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SUMMARY

An investigation of the capacity of a network as a
function of the capaclties of its individual arcs. The case
of two variable arcs 1s investigated in detail. It is found
that each pair of arcs elther consistently help each other or
consistently hinder each other. Interaction types are
computed for a number of special cases, such as arcs in

parallel, arcs in series, etc.






CONTENTS

SUM.RY...00.0.0000.0..0...00.00.......00..0...000..0..0

Section

1.
2.
e
h,
5.

INTRODUCTION: ceoceocsccccsccoccsscsccscscccsscccs
THE MAXIMUM FLOW FUNCTIONSeccccecceoccocscoccccce
THE TWO—~VARIABLE CASEceccecoccccccosscscsccnscce
SOME SPECIAL CASEScceccceccsccccsscccscccccscccns
AN EXAMPLE.cececooccocrscccsccssccccscsccsoscsccscce

REFmENcE..0.'Q.....Q..0.00.0...00.0'.0.00..0..0.0...0.0

RM—2338
>=16-59

_v—

1i1

N B P

13
15






RM-2338
3—15—{)9

ON NETWORK FLOW FUNCTIONS

1. INTRODUCTION
In this note, formulas will be derived giving the maximum

flow through a capacitated network as a function of the
individual arc—capacitlies. The case of two varliable capacities
will then be investigated in detail. It will be found that
certaln pairs of arcs stand in a complementary relationship,
while other pairs are mutually interfering. Moreover, the
interaction-type of a given palr of arcs is the same for all
values of thelr capacities. In a number of special cases, the
interaction type depends only on the topological structure of
the network, and is independent of the numerical capacity

values.

2. THE MAXIMUM FLOW FUNCTIONS
Iet [ be a directed graph with stated, nonnegative

capacities Cys Cps sees C on its arcs Gys Tpy eees &0

n n
Certain nodes of [: which must have only out-~pointing arecs,
are designated as sources; certain others, with only in-pointing
arcs, are designated as sinks; the remaining nodes might be

called intermediate. ILet 7? denote the network so defined. A

flow pattern on 07 may be described by a nonnegative vector
f= (fl, coey fh) ‘_(cl, cees cn), such that at all nodes other
than sources or sinks the sum of the fi on in-arcs is equal

to the sum on out-arcs. The flow through 71 is then defined




RM~2338
3-16-59
4—

as the sum of the fi over all out-arcs at sources (or -
equivalently —— over all in-aercs at sinks). Let ﬂ(f) denote
this sum, and let F denote its maximum over all flow patterns
f; this is sometimes called the "capacity" of ?]. We propose
to study F as a function of the Cy e

It will be convenient occasionally to allow infinite arc-—
capacities, and hence to allow infinite F. However, we assume
that the originally given c; are finite.

Let ‘771(1:) denote the network obtained by replacing the
capacity ey of &y by the nonnegative variable x, holding
everything else fixed. Let Fi(x) be the capacity of 771(x).

Then we have

Fy (0) + x

(A1)  Fy(x) = min B ()

In other words, for x below a certaln critical value —
namely x* = F,(c0) — F,;(0) — we have dF,/dx = 1, while for
x > x* we have dF,/dx = O (see Fig. 1).

x*

Fig. |
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Similarly, if o, and oy are distinct arcs of [, we
may define Fij(x’ y) to be the maximum flow through 7213(x, y),
the network obtained by replacing ¢y by x and cJ by y.

Then we have:

( Fij(o’ O) +x+y

(A2) FiJ(x’ y) - min < FiJ(O’ (D) + X

Fi,j(°°’ 0) +y
lF:LJ(m’ m)

which follows from (Al) by virtue of

Fid(o,y) + x min[?ij(o, 0)+x+y, FiJ(O,oo)+aa

F, .(x, = min = min
i'j( v Fij(w »Y) min[Fj_J(w 50)+y, F:I.J (0, G!)]

By induction, similar expressions (A3), (A4), ..., can be de-
rived for the functions Fijk(x’ ¥, 2), Fisz(x, Vs Zy W)y cecey o
If we carry this procedure through to the end, making all arc—
n(...) term of
the minimand of (An) 1s always either O or oo, and the

capacities varliable, we see that the F12 .

following expression results:

F (x XX ) =m1n Zx
12 ... n\¥12 00 % S qes t’
where the "min" runs over all subsets S of {1, 2, eoey n}
whose complements S' contain no chain from a source to a sink.

The reader will recognize this as a form of the "min cut — max flow"
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theorem, [1].

(We refrain from claiming a new proof of that celebrated
theorem, since the argument is based entirely on statement (Al),
which, although an immediate consequence of the theorem, is not
particularly easy to establish from scratch.)

