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PART I
A SIMPLE MODEL FOR ATTITUDE TESTS

by
Paul F. Lazarsfeld and Peter Rossi

In the summer of 1948 the Social Science Division of
RAND contracted with Dr. Samuel A. Stouffer and associates
at the Harvard Laboratory of Social Relations to conduct
research on the mdasurement of attitudes. The purpose of
this project was to develop methods for more exact descript-
ion of the more complex characteristics of people. The
morale of soldiers, the degree of tension between white and
negro troops, the capacity of officers for leadership are
topics on which information is needed for many purposes.
While the judgments of intelligent observers are useful, it
is often desirable to have statistical measurements which
can be applied to large numbers of people and do not require
the presence of such skilled reporters. Methods for such
bookkeeping on psychological and social factors are now sought
by many social scientists, and this project explores one
special approach to the problem. '

Some of the results of the first year's research were
included in Volume IV of Studies in Social Psychology in
World War II. As the authors of this volume stated in the
preface, "experience on the (RAND) study has been of inesti-
mable value in broadening the perspective of several of the
authors of the present volume and leading them to make late
revisions in their manuscripts -- in some cases, revisions
which are ouite fundamental in character."

In 1949 it was decided to continue research on attitude
measurements, with emphasis being placed on the mathematical
basis of this approach and its application to empirical mater-
ials. The work was done under the direction of Dr. Paul F.
Lazarsfeld of the Bureau of Applied Social Research at Columbia
University, who had worked with Dr. Stouffer during the first
year of the project.

The present Research Memorandum RM-455 -- "The Use of
Mathematical Models in the Measurement of Attitudes" -- gives
a detailed presentation of the preliminary findings of this
project. It will be followed by a RAND report which will sum-
marize the data and state the conclusions of the study.

Because of its length, the Research Memorandum is issued
in six parts. The present paper is:

Part T - "A Simple Model for Attitude Tests", by
Paul F. Lazarsfeld and Peter Rossi.
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A STIPLT MODIL FOR ATTITUDE TTHSTING

I+ INTRODUCTION: THZE USE OF WHPLANATORY "TCDILS

Ko mature science has come of age by sticking to the des-
cription and manipulation of the pheromena immediately accessi-
ble to its instruments of observation. The history of the
¢lder, well established sciences of physics, chemistry and
biology wmight well be meaningfully re-written as an analysis
of a succession of explanatory models each of which went beyond
the then empirically observable dataz in the field to postulate
some underlying but directly unobservable organization. These
sciences have advanced precisely because they were theoretical
as well as empirical.

The models employed by the older sciences are as familiar
today as the front page of the daily newspaper. Z=veryone knows,
if only vaguely, of the physicists' wmodel of atomic structure
and has at least a notion of how the solar system looks accord=-
ing to the Ptolemaic model. The geneticist too accounts for
the characteristics of generations of a specie by postulating
certain structures in the germ cells of the animal or plant in
guestion. In most models crucial zlements of the explanatory
structures are not directly observable either by the unaided
senses or with the aid of the present set of measuring instru-
ments. JSome disciplines ocemi. to have made great progress by
employing models some of whose components appear to be conveni-
ent "fictions," invented to account for what appeared in their

enpirical observations.



-2-

A fTairly obvious scneme is followed in model buildings
confronted with certain manifest phenomena -- direct sense im-
pressions, dial readings, Rorschach protocols, etc. -- a model
is set u» to account for the manifest data in terms of some
postulated latent organizations. Usually the latent structure
is not directly observable in the same sense as are the dials,
protccols, etce; but is inferred in order to account for them.
"'e have termed the underlying organization "latent" to express
this characteristic of not being directly observable. Obviously,
the terms latent and wmanifest are historically conditioned in
their application. “hat we term latent today may become mani-
fest tomorrow when more powerful tools of observation become
available.

There is of course more to thie employment of a model than
just postulating some Xkind of latent organization. The scien-
tist will ordinarily indicate how the latent organization and
the manifest phenomena are linked together. He will spell out
a series of propositions about the relationsiiips between the
latent and the manifest levels. 3tatements about these re-
lationships might be called "accounting" propositions since
they "cccount® for the manifest plhenomena in terms of proper-
ties of the latent elementse.

The three components we have indicated, manifest phenomena,
latent organization and accounting propositions, make up what
we may call an explanatory model whose purpose it is to bring
order into the heterogeneity of given material.

Since the latent components in a model are not subject to
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direct observaticn and verification, many models may bhe cone
structed sccounting for a given set of observations. Using a
familiar example, both the Ftolemnic and the Copernican models
of the solar system account adequately for the observable
apparent motions of the planets and if we would be content
with any model which would merely be consistent with observa-
tion, we vould be short of criteria for making =z decision be-
tween the many possihble ones. JSome models may be preierred
over others because they are "simpler" and account for the
manifest phenonena in terms of a swmaller number of latent ele-
ments. Obviously a model which employs as many latent elements
as there are nmanifest pieces of informetion does not aid in
reducing the complexity and heterogeneity of observable data.
Tut Yeimplicity" is not an infallible guide through the many
alternatives of explanatione.

A more fruitful criterion defines as the better model one
which carries within its latent structure the posgibility of
prediction of manifest observations going beyond the immedizte
data it was sel up to sccount for. The better model, woen its
implications are worked out, leads to further observation and
successfully acccunts for these observations wien they are nade.
The history of stomic pnysics demonstrates how model wfter wmodel
of atomic structure was successively constructed and then dis-
carded a8 the implications of each wodel were worked out and

3

. - . . 1 . ‘
tested in Turther obscrvations. Jach successive model more

lHech‘t; Selig “"Ixplaining the Atom" Viking Press, N Y, 1943
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adequately accounted for the increasing amesunt and scope of
Observabtions.

Thus we see that the employment of explanatory meodels
properly involves a procedure which might be characterizead ag
a weaving back and forth between observations and model. A
model is constructed to account for a certain set of ohserva-
tions. ‘Jorking out the implications of the model indicates
that certain relationships should obtain between further ob-
servations made on the manifest level. The indicated "ecrucial
experiment" is then made and if the model ig inconsistent with
the results obtained it is revised to account for them.

The more precisely a model mzy be formulated the more
useful it becomes. Hence a model in vwhiclh %the accounting propc-
sitions and the latent organization can be stated in mathemati-
cal terms is highly desifable. A mathemstical model relates

the maniiest observations (expressed guantitatively) and a set

of latent parameters by means of a nuuber of accounting

gauationse

A few words mieht be devoted to the nominalist-realist
controversy in connection with the use of models. Altnough
future developments in the observational tecinicues of a sci-
ence might allow the scientist to directly verify whether or
not the latent structure postulated "really" exists, it is not
a nécessary regquirement that his efforts be directed towards
that end. In fact, certain latent slements, as,; for example,
force, are explicitly defined as non-observable phenomena. It

is enough for the successful employment of an explanatory wmodel
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to state that the manifest phenomena show certain characier-
istics "as if'" they had been generated by the postulated
model. Perhaps one day the existence of genes may be directly
verified or contradicted by observations on chromoscmes, butb
the successful employment of the gene model in genetics rests
on the observations that the characteristics of generations of
a species are accountable in terms of such a model.

In the pages to follow we will attempt to construct a
simple model which may help the social scientist in ordering
the kinds of data which arise from his observations of human
behavior. Yot all observations will be considered, however.
e will restrict our attention at first to the kinds of mani-
fest material arising from the administration of simple atti-
tude tests to groups of individusls. TIater we will indicate

how the model may be applied to other materials.

IT: THS PROPLIET OF ATTITUDE TTWST CONSTRUCTICN

The social scientist constructing an attitude test ends
up with a list of questions or items which he will ask of &
group of respondents. 7/ith the answers given to these ques-
tions he hopes to classify persons according to their attitudes.
ith a test of radicalism-conservatism he hopes to classify
respondents as more or less radical and more or less conservo-
tive. Fe may end up with two groups, radicals and conserva-
tives, or with what may be considered a distribution of people
along a continuum defined by the extreme poles of radicalism
and conservativism.

The items he chooses are of course not selected at random.
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In a radicalism~conservatisa attitude test, ne will néf inie
clude a problem in arithmetic. Fe selects items the answers
to which he considers will be %"indicative" of the respondents!'
attitudes in this respect. A general characteristic of such

items is that any particular on- does not seem completely

indicative of the respondents' attitudes. A test constructor,
Tor example, might have included in a test of radicalism, the
following three items:

Do you think Xarl ilarx was a better econonist than
Adam Smith?"
_ Yes _ No
"Do you think the Russian Revclution was a good thing
in the end for the Russian people?®
Tes Yo

"Do you think that the capitalist system is doome
to disappear beiore the end of this century?"
Yes Mo

Objections can be easily made to any one of the three items on
the grounds that an answer is not necegsarily indicative of
radicalism or conservatism. A respondent may Teel that idam
Smith as an economist was inferior to Farl iflarx and yet not
be a radical. His estimation of the two men may be based on
other grounds then his political complexion. Or, one might
congider the capitalist system to be doomed and yet mourn i%s
passing. In other words, for each of the items on this hywno-
thetical test, there does not seem to be a one-to-one corres-
pondence between an attitude and the answer given to the item.
Yet the list of items as a whole seems to "make sense.”
Radicals are more likely to give certain kinds of answers and

congservatives are more likely to give a different set of
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angwers. Abperently what we wmean by savying that o list of
items "amakesgense® is that there is some kind of relationship
beti 22t the not-directly-observable attitudes of thie respon-
derts and the ansvers they give to the test. The ansvers to a
test seecm to be accountable for by soue underlying distribution
of respondents classified by their sttitudes.

The discussion so far has been quite vague. We have talked
about an answer to an item being "related" to the resnhondent's
attitude, but we have not specificd what the relationship» was.
‘e have also mentioned that answers to a test can be accounted
Tor by some not-directly-observable distrivution of respondents,
yet we have not specified whet the distribution is. Our next
task is to construct a wodel in which the tiings we have vasuely

hinted at are made more speciiice.

IITI: THS STD®IISZT TI0DTL:  THD LATINT DICTOTOLY

The model we will consider is one in which it is postulated
that the lstent distribution of respondents ig a dichntowmy.
~seople are letently either radicals or rnon-redicals, anti-
semitic or non-anti-senitic, etc. There are not %oo e many
cases one might think of where 1%t wakes intuitive sense to think
of such a latent organization of people. 1In real life we Tleel
that there are gradations of radicalism from the revolutionary
position through reformism and gradations of anti-semitism irom
a desire to exterminate 211l Jews to milder vorms of discrimina-
tion. The one general case where postulsting such a latent
distribution sesms to make sense is vhere aduinistrative neces-

sity forces a sepsration of people into two classes. One wmight
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be interested in separating recruits into those who are
suited for the Air Torce and those who are not. Or,the F.B.I.
might te interested in sorting out subversives from among all
government ewmployees. 1In proceeding with the loyslty checks

of federal euployees the F.B.I. tacitly assumes that there is

an underlying latent dichotomy consisting of subversives and
loyal persons and their task boils down to inferring from mani-
fest behavior to the latent nosition of ewmployees (i.es., whether
in the subversive or loyal clacgs).

