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SUMMARY

This Research Memorandum describes a practical method for predicting
spare-parts demand rates, which may be readily carried out with a few simple,
manual computations. The method is an application of Bayes! Theorem of
classical probability theory, which combines a priori infermatien and data

derived from subsequent events in order to evaluate the likelihood of future

Y2

events. A previous Research Memorandum,ﬁ to which this is a supplement and
companion-piece, provided the mathematical explication of the Bayes¥ Theorem
and its applicability to demand prediction. The present study was written

in response to the need for a simpler, non-technical, more directly usable

version, containing more illustrative material.

The method takes advantage both of initial estimates and of unfolding
operational experience -- even when this experience would be dismissed as
too "limited" under current Air Force practices. It should therefore be
particularly useful during the early life of a weapon system, when demand
data are meager but fairly large commitments must nevertheless be made for
spare parts.

The current Air Force procedure normally uses the initial estimate of
demand made at the provisioning conference until the sample of operational
experience is judged Mextensive! -- representative of the true demand rate.
This may result in continuing use of the initial estimate even after its
information value has come to be overshadowed by that available from demand
experience. The Bayesian technique, on the other hand, produces a weighted

average of the initial estimate and that computed from subsequent demand

"W. H. McGlothlin and R. Radner, The Use of Bayesian Techniques for
Predicting Spare-Parts Demand, The RAND Corporation, Research Memorandum
RM-2536, March 1, 1960,
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experience. The weights depend on the expected accuracy of the initial
estimate in comparison with the accuracy of the rate computed from a given
sample of operational experience; thus there is a gradual shift from the
initial estimate to the computed rate, based on the estimated relative value
of the two pieces of information. In cases when the early demand experience
is considered nonrepresentative for reasons other than the size of the sample,
it would still be disregarded or modified. In particular, a limited use of
the procedure is explained for the case when age-dependent demand processes
prevent the extrapolation of éarly demand rates to later periods.

The values of the parameters needed for the procedure are based on
empirical measures from several weapon systems. The expected accuracy of
the initial estimate is based on a comparison of actual estimates with the
demand rates which developed after relatively large amounts of operating
experience. An empirical evaluation of demand variabilibty provides a measure
of the expected accuracy of demand rates computed from small samples of
operating experience.

The study also discusses the use of a confidence interval computed about
the estimate, which takes into account the uncertainty of both the initial
estimate and the demand rate computed from the sample. Thus we may choose
to use an upper confidence limit as the demand-rate estimate, and make an
approximate probability statement concerning the likelihood that the "true"
rate exceeds the estimate.

The study gives the detailed steps of the Bayesian procedure and in-
cludes the graphs needed for applying it to aircraft parts. The method can
also be used for missiles or other equipment, but the graphs may require

modification when operation is measured in units other than flying-hours.
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I, INTRODUCTION

BACKGROUND OF THE STUDY

This study is a simplification of and supplement to its companion-piece,
RM—2536.* RM-2536 provided a mathematical exposition of the Bayes® Theorem of
classical probability theory, specifically as applied to spare-parts demand
prediction, The object of this Research Memorandum is to provide procedures
and statistics for direct use in demand prediction.

The RM has two principal differences from its companion-piece: (1) its
explanation of the rationale underlying the Bayes'Theorem and its application
is largely non-technical; (2) as an instruction manual might do, it outlines
a detailed step-by-step procedure for applying the technique. For convenience,
this Research Memorandum repeats some parts of its predecessor, but the reader
is referred to the latter for a mathematical development of the subject.

The study thus joins a series of RAND publications on demand prediction,
the number of which reveals the continuing importance both RAND and the Air
Force attach to the subject.%* Previous studies have examined the feasibility
of predicting demand from past operational experience, and to some extent
from a priori estimates made at a provisioning conference. The contribution

of the present paper is a prediction method based on the integration of the

a priori estimate with the rate computed from the operational experience.

* ‘s
See footnote, p. iii.

""For example, see Bernice B. Brown, Characteristics of Demand for Air-
craft Spare Parts, The RAND Corporation, Report R-292 (ASTIA No. AD 107426),
July, 1956; T. A. Goldman, Relationships Between Program Flements and System
Demand for Airframe Spare Parts, The RAND Corporation, Research Memorandum
RM~1858 (ASTIA No. AD 123514), January 22, 1957; idem, A Priori Demand Pre-
diction: A Case Study of B-52 Airframe Parts, The RAND Corporation, Research
Memorandum RM~2088 (ASTIA No. AD 144299), January 10, 1958; idem, System
Demand for Airframe Parts During Weapon-System Phase-~in (U), The RAND Corpora-
tion, Research Memorandum RM-2381, May 18, 1959 (Secret); and J. W. Petersen,
Savings from Procurement Deferral with Interim Contractor Support: The Case

i alue Airframe Spares, The RAND Corporation, Research Memorandum
RM-2085 %ASTIA No. AD 144297), January 10, 1958,




APPROACH OF THE STUDY

This paper examines a specific aspect of the supply problem: estimating
spare-parts demand rates when the data from operational experience are still
relatively sparse, and reliance must continue on the demand-rate estimate
made by the initial provisioning conference., The current Air Force practice
is to use the provisioning-conference estimate as long as operational experi-
ence is "limited," and switch to the computed demand rate only when operational
experience is judged Mextensive." (The computed demand rate is simply the
number of observed demands divided by equipment operating time.) The dynamic
procedure recommended in this paper provides for a systematic shift from the
initial estimate to the computed demand rate as operational experience in-
creases. It does so by employing a weighted average of the initial estimate
and the computed demand rate. At any particular time, the weights are
intended to reflect the usefulness of the two pieces of information for pre-
dicting the future demand rate.

For example, suppose the initial estimate of the demand rate made at the
provisioning conference for Part X is 1.0 -~ one unit per 1000 hours of
operation —- but the observed demand during the first 5000 hours is two,
giving a computed rate of O.4. What should we predict the future demand rate
to be? The current Air Force procedure would probably judge the demand
experience to be limited and merely retain the 1.0 demand rate. The Bayesian
procedure would base its prediction on a weighted average of 1.0 and O.4.

