithrough, respectivelyv: either

the termingl receives 2 label, or no more labels can e
assigned and the terminal has not been labeled.
I

ol ke 1y - ~ o e Py e P ST Sy ety
T brealzthrough occurs, a path from origin to terminal

3 = 3 JRApg T R . e -~ -
can be located by bacittraci-ing from the terminal, using the
first members of the label peirs. If, in this backiraciing,

Y
]
o]
(o7
D
fde
w
]
]
]
(e
oy
(]
QJ
‘<+
m
t
Q
m
=
v
[N
[
n
ot
iy
)]
bt
o))
oy
D
’ wd
o
m
ol
\s
ct
b
0]
w3
e

is a forward arc of the peth from origin to terminel; 1f [ 1is

- =
lebeled 1, ¢

forward arcs of the path satisfy either (7a) or (7b),
(

wihereas reverse arcs of the path satisfy

sets of labeled and unlabeled nodes respectively., and define

two subsets of arcs

(9) Cll = {}3}1 in L, 7 in

)

(SR

=
O
NS
O
“
[
7N
o
.
Cae
—

(10) a4,

il
Cote
1=
[
‘_Jn
o
)
-
-
)
i
ol
T de
[N
VAN
O
B
Lo}
I,.J
N
-5
Cote
o
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1 H
- iJ in Cl.é u
(12) 8, = wmin (~ c?i)
Ji in Q- ©
(13) & = min(s,, &,).

Here &, (1 =1, 2) is a positive integer or co according as
ai is nonempty or empty.

The complete algorithr now runs ac follows. Start the
computation with any circulation x and any pricing vectior .

Next locate an out—of-Izilter arc st and go on tc the appro—

priate case below:

(al) oy o 0, xg, < £ .. The origin for labeling
is t, the terminal s. If breaiztnrous: re—
- R N 0 i b e
sults, add e = min{e, [, hst) to the
flow in all forward arcs of the path from

reverse arcs, and add € to x
breakthrough results, add & defined in (13)

to all 7, for i in I.

(51) or (Wl) Cst = 05 Xgy < Lsys or Cst <o,

Xgt < U .- Same as (al), except



— N -
(e.) or (g c 0, x 4 ., 0r ¢, =0
(HQ) at - 2 st / S‘C’ at 2
™ < . . - - o -
X, 2 u_,. The origin for labeling is s,
T ST A -
the terminal t. If breakihrough resultis,

H
O

3
6]
b
(@]
pu
A

subtract € from the flow in all reverse

arcs, and subtract € from X, If nonbreclk—

st’

through results, add & defined in (3.7) to

i
(72) Est < 0, Rog 7 U .. Same ag (ag) or (62),
eXcept € = ﬂln<€tj Xy — uSt)'

The labeling process is repeated for the arc st until
either st 1s in kilter, or until & nonbreakthrough occurs
for which the node price change & = . In the latter case,
stop. (There 1s no feasible circulation.) In the former

case, locate another out—of-kilter arc and continue.

It can be shown that the algorithm terminates after
a finite number of applications of the labeling procedure, either
with all arcs in kilter (in which case the feasible circulation
is optimal), or with the location of a subset L of the nodes

violating the following:
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(1%) S ou,.> = g,
1inyp %3 4pp 9
Jin T Jin T

In this case there 1s no feasible circulation. DMoreover, all.

arc kilter numbers are monotone nonincreasing throughout the

A + 2
computation.