Carrying out the T.D.I. example further, one uight easily
conceive of a hypothetical chock list consisting of a series
of questions; e.g.; "Doecs the employee have any radical friends?®
"Does the employee rea’® =2ny radical literature??t, etc. Any
investipgation of o particular employee might consist of going
dowrnn such a list of itens and examining the employee's behavior
to see where the ewmployee fits in every case. Tach eaployee's
behavior is checked arainst each item and the problem which
might face the T.B.I. is how indicative are snswers to each of
the items and how to infer from the pattern oi check wmarks on
the lists which patterns identify persons as members of one or
the other latent classes.

The sim»hle model we will consider then is one in whicihh there
are two latent classes and where people can be classified into
onie or the other. The wanifest behavior of persons, i.e., their
answers to our attitude tests are completely accounted ior by
the existence of these two latent classes. The program laid

down for us in the Dages to follow consists of the Tollowing

R



points:

(L) Fow may we revregent the manifest data -- the
answers given to a test -- in gquantitative termns?
Ilere we will consider not the case of attitude
tests in general but only those tests the re-
sponses to which are of the dichotowmous type
(eege, yes-no, agree-disagree, ctce)

(2) "Mmat is meant by the manifest data heing com-
Pletely accounted for by the existence of two
latent classes?

(3) Tow may we represent the manifest data in terus
of the latent parameters we may assume?

(4) Fow may the latent parameters be coaputed?

(6) How may one assirn individuals to each of the
classes?

(6) 1ow wmay one recognize from manifest dota that
the data is consistent with the latent dicho-
tomy model®
(7)Y How may we tcet the problems which arise in
using TallibLle data?
IVe T DICHNTOIOUS 3Y5THIT
The sttitude tests we are considerin; here consist of a
nunber of items (1,2;5...m). The resvonses to each item are
dichotomized. 4 respondent way either give a positive (4) re-
sponee or a nerative (-) response. Positive responses gre
those which appear from their content to be indicative of the
existence of a given attitude in the individusl. For eXample,
if in a test of anti-semitisu, the positive clrss is congidered
28 the class oi anti-semites, then the answer #Vest to the glues-
tion, "Do you think Jews should be barrasd from high office®!
is a positive responge. Tote that if the non-anti-semitic

class had been congidered as “positive," then an answer "“io"
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.. Cas 1
would be considered a positive response.

Fumbering the items in such a test arbltrarilys; item 1,

item 29 iten’l 59.09 itefﬂ ‘:ﬂ,

the total statistical ipnformation

available about the answers to a test can be exproessed in terms

of a system of positive frequencies:

zero order positive
frequencies

first order positive
frequencies

second order positive
frequencies

third order positive
frequencies

s A A s o o et o e 18 e £ 1 st

n = number of individuals
taking test

number of individuals
positive on item 1

=
-
"

number of individuals
prositive on item 2

=
o
i

number of individuals
vositive on itom 3

=
»
1]

n_. = number o1 inagividuals

m A -
positive on item m
no = nomber positive on
both items 1 and 2
Nyz = nuver positive on
both items 1 and 3
Ny \ v = number positive

\mnl)oxmﬁhg n—-1 and mth

iteuns

n = number positive on items
123 S =
l, 2, and 3
Ny = numnber positive on items
~ 1, 2, and 4

/
on itemy -2, me=l, and m

130metimes (28 eege in a cowpletely mrojective test like
the Rorschach) it is not possible to decide in advance which
should be taken as the positive response. FTere the decision may
be made arbitrarily initially and the subsequent analysis will
show whether the decision was a correct one.

: " - number posiitive
0 (pes) faed) () = BW poes



~1]le=

f’h v ]
< nlwa = humber positive
“desell o 211 @ items.

e

mth order positive
irequency

The number of sucn positive freguencies is 2m, or, 1f we
exclude the zero order positive frequency, n, (2m - 1).1
The positive frecuencies making up a dichotomous systen
have 2" degrees of freedom. In otlier words no positive fre-
quericy can be constructed from any other or any combination
of positive frecuencies. Zach positive frequency in a given
set of date is the result of an independent obgservation.
Another way oi exvnressing the manifest moterial is in
terms of the Wwultimate freguencies," the numbers of réspondents
giving each possible response pattern. The symbolism for the

response patterns of a three item test are given belows:

1The proot o this statement is very simples The number
of positive frecuencies is made up as follows:

Of order O (the whnole number of respondents)..ee 1
CT order 1 (the number of itemE)esecrcessosscoss M
Of order 2 (the number of coubinations of

(e

(the number of combinations of
m things taken 3 at a time)eccceeoes _
n(m-1) (m-2)

AR

O0f order

and so ons. But the sasries

3,

14 m #fn-1) 4 a(n-1) (2-2) 4 ceeue

RS - R

2 Tele3

N m
/

is the binomial expansion of (1 4 1 or 2

(after Yule and Ilsndall, "Introduction to the “heory of Statis-

tics, pe 17) 13th Blition, 1940, London, Chorles Griffin, Ltd.
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'{**4, = number positive on gll 3 items = fiqox

f§+- = number positive on first 2, negative on third
$4-4 = number positive on 1 and 3, negative on second
~3% " = number positive on 2 and 3, negative on first
;+-- = number positive on first, nepetive on 2 and S
-4=- = number positive on second, negative on 1 and 3
-~4 = number positive on third, negative on 1 and 2

number negative on all three itens

Note that there are also Zm response patterns or ultimate fre-
gquencies in a dichotomous system. The gymbolism for a three
item‘test9 shown above, is easgsily extended to the case of tests
with larger numbers of items.

Te will find that considering the ultimate frecuencies
will only be necessary when we come to the problem of classify-
ing individual resvondents. A person's ansvers to a test arc
completely specified by his response pabttern and in the end our
task is to assign response patterns to one or aaonther of the
two latent classes.

Yote that the ultimate fregquencies can always be expressed

in terms of the positive frequencies and vice versa., I'Oor ex-

anple in a three item tests

“H+E T = ny03

&
Ao =Dy - Bygy

m¥E = Ngg - Nyog



-lBHem

AR B P R o R PoT
LA B RS IR L Ak P
=tt = Bg - Npy - Dgg b 0y,
- - I - Ny - n2 - nb $ nlz + nl3 + n23 - nle

A useful algorithm for expressing the ultimate frequencies
in terms of the positive frequencies rests on considering the
symbols for positive freqguencies ag algebraic operators. Thus
we nay write nl‘n Tor the operstion of diciuotomizing n accord-

ing to the positive side of item l. Hence:

‘Nl =
n = nl

1

The operation of dichotomizing on the negative side may be

symbolized by (n - ng)u. Taus:

The operations necded to yield +4~ in the three item case are
dividing n according to ny, then according to n, and finally

2
In terms of the algorithm the operation

according to (n - na).
is as follows:
f&*-i = n*ny*ng(n - ny)
= U9 (n - DB)

N5 = P133

Note that n becomes the symbol for unity and may be sudvpressad

and that the expression nl'n2 = g, OF more penerally

m ® Bjkeem

. . .
ni nj nk ses I
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Tor most purposes it is useful to consider not the "raw!
positive frequencies but a "standardized® system where each
positive frequency is divided through by ne The notation for

the system of relative positive frequencies is as Tollows:

]

v, = i
gy - i
1 n

or more generally

n
ijkewm = 1jKe..m
1

m s - . NP o}
There are, of course, 2 relative positive {requencies if . 1

is considered and ;Em - 1} if unity is not incivcdsd, The gys-
tem of relative positive frequencies is completely ecuivalent

to the system of positive frequencies. DBecause they lead to
certain simplifications in computation, we will employ the rela-

tive positive frecuencies rather than the posiivive I[requencies

themselves.

V. REPRISENTINCG THZ DICHOTOOU3 SYSTEID I TIATIX FORM

The dichotomous system comprising the manifest information
received from administering an attitude test to 2 group of n
respondents has so far been presented as a set of 2™ relative

positive frequencies. A more convenient way of presenting the
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dichiotomous system is in the form of a set of matrices whose
cells contain the relative positive frequencies.
The Tirst order and second order frequencies can be pre=-

sented as a square matrix of order m $ 1 as follows:

Table 5.l

; ' P1 Pa 3 e By
A Byg  Pyz et Py
W(O) - % D - e} p
: = Yo Pro o3 "t Tom
i N . - I
IR AR CL I £ om
D Pn Pam Poy Py o

Tote that the bordering row and column of this matrix contains
the first order po:fsitive1 frequencies (with the exception of
the first term in the leading diagonal)e Ths iarew cells of
the matrix contain the second order positive f1rcyuencies.
Only the first term in the leading diazonal is defined and this
is the zero order relative positive frequency., l. The other
elements in the disgonal are undefined. The e¢ymmetry of the
presentation is obvious.

The third and higher order positive freguencics are not
repregented in the matrix M(O>. Cne ideally should employ a
three dimensional matrix to present the third order positive

frequencies, each dimension reierring to one of the subscripts.

For mth order freguencies an m~-dimensional matrix would be

lsince from this point on we will refer almost exclusively
to the relative positive frequencies we will drop the term
"relative" and refer to them simply as "vositive frequencies."
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helpful. 3ince, however, we nmust consider the higher-order
frequencies within the conventional two-dimensional scheme we
need many two dimensional matrices to represent theme.

Third order frequencies can be represented as a set of

(1)

i) i . L ) 1
M( matrices. Ior exaunple, the matrix M is as follows?

Table 5.2

| Py Dy Diz Pyg eeesDy
P12 7 P12z Pige """ *712m
O Pizs 7T Prza  ** P13
Y1e R12¢ Rume T Tttt ildm
Pim 1.Dlzm plSm pl4m o

v

This matrix is bordered by the second order frequencies involv-
ing item 1 and the inner cells are all the third order frequen-
cies involving 1. The first term in the leading diagonal is
the first»order frequency, Py J3imilar matrices are necessary
for all the remaining items and there are obviously m such
R(i> matrices.