The weights would depend on three factors: (1) the estimated accuracy of the
initial estimate, (2) the inherent variability of demand from one period to
the next, and (3) the size of the operational sample. This study will pro-
vide the practical procedures for determining these weights and the resulting

estimated demand rate. They are intended primarily for use with the more



expensive parts (over $200); first, because of the major savings possible

in this category, and second, because the assumptioens underlying the methods
are more nearly met for these parts.,

Section II of this paper considers demand processes, first as independ-
ent of part age and then as a function of part age, and discusses the
implications of each situation from the standpoint of measurement and pre-
dietion of demand. Section III provides a non-mathematical description of
the Bayesian technique for predicting demand rates. Section IV presents
empirical measures of the parameters needed to develop the weights used inj}
the procedure. Section V provides the graphs, formulae, and the step-by-
step procedure for making demand-rate predictions. A formula for determining
the statistical confidence of these predictions is given, along with sugges—
tions for employing confidence intervals in demand predictions. Examples
are provided for three types of application of the Bayesian procedures.

Section VI offers some conclusions on the usefulness of the procedure.



II. DEMAND PROCESSES

BASING PREDICTIONS ON PAST EXPERIENCE

Before we turn to the Bayesian procedures, it will be well to discuss
an important assumption underlying demand prediction: Whenever we use
operational experience from a past period to predict spare-parts demand
rates for a future period, we accept the assumption that the processes pro-
ducing the demands remain éubstantially the same in both periods. This
assumption is the source of much of the difficulty in demand prediction.

If we accept the assumption when it is not true, our preditctions are likely
to be grossly incorrect. If we dismiss the assumption as false when actually
it is true, we deprive ourselves of highly useful information for making
future estimates.

Frrors of the second type can cause gross over-procurement of spare
parts in the Air Force., Highly inflated estimates of initial demand rates
may be used far into the operational program because of & vague assumption
that demand is positively correlated with part age, and that future estimates

therefore cannot be based on past experience. In actual fact, the demand

rates for many spare parts are virtually independent of part age, at least I

*
for the typical, rapidly-obsolescing weapon systems. A recently advocated
method of dealing with age- or wear-dependent demand is discussed in Sec. V,

together with a way of articulating it with the Bayesian technigue.

-*See,'jgg'example, Milton Kamins, Determining Checkout Intervals for
Systems Subject to Random Failures, The RAND Corporation, Research Memoran-
dum RM-2578, June 15, 1960. Kemins points out that, historically, it has
been found that many components, sub-systems, and systems experience expo-
nential failures, which have been described as "random," "accidental,”
"chance," and "Poisson."




CONVENIENT CATEGORIES OF DEMAND PROCESSES

For the purpose of discussing when we may assume that future demands
will be positively related to past demands, it is convenient to categorize

demand processes as follows:

I. Probability of demand is independent of part age and time of
observation.

II. Probability of demand is independent of part age and time of
observation, after adjustment for short-interval scheduled
maintenance (2 to 12 months).

ITI. Probability of demend is not independent of part &age, because
of initial heterogeneity of the part sample,

IV. Probability of demand is not independent of time of observa-
tion, because of changes in the external environment.

V. Probability of demand is not independent of part age, because
of internal changes in the part, or relatively long intervals
(greater than 12 months) between scheduled maintenance.

Case I is the simplest from thelstandpoint of demand measurement and

S
G

prediction. The demand data are converted either to a demand rate per

K

operational unit or to the inverse, mean-time-to-demand (issue interval).
If a part has survived t hours, the probability that it will survive to
t + At hours is the same, whether t = 1 or 1000 hours.

In Case II, malfunctions are again independent of part age, but their
correction is often delayed until normal scheduled-maintenance periods. No
adjustment is necessary if the ratio of hours of operation to number of
equipments undergoing scheduled maintenance during the period is approxi-

mately equal to the interval between maintenance. It typicallygié; after

"As used here, the term "demand" will exclude non-recurring demands
such as those "... caused by initial activation, increases in allewances,
special projects, the assembly of technical order compliance (TOC) kits,
and the prestocking of mobilization reserves." The quote is taken from
AMCM 57-1, Hdgs. AMC, Wright-Patterson Air Force Base, Ohio, p.73.



the equipment has been in operatien for some time. An adjustment often is

required during the phase-in period, however, upon which this paper focuses.
(An adjustment formula is suggested in Sec. V.) But again, if the interval
between scheduled maintenance is no more than one or two months, the unad-
justed demand rate is usually adequate.

In Case III, the parts in the initial sample have heterogeneous resist-
ance to operational stress. Parts with low resistance tend to fail sooner
and more often than do the stronger parts. The surviving group thus emerges
with a higher average resistance to stress than the original sample had, and
the demand rate will therefore decrease as a function of part age. This is
known as a M"debugging" or "burn-in" phenomenon; it is generally important
only in early periods of operation. The demand data may be adjusted by
excluding both the operational hours and the resulting demands during the
burn-in period. The demand rate for subsequent periods would then be con-
sidered independent of part age. Without this adjustment, the error in
future demand predictions would be on the high and thus conservative side.

In Case IV, changes in demand rate are related to environmental changes.
For example, improvements in operation or maintenance would probably decrease
demand rates. Similarly, many technical changes are usually made in military
equipment after it becomes operational, and they often affect the demand rate
for individual parts. Such changes cannot generally be related to part age,
since they affect new and old parts alike. We normally resort to a moving-
average measure of demand in this situation, and use only the more recent
data (usually from the past 12 months) to compute the demand rate.

Finally, in Case V, changes in demand rate are related to wear or aging

in parts. To predict demand rates in the first three cases, the sample
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demand data could be used directly or after minor adjustments. In Case IV,

if we predict future demand on the basis of the sample data we would normally
over-estimate demand, which at least would be an error of the conservative
type. 1In Case V, the sample demand data collected when parts are of one age
do not necessarily indicate what demand rate we should expect when the parts
are older.

There are two ways to predict demands in Case V. One is to determine
the demand rate as a function of part age from the operational data, and then
predict future demands from this empirically developed function, taking into
account the expected age of the parts in the prediction period. The other
method is to make an a priori assumption about the age/demand relationship
and then predict future demand in the same way. The advantage of the first
method is thaf it provides a means of measuring age-effects in the demand
process. It has two disadvantages. First, both the data collection and
statistical computations for time-referenced failure data are expensive in
comparison to the normal procedure of ebtaining only total demands and
operating time. Second, it usually takes so long to arrive at a satisfactory
measure of the age/demagd function that it often has limited use in provi-
sioning for modern, rapidly obsolescing weapons. For many representative
cases, about half the parts in the sample must fail before enough data are
available to develop an adequate age/demand function., Of course, information
gained about a certain part by this technique would be useful in predictions
for similar parts in future systems.