3. THE TWO-VARIABLE CASE

We shall now investigate the possibilities for the
function Fij(x’ ¥) in more detail. Referring to (A2), we see
that any such function will partition the positive quadrant of
the x, y=plane into at most four open, convex regions in which
i1t is linear, plus certain boundary lines and vertices. We
label these regions according to the values of the partial

derivatives:

2Fy;/0x  OF,,/0¥

Riq 1l 1
RlO 1 o
R01 o 1
Roo o o

Continuity of F1J requires that the common boundaries of each
pair of regions be oriented in a definite way, as indicated in
Fiso 2:
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Rio Rl R Roo Rig Riol R Roo
—a— 1| Roi R ////4£:/ 10| Roo s
(0) (b) (c) (d) (e) (f)

Fig. 2

Thus ROO’ for example, is unbounded to the top and to the
right, etec. In fact, there are only three possible "complete"

configurations, viz. :

Roo Rio

Rio Rio Roo Roo

(a) (b) ()
Fig. 3

The numerous "incomplete" cases, resulting when some of the
regions are missing, are essentially just subconfigurations of
the ones illustrated. We note that in all cases there is never
more than one diagonal boundary segment, since an Rll - ROO
contact precludes an Rlo - R01 contact.

We are now in a position to make a general statement about

the behavior of F, J(x, y¥). Because of its piecewise linear
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nature, the second derivatives of Fi 3 are not particularly
informative, belng always either zero or infinite. However,

we can set up the finite difference quotient:

i AaFiz _ Fyy(xth,yak) = Fyy(x4h,3) = Fy(x,540) + Fyy(x,9)
Ax Ay hk

%y ’
in place of baFiJ/axay. This is of course a function of h
andlllk as well as x and y, and is well—defined only if
h)-x,k)~y, and hk ¥ 0.

Theorem 1. Within the class of networks 7?1 J(x, ¥),
x 2 0, y 2 0, the quotient Q'iJ is always Q O, or is always

< o.

Remark. Roughly speaking, a positive Q1 3 means that the

arcs a, and ay complement (reinforce) each other; a

negative Q, 4 means that they compete (interfere) with each
other. Typical examples are arcs connected "in series,” and
arcs connected "in parallel," respecpively. (See Section 4

below. )

Proof of the theorem. Without loss of generality, we may

assume h > O, k ) O. Consider the rectangle with vertices

(x, ¥), (x+h, y), (x+h, y+k), (x, y+k). It cannot enclose more
than one diagonal plece from the boundary configuration as
defined above. If it encloses none, then we immediately have

Q,1 3 = 0. If the piece enclosed has positive slope (as in
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Fig. 24), then QiJ is strictly positive — in fact, it is
exactly equal to the length of the intercepted diagonal segment
divided by \/5 hk. Conversely, a negative slope (Fig. 2¢)
yilelds a strictly negative Qi 3 These two cases being

mutually exclusive, the result follows.

Letting the rectangle of the preceding proof expand to
infinity, we obtain the following corollary, which relates the
signs of the Qi,j's to the signs of the constants LiJ’ given
by:

LiJ = 1J(co, ) - Fij(oo, 0) - F“(O, o) + Fij(o, 0),

which, as a rule, are more easily evaluated than the QiJ's.

Corollary: (a) If Lyy > 0 (including Lyg=+ o),
then Qij is sometimes » O, and never < O. (b) If l‘.,j_J = 0,

or if L, j is indeterminate (w-— @), then Q:‘"j is always

= 0. (ec) If Li,j < 0, then Qi,j is sometimes < O, and never

> 0.

4, SOME SPECIAL CASES

Theorem 1 enables us to classlify the pairs of arcs of a

network 7’[as either complementary (Qi 3 sometimes ) 0),

interfering (Q.iJ sometimes < 0), or neutral (Q:I.,j = 0). In

general, the interaction—type of two arcs will depend on the

capacities of the other arcs of '7?, as well as the relative
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positions of the two arcs in the network topology.* In this

section we exhibit several cases in which topological consider—

ations alone suffice to determine the interaction—type,
independently of the numerical capaclty values. The results

may be summarized:

Interaction Type Interfering Complementary

arcs in parallel| arcs in series
confluent arcs
Connections divergent arcs source — sink
source — source
sink - sink

First we shall state and prove two simple lemmas. A cut
can be defined as a collection of arcs that intersects every
(directed) chain from any source to any sink. The "capacity"
of a cut is the sum of the capacities of its arcs; a cut of

minimum capacity will be called, for brevity, a min cut. The

set of nodes that can be reached from the sources without using

the arcs of a given cut will be called the source set of that

cut.

Lemma 1. If A and B are the source sets of two min

cuts, then the cut consisting of all arcs from nodes in AN B

Eg nodes not in ANB is also a min cut.

*The example in Section 5 is a case in point.
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Proof. Let F be the maximum flow through 7. A flow
pattern f achieving that maximum must saturate the arcs of
all min cuts, and cannot include any "back flow" into their
source sets. Hence the flow along the arcs leading from AN B
to its complement will total F, and will saturate these arcs.
These arcs therefore constitute a cut of capacity F —— the

minimum value.