Positive frequencies of higher than third order are pre-
sented in matrices constructed in similar fashion. Tor example,
fourth order positive frequencies would be presented as a set of

12)

R(ij) matrices, as in the H( matrix shown below:

1ach H(l) matrix contains all the third order positive fre-
quencies which have i in their subscripte. 3Zach matrix has a
signature in parentheses indicating the items "held constant"
in that matrix.
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' P12 Prgs Yoy PFros Pion

12) Pioz == P1234  Pipss tttPiaa
H( - Ps - D - ko) eese]D
124 P1234 1245 124m
21256 11235 91245 I ©+++Prosm
Piom  Piozm  Pi24am  Pi25m -

Fifth order frequencies would be presented as a set of

ijk , 123)
M( k) matrices as for example, the matrix M( 7y
Table 5.4

i

Pr230 Pigza Pyigzs ot Piomm

_ P1azq ~~ P1e3a5 " Piozam |

p2) T - |

- 31235 312345 ©T7751285m |

D p S E

o Pizam P1234m Piossa %

In order to represent the zero order, first order and
second order positive frequencies we need but one matrix. The
third order frequencies require m matrices. Fourth order fre-

cuencies are represented in Ei%:il M(la) matrices, fifth order

frequencies in gﬁm-lz (m-2) 3¢(13%) patrices, etc. ote how-
(o

ever that the system contains a considerable number of redun=-

\
dancies. The borders of the matrix M(l) will have already been

presented in M(O)

(1)

/
L]

and M(g) will contain some of the frequencies
presented in M
A complete set of matrices for a three item dichiotomous

system is presented belows
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Table 5.5 .
o By Py
0 - !
II(o) ! P g plsg
Pg  Prgp pzs%
i) D --
s 1z Po ?
P p X !
(1) 1 12 13
M -- |
= 1 Ppg Piog |
p -~ %
P13 123 ‘
2y | 2 2 Ta
M - -- |
= | Pyg P15 |
. Pes Pazz TT
P D D p
(3) i3 13 23
- i J y -
L7z ] Py, Pros |
0 - ;
| Paz Tipg ;

The redundancies in the three item case are quite obvious.

LAl .
It was not necessary to prescnt all three of the A( ) matrices

since only one third order frequency is involved in a three item
0?5?. nxcent ior p12‘,3 (
L1 . . .

11" matrices have already been presented in the Il

all the frequencies appearing in the

0)

matrix.

The entire set of matrices which represent a dichostomous

system will be called m\ ). 1l ) represents completely the

information about the manifest performance of respondents on a

()

test. In the three item case, for example, I is defined as



a set of matrices; M s I s M s 11 .

VI. DBASIC DETIRITINANTS

“rom each of the 11 matrices we can form certain deter-
minants which will prove of considerable value later on in the
discussion. Tor the present we will define these determinants
and postpone discussion of their properties to a later point.

A basic determinant is one which is formed from a matrix

by taking the upper left hand element and combinations of rows

3
and columns. Congider first the matrix M(O’ in thc four item®
cases!
Table 6.1
t 4
» S
: 1 Pl Pz Pg 94
| P - P 2
(0) 1 Pia Fia f1e
e Py By 7t Pan Py
P %3 Piz Pos 7T Pag
PPy Piy Pog Pgy 7T

A second order basic determinant can be formed by taking the
upper left hand element, 1, an element from the upper border,
pi, an element from the left hand border, pj, and the element
in which the row and column concerned intersect, pij' For

example, choosing Py p3, and pl3

i
4
i
1 Y E
i

P; P

13 |

The general definition of a second order basic determinant {rom

,(o)

is
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The symbol Lﬂijﬂlindicates that the column i and the row J
were chosen to make up the determinante.
0
A third order basic determinant from the same M( would

ve formed as follows:

1 |
” m B, P, |
12,341 - |- a
|12,34] - R
D P P :

4 14 24

or generally

A A

642 lij,x1] = P
115 ,k1 P, P ij*g

D o) !

‘P Py Fa

Basic determinants may also be formed from matrices "off.
higher signature and the signature of the matrix from which it

is drawn is indicated by an index. Thus a second order basic

(1)

determinant taken from M would bes
L D T
3251 = . 13 |
Poz  Prosi

and a third order basic determinant from the same matrix would

bes

§52,45;i' - | p

Pig P b

135 125

i

0)
The second order basic determinant taken from M( has an
interpretation in terms of the conventional statistics of quali-

tative data. It is identical with what is called the %"delta,"



AN
J.N s of a Tourfold table involving two snttributes: 4 Tour-

fola table between the answers of guestions 1 and 3 would bvas

3
+ -
T,wwmm_Twm,w_}
1 1 ; plS ‘ 0| Pl
i H |
- Pc a |
Y 1
3

The "delta" computed from this table wounld ve:

b
B «d - Dbc -
13 a

e T

i
|
¢

Jince the value of & determinant is unclenged Ly adding to a
row or column anotiier row or column of thaet determinant we can

transform, «° N, "delta" completely into fl,j}.

i b D f D . .
AL s |1 B RS i R N P
Lo | a [ cy a ! i Py i T
{ H f

S . . PR CE s o
Ll,ﬁj thus has an interpretation as a kind of coerfficient of

rsacciation betweer questions 1 znd 3. If [1,5] has a velue of
0 there is no sssociation between answers to questions 1 and 3 ==
they are indevendent. I{ the value of i},3] departs signifi-
cantly from zeroc tiien we say the two questiong are relsted.

In the same way second order basic determinants taken from

matrices of higher signature also lave an intzrrretation.

Tor exanple, consider the basic determinant, [12;3§



i

v B P '5
1255) . |3 o
D Pos Pios

S Ty . . “
11253 ; is a measure of the relotionship between 1 snd 2 for
those who are positive on 3. /e have stretified the respondents
according to their answers to the third cuestion and examined

the relationship between the first and second guestion for

those who gave positive answers on the third gueztion. Looked

o

at from this point of view, |1 233 becomes o kind of measure
of partial correlation between 1 and 2 with the effect of 3

held constant.

A basic determinant of 31rd order is also & Tamiliar marni-
tude. ‘lguation 6.2 introduced the symbol lij,k1] to indicate
that columnsg i,j and rows k,1 heve gone into its formation.
Here again we can pivot around the element in the upver left

corner. “‘e thern fTind

K1 kg, |
RIS NI .
- | 11i, 115

This is known as a tetrad, if the crossvroducts are looked upon
as analopous to correlation coeificientse. It a similar vay

it can be shivwn that a basic determinant of 4th order is a
tetrad oi tetredse. The general relationship can casily be seen

from the 1{ollowing gsecuences



1 ) ‘ ’ o X o !
- R e o 34
P, D P, D . o
S S A I - R TR 1 -
P, D D |
5 “15 a5 a5 | e 26 (35
v, D D o
6 16 Yo Fag

12,457 113,45!
- 1 - - r "
TIAT | 12,460 113,46]
115,45 23,45,
= 1 . : 1P ' - Stee =
mT | 5,46]  Ra.ael |
- ‘1259456,|

VII. TH3Z CRO35 PRODUCT MATRIX
)
The M(O/ matrices of a dichotomous system may be trans-
formed by pivotal condensation around tie first element of the
leading diagonal into matrices whose elements become second

. . . . G, .
order basic deterninants. Thus the I matrix by pivotal

condensation becomess

Taple 7.1

” - . {
e 12t 3t 4 ool
| i ' |
L - e . , -
g :l 8 ‘ - !2 ‘5.’ ’2 4_} LI %2 m‘; :
(0 DL . . . -
A s e = iz | P TOS3 TROI
M = (13 7 12 3 - 3. 40 +ee 3 mi = CROS3 FRODUCT
v X - } N 3 ATRIK
R b B B 4 m| !
’ - 3 _~ 3 2 et ! - : - : . i
I I B A I VR H :
pilml 2 mp Smyp |4 owi -—-
. (O . ) ‘
In this form the M matrix is referred to as the “cross-

product" metrix and is analogous to a correlation matrix. (In
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(0)

fact, the cross proiucts or second order besic determinants from M are
identical with the covariances between answers to the items given arbitrary
welghts of 1 if positive and O 1f negative.)
The 1\1(3) matrix trensformed by pivotel condensation becomes:
——-- [12;5‘ [lh;ﬂ [lfua e [lm,h’a}L
(5) TS — 43 [esis] ... [em;3)]
O T 1S R | R 1%
B33 Eoo] Dsd - o[
[1’1{55] [Em,pj [mﬁ;?j {514;5] ————

Note that by plvotal condensation the rank of the matrices 1s
reduced by one. If an M(O) metrix hes rank 3, pivotal condensation will
reduce its rank to 2. Transformations of the matrices in the systenm M(G)
by pivotal condensation has certain advantages for treating the material
and we will often refer to the "cross product” matrix defined as the M(O)
metrix transformed by plvotal condensation into a2 matrix whose elements are

second order basic determinants.

vIII, HOMOGENEOUS DICHOTOMOUS SYSTEMS AND THEIR SUMMATION

If a test consists of m itemws then 1t furnishes us with Ca pieces of
Information: either all the frequencies with which all response patterns
(ultimate frequesiciss) appear; or the Joint positive frequencles, the
number of people who anawer positively all pairs of items, all triplets,
and 80 on.

There are, however, dichotomous systems, where the higher order

frequencies can be derived from the m "margilnals,” pi,



the proportion of people who answer positively each item
separately. Such restricted systems will be called "homo-
geneous." In more rigorous terms a homogeneous dichotomous

system is one where the following relationships obtains

e

- D.D.D
(8.1) 'J gk @ PPtk
{ or more generally
A
. pijk..m = pipjpk---pm

In a homogeneous dichotonmous system all basic determinants
vanish, i.e., have a value of zero. Tor example, the basic

determinant, ii %},:

! i
. . i 1 P
12y = | ' ‘
g - ,
P2 Pig |
but since in a homogeneous system p12 - plpg’ then
il 21 = f . _ ; = PyPy = PPy = 0
i 2 1‘2;
Similarly, ’ ‘
) ; | p. * D, Py
12502 | 7 13 - 0 1 -0
| P23 Piop | | PaPy PaPpPy |

Another vay of stating the deiining charscteristic of
homogenecus dichotcmous systems ic to say that the rank of all
the matrices of any signasture is orie.

In a homogeneous dichotomous system all the answers to the
items are independent of eacli other. A person who gives a

positive answer to one item is not any more likely to give a
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positive answer to another item than if he had given a negative
angwer to the first.

umpirical examples of homocencous dichotomous systeus are
Tairly difficult to find. Two examples, one from the study of
socio-gsconomic status and one from the field of mental testing,
shouvld lielp the reader to see how this notion is of considevrable
importance in formulating whsat we will mean by the statement,
“& latent structure ‘completely accounts for the manifest
data."

In the general population there is some association be-
tween the ownersihip of various kinds of material goods. If a
person ovms zn automobile he is more likely to have a telephone
than if he does not have an auto. For a population of about the
same income level, however, the association between ownership
of cars and *telephcnes practically disappears. Omership of
cars and telephones is cuite independent tor tuis restricted
segment.

A similar phenomenon occurs in the mental testing field.
Tor children between the ages of 5 and 14 there are high cor-
relstions between performances on most mental tests. Children
scoring high on one test, say a mechanical aptitude test, are
2also likely to score high on a test of verbal facility. How-
ever, when children within a nerrow age range are considered,
the correlations between tests tend to be negligible.

In order, then, to find realistic examples of homogeneous
dichotomous systems we have to study homogeneous strata of the

population. This explains their name and i1s also a hint as to
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vhy they are so important in our present discussione. It will

turn out that by "adding! such hcmogeneous systems. general sys-

tems which may not be homogensous can be constructed. This notion

of "adding" will be explained in an artificial example.