In summary, if we propose to use early phase-in demand data to revise
initial estimates of demand rates, we must assume a demand process that is

independent of part age, at least during the age intervals for which the
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prediction is made. If the demands arise mainly from long-interval scheduled
maintenance, or if the part is expected to have a wear—out pattern on the
basis of previous experience with similar parts, then there is no alternative
to introducing the age factor in the demand-prediction process. Many parts,
however, particularly in the very important electronic area, have demand
patterns which are essentially independent of part age.* In general, it
seems expedient to assume that demand is independent of age when there is no
objective evidence to the contrary, because it is so advantageous to base [ |

revised estimates on as much early demand data as possible.

“peronautical Radio, Inc., Inter-Base Report No, 1 -—— A Preliminary
Study of Equipment Reliability, March 15, 1955. Cf. also Kamins, op. cit.,

pp. 1_3 .




III. PREDICTING DEMAND RATES FROM INITIAL ESTIMATES

AND DEMAND DATA

Suppose the initial provisioning conference for a particular type of
aircraft has predicted that the demand rate for Part X will be Hoe Further,-
for the sake of simplicity, suppose that these aircraft have flown a total |
of 1000 hours a month for the first five months of operation. We have
observed the number of demands during this period and can compute the demand
rate per 1000 hours, D. Now we would like to re-examine our prediction of
the demand rate for Part X, and perhaps make a revised estimate, Hqe Several
approaches are possible. As mentioned earlier, the current Air Force proce-
dure would probably ignore the computed demand rate, D, and continue to use
the initial estimate, Heos for procurement purposes on the basis that 5000
hours of operation constitutes Mlimited" experience. Another approach might
be to M"split the difference," arriving at the revised estimate, “1’ by adding
Ko and D and dividing by two —- a simple arithmetic average. The approach
advocated in this paper would go one step further and make the revised
estimate, pl, a weighted average of Mo and D, in which the respective weights,

L) and L would reflect the accuracy'ofkﬁaand D. Thus we may write:

= W

oMo ¥ D

Hy

where the weights w. and w_ add to 1; i.e.,
0 S

The current Air Force procedure of retaining the initial estimate when the

operational experience is judged "limited" could be written:



Hy
and when operational experience is judged extensive:

ul = 0.0 “O +1.0D = D,

Similarly if we "split the difference " between Hpyand D we have:

By = 0.5 Ko + 0.5D .

The following discussion will show how the weights, w5 and Wes depend

on the relative accuracies of the initial estimate, Hoo and of the compufgd;
demand rate obtained from a given amount of operational expé;;;;;;:gﬁggmgéﬁi
intended only for explanatory purposes, and should not be confused with the
empirical procedure for determining the weights described in Sec. IV.

First, suppose we are able to determine the accuracy of an initial
estimate of the demand rate, by examining the difference (error) between the
estimate and the "trueM demand rate. Of course we never know exactly what
the Btxrue" rate is, but after obtaining the demand experience for a very
large number of operating-hours, we are able to get a close estimate of it,
For a large sample of parts, we could plot a frequency distribution of these
differences such as that shown in the left half of Fig. l. According to
this hypothetical error distribution, we would expect 20 per cent of our
initial estimates to be within ¥1 unit of the "true" demand rate, 55 per cent
to be withinif3 units, etc.”

Next we wish to determine the accuracy of a demand rate computed from a

Sle

"The total area in the error distribution represents 100 per cent of
the cases,



initial estimate (Mo)

computed rate (D)

201

N=1I

per cent
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1

Fig. 1— Hypothehcal frequency distribution of errors for
initial estimates and computed demand mtes '

units of demand

3 0 3
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sample of operational experience, D. Again, we take the demand rate for a
very large number of operating-hours as the "true' rate. Suppose we then
divide our large sample of operating-hours into 1000-hour periods. We could
then observe the number of demands that occurred in the first period, second,
etc. and obtain the differences between the number of demands occurring in
the various 1000-hour periods and the "true" rate per 1000 hours as computed
from the total sample. When we plot these differences as a frequency distri-
bution we have a description of the accuracy of a demand-rate prediction
based on the demand observed for a single 1000-hour period drawn at random.
Mihypothetical error distribution of this type is shown in the upper right
portion of Fig. l. We would expect the demand observed for a single 1000~
hour period (N=1) to be within t} units of the M"true" rate 45 per cent of
the time. Note that the error distribution for D depends on how widely the
observed demand fluctuates from one 1000-hour period to the next. With
large fluctuations, the demand observed for a single period will be a poorer
estimate of the Mtrue" rate than if the demand were more uniform.

Now suppose that we observe the demand during five 1000-hour periods
(N=5). Our D value would be the total observed demand divided by 5. Intui-
tively we would feel that the D based on an N of 5 is likely to be a better
estimate of the "true™ rate than is the demand for N=l. Actually, the error
distribution of D will decrease at the rate of l/v/".% Note the D error
distribution for N=5 and N=25 in Fig. 1. "

We now see that the error distribution for D depends on (1) how widely

“The reader who has had a beginning coufse in statistics will recognize
that the concept we are discussing here is the relation of the standard error
of the mean to the standard deviation of the demand distribution, i.e.,

0
g =

nooN
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the month-to-month demand fluctuates, which is described by the error distri-
bution for N=1, and (2) the amount of operational experience (N) upon which
D is based. The D error distributiens for N=5 and 25 in Fig. 1 are completely
determined by our beginning distribution for N=l.

Suppose we determined a D error distribution for every N between 1 and
25. We could then take the kg error distribution and find a D error distri-
bution that was approximately the same. Since My and D are both estimates
of the M"true" demand rate, if they have the same error distributions they W
must be equally good estimators. Suppese the Mg error distributien is the
same as that for D when N=3. The predictive value of Mg would then be worth
3000 hours of operational experience., If we think of the worth of both o
and D in terms of equivalent values of N, we can now determine what weights
(WO and ws) we should assign to Mg and D.

