U.S. AIR FORCE

PROJECT RAND ‘

RESEARCH MEMORANDUM

/

‘TWO THEOREMS CONCERNING SOLUTIONS \
FOR GAMES WITH CONTINUA OF STRATEGIES

Melvin Dresher
L. S. Shapley

RM-33

March 4, 1948

Assigned to

This is a working paper. It may be expanded, modified, or with-
drawn at any time. The views, conclusions, and recommendations
expressed herein do not necessarily reflect the official views or
policies of the United States Air Force.

6)

24 RAND g

1700 MAIN ST. » SANTA MONICA o CALIFORNIA ==



RM-33

TWO THEOREMS CONCERNING SOLUTIONS
FOR GAMES WITH CONTINUA OF STRATEGIES

We shall use the recently adopted "standard" notation, as

set forth in the Appendix to this memorandum.

Theorem. Any solution ("strategic saddle—point") F#*, G* of an

arbitrary game has the properties:
(A) If H*(x) < v throughout an interval, then F*(x) is

constant in that interval;

~(B) If H*(x) < v at a point x = Xg, then F(x) is continu%us

at x,.

Proof. v = max H*dF
F

v > [H*dI_ = H*(x,)
_uf X0 0
H*(x) = v <O for all 0 < x < 1.

But ,
Slu* - v]ar* = fHeaF* — v faPs

=V -V =0,

Thus, if H* — v < O throughout an interval, F* must be constant
there. It is immaterial whether the interval is open or closed.
This disposes of (A). Furthermore, if H* — v < O at a point
Kk = Xg9 F* cannot have a jump at that point. Symbolically,

F*(xo—o) = F*(xo).
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But, a priori,
F*(xo+0) = F*(xo).

Therefore F* 1s continuous at x,, and (B) is proved.

fymmetrical Theorem. Any solution F¥*, G* of an arbitrary game
has the properties:

(A) If K*(y) > v throughout an interval, then G*(y) is

constant in that interval;

(B) If K*¥(y) >v at a point y = ¥o» then G*(y) is con—

tinuous at Yo
The proof 1is exactly symmetrical to the foregoing.

Egeorem. ir M(x,y) is a polynomial in x and y of degree m in

very F*(x) is a step—function having at most [}g-] + 1 Jjumps.
E{ K*(y) > v for some O <y < 1, then every G*(y) is a step
functlon having, at most, [ g-] + 1 Jjumps.

Proof. Let P n(x,y), a polynomial of the m—th degree in x and
T 2
h—th degree in y, represent the pay-—off function. Then

1
H(x) = f By | (x,¥)d0%(y)
o

s a polynomial of at most the m—th degree in x. Since H*(xo)

for some x,, there exists an interval (a,b) such that H(x) < v

and degree n in y, and if H*(xo) < v for some O < xo'S 1, thdgn

for a < x < b. Therefore by the previous theorem F*(x) is con-

<v

h

tant in this interval. Since H*(x) is a polynomial of the m—
egree, there will beg at most, [g] such intervals, and thus




[ '] + 1 points at which jumps may occur in Fx*(x). s

The locations of the maxima in H*(x) determine the 1ocat1&m
of the possible jumps in F*(x). Thus all F*(x) can have jumps'

i

Eonly at points Xy for which

H*(xi) = v = max H*(x).
x

A necessary condition that H*(x) not be constant can be
expressed in terms of the rank of the matrix of the coefficients
of the polynomial. It can be proven that for H¥*(x) f v for
some x, it 1s necessary that the rank of the matrix of Pm’n(x,g) -v
be equal to m. However, no condition has been found which is
both necessary and sufficient. l
' The Appendix on the next page is intended to obviate the

restatement of routine definitions in subsequent memoranda.
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T  APPENDIX !
| i
Standard Notation for Games with Continua of Strategies )

! }
M(x,y) The payment to the first player if tne

; two players choose the strategles i

. 0<x<land 0yl respectively.;
F(x) Probability that the first player chooses
- a strategy < x.

ia(y) Probability that the second player chooses
a strategy < vy.

¢(F G) = ,/' /' M(x,y)dF(x)dG(y), the expected payment to the
first player if the two players choose
strategies at random according to the»
probabilities defined by F and G. ‘

H(x) or H (x) = /' M(x,y)dG(y), the expected payment to the fii'st
player if he chooses the strategy O0 <!x <1
and the other chooses at random according
to G. :

1
K(y) or Kp(y) = /' M(x,y)dF(x), the expected payment to the fidst
0] player if he chooses at random according
to F and the other chooses the strategy

. 0y <1, .
£ = b/ x"dF(x) the m—th moment of F(x), (m = 0,1,2,.;.).
I 1 i
4 ;
O for t <«
Te(t) =11 for ¢t >« (0 <«<1)

m
?pi I¢i(X), (0 <y <oy, <1 forl<dmil; Z91 1),

the general form for a distribution
function F(x) with a finite number of
ascents.

n n
quI,J(y), (ospJ <99‘1+1 <1for1l<J<n-l; ¥qJ = 1), the

general form for a distribution function
G(y) with a finite number of ascents.
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- _=H=

’V”;"m;x ﬁén $(F,G) = min max §(F,G), the value of the game (to!
G F

Fe(x)
G*(y)

H*(x) -{1 M(x,y)de*(y) .
ﬁ 1
K*(y) = of M(x,y)dF*(x)

1
£+ = S x"dF*(x), the m
.m o)

1
&n = { y"aG*(y), the n°"

th

the first player). If the two latter:
expressions are in fact not equal, then
v is indeterminate (within an interval)
and the following symbols, depending ¢n
v, have no meaning. '

An optimal strategy-distribution for .
the first player, satisfying min ¢(F*,G) = v
G

An optimal strategy—distribution for the
second player, satisfying max O(F,G*) = v.
F

the expected payment to the first plaier
if he chooses the strategy © < x <1 &nd
the other chooses according to (a par?iaular)

G*.,

the expected payment to the first plaier
if he chooses according to (a particular)
F* and the other chooses the strategyi

0Oy 1.

moment of (some particular) F*,
(m = 0’1,2,000)0

moment of (some particular) G*,
(n = 0,1,2,000).