In almost any attitude test we might construct, we will
most likely find that the answers to the items are related. As
an example we will take a test of attitudes towards government
owvnership of various industries in this ccuntry. The test was
administered to a national sample of respondents. The texts of
the three items emvloyed vere:

Thich do vou think would be better Tor the peownle in
this country =-- if the ______were run by the

government or by private bUsiness?
l. Coal Ilines
2« Gos and Tlectric Companies
e Panks

The empirically found relative positive frecquencies for this

te

[&1]

t ere piven helow:

o o

n = 1,000
Py = +386
Po = «332
halc = «35

Do = 262
Py = +251
Doz = 214

1')1 1;)3 - ° 195
e find that people who are in favor of the government owning

banks are also very likely tc be in favor of government



ommersiiip of coal mines and public utilities., Tor example we

find thats

) W DD
12 > f1fe
or
.262 ) .128
D DD
Pyag > PPy
ol

.163 > L047

Tow let us give our imegrination free rein and iwmagine the
existence of a certain kind of brain confipguration observable
by x-ray which makes peopnle socialists. “Some of our 1,000
respondents nave this brein confizuration and some do not.
Stretching our imaginetiong a little further, let us supnose
that upon x-ray examination of ths 1,000 regpondenis we found
that 240 of thew had the “socialist" brain confizuration and
660 did not. T'or reasons 5o be seen later, we shall talk of
two "latent" clasgses -«- socialiste and others. At this point
we have to introduce certain new notations. /e need a sympol

to indicate the numbers of people in each latent clzus and the

relative positive frecuencies in easch classe.

-

riumber of people in latent cluss I

T
-
-

j

[ 1]

gJT = T = proportion of people in latent class I
: . n
; n._ number of peopls in latent class 11

-l
=
i

\ T ® = oroportion of people in latent class IX
~. ¥i
pTi = vroportion of peonle in latent class I

answering item i positively
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P, = proportion of people in latent Class II
ansvering item i positively
¥, and Y. ave called the latent clsss proportions
and

are called the latent msrginals or
latent probabilities

If we call the socialists Class I =nd the aon=socialists Class

“ Y o
= «340, Neg = 660, and & .. = 6060,

IT, then n_ =z 340, y%
Finally we assume that bothh groups were given our test

and that the following response freguencies vere recorded within

each of the two classes:

rable 8.2

nI § n.
QT = - = 340 W I = i = 660
L n -~ i
2 -~ «941 pIT' = +100
2 o = «750 pi..L:_ = «168
p.[lz - 0753 P..[Il:’; = .009
p1125 = +565 p:]’lg = +00L+

Tote that the two dichotomous systems are homogeneous.

o
u
e

#;

Ti2

«TH3

[
+
rs
L]
o2
(@
(&
)

Pr11 pEIZ
«100 I 091

Pr112
.09

In other words within the socialist group whom we have identi-

fied by examining their brains, answers to the three questions
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are no longer related. A person within this group who believes
that the government should own the banks is no more likely to
believe that the government should own the coal mines than any
one else with the same brain configuration.

Mote that the argument developed above does not state that
everyone in the socialist group will be in favor of government
ownership of any one or all three of the types of industries
cited, or that in the non-gocialist group no one would be in
favor of government ownership. In other words it is not main-
tained that Prq= 1 or that Priy = O« There is room for all
sorts of incidental circumstances which might make a socialist
be against public ownership of a specific industryj; in the same
way some non-socialist might favor public ownership of mines -=-
€¢g+, because he just read about a big accident in a mine. How-
ever, proportionately more people in latent Class I are in favor
of government ovmership of each of the three industries. Ilore

rigorously stated it is only maintained that
P11 > Pin
Prz > Pirs

P13 > Pr13
And the special circumstances which mgke people deviate

from their type--perhaps at the time of the test only -- are
assumed to be unrelated. Tithin each latent class the probeabi-
lity ov voting for two items is the vproduct of the two proba-
bilities for the two items separately.

The original sample of 1000 respondents has been divided

into these two subclasses. The nature of this division becomes
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from the following schemos:

Table 8.3

The Reasponse-Patterns of the Government-Ownership Test
Split Into Two Hcmogeneous Ietent Subclasses

Sociﬂlist Subclags

Item 1
(4) " \(*)
+ Ttem 2 - + .2 -
+1 192 !+8‘ 2ko {12 3 15
Iten - 3 -
3 - 6k 16} 80 -1 b 1 15
|- e {
256 € 320 16 4 20
Nen-Socinlist Subclass
Item 1
,.-./’/ \
/'/ .
() )
+ item 2 - + 2 -
+] 1 1oi 11 +1 9 90 99
Ttem 3 e o
3 5 50| 55 - | us k50 | 495
6 60 56 5l 540 59k
Totel Sample
Atem 1
(#)~ = (-)
+ Ttem 2 - + 2 -
' i
+ {19% 56| 251 + l 21 93 114
Iten 3 ~»~“m~_~§ Ikem 3 —
- 69 66 | %5 - ‘ug L51 500
262 124 386 70 5k 61k



If we add the figures in the two latent classes box by
box we get the whole set of 8 response patterns as reported
by the original test. The reader is invited to check the
frequencies reported in Table 8.3 corresponding to the proba-
bilities in Tables 8.1 and 8.2.

The main purpose of this example is to show that the

summation of two homogeneous systems can lead to a new system,

wihich is not homogeneous, i.e., where the items are inter-

rTelated.

IX. THZ MOTION O ACCOUNTING AVD THE ACCOWITING LNUATIONS

The preceding example could be put in different terms.
By claiming the existence of o socialist brain structure we
have accounted for the interrelationship of the items in the
original test. In the same way we have explained why joint
ownership of cars and telephones occurs more Trequently than
could be expected by chance if we consider car and telephone
ownership separatelys people with more wmoney are more likely
to have both. Similarly wq/gggo account for the fact that in
a group of children of mixed ages all sorts of tests are likely
to correlate highily: the older children are more likely to do
well on all the tests as comvered with the younger children.

In all these cases we ugod the same device to see whether
our accounting was correct. If we study peonle with an equal
amount of wmoney, or children of the same age -- or finally
people with the same brain structure -- then the original re-

lationship should disappear in each of the homogeneous groups.

Accounting for a relationship meang to provide a characteristic
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of people, so0 that if they are stratified according to this

characteristic the original relationship disappearss.

This is just the inverse to the finding at the end of the
previous sectione There we showed that the summation of homo=
geneous systems leads to new systems which are not homogeneous.
Now we see that at least sometimes non-homogeneous systems can
be reduced to a sum of homogeneous ones. The whole process now
has to be formulated more precisely.

Returning to the main example we can see that an obvious
get of equations link the manifest data with the two latent
classes. Tor example the proportion of people in the entire
group of 1,000 who gave positive answers to question 1, Py,
is made up of those within latent Class I who gave positivz

angwers to this question, p__, multiplied by the proportion of

T1

people in that class, 5}1, plus the proportion of people in

latent Class IT, val, times the proportion of people in that
ES

latent class J

T IT

Yy P11+t Yip Py

e340 X «941 } <660 X «100

[@N

o
o
] '

Y1 Pry Pig ¥ ¥ip Popp Prpo
0262 - 0340 T 0941 K 0800 * 0660 K 0100 X 0091

!
AV
1

or more generally

91 Pisx.um T \/I PpiPrgPogee Py t EJ11 PryiPr1iPrikes*P1Im

_ J
or Pi5keeem = L ¥ PyPyPyere Py

where the summation is over the two
latent classes and the subscript
indices for the latent classes have
been suppressed.
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- el cps ~ . RO
Sincc therc are 2 positive freguencice, therc are 2

such cquations linking the mnanifest data and the latent pora-
meters.

The equations 2.1 will be callcd accounting eguationge.

If they can be solved at all they permit us to split a sample
into two groups cach of which is homogencous with rcepect to o
hyocthetical attribute. This attribute then accounts for the
original intecrrelationship in the sense of our preccding dis-
cussion. “Thether this latent -ttribute corresponds to social,
psychological or physiological rcality does not concecrn us a2t
this pointe The Tirst task is to sce how we¢ con compute the
proportion of peoplc belonging to coch side of this latent
dichotomy and compute the proportion of people who in each
latent class pive a positive reply to each item of the test.
Since within cach latent class the higher order positive
freouencies add no information and can be computed directly once
the first order positive freoucncics arc knowmn, the entire sys-
tem is determinced when the latent class proportions )& and
3}1 and the latent first order frecuencics are givene. A
dichotomous system is completcly defined vnen the following
information is presented and such a presentation will be called

a Wlatent structure:

Iatent Marginals

Intent Class | ( i
Proportions 1 ; 2 i 3 veaee m
9.3 ‘
)rI le pIz pl.s s e pIm
Y11 Pr11 Prig Priz | +** | Prim
! | s |
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How and under what conditions can we compute the parameters of

this latent structure?

Lo COMPUTING THI PARAMITERS OF THZE LATINT DICKOTUY TIODEL

The latent model which we wish to use has now been out-
lined in rough form. It is a model which would account for the
answers to an attitude test by postulating the existence of two
homogeneous classes. Ve have used an example in which the
division into two latent clazses was somehow given to us and
we have seen how this division accounted for the answers to
the test in gquestion. Obviosusly in any real case we would
hardly expect to have the division given to us in advance. Ve
will not know how many people are in each latent class and,
equally important, we will not ordinarily know whether the
hypothesis of an underlying latent dichotomy is consistent with
the manifest data.

Our next step will be to indicate how we might compute the
latent parameters from the manifest data and how one can reacog-
nize from the manifest data whether the latent dichotomy model
is a consistent interpretation. Our procedure at this point
will be to consider what relationships would obtzin in the
manifest data if the hypothesis of an underlying latent structure
were really true. In this way we will be able to develop cer=-
tain criteria for recognizing whether a given set of manifest
data is consistent with the hypothesis of an underlying latent
dichotomy and how the parameters of this kind of latent structure
may be found.

At this point the notion of basic determinants becomesg of
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considerable use. Starting with the second order basic deter-

(0)

minants from M we will express them in terms of latent
parameters. The basic deterninant ll 51 for example is de-

fined asg

L

2 p12i
If the data in oguestion had been generated by an underlying

N
o
: Y

latent dichotomy we can express this basic determinant com=-

pletely in terms of latent parameters usings

: . ) 3
Since (from 9.1) Py oz vy Py OV P
P, = ¥1 Prat Nir Prrp
a3 )
Pig = ¥y Pr1 Pyp ¥ Yrr Prin Prrz
then '
. : o !
L o= ! K ) - ) ) 5 {
| (&3 Pro# Yyp Pypo) (0 Pry P12 ¥ ¥ 01 Prmn Prig
i} EF: AR S ] 1P _
; ) o ; : -
Ivp P Vo Prpyd i 1 P11
; |
) ) ! 1 1 : S P, ;
" Il g 112 |
\\ I) 5 , (
= Vp Yrr (Opp - Ppy) (Prpg - Porg)
Finally

= 1 O11 (P77 - le) (p112 - pzo)

[

And if we make Pyy = Pyyp = dy and Doy = DPyyg = dgy

~

then

[
o
(1}
e}
-
o)
-
[o3
-
Q
o
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or more generally

(R ]
C
o
i
o
[oX

(10.1) sl

Thus we see that in the case where the manifest data is
completely accounted for by an underlying latent dichotomy that
the basic determinant [i j] can be expressed as products of the
proportions in each latent class and the diftferences in the
latent msrginals of the two items in question.