Suppose that after 3000 hours of operational experience we compute a D.
We also have a Ko estimate which we assumed is worth 3000 hours of experience.

The weights to be attached to Mo and D are then:

- 3 = = -
WO"'3+3 "'005 WS“E—%—OQS

Our best estimate of the "tLrue™ demand rate,ul, is then:

!J.l = 005 lJ'O + 0.55

Suppose that instead of 3000 hours experience we have 6000 hours. This is
equivalent to having two D estimates, each based on 3000 hours. Our Mo

estimate is still equivalent to only 3000 hours. Our weights would now be:

- 3 - - 3 -
WS 3T T3 033, w_= 233 . 0.67
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We may now write general equations for w5 and W e Let R equal the number of
operational hours (expressed in thougands) to which the predictive value of
o is equivalent, and N equal the actual amount of operational experience

upon which D is based. Then:

The value of R in practice will depend on (1) the error distribution we
assume for H,, and (2) the error distribution for D when N=1, Recall that

the D error distributions for NP> 1 are determined by that for N=1, and the

laf%g;riéigim§i§ representative of thégaeﬁggd‘;;;iébility framrbneilbdo—héﬁr
period to the next.
Figure 2 shows LA plotted as a function of N for four values of R

(remember that =1 =- ws). In the following Section we shall exemine the

Yo

| R values determined from actual initial estimates and demand experience.




i i L i i 1 ] | 1 |

o 2 4 6 8 o 12 14 6 T:) 20 22 24 26 28 30
' N (in 1000-hour units) '

Fig. 2—wg as a function of N
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IV, EMPIRICAL MEASUREMENT OF THE PARAMETERS

PARAMETERS FOR THE BAYESTAN PROCEDURE

In order to use the Bayesian procedure to estimate demand rates, we

require four parameters:

(1) o = initial estimate of the demand rate (from the
provisioning conference);

ot
It

(2)

(3) N = the amount of operational experience expressed
in 1000ts of flying-hours or similar units;

demand rate computed from the operational data;

(4) R = the amount of operational data which is equivalent
in predictive value to that of the initial estimate.

The first three parameters are immediately available., The fourth is
the crucial part of the Bayesian procedure in that it, in conjunction with
the value of N, permits us to assign relative weights to o and D which
reflect their respective information value for predicting the M"true'" demand
rate., It is not statistically feasible to determine R by comparing empirical
error distributions of Mgy and D as was done for explanatory purposes in
Sec., IIXI. Rather, we shall examine empirical data to obtain estimates of

these error distributions, and from these get our desired value of R.

ERROR DISTRIBUTION ABOUT D

Recall from the example in Sec. IXI that the error distribution about
D for N=1 is simply a frequency distribution of the differences between the
observed demands for the 1000-hour periods and the "true® demand rate per
1000 hours. One descriptive statistic of this error distribution is the
average of these differences. This would provide us with an average expected

error when we use the demand observed for an N=1 to estimate the "true"
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demand rate. For reasons beyond the scope of this discussion, a more useful
measure of the D error distribution is an average of the square of the differ-
ences rather than the average difference. We shall call this measure 52.
Ideally, we should like to have an estimate of 52 for the particular
part for which the demand rate is being estimated. However, the prediction
technique described here is useful only when we have an initial estimate and
a relatively small amount of subsequent operational experience. Under such
conditions, we do not have sufficient data to compute an 52 value for the

part in question. From the analysis of other parts, however, we shall find

that s2 can be estimated as a function of the demand rate. We have an
estimate of the demand rate, of course, so by determining & general relation-

. 2
ship between s~ and the demand rate, we may estimate the value of 52 for the

varticular part.

The relation gggween 82 and the demand rate was examined for two sets
of data. The first was made up of 104 B-52 parts, drawn from four property
classes (Airframe, Fire Control-Gunnery, Communications, and Accessories).*
The second was composed of 24 components from an air-to-air missile. The
B~52 data were obtained from a special base-level demand-reporting system
covering 34 months, in which 69,000 hours were flown. The missile data
resulted from approximately 30,000 checkouts made over a period of 26 months.

Figure 3 shews s (rather than s2) plotted as a function of the demand

kY

- 3
rate per 1000 flying-hours, D, for the 104 B-52 parts. The function fitted

*
These data were generously made available from another study being
conductéd by Bernice Brown and James Houghten in the Supply Group of RAND's
Logistics Department.

Ay

'For the method of computing s (the standard deviation of the demand
distribution), see McGlothlin and Radner, RM-2536, pp. 28-35. In Figs. 3
and 4, s rather than s? is plotted as a function of D because the resulting
function is more nearly linear.



DL .25 s = t.zaf‘ﬁ
7+ D> .25 s= .31+131D
®
0 i 1 | ] : j i
0 o 2 3 4 5 6

7 ,, |
Fig. 3—Standard deviation (s) as a function of the

mean demand (D) for 104 B-52 parts
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to the data is in two parts. For D ¥ 0.25, s = 1.28‘J5-; and for D > 0.25,

s = 0,31 + 1,31 D. The reader should note that while the term D represents
the computed demand rate as before, it is now based on a very large N and e
hence is a close estimate of the "true" demand rate. The D value which will
normally be available for the Bayesian weighting procedure will be based on

a much smaller N and hence will be a poorer estimate of the "true™ rate.

We believe that the relationship between s and D shown in Fig. 3 is
fairly charactéristic of aircraft spare parts.* In any event, our ultimate
aim is to estimate R, which is dependent on the error distributions for both
Ho and D. As will be seen in the follgy?gg Subsection, our present ability
to evaluate the former is quite poor, so attempts to gain additional accuracy
in the estimate of s?g;gﬁprqub}yi?Pt warranted.

Figure 4 shows s plotted as a function of the demand rate per 200 check—
outs for the 24 missile parts. It will be noted that the same function that
was fitted to the B-52 data also describes the missile data fairly well. It
should be remarked, however, that had we chosen a unit of N other than 200m
checkouts, the slope of the empirical function fitted to the data would have
been different. This points up a difficulty in the use of the empirical
parameters provided in this Section for equipment other than aircraft. If
the Bayesian procedure is being used for demand-rate prediction for aircraft
parts, then the operational unit used should be 1000ts of flying-hours, so
that the graphs provided in this Section can be used directly. If another
operational unit is to be used such as missile-alert-hours, it will probably

be necessary to recompute s as a function of D for the data in question.

kY

“The authors found the same type of relationship between s and D in an
unpublished analysis of 50 C-47 parts over a period of 36 months.