Lemma 2. If the capacity of an arc a

, 1s the "critical"

value

X* = Fi(oo) - Fi(O),

(see Fig. 1, page 2) then that arc (a) belongs to at least one

min cut, and (b) fails to belong to at least one min cut.

Proof. Decreasing the capacity of oy decreases the
maximum flow through 77; hence (a). Increasing the capacity

of oy does not increase the maximum flow; hence (b).

Theorem 2a. (Arcs in series) If the terminal node of

@, 1is the initial node of ay, then Q, 3 is always » O.

Proof. Let x and y be
positive, and consider a min cut

in ﬂid(x, y). If the common

node, N, is in the source set,

then oy cannot belong to the
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cut; if N 1is not in the source set, then aJ cannot belong
to themcut. Since Rll is the region in which both arcs are
in every min cut, we see that Rll is empty. Hence Q:LJ 2 0.

Theorem 2b. (Arcs in parallel)* If o; and a, have

the same initial node and the same terminal node, then Qi P _i_._s_
always < O.

Proof. This is a N ==
special case of divergent .~

or confluent arcs (see

below).

Theorem 2c. (Divergent arcs) If o, and ay have the

same initial node, then Q, 3 is always < O.

Proof. If region ROO is

empty, then Fij(x’ y) is un— a; =

bounded, implyling that at least

one of a,, a is a direct -
1 J aj

source-to—sink connection, and
giving us Qi P = 0. Therefore
we assume ROO non—empty. Let (x*, y*) be a minimaln point in

its closure.** Since the theorem 1s immediate if either R01 or

#See Section 5.

**mat is, a point such that x { x* and y { y* never

hold simultaneously for any other point (x, y) in the closure
of R,...

00
.
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Rlo is empty, we can require that both x* and y* be
strictly positive. Hence, in the network 771J(x*, y*), both
@y and aJ are critical, in the sense of Lemma 2, and both A
belong to min cuts. The source sets of these cuts (which may
or may not be identical) must both contain the common initial
node of %y 5 aJ. Moreover, nelther terminal node can belong to
both source sets. Therefore we can apply Lemma 1 to the two
cuts to obtain a single min cut to which both arcs belong; the
capacity of this cut is of course FiJ(x*, y*). In the
variable network 771 J(x, y¥), 1ts capacity is then:

Fyg(x*, y*) + x —x* + 3 - y*%,

which gives us an upper bound for the max flow Fij(x’ y). In

particular, we have

Fi,j(o’ 0) S Fij(x*’ Y*) - X* — y*,

By (A2), equality holds here, and we see that the point (x*, y*)
must be in Rll or its boundary. Thus, ROO and Rll touch,
and we have Q { 0, as was to be shown.

Theorem 2d. (Confluent arcs) If o, and a; have the

same terminal node, then QiJ is always £ O.




RM-2338
3-16~59

Proof. Obtalned from
the preceding proof by

reversing the direction of

the network.

Theorem 2e. (Source, sink) If the initial node of ay

is a source and the terminal node of ay 1s a sink, then QiJ
is always  O.

Proof. If Roo is empty,

the result is immediate. If a;
ROO is not empty, then let ::B
(x*, y*) be a minimal point ) aj

of 1ts closure. Excluding the

trivial, neutral case where

no diagonal segments exist anywhere in the boundary configura—
tion, we may demand that both x* and y¥* be strictly
positive, and hence critical. Lemma 2 then gives us a min cut

to which «, belongs and also a min cut (possibly the same one)

i

to which a, does not belong. Applying Lemma 1, we obtain a

single cut ihose source set contains the initial node of a;
(since it is a source) but not the initial node of aJ (since
it 1s connected to a sink), nor the terminal nodes of either
arc. In short, the cut contains oy but not “3‘ As in the
proof of Theorem 2a, this implies that region Rll is empty.

Therefore Qij 2 0.
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Theorem 2f. (Source, source) If the initial nodes of

oy and “J are both sources, then Q1J is always g'o.

Proof. Reduces to 2¢c.

0 Q; T~

/
7/

CL__////

aj

Theorem 2g. (Sink, sink) If the termini of a, and oy

are both sinks, then Qij is always < O.

Proof. Reduces to 2d.

5. AN EXAMPLE

One might be tempted to generalize the idea of "parallel"
arcs beyond the rather trivial case enunclated in Theorem 2b.
Thus, in the networkll 7]12(x, y) 1illustrated below, o, and
a, are "parallel" in the sense that no chain contains them
both. However, their interaction is of the "serial' rather
than the "parallel" type, since we have Q5 =+ 1 for
X=y=h=k=1,



RNF%E?S
L

| K84

Fig. 4

Curiously, removing the arc o (or reducing its capacity
to zero) has the effect of inverting the interaction—type,
since then x=y =2, h=k =1 ylelds Q12=—1. This
latter variation suggests a definition of "parallel chain,"
which would lead to a minor extension of Theorem 2b. But it
seems evident that substantially more powerful topological
criteria than those of Theorems 2a — 2g are not to be expected.
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