So far we have been able to express second order basic
determinants in terms of 4 unknown latent parameters,

31 “XII*dfdj‘ In order to reduce the number of such unknowns
we can form the ratio

. - T - ) ‘ j 5
~2 - Ll 2l I 57 (4 1 "'\“TI dldg) (A/I "))II d1C&~ - ,\) 5) d2
LT TTEY = v Lyt b G < % Y1 “II 71
ST dIr et
or dl = Sl
N
/¥ Yo

More generally

. s st o e . 2

| |
i \/ Ly

(10.2)

. - A 40 S} o e ALt AT M o 7 i i e, Y et

1This formulation leads, incidentally, to one of the dis-
tinguishing criteria of a latent dichotomy. If we form second
order determinants whose elements are second order basic deter-
minants, the value of this determinant will be zero. Thus
)3

£ ! ) ) § ) |
g nag| ¥poommdydeg opoenr 490
K = Al ] - 37 )

,'9 2 54 | ¥1 Mipdzdg Y1 Yrrds d

i

g

Te will return to this criterion a little later in the dis-
cussion.



(10.3) d, = rommemm—mm—
i- ‘J/ 5 :y
31 Y11
We can now expregs the latent marginals pIi and pIIi in
terms of some of the manifest data and a restricted number of
latent parameters. Starting out with pi we express it in terms

of latent parameterst

(10'4’) - ‘}]I le "' (l - <>1)’[) pIIl
- ') - K N
= 1 (Pyy = 2pp3) ¥ P1p4

(10.5) Py = ¥, d; b ooy

Since from (10.3})

Q.
1
di -

e ) A ot

= - ;
R 5

3.
SN i
(10‘6) pi - .))I o T — "‘ p-[Ii
VY1 o
- Y1
=8 [ e= ¥ Prp
v o dII
designating 71 = t, then
<
N\ < IT
(10.7) Pry; = Py - 95t

Similarly starting with (10.4)

| N
(10.4) 51 Pt pzziyll

=)
1

(1 - yll) b

I

pry -~ 7 9



Y11 53
= pIi vrgTMMﬂThwu_
I .
N I é’II
and
(10.8)

-}

s 51
pIi = Pi 3 T

Now the problem of finding out the latent structure from
manifest data reduces to finding out the value of t, the ratio
of the two latent class proportions. In order to do so we will
have to draw upon some of the information which we have not
already used. So far we have used 2nd order and first order
positive freguencies. ‘e turn now to basic determinants from

the matrices M{}). The basic determinant {2351] for example is

b b
[2 3;1} - 1 12

Piz  Piz3 i

Using equation (9-¥) and transforming into equivalent latent

parameters
4 / )

[2 3:1] = ¥prp ¥ Py Y11 PryPrgt d11 PrrgPrrg !
| ¥1P1Prgt T1r PrryPrrs Np Pry Pre Prs + 711 Prvl Prr2 pII3;
Finally

[2 351) = > Yyp ppp P 9y 4
or
(10.9) [1j5%] = ¥y Y71 21 Pryx 43 4

Note that the right hand part of equation 10.9 contains
terms which involve [2 3] z Y; Y11 dp dg. If we divide
through by [2 3]
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A2y 2 X PmPndsdy 0 p
<. 3} -

Yy ¥y d, dg

~/71 expresses the product of the latent marginals of item
1l in terms of manifest data. The general formulation ist
(10.10) Ao = Dk Copo. po.
i = Ii ¥l
[i k]
Incidentally, one may note that tile value ofv-/‘i is not depen=-
dent upon which other two items are chosen. If the manifest

data have been generated by an underlying latent dichotomy then

the following relationships hold:l

(10.11) ¢ = 123511 _ [3431]  [56;11 _ [Jks1]
17 TEETT C THTT 750 [3E]

Je are now in a position where we can compute all the
latent parameters in the dichotomous latent structure:

Since from (10.7) and {0.8) we know that

) Ch o
(10. %) Pry =Py ¥ 544
(10.7) P11i = By - 3it

and from (10.10) that

(10.10) A5 = Pri Prii
then
(10.12) 4, = (py 4 83/t) (py = 85t)
, 2 2

lThis relationship slso yvields another criterion for
recognizing an underlying latcnt dichotomy.
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Multiplying by t and collecting terms

24 i v q @ 2y . -
3, b, t° 4 t(‘Qi % 3, =P ) S; p; = 0
t2 4t (%1 $5i-Piy-120
SiPy Py 5y
Pinally,
(10.13) t° Kt - 1 = 0
S P yZ

where K = "1 - "1 %

Solving for t we get:
(10.14) t 2K + v/ K° 4 4
2

The positive root of t is always taken since the two latent

classes are so defined that Prj » pIIi and hence t should be

positive in the formulae
(10.8) p; + 8,7/t

-5t

...
i

103 - D.
(10.7%) Prr; = Py

Cnce t is known the latent marginals may be computed by using

(10.7) and (10.8). The latent class proportions yi and YEI

are easily computed from

bt
1}
ot

(10.15)

=~
"
—

The parameter K is not dependent on which item may be used
in computing it. 1In any set of threes items K computed using

item 1 is identical with K computed from item 2 or item 3.
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(10.16) K221-P1y %1 25 - Ppy -ty 15 .Py 45
Pr Sy SaPp By Sy %Py Pz Sz Pl

In other words K is a parameter characteristic of a triplet
(i.es, set of three) of items and is not dependent on the item
wiich is used to define it. This can best be seen by develop=-

ing (10.16) into the form

(10.17) K = 123 ~ PaPoPs o Py Py Py
5,555, 5 35, 3,

10.17) is symmetric in the three indices. A direct proof of
this formula and a more general discussion of the parameter K
and its importance for dichotomous systems will be found in
Appendix A.
‘7ith the help of the equations developed in this section
‘we can now cowmpute the latent parameters of the latent dichotomy
model from manifest data. Of course not every set of manifest
data lends itself to treatment in this fashion. Dut, before we
indicate what sorts of manifest date may be treated in this
fashion one numerical example where the hypothesis of a latent
dichotomy can always be sustained may help the reader to see
more vividly the operations to be performed in "reducing" a set
of manifest data to a latent structure.
XI. AN EXAIIPLE OF THZ COUOTRPUTATIOY OF LAT:NT STRUCTURES IN
TESTS TIZRT II IS 3.
The example is one which should be familiar to the reader
by now. It consists of the threevitems about government owner-
ship of various industries which were utilized as an example in

Section VIII. The texts of the items are repeated belows
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"Ylich do you think would be better for the people
in this country -~ if the were run by
the government or by private business?"

l. Coal mines

2. Gas and TJlectricity companies

3. Banks
In the treatment given this material in Section VIII we pro-
ceeded as if the latent division were performed by some extrine-
gic operation of x-raying the 1,000 people who took this test.
"'e postulated a hypothetical brain condition which completely
accounted for the relationships among the items and by hypo-
thetically x-raying the population we ferreted out those with
the "socialist brain condition" and saw that the existence of
this brain condition allowed us to divide the sample into two
homogeneous classes which completely accounted for the answers
to the questions.

Of course, in no real problem would we be avble to treat an
attitude test in this fashion since the physiological concomi-
tants of attitudes are, as yet, completely unknown. The divi-
sion of the sample into two homogeneous classes was accom-

plished by the aid of the equations in Section  X.

The computations which yielded the two homogereous classes
are reviewed belows

Ae The lanifest Data

Pl = +.586 Plz = +262 plzs = «193
P2 = ¢332 P13 = 251
ps = +365 p23 = o214

B. Second Order Basic Determinants and Si

f12] =z pyy - Py Py = +2620- 128z .1338



[1“] = Pls - Pl p3 = .251 - a14:1 - .1101
(23] = py3 - by Py = +214 - o121 = .09 28

2] _J13] 98,
/MTZS] e « 3985

3. = /iL;z? 123)
N T30

"

«3359

/ (23] 3
J e

[0
(&

"

"

+2763

K may be computed using either equation (L0.16) or equation
0+17) To illustrate their eguivalence, we shall compute this
parameter using both equationss

In order to employ eguation (10.16) we need one more piece
of information, thenAﬂi value for one item. Choosing item 1

we compute

i | P
[2351] = L 12 = 0087
P13  Pyoy
Aio = {2311 2 ,0087 =
- el R = eN) - «0941
L7 555 709% 8
3 P A4
K - ____]; - 1 “' 1 = .676

The same value, except for rounding errors is obtained

using formula (10.17).

K =z Y123 - PaPaPs _ Py _ Py Py . 60
(nce X is known, we may solve for t = f_lg_ employing
{ ]

the relationship (from 10.14)
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t 2K ¢ /5f_4wg = 717
2 \

The latent class proportions k& and ;7 are found by solving

the following equation (10.15)

]
L J
¥
-
O

o
5) = _t
L

Y117 -t
1l 43t
Finally the latent structure is given employving (10.7)

and (10.8)

Pr1 =P % ;” = 941
Pryq = Py - 39t = .100
Pro = Do 4 22 = 800
I2 = +¥2 T -
Pi1p = Py - Spt = .001
]
pI3 - ;03 '& .{;— = «750

pIIS = Do - Szt = 168

The latent structure of the government ownership tests is thent

Table 1ll.1
TV e - ;‘t . - - ——
G1a55 1 2 3
Provortimg
240 «941 800 <750
« 660 «100 . 091 «168 i

Trom the latent structure any positive freguency of the manifest

data may be recomputed. For example (from equation 9.1):



Py = ¥y Pr1 ¥ Y1 Pip
«386 = (+340) (.941) % (.660) (.100)
Note that with the aid of equations like (9. ) above we can
split each of the manifest frequencies into portions coming
from each of the two latent classes. TFor example, p2 can be
split into the portion coming from latent Class I
(+34C) (.941) = 320 = proportion of people

positive on item 1 and
coming from class I

and the nortion counirg ‘rom latent Class IIs

Y11 Pryy w
(+6680) (.100) = .056 Z proportion of people
positive on item 1 and
coming from class II
Trom the practical point of view, we would like to be able
to place individuals as coming from one or the other of the
two latent classes. However, it is obvious that the assign-
ment of individuals in this fashion cannot be accomplished
with any certainty. Persons answering positively to each of
the items are recruited from both latent classes although they
tend to come more from latent Class I than from latent Class II.
Persons can therefore be assigned to one or the other of the
latent classes with a certain amount of error. If, for ex~
ample, among the 332 persons giving positive answers to ques-
tion 2, 272 of them come from lateant Class I and €0 come
from latent class II, then if we assign all the persons who
gave positive answers to question 2 to the latent class where

most of them belong, Class II, we would be misclassifying 60



persons.