Fig. 4 —Standard »devia_t_ion (s) as a function of
the mean demand (D) for 24 missile parts
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ERROR DISTRIBUTION ABOUT “O

In order to obtain an empirical measure of the error distribution about
Bgs we must determine, for a group of parts, the differences between the
initial estimates and the computed rates which develop after a large number
of operating~hours. We shall assume that the computed rates are good esti-
mates of the "true" demand rates. Again, we will measure the average of the
square of the differences rather than the average of thé differences. We
will call this measure og; it is analogous to the 32 values obtained for the
D error distribution.

We should like to have the spare parts divided into at least two groups:
one for which the estimator has relatively high confidence in his estimate,
and a second group with which he has had less experience and thus has lower
confidence in the accuracy of his estimate. It would appear reasonable that
the estimator could make such a crude differentiation.* At present, however,
the Air Force initial provisioning conference does not attach any such confi-
dence ratings to initial estimates, so we will have to examine the parts as
a single group.

Two sets of data were available: the initial demand-rate estimates for

36
61 of the previously described sample of B-52 parts, and the initially

368

<

3

estimated and computed demand rates for 46 B-66 and C-133 Hi-Valu parts.
For the B-52 parts, Fig. 5 presents a scatter diagram of initial estimates

I
versus the demand rates computed from 69,000 flying-hours. Three types

*Goldman, RM-2088,

4
‘ The authors wish to thank C. Tokarz and H. Allen for their cooperation
in obtaining these data.

386
, The B-66 and C-133 data were kindly provided by H. Campbell.
IOHEE
The flying-hour sample for the fire control/gunnery parts is 50,000

heoars, -
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of parts (airframe, fire control/gunnery, and accessories) are plotted
separately. The diagonal lines in Figs. 5 and 6 are not intended as a\%it

of the data, but rather indicate the frequency and extent that the initial
estimate proved to be an overestimate (below the diagonal) or an underestimate
(above the diagonal).

Figure 6 is a similar diagram for the B-66 and C-133 parts. The computed
demand rates for the 19 C-133 parts were based on 18,000 flying-hours; those
for the 27 3—66 parts, on a minimum of 20,000 flying-hours.

Figures 5 and 6 show that the initial estimates are not particularly
accurate, and that overestimates tend to outnumber underestimates. There is
" also a strong tendency to overestimate low demand rates and, to a lesser
extent, to underestimate high rates. Airframe parts (Fig. 5)Wtend to be
particularly susceptible to overestimates, but this may result from the
general tendency to overestimate low-demand-rate parts.

\To ‘measure the probable amount of error in ”O; we need to find the average|

of the squared dlfferences between uo and the computed rate, D (again D is
pomputed from allarge sample, and is thus a good estimate of the "true"
demand rate). For any point in Figs. 5 and 6, the absolute difference be-
tween ) and D corresponds to the distance between the point and the diagonal,
measured either vertically or horizonally. As would be expected, the absolute
efrors of differences become larger as By increases, In order to get a
méaningful average of the squared dif%erences, we shall need to use the

0. -
relative, er percentage error, ——fﬂg—— , which is more nearly constant as a
function of Hye If we eliminate two extreme points (0.16, 1.6) and (0.20,

1.57) in Fig. 5, the average square of the relative differences then becomes
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0.69.% After eliminating one point (0.33, 3.23) in Fig. 6, the corresponding
value is 0.39. PFrom these limited data, we would reéommend that a value of
0.5 be used as the average of the squared relative differences between Mo
and D. In practice, we shall need an estimate of the average of the squared

absolute differences, ag , for a given value of Bg Using the value recom-

mended above, og = 0,5 pg .

Further attémpﬁs shéﬁid'BéWQAAéiﬂbiﬁé;;ﬁfgiggiréﬁéi;i;aii§;” Inwﬁafiic-
ular, if the estimator indicated high er low cenfidence in the estimate, we
could establish corresponding estimates of 02 « In the meantime, the equa-

tien for cg given above will serve as a rough approximatien of the accuracy

of Ho for estimating the "true" demand rate.

VALUE OF R

We now return to the problem stated at the beginning of this Section:
determining the value of R to be used in obtaining the weights to be attached
to Ho and D. Recall from Sec. III that R represents the information-value of
Ho expressed as an equivalent amount of operational experience.

We have determined empiricai measﬁres (52 and 02 ) of the error distri-

0
butions of D and Hoe Both s2 and Gg are proportional to the expected error

+* .
In companion-piece RM-2536, these data were also used to compute an

average of the squared relative differences between uo and D; however, the

‘wevarisble PO = D was used in place of Mo - D , 1If the data are unbiased,
‘the result will be appreximately the same. However, in Figl 5 the tendency

fer'po to be much higher than D when the latter is small resulted in a grossly

different estimate of ug when D rather than iy Was used in the deneminator of

the above fraction. Since in practicey we shall wish to estimate the average
of the squared differences between Ho and D when Ho is given, the variable
‘Bo - D
o

should be used to measure the relative difference between uo and D.
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‘ when D an@/ﬂo are used as estimates of the "true’ demand rate. Recall that

the 32 value is a measure of the D error distribution when N=l, If ag = s2

for a particular part, the‘iﬁformational value of‘uO is equivalent enly to
1000 heurs of operating experience., More generally, the ratio sz/og

represents the amount of operational-heurs (expressed in 1000's) to which

* .
the value of/u0 is equivalent. Thus:

52/02

R 0

i

In the previous two Subsections, we have seen that both 52 and og

are estimated as funections of Ho « To obtain 32 we read the value of s in
Fig. 3 corresponding to the particular value of D (as estimated by Ho o) The
square of s represents our desired parameter., The value of Ug , under the
recommendation of the preceding Subsection, is 0.5 ug « For instance, if

= 1.0 we obtain an s = 1.6 from Fig. 3; 82 = 2,56, and:1

Ho
cg = 0.5(1)% = 0.5; and
2,2
‘R =5 /o5 = 2.56/0.5 = 5.12 .