However, we know more about each individual tested than
just how he answered each of the questions individually. e
know his response pattern® -- the particular combination of
positive and negative answers -- he gave to the test.l The
placing of individuals in the latent class they most probably
belong in amounts to determining how the proportion of people
giving each response pattern is broken up into the proportions
coming from each of the two latent classes. Respondeivs are
classified accorling to their resnnrez patterns and tiae res-
ponse patterns :v7 assigned to Yiv Latent class fuon which the
majority of vpeople ziving that roo.ncnse pattern cre reorvitede.

In order 1o uccomplish this wo Mreak down the vuader of
people giving ea:h response pattern into the poriions recruited

= - -4

from each of “he letent classes. Lor example, the proportion
: . O e b 1 ) i 2
of the carvle ¢iving o razaonegs Datiern ; ¢ - &+ is 058,

The two lotant 2ineres oiz nouh Lomogeneoua. Within each

i

subclass the prono=tir of oeoplz rivilg a certain response

J— it

Lirgte

¢ thet the rarucase petterns and the "ultimatst fre-
quenciz: relayred to in seciion D11 are identical iu wesring
and sviarcil s, An vliinevz Tresasney refers Lo e nuater or
propercion O7 peonlc givine a puxuvicular response patliesrn.

gThis is part of the orici-sl wmznifect informstion and
can be easily checksd wich the eligorivaun ¢f Lection III.

¥ - AL Mo UL e Dot N

.
3 -
< SoE iy bee Bl Ny
=~ Ry o P e
L 1105

.058 231 = 193

it



pattern can be computed by multiplying the appropriate pattern
of positive and negative latentmrginnls. The frequencies
found within each subclasg should add up to the proportion of
respondents giving this response pattern in the total sample.
The response pattern {# - #j is thus brbken up into a
portion contributed by the people in latent Class I and a
portion contributed by persons in latent Class II.
The portion coming from latent Class I is
Yy pra (1 = 1) (pgg)
«340 X 941 X 4200 X 4750

«048

From latent Class II, it is:

)&I plll (1 - pIIg) (pIIS) -
2660 X 4100 ¥ 909 L 4168 = 010

Tahle ll.2 presents the breakdown of all the response

pratternss
Table 11.2
1 2 3 4 5
Response pattern Frequency in Frequency in Score7
total sample | Class I  Class II (Col 3
i Col. 2
+ 4+ 4 «193 «192 001 « 995
* ; - 0069 0064 0005 0928
} - 3 .058 048 . 010 «828
-+ 4 02l «012 . 009 «5H571
— v B
& - - 0066 -016 .050 I242
-} - «049 «004 «045 .082
- -4 .093 «003 090 «032
- e - .451 0001 0450 0002
TOTALS 1.0000 + 340 ! « 660

o~ - ———
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It is important to realize the nature of the splitting we
have just accomplished. *7e started with a sanple of ruspandents
and we know of each individual exactly how he answered each
guestion. e know about each person that he is, e.g., a {4 4 4}
person or a {4 - 4} person, etc. for the eight possibilities.
The total number of each of these eight types are the ultimate
frequencies.

"hen we split the manifest data, we take the proportions
indicating the proportion of the sample giviﬁg each response
pattern and divide these proportions into two parts. Now we
know, eegey, that of the proportion of the total sample giving
response pPattern {# 4 +_§, «192 belong in latent Class 1 while
+001 belong in latent Class II. 3But we do not know which indi-
viduals within a given response pattern group belong to which
latent class.

Te now turn our attention to the final column in Table 1l.2.
Tach response pattern, as it were, recruits its respondents from
the two latent clasces. There are 016 of the sample who are
members of latent Class I end vho give the response pattern
{+ - -}. Another 050 are members o7 latent Cless II and give
the same response pattern, {4 - —}. The total proportion of
respondents giving that responsc pattern is 066« IT we form
the ratio

oroportion of persons recruited from

latent Clags I giving a response patterns
“total Droportion giving a response pattern

for each response pattern, we may compare response pattern with

respect to the extent to which persons giving that response
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pattern are recruited from latent Class I. This is the ‘‘score®

presented in Column 5 of Table 1l.2. 'e can use this score as

an ordering device for the response patterns and the response

patterns of Table 11.2 have been arranged accordingly. Iote

that the score permits a unique ordering of response patierns.
It is possible to go a step further in the interpreta-

tions of this ordering ratio. It is the probability that a per-

son giving a response pattern comes from lstent Class I rather

then from latent Clsss II,

vy p————— e i o

XII. CRITIRIA OT RIDUCIBILITY
Cur example consigted of a test where only three positively
related items were involved. 1In fact any three positively inter-
related items can be treated as if they defined an underlying
latent dichotomy.
In the case of a three item test there are 8 latent para-
meters to be computed (‘YI and yII’ and the 6 latent marginals)
8 pieces of manifest dats, the 23 positive frequencieséand
8 equations linking the parameters and data. The latent struc-
ture is thus completely determined. 1In larger tests, tliere are
more positive frecuencies than there are latent parameters and
hence certain conditiong can be seen must obtain among the mani-
fest data if they are to be reducible to the parameters of the
latent dichotomy model. Tor example, in the 4 item case there
are 16 (or 24) positive frequencies which define only 10 latent
parameters.
As soon as there are more than three items they must

fulfill certain conditions in order to be consistent with the
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hypothesis of an underlying latent dichotomy. Some of these
conditions were developed in previous sections but in the
present section we intend to take them up in some detail.

In any empirical test where the number of items is greater
than three, the hypothesis of an underlying latent dichotomy
is not necessarily consistent with all sets of data. All the
researcher is given by the results of his test is the set of
matrices, H((j). How, then, can he recognize from the matrices
whether his test is consistent with the model? What are the
“"clues," so to speak, by which the researcher may guide
himself?

In order to answer these questions, it is necessary to
work out the implications of the model and set up the necessary
conditions which the data must fulfill if the latter is to be
consistent with the model.

Trom the previous section's discussion we may immediately
set down some of the necessary conditionse. The first condition
is one which pertadns #6 - the second order positive frequeﬁcies.

Consider the matrix M(o)=

t
1

1 Py Do o veel ¢

[V
Py --- Pig  Piz  ***Pim
I\}'( O) - P P eoeoD
oo P By -e- Poz 0Ty
D p p S
CR L B fom
o . D p
m lm 2m 3m

A third order basic determinant from this matrix, e€.g.

[ij,km]
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[idokm] = | pp  Pix  Pyy

can be transformed by pivotal condensation about the upper left

hand element into:

[i¥] jae)

H
1

fim}  [ju] |

|

(1d,km} =

]

By (9.1) this determinant can be expressed in terms of latent

paraneters as
(12.1)  [ij,km] = B %II fhe Tt Shel g
| Fr Ygp dydy  Ag Vg dgdy

Thus all basic determinants of 3rd order must vanish and
the matrix M(O) must have rank 2 if the manifest data are to
be consistent with the hypothesis of an underlying latent
dichotomy.

It follows from this condition that if the matrix M(O)
has been transformed by pivotal condensation into a cross-
product matrix, its rank should be 1. XFor example,

.- 2] (18] f1.4] 15}
(2 1 --- 2 3] [z-4] [2 5] ’

;‘r
{3 11 53 2] - fo 4 i3 5] - 2 cross product

) k ) matrix
4 11 Ja 21 4.3 - 4 5!
L 4 5

Y e 53 ey -

should have rank 1. Any second order determinant selected so

that the diagonal cells are not included and which are of the

form
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| (i) (%]
(3 ] I am!

(12.2) = Jij,km] = O
This is the so-called "tetrad condition." The tetrads {ij,km}
should vanishe.

This general condition, that the rank of matrices of
positive frequencies have rank 2, obtains for matrices of
higher sifnature as well. JFor example, in the cese of Il

a third order basic determinant fab,cd;2] is shown below:?

Py Pyo Ppg
[absedi2} = | Pez  Puep  Pez

e vttt s =

Pao  Pagz  Puaz

By pivotal condensation around p2 this determinant becomes

(12.3)

rd

jac;2] [bo;2|

|

B
»

i1 SadcPr2P Vi ¥ir &ud Dok
r&b,c(?;Z} = I 17 “a%P12Pryy 1 Tr1r %pY,Pr12PrI12

| 1]

|
(ads2] [bd;2 { Y1 Y11 dadgPraPrry YT V11 dpdgPraPrrp

e

i
¥
|
{ .

Another condition which we have already touched upon in
the discussion of the last section is that, upon pivotal con-

densation, corresponding elements in matrices of different sig-

nature have the same ratio. Tor example, consider M(O) and
M(l) after transformation by pivotal condensation:
--- 1.2} {13} 1.4} 15
f2 11 - 12 31 f2 47 [R5
1t ; 3 1t (32l -—- 341 |35
[« (42 23 - 4.5
(5 1 [5 2 (5 3 1541 -




Y.

-——- f23;1] [2451] [25;1]

EI (32511 --=-=  [3431]  [35;1]

T | 251y [4331)  ---- (4551
(52;11 {5331  [54;1l ——ee

By corresponding elements we mean elements which differ only in

the signature of the matrix from which they were taken. Thus,
picking corresponding elements from these two matrices and
forming ratios, we get [from (10.11)]

(2331 . [24311 - i2531) - jabsll _
&5 © TTehi T Treh mhT o = P1l P

The proof in the general case is given in (10.11). Generally,

‘..rl“' SR ¢ P
(12.4) [absel _ Tma“bPreire _ Pro D
jabi = Ty, vo-d.d = P1c PrIc
- JI S II%a"b

This condition also obtains for matrices of higher signa-
ture so that for any pair of matrices transformed by pivotal
condensation corresponding elements will have the same r=1i0.
Thus

{ab,cdsxy] [ij,k13xy|
(12.5) [ab,cd] | [idsK1]

A third set of conditions obtains among the positive fre-

guencies of higher order. Take for example, the matrix, M(lz)

P1o Pi23 P1o4 Pia5 Pi26

Pygz ===~ Pyoza  Pigzs  Pigze

u(12) | Diozy  ====- p P
= Pi1o4 1234 1245 1246
Piogs  Pyiozgy  Piges  TTTTT P1256

- -

Pyog  Prozg  Pinag  Picse
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A second order basic determinant from this matrix ise

- b D
| P123  Pigss j

Replacing each element by appropriate latent equivalents:?

{
S YPy Py

23Dy Py Py §¥, Py P, Py Py

«.