We may similarly obtain the value of R for any Hoe Figure 7 plets R as
a function of Hgs SO that in praetice we may determine R immediately from o
without separately computing 52 and 62 « Three functions are shown, repre- .
senting high, medium, and low confidence in the accuracy of the initial
estimate. The medium-confidence curve is based oﬁ the recommendation of Sub-
'seetion 3 above; this is the curve we suggest for use in making demand-rate
éstimates from data currently available in the Air Force. The high-confidence

curve might represent a part for which extensive operational experience is

*For a proof of this statement see RM-2536.



RM-2701
-30-

| B
P
t
I
1

inane B
RS SuE

1 mma o
l‘l'l‘ll"

11T
11T
T

'
pa

1
|

Enem e

Mo

NOTE: Only the medium-confidence curve is based on empirical data; it is the one
that should be used with currently available Air Force initial estimates of demand rate.

Fig. 7— The operational-hour equivalent, R, as a
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available for the identical part used on another weapon. Similarly, the low-
confidence curve would represent a part for which there is little or no

quantifiable data about the expected demand rate.



ASSUMPTIONS

Section II discussed the requirement that the past demand-history of a
part must reasonably typify future demand experience if it is to be useful
for prediction purposes. Accordingly, any differences between future demand
rates and those we compute from the sample of operstional experience should
be random, rather than attributable to part age or changes in the environmeht
in which the part operates. Otherwise, the procedure which follows is not
valid .for predicting demand rates.* Example 3, given later in this Section,
will show how the Bayesian procedure may be used in a limited fashion when
the demand rate is not assumed to be independent of part age.

For the Bayesian procedure to be valid, it is obvious that both the
initial estimate and the computed rate must refer to the same group of demands.
This condition is not met when the initial estimate is intended to include
both base and depot reparsbles, while the observed demand data includes only

one of the two.

*

When the observed demand rate is not representative, because the equip-
ments have undergone scheduled maintenance less than the usual number of times
(see the discussion under Case II of Sec. II), we may make an adjustment which
will allow us to use the data. We should compute an adjusted number of hours
of experience, H', as follows: H' = H [1/k (@) + (1 - o),

H
where k = ?I— and:
H = total number of hours of operation for all equipment;

y = number of times equipment underwent scheduled maintenance
during H, y 2 1;

I = interval between scheduled maintenance in hours;

estimate of the proportion of demend for the particulsr part
which normally arises from scheduled msintenance when k = 1.

R
]

Note that when @ = 1, the above equation reduces to H' = H/k.
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STEPS FOR PREDICTING DEMAND RATES

A. Initial Estimste, Ho

Obtain the estimate of the demand rate expressed in demand per 1000
flying-hours frem the AMC 231 form cempleted at the initial provisioning

conference.

B. Size of Operational Sample, N

For b.irc:ré.ft , N should be expressed in thousands of flying-hours. Record
N to the nearest tenth; e.g., 2530 flying~hours gives an N of 2.5. For equip-
ment other than aircraft, see Sec. IV, "Error Distribution About D," p. 19,

regarding the unit in which N should be expressed.

C.__Computed Demand Rate, D

Divide the number of observed demands, D, by N:

D=0p/n.

In determining the number of observed demands, D, any non-recurring demands
(see footnote on p. 6) should be eliminated. If some portion of the past
operational program is considered non-representative of the future program
frem the standpoint of demand generation, then both D and N should be revised
to include only the representative portion of the data. For example, suppose
that 10,000 hours have accumulated with a particular type of aircraft, and
that of this $otal, 3,000 hours resulted from a suitability-test program and
7,000 from routine service operations. The total demand for the 10,000 hours
was 12, of which 6 occurred during the test pregram. If the test program is
assumed to be nen~representative of service operatien, we should revise our
data so that D=6 and N=7. The value of D would then be 0.86 rather than

1.20.
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D. Value of R

Enter Fig. 7 with the value for Ho and read the corresponding value of

R for medium confidence in the initial estimate.

E. Computation of Weights, Yo and LA

W, = R W= N
0"R+N’ Ys"R+n’ 9%
ws=l-wo.
F. Predicted Demand p.l
ul=wop,o+wsD.

This represents our best prediction of the future demand rate. It is
determined jointly by the initial estimate and the computed demand rate, both

weighted according to their prediction value.

G. Subsequent Prediction of Demand Rate

| After additional operational date become available, the Bayesian proce-
dﬁre can be used to make subsequent demand-rate predictions in the same
manner as described above. Under A above, the initial estimate would remain
Hoe Under B', the size of the operational sample would be a new total N.
Under C, the new value of D weould be computed by dividing the total mmber of
Qbserved demands by the total N. Under D, the value of R would be the same.

Under E, the weights and LA would be found by substituting the new value

Yo
for N. Under P, the value of By would be found by substituting the new
values for v, w_, and D.

When N beceomes so large that the value of w, is no more than 0.10, the
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Bayesian procedure should be dropped. D alone will then be the predicted

demand rate.

CONFIDENCE INTERVAL FOR My

The procedure just deseribed yields our best estimate of the value of

the "true" demand rate. This estimate is Hys In some cases, we may wish to

[ : - i

! base procurement and other supply and maintenance decisions on this estimate.
|
; When N becomes quite large, the estimate is so close to the "true" rate

|

J (granted thePe is no systematic change in the underlying demand processes)

fhatithey'mé§ be considered the same. When N isﬂémall, however, the "true"
demand rate may be appreciably different from Hys in this case we may wish
to confine ourselves to stating that 90 times out of a 100, let us say, the
"true" rate will fall somewhere in the interval u, - X to p, + x.© We nay
then wish to base our decisions on a predicted demand rate of ul + x.

When we base our decisions on some demand-rate prediction higher than Hys
we are buying protection against the chance that My is actually less than the
"true" demand rate. The question of how much protection we should buy is a
very complicated problem. Some of the more obvious relevant factors are the
cost of the part, the estimated demand rate, manufacturing lead time, and the
extent to which flexible maintenance capacity may counteract supply shortages.

‘These problems are beyond the scope of this paper. A formula will be provided

here for computing an spproximate confidence interval about My> Plus two

possible alternatives for employing this confidence interval in meking

*Kote that throughout this discussion we are concerned with a confidence
interval about a predicted demand rate or average demand. No probability
statement is made concerning the actual number of demands for a given period
of time being contained within certain limits. This is a separate problem
and concerns the various stockage~level policies.
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demand-rsate predictiens. However, the user is urged to take advantage of
any sdditional information he may have, such as the cost of the part, in
deciding whether he should use a predicted demsnd rate larger than Hq5 and
if so, how much larger.

To compute & confidence interval about By, WE first enter Fig. 8 with
My (not uo), reed the corresponding value of 52,* and then compute the stand-

ard error of estimate, gy, as follows:

[ 2
MM VR+T

We may then state that approximately 90 per cent of the time the "true"
aemand rate is less than My + 1.3 0y

One decision rule might then be to base procurement and other decisions
on a predicted demand rate of by * 1.3 oy When N is small (less than 5),
however, this level of protection msy require a substantial investment. If
o

1
total number of spare parts purchased (summed over all parts) will be more

1s approximately equal to Hy for all parts, then it implies that the

than twice the number required to support the system. In the above equation
we see that o varies inversely with\rl‘; ;3 thus as N becomes larger, the cost
of the same protection against Hy being in error becomes smaller.

This suggests an alternative decision rule to the effect that we should
choose as owr predicted demand rate the smaller of two quantities: “l + 1.3 ol

and k Hye A reaéonable value of k might be 1.5. This rule says we should be

* - .
Figure 8 is based on the same data as Fig. 3, but for convenience 52
instead of s is plotted on the ordinate.

, Thms statement is only appreximate and some liberties have been taken
in its derivetien, but it is sufficiently accurate for our purpeses. If ¢
is greater than Hqs no statement sheuld be made concerning the confidence
inte:val.
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S0~-per-cent certain our prediction is not an underestimate, provided we do

not have to pay over a certain amount for the protection.

EXAMPLES
Three exsmples will illustrate the procedures. In Example 1, the initial
estimate of the demand rate for Part X was 1.0 for 1000 flying-hours. After
5000 hours of equipment operation the observed demand was 2. The value of
D is therefore O.4. What should be the revised estimate of the demand rate?
Using the medium~confidence curve in Fig. 7, we find an R of 5.2 corres-
ponding to a Ho value of 1.0,

The weights Y5 and W, are then:

m .

N

YW R+nN ? s TR+ N
.02 _ 5 -5 _
w +5_O51 WS——5.2+5—-O.11-9

0 5.21
The new estimate of the demand rate is:

\u;:r wo p.o + ws D

= 0.51 (1.0) + 0.49 (0.4) ="07.7717'

If we wish to employ a confidence interval about My, we first compute

Glo

is 1.55; accordingly:

From Fig. 8 we find that the value of s2 correspondlng to a My of 0.71

2
_ s _ [__1.55
Gl—/R+N—\/5.21+5-—00390

We may now use Hy as our best estimate of the future demand rate for

Par’c X, or we may protect against the chance that Wy mey be lower than the
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"true" rate by employing an upper confidence-interval. We may make the

statement that the probability is approximately 0.9 that the "true' demand

rate does not exceed “l + 1.3 Gl = 0,71 + 0.51 = 1.22,

Suppose that at a iﬁter date we have the demsnd experience for an
additional 10,000 flying-hours,and the demand for this period was 3., The
value of D for an observed demand of 5 and an N of 15 is now 0.33. We

simply repeat the procedure outlined esbove, still using 1.0 as the value of

Bot

o221 . 15
Yo 521 + 15 0.2 ; Wy =53 + 15

= 0.7h4 ;

p, = 0.26 (1.0) + 0.74 (0.33) = 0.50.

To compute 0., we enter Fig. 8 with p, and find that 52 = 0.90 ; thus:
1

1
/ 0.90
g = . 5 = 002 .

We may now state that the probability is approximately 0.9 that the
"true" demand rate does not exceed wy * 1.3 o, = 0.77. Consequently, our
demand-rate estimate should not exceed that value, unless we want even
greater protection against an underesﬁimate.

In Example 2, the computed demand rate for Part Y is 2.0 per 1000 flying-
hours after 25,000 hours of demand experience. An engineering change is
performed on all the Y parts in the invéntory, and the contractor predicts
that the change will reduce the demand rate for the part by 50 per cent.

The customer, however, chooses to estimate the demand rate from operational
experience prior to the change, but if subsequent experience substantiates

the contractor's prediction, he wishes to revise his estimate. After 10,000
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hours of operation subsequent to the change, the demand for Part Y has been

12, In this case, the initial estimate is simply the camputed demand rate
prior to the change: u, = 2.0. The D is 12/10 = 1.2, and N = 10. The

*
value of R for a Ho of 2.0 is found in Fig. 7 to be 4.29.

_ ko2 i _ 10 X
YoTTag+10- X 3 Ve TTma1o - 010

0.30 (2.0) + 0.70 (1.2)

VAR
o =/%Fa+10 - % -

it

1.44 ; and

]

Our best estimate of the demand rate for Psrt Y is now

Hy = 1M4s end
‘ﬁii;il.f oy éré;l9. Whether theicustomer wishes to switch ﬁig demand rate
estimate to Hy, OF awvait furtherhoperational experience, will depend on the
level of protection he wishes to purchase against an underestimate.

Example 3, to be discussed shortly, deals with the case of an age-
dependent demand process (see Case V of Sec. II); before proceeding with the
example, we should examine this case a little more fully.

An Air Force group has recently advocated the method of an a priori
assumption of an age/demand function for high-value parts provisioning.**
The provisioning personnel would be asked to select one of several histograms

which will express the percentage of the parts they expect to fail during

five age intervals. Figure 9 depicts three of these histograms.

*We have assumed that the predictive wvalue of Mo in this case is the
same as if it were cobtained in the usual manner.

**Air Force Spares Study Group, Headquarters, Air Materiel Command,
Report No. 9, Selective Management of Air Force Materiel in Perspective:
1959, December, 1959.
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Fig. 9 —Failure histograms

These three patterns assume that no part survives more than 1000 hours.
The first figure, A, is an expected demand pattern for a part with a mandatory-
removal requirement during the 8Q0 to 1000-hour interval. The B pattern
suggests a moderately high early demand probability (burn-in), followed by
a lower one, and then another increase as the parts age (wearout). The C
rattern shows a majority of the parts failing or wearing out around the 600
to 800-hour intervel. These patterns are especially useful when definite
prior knowledge is available about long-interval scheduled-maintenance poli-
cies which will affect the part. This knowledge includes information on
mandatory-change requirements; parts not normally demanded except in the
overhaul of a higher assembly, such as an engine; and policies which call
for returning an assembly (usually electronic) to the depot for overhaul
after a given number of repairs or adjustments have been made at base level.