"

[35512] =

= ¥ Y11 Py1 Pryy Prp Prig 43 dy

Dividing [%53;12 | by [35) we get

Ao = (355121 = ‘1 Yiz PriPriiPrafing
{907 Y1 1 d3d5

d.d
35 = Pr3Pr11P10P112

or since-»‘{l = Pry DPyyp and (12 = Prs Pryo

N/
then 012 = (1 U 2
or more generally
P / . - A a $oa / LI ] a
(12 6) /(liJkooom - )//1 / J 41{ d i

This condition is known as the multiplicativity of links.
Higher order;47's can be derived from lower order}/?'s by simple
multiplication.
There are then three sets of conditions of reducibility
to a latent dichotomy:
l.) The rank of all joint occurrence matrices of any

signature has to be 2; or -- after vivotal condensation -- the



rank of the cross product matrices has to be 1l

2.) "Corresponding! elements taken from cross product
matrices of different signature have a constant ratio, depende
ing only upon the signature of the matrices and not the elements

involved. This introduces the M inks"

/71 = Ixysil /('k = Ixy;ik! etce.
PRy ’ : 1XY

3¢) "Links" have to be multiplicative in the sense that

/‘/ijk'.. :d‘/i /-’(/;J- ,{k LI N ]

It will then also be true that, e.g.

Ly gkl = Aﬁﬁ = 450k 3 Ly
| XY 3 1 ‘”j

XIII. TIECHFIAUTS FOX HAVDLIVCG TALLIRLT DATA
1. The Computation of the Aversz.» &1

“7ith data taken from an actual test the conditions of re-
ducibility will never ke fulfilled oerfectly. Aberrations may
come about in several ways: Tfirst, the latent dichotomy model
may not be the best fitting structure for describing the under-
lying distribution of people and attitudes. A more appropriate
r1odel for some attitude tests moy be one in which the under-
lying distribution of people is best approximated by postulating
three or more latent classes, each closs having different latent
marginals for each of the items on the test. In this case the
data will not fulfill the conditions because the most appro-
priate model has not been postulzted.

Secondly, although the latent dichotomy model may in
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general be the best fitting underlying structure for the data,
special factors may appear to upset the conditions at certain
points. Two items, for example, may be related to each other
by a special wording factor which produces higher interrela-
tionships among the items than would be expected on the basis
of postulating a latent dichotomy alone.

Thirdly, the aberrations found in ewpirical material may
be due to sampling error. Although the general population from
which we have drawn our sample may be literally composed of
two classes of people, the sample drawn may appear to satisfy
the conditions only poorly.

Tor two reasons we shall be concerned here only with the
Joint fregquencies pij and the triple frequencies pijk'
The sampling errors of the higher order positive frequencies
will be relatively greater than those of the lower order fre-
quencies, because they are usually of considerably smaller size.
“Te should expect thien that when a set of data fulfills condi-
tions that obtain among the first and second order positive
frequencies, whatever aberrations appear among the higher order
frequencies are probably more likely due to chance variations.
In addition the conditions cwecarning quadruple frequencies

je) and higher ones will in the next chavter be subject to

ijk1
further interpretation. For the moment therefore we restrict

)

ourgelves to the cross product matrix M(O and the parameter K.

Given a cross product matrix of the general form



1el {330 (147 .1 m

f2 1 --- 23 124] «../2m]
31 (3 2] -—- (3 4]  ..0!3 m]
(4 1] 4 2! [4,3] -3 ...{4ém]

3 ® * M
(m 1 [m 2] [m- 3] 'm 4 vee =me

there are many tetrads [ij,k1] which may be formed. TFor ex-

ample, we have the following tetrads:

J13,247 = 127 |3 4] - [1 4} [3 2]
or

{12,34) = {1 3) j24) - [23) [14)
and s0 one Although not all of the tetrads which can be formed
in a cross product matrix are indevendent, the number of such
tetrads increases rapidly with the number of items in a test.
The inspection of all such tetrads in order to determine whe-
ther they differ significantly from zero would be quite a
tedious task. A more efficient way to approach the problem is
to construct a matrix of cross products which would be an esti-
mate based on the available data of what the cross products
should look like if they completely fulfilled the tetrad con-
ditions.

In the case of data perfectly fulfilling the tetrad con-

ditions for an underlying lstent dichotomy, the following rela-

tionship holdes

-‘[—.‘_—..———-,.—-—‘ pa— R —
Sl o s .8 . o 1a7 (k) [fiig) [ax)
1 Jd e e ot

(l — ———————

; i 3 ik
N | Jki N Jik |

There are however many ways in which the S values may be formedt
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] e
i T—q..-m_m-.-—- - g

¢ - - - ‘ - .
5, = P el [usl. MRy fra) o /1 4) [1051) ege.
- B [T / :
. [2 3 Y ! 4 s)

- \!

- s .
1.03 (ol formed with items 2

and 3) will be different from the value of 31 .04° 81.45» etce.

7ith fallible data the value of S

In order to form an estimate of the best value of Si from the
relationships in a given set of data we form an average Si

which we call §i. Ve start with the form

(13.1) (5] 8% 2 11§11 x)
There are as many such ecuations as there are combinations of
J and k which may be formed with i. Summing over j and k we

gets

2
i

. A

- EEE RIS

< T - .
(13.2) 3 § J xls

=
AN

The right hand elements of equation (13.2) can be seen to be
the sum of the product of the elements in the row i taken two

at a time. “jorking out this sum for the four item case where

4
Z i 23lizx) z2(r 2] [235) 42(j12]i24)) 42231 j24))

<

The right hand expression of (13.3) is the expansion of

(2] + 123) ¢ 12 41)° - 11.21% - |2 31° - |2 a]?

so that we can replace the right hand expression of (13.2) with

the general expression
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(13.4) Z‘J. §k fid)/ix)=(3]s jj))2 - D[ J‘]z

The ternfj k| in (13.2) is the sum of all the cross products
in the matrix minus the cross products which appear in the row

and column i

™A

(13.5) T k)24 2 K] -2 2 ji3j)

Qe \ - [l e - - i i
L .. [ i [J k1 LR

J k

The formula (13.2) can now be expressed as

(15.6) (511317 - 2 [1-3)®

where §;fi jjz is the sum of the squares of the cross products

3 in the row i

and (> Ni )2 is the square of the sum of the
¢Cross %rOuucts in the row i
and § PRE j} is the sum of all the cross pro-
ducts” 1& the matrix
and 2 2, li-j! is twice the sum of the cross pro=
ducts fh the row i.

Jith the 3, values found using the formula (13.6) zbove crosse-

i
products can be computed which will satisfy verfectly, except
for rounding errors, the tetrad conditions for a latent dicho-
tomy by multiplying appropriate 3 values
. ~3 ' - -
. H - r
l..l J_’ - Si ‘)'j
fitted ey .
The/cross products, |i j] are then compared with the empirical

cross products to see how closely the cross product matrix

fulfills the tetrad conditions. A residual matrix composed of
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the differences between actual and fitted cross products is
often computed to make the comparisons easier.
A. Zxample ls In order to illustrate the computation and
interpretation of the average § values and the fitted cross
product matrix we will present a numerical example. This is a
six item test of job satisfaction administered to 876 enm-
ployees of a large industrial concern. The texts of the six
items and the first order positive frequencies are given below?
Py . :
l. "Are there any things about your job that you

particularly like?"
034 2ositive response: "4 lot of things"

2. YAre there any things about your job that you
particularly dislike®!
Y Positive responses "ione'" and "not many"

3. WHow often do you look forward with some pleasure

to your day on the job?"
«62 Positive response: ‘“every day' and “almost every dayl

4, ¥"If someone asked you about getting a job like
yours which of the following would you be ine
clined to do?" Zncourage her? Discourage her?
Neither?

+48 Positive response: ‘“encourage her!

5. Do you ever feel you would like to auit and get
a job with some other company?"
«38 Positive response: "ever®

6. "Do you feel that you would like to get a trans-
fer from your present job to some other kind of
work in your department?®

«58 Cositive responses '"3eldom" and “never!

The sctual cross product matrix for these six items is

shown below:



Table 13.1

I
Zmpirical Cross Product ilatrix ;?[ij]ﬂ

Computation of éi

L 2 |3 s s 16
? i i
} - e s DR
| ---- | 02408 | 0620 | 0894 ! 0572 | 0293
. | - SR SO
| 0408 | ---- | 0801 | 0876 | 0774 ; 0504
! i
| 0820 | 0801 | --=- | 1069 | 0882 | 0542
, s ]
0694 | 0876 | 1069 | ===~ { 1026 ! 0614
i ¢
| 0572 | O774 | 0882 | 1026 | ==== i 0575 |
i :- |
| 0293 | 0504 | 0542 | 0614 | 0575 ;| -~-=-
L
15 [13] 2587 | 3363 | 3914 | 4279 | 3829 | 2528 27 3] = 2.0500
, - e ==t o -
11 (E[ijl)z % 0669 | 1131 z 1632 ! 1831 | 1466 | 0639
; : —— vi.‘., e e ]
11 25 [13] 5174 | 6726 . 7828 | 8558 | 7658 | 5056
i — SN NSRS IO
IVZEfijlz 0144 | 0243 | 0324 i 0582 | 0309 | 0134
S RPN A
v §1§ 0342 | ©645 | 0963 | 1213 | 0901 | 0327 ;’é? = .4381
.: : i | -
o s T B S B et
vio§y 1849 | 2540 | 3087 é 5483 | 3002 % 1808 | S By = 1.5769
: : e o
The six rows at the bottom of the cross product matrix outline

the computztional stecps for getting the 7!

[

valuess

Row I con-

tains the sums ¢f the cohlumns of cross products in the matrix and
the sqguare of this sum is placed in row IY. Row IITI is simply
twice the entries in row I. In row IV are placed the sums of
the squares of the cross products in each column. These sums

of squares may be gotten on a calculator at the same time the



sums of the cross products are obtained. The last two rows
contain the values of §12 and §i respectively.

The total sum of the cross products in the matrix is
gotten by adding across the row I and this sum is entered to

the right of row I in Table 13.1, Thke computation of the Si

then proceeds according to equation (313.6). Tor example, 52

is computed by taking the entry in row II, column 2, 1131,

subtracting from this the entry in row IV, column 2, .0243,

dividing this difference by the entry which is the sum of row
column 2,

I, 240500, minus the entry in row III,/.6726, and taking the

square root of the resulting quotient.

S S S NP T

/ 1131} - (.0243 = .2540
2.0500 ’( 6726

The fitted cross product metrix (Table 1J9.2) is computed
by multiplying the appropriste 51 values according to the
general formula:

rijiv = &, §

17

as, for example, the fitted cross product, [231!