There is some difficulty in uéing this method when the pattern is based
on the hypothesis that a part becomes more susceptible to failure as it ages,
rather than on a known scheduled-maintenance policy. In this situation, there

is little possibility of revising estimates on the basis of early demend data.
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New equipment normally phases into the operational inventory with positivem

acceleration. A typical pattern for 750 aircraft might be 50 at the
beginning of the first year, 200 the second, and 500 the third. Assume that
each aircraft averages 30 hours of flying s month, and a particular part is
expected to have the age/demand pattern of C in Pig. 9. At the end of the
first year we would have the demand experience resulting from 18,000 flying-
hours, and at the end of the second year, from 108,000 hours. However, only
6,000 hours of this experience would be applicable to the 600 to 800-hour
age interval which, according to the initial hypothesis, should embrace the
bulk of the expected failures. Actually, we would have somewhat less than
6,000 hours of experience, since presumably not all of the parts of the first
50 aircraft would have survived to the beginning of the 600 to 800-hour age
interval.

The Bayesian weighting procedures may be used here to revise the initial
prediction of the demand rate for this interval. To do so, demand must be
expressed as a failure rate for those parts which have survived 600 hours of
operation,* rather than as the percentage of the initial sample expected to
fail during that interval. The demand rate within the interval would be
considered constant, and, of course, time-referenced failure data would be
required to determine how many failures occurred. During phase-in, the age
of failing parts can sometimes be approximeted if the base where they are
used is known, since a base usually receives its full complement of equipment
over a relatively short time span.

In Example 3, Part Z is used on an aircraft type that has been opers-

tional for three years, and a total of 60,000 hours have been flown. It was

¥
Technically called the "hazard rate."
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initially expected to have an age-dependent demand pattern similar to the

"C" histogram in Fig. 9. The following table lists the expected demand

rates along with the observed demands as a function of the age interval.

Demand Rate/1,000 Hrs

Age Hours
Interval | Flown |Demand Expected | Actual
0-200 | 50,000 7 0.25 0.1k4
200-L00 | 30,000 3 0.25 0.10
400-600 | 15,000 L 1.0 0.27
600-800 5,000 0 2.0 0.00
Total |100,000 1k 0.45 0.14

The first three intervals have supplied enough experience to get a good
approximation of the "true" demand rate. Since the computed rates for these
intervals are considerably below those initially predicted, we may wish to
fevise the expected demand rate for the 600 to 800-hour age interval solely
on the basis of the extensive experience in the first three interwals. Sup-
pose we revise it downward to 1.0. We now wish to re-evaluate it on the
basis of the sample of 5000 hours obtained in the 600 to 800-hour interval.
We assume that the demand rate in that interval is constant, and employ the

usual procedures with py = 1.0; D=0; N=5.
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Our best estimate of the demand rate 1is:

IJ-l = 0051; and ul + 103 O'l = 0.51 + 1-3 (0030) = 0090 .

Our revised estimate of the demand rate during the 600 to 800-hour sge
interval should therefore be no greater than 0.90.

The use of the Bayesian prediction technique in age-dependent demand
processes is not limited to the failure-histogram approach of Fig. 9. Spew
cifically, there is no necessity to assume that all the parts have failed by
the time they reach a given age. We may simply predict in advance the demand
rate for a given age bracket and then follow the procedure outlined in Exam-

ple 3 above to revise this estimate with the aid of operational data.



VI. CONCLUSION

This Research Memorandum has described a practical method for predicting
spare-parts demand rates, based on the Bayeé'fheorem of classical probability
theory; it may be readily implemented with a few simple, manual computations.
(The detailed procedures and necessary graphs for aircraft parts have been
presented in Sec. V.) The method furnishes a quantitative and dynamic ap-
proach to demand prediction, by which it is possible to take advantage both
of initial estimates and of unfolding operational experience -- even when
this experience would be dismissed as too "1imited" under current Air Force
policy.

The procedure is intended to replace the qualitative approach of assess-
ing a computed demand rate as elther "reliable" or "unreliable" depending on

the size of the sample. The more quantitative approach described here assigns

weights to the initial estimate and to the computed rate which reflect their
relative worth for predicting the future demand rate. If there are good
reasons for regarding the sample of demand experience as unrepresentative
(vecause of a "Burn-in" phenomenon, for example, or part faillures that are
age-dependent), the computed demand rate should still be disregarded, or at
least modified; this rate should not be disregarded solely becsuse the
sample size is "limited," however.

The potential user may justifiably complain that he usually has little
basis for deciding whether his sample of operational experience is or is not
representative of what is to be expected in the future. This question was
discussed in Sec. II, which also offered some suggestions for adjusting
demand data to make them more representative. In addition, Sec. V presented

an example of the use of the Bayesian procedure under conditions of R
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age-dependent demand processes. It was not within the province of this
study, however, to try to explain how to identify parts which are subject
t0 these processes.

The utility of the Bayesian technique is not restricted to aircraft
parts; it may also be applied to those in missiles or other equipment. The
graphs in Figs. 7 and 8 are intended for aircraft, however, and will probably
require modification when some operational unit 1s used other than thousands
of flying-hours.

Concerning the confidence in or expected accuracy of the initial esti-
mate of the demand rate, only the curve labeled "medium confidence" in
Fig. 7 is based on empirical data. It is this curve that we recommend for
application to initiial estimates currently available in the Air Force. The
high- and low-confidence curves in Fig. 7 are shown to give an idea of how
we might treat initial estimates differently, according to how much informa-
tion they are based on. Should such a classification by confidence rating
become available, we should attempt to establish an empirical basis for
these two curves as well, Even without a breakdown by confidence levels,
additional empirical evaluation of the error dist¥ibution around Ho would be
helpful, since the measurement of Gg in Sec. IV is based on rather meager
data.

The Bayesilan procedures described here should thus be especially helpful
when fairly large commitments must be made for spare parts with therﬁélp of
only a small sample of demand experience, as they often must with rapidly

obsolescing military systems.