= (.2540) (.2087) = .0784

(Vote that the fitted cross products are marked with a prime (*)

to distinguish them from the ewpirical cross productss)
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Table 1342

The Titted Cross
TRENIRS]

froduct Ilatrix

A 2 L3 a4 5 6 g
———t 1 - !
1| —e-= | 0470 | 0571 | 0644 | 0555 | 0334 |
} i 4 !
i Y - -
27 0470 | --~=-| 0784 | 0885 t 0762 : 0459 |
— S
i 3 . 0571 | 0784 | -e-~ ! 1075} 0627 | 0558
N — SR SO U
4 | 0644 | 0885 | 1075 | ==== | 1046 | 0630
5| 0555 ; 0762 | 0927 | 1046 | ---- | 0543
? — [
6| 0334 E 0459 | 0558 | 0630 | 0543 | ==--
: !
P T
z . 2574 3915 . 4280 | 3833 | 5524

3360 )
j
{

An extra row entitled ) [ij]' has

Bach entry in this row is the sum of the

products in the column aboves

is placed to the right of this rowe

based upon these figures.

then

(13.7)

(i

Since

iji?

AR}

In this particular case:

(78)° -

55 %

=
[,

been added to this matrix.

§1 gj

fij1' = 2.0486

Tittad

(1.5769)° - .4381 = 2.0486

. Cross

Note that in the fitted cross product matrix the tetrad

The sum across this rowdy {ij]"

A computational check is



conditions are fulfilled perfectly except

For example, the tetrad @1 $2dise

1 2]

(23]

0784

in rounding errors.

= 000003

. .0470
147 (3 4) ! B 5 .0644 41075

The residual matrix is computed by subtracting elements in the
fitted cross product matrix from corresponding elements

in the empirical cross product mstrix.

Teble 1343

Residual Matrix

Hi,31 = gisdft il

1 2 3 4 5 6
1 wnme  =0062 004¢ 0050 0017 =0041
2 <0062 - 0017 =0009 0012 0045
3 004¢ 0017 ~u== <0006 <0045 =0016
4 0050 <0009 <0006 ~wee 0020 =0016
5 0017 0012 <0045 <0020 —— 0038
6 =0041 0045 0016 «0016 0032 -
[i§] = y2(0ig)-
]'g +0013 L0003 =.0001 =.00C1 -.0004 .0004 gij}') -
#0014
A final row has been added to the residual matrix. This

row, > (fijl - [ijl'), contains the sums of the columns of

residualse. The sum of this row _ ([ij] - 1ij7') is placed to
the right of this rowe A computational check employing these

sums can be based on the obvious relationship?

(13.9) 22 (1§07 = ¢ 50431 = F 7 ([id) - [141")

The first two terms to the left in this equality are the sums
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of the cross products in the empirical and in fitted

matrices respectively. 1In this case, the computations check

(2.0500) - 2.0486 = .0C14

22 ([1§] - [i31') = 0012

A positive difference or residual indicates that the
actual cross product has a higher value than it should have
under conditions of perfect reducibility and a negative dif-
Terence indicates that the actual cross product is smaller
than it should be.

Jlore specifically, the residuals indicate how well the
second order positive frequencies fulfill the conditions of
reducibility and have a definite interpretation in terms of the

size of these positive frequencies. We know that

[1J] - pij - pipj

and
i i1'= DY = Dtp!
[i §1'= py; = pip!
i | . . $ o ]
But since P! = by and pj nj, then

(13.10) (137 = (1 3] =24 - Pl
Tor example

[12] - Ji2lr = -.0062 =z pyp - B!,
indicating that p12 is smaller than it should be by 0062 of
the sample or 5.4 = (.0062) X 876 persons.

Then the residuals are generated primarily by sampling
error it is to be expected that the signs of the residuals
would be spread more or less at random throughout the matrix.

One would not expect to get blocks of cross products whose



residuals were all positive or all negative. This would appear
to be the case in the present example. The distribution of
signs in the residual matrix appears to be fairly random and
we would tend to accept the hypothesis that the differences
shown are primarily the result of sampling errors in the second
order positive frequencies.

The size of the residuals is another indication of how
well the hypothesis of an underlying latent dichotomy fits the
data. In the absence of any knowledge about the sampling error
of such differences, nothing very much can be said about their
acceptable size ranges. However from past experience with a
large number of tests and some preliminary experiments generat-
ing fictitious manifest data using tables of random numbers, a
residual greater than 25 of the original cross product is
usually considered greater than one would expect on the basis
of sampling error alone. Note that in this example there are
no residuals which could be called large under this rule of
thumb.

e would therefore tend to accept the hypothesis that the
manifest data of this test were generated by an underlying

latent dichotomy and proceed to compute the latent parameters.

B» Xample 2 Vext we present an example where the conditions
of reducibility imposed on the cross product matrix are but
poorly fulfilled. This example is a six item test taken from
the same survey of employees' attitudes. The texts of the items

are given below:
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t 1. "How good a job do you think the company
is doing in meeting the demand for its
service?¥ '
.81 Positive response “very good" and "excellent"

2. M"How good a job do you think the company
is doing in serving its present customerst®"
«83 Positive responses '"3Ixcellent"

3. "How well do you think the company is run?"
.82 Positive responses '"Wery well

4. "How do you think your friends outside the
company ieel about your working for the
company? "

«52 Positive response: "They think I'm fairly
luckyt or '"very lucky"

5. "How do you feel about telling people you
work for the companyt"
78 Positive response: “Very proud of it"

6. "Do you like or dislike telking about busi-
ness matters with Iriends who do not work
for the company%®

.58 Pogitive response: 'WLike to fairly well"
or Y“wery mucn®

The empirical cross product metrix for these six items and

the corresponding residual matrix is shown below as Tables 13.4

and 13.5.
Table 1.4
Empirical Cross Product latrixe
IRERIR
1 2 3 4 5 6

1 ————— 0600 0313 0174 0146 0125

2 0600 ———— 0209 0163 0125 0091
3 0313 0209 ———— 0381 04le 0303
4 0174 0163 0381 - 0714 0597
5 0l4e 0125 0418 0714 -———— 0562
6 0125 0091 0303 0597 0562 ke



Table 1l3.5
Matrix of es 1_uals'
NWiigl - } i1
1 2 3 4 5 6

1% meee 0446 0071 =0138 =-0151 -0115

0443 ~-—— 0008: =0097 =0122 ~0109

e s o A £ i e e i e s i

2
34 0071 0008 -meei =-0028 0029 -0012
4

-0138 -0097 <0028 =--- 0213 0191 ]

5 <0151 -0122 002¢ 0213 - 0176

0191 0176 -

6 -0115 -0109¢ -0012

The fitted cross product matrix is not shown since the most
important information is how much difference there is between
each of the fitted cross products and the corresponding
empirical ones. This information is contained in the matrix
of residuals [[[ij] - [ij]'

There are more than a few of the empirical cross products
which deviate considerably from expectations. The cross pro-
duct, [12], for example has a residual of .0446 which is over
74 as large as the empirical cross product, .0600. Apparently
questions 1 and 2 are related far beyond what one would expect
on the basis of each questions' interrelations with the other
guestions in the matrixe. Turning back to the texts of the items
on page 68 we see that both questions pertazin to the employees!
estimations of how well the company is doing in its relations

with customers. An interpretation of the high relationship

between these questions would be that hoth these questions
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involve not only the euployees' attitudes towards working for
the company but also attitudes towards the way in which the

conpany is meeting the public. In fact, both questions might
be considered alternative wordings of the identical question.

The signs of these residuals are not distributed at ran-
dom through the matrix. Items 1, 2, and 3 form a block of
items with positive residuals among themselves, and items 4, §
and 6 form another block of positive residuals. (These are the
two groups of cross products enclosed by squares in the residual
matrix Table 13.5.) The residuals of the cross-products between
pairs of items, one in one group end one in the other as e.g.
[14] or [25] are with but onc exception negative and generally
larger than the acceptable size. A sign pattern of this sort
in a residual matrix indicates that the questions are not solely
related to the same underlying attitude. Zach block of items
involves an attitude in addition to the general attitude under-
lying the interrelationships.

Again the texts of the questions help us in defining what
these additional attitudes may bes nNuestions 1 through 3 seem
to define an attitude towards the company's relations with the
public while items 4, 5 and 6 refer to the employees' pride in
working for the company. Undoubtedly both pride in working for
the company and a positive estimation of the company's success
in dealing with the public are in part reflections of their own
satisfaction in working for the company and this latter atti-
tude might be defined as the general attitude running through

all the items in the test.



In terms of the latent dichotomy model and the restrice
tions it imposes on the manifest data it is quite obvious that
this attitude test does not come close to fulfilling those
conditions. A more appropriate model would be one which pos-
tulated more than a dichotomous latent distribution of employ-
ees. DPerhaps the results of this test might be better ac-
counted for by postulating two latent dichotomous distributions
where each individual is placed by two latent attributes --
his pride in working for the company and his estimation of how
the company is fulfilling its role in serving the public.
These possibilities will be discussed in later chapters.

To return to the general problem of how fallible data
arising in actual empirical work are to be handled: we have
examined two tests and rejected one because its cross-product
matrix did not fulfill the conditions laid down by the latent
dichotomy model. But this is not the only condition set up by
the model which we have discussed in the previous section.
There are conditions which are applicable to matrices of higher
signature.

As far as triplets of items are concerned the conditions
imply that the parameter B be the same for any three items
chosen from the system. It is to the discussion of this point

that we now turn.

2. Computing K from Tallible Deta
The reader may recall that in order to compute K, an im-
portant parameter allowing us to find the latent class propor-

tions, a set of three items (triplets) were necessary. In



larger tests with fallible data there will be many triplets of
items and each triplet will yield values of K which will vary
from triplet to triplet. In other words, the parameter K also
has a sampling distribution and sets of data which approximately
fulfill the conditions of reducibility in other respects will
yield as many estimates of K as there are triplets which can be

formeds The number of such triplets in a test of m items is

o 3 e = S 3 arstn

my = m(m-1) (m-2)
6

A test of 6 items would then permit 20 diiferent estimates
of X, each estimate differing slightly from the other. 1In
Table 13.6 below are shown the different values of K computed
from the job satisfaction test (example 1, vage 61).

Teble 13.6

Values of ¥ from a 8 item test

(n = 876)
Triplet from K value ¥
which computed "1
{123; -¢365 58
11243 3528 42
11268 + 606 o34
1134« -.182 54
1155 -.010 .51
1364 -e153 54
+145¢ 273 43
3146} «430 «40
*156¢ -e038 .01
32344 - 274 57
125057 ~-e252 56
3236; - 236 .56
. 245¢ -.075 .52
124 65 -.054 .51
12564 -.076 52
";54:52 -e238 «56
13568 <010 +48
14 55: 185 46
Averape K = T 7,002 " Average ¥y .50
Standard = e 20 Standard - «06

Deviation Deviation




73
The average X value for this test is .002 and the range is from
-+365 t0 656+ The standard deviation of the K distribution is
« 262,

Although X varied rather widely from triplet to triplet in
this example, the corresponding latent class proportions do not
show very much dispersion. In the last column of Table 13.6 are
shovn for each triplet the latent class frequencies computed
from that triplet's ¥ value. The VI values are not very sensi-
tive to changes in K as we may see from the fact that the range
of 3& values is {rom .58 to .40 and also that its standard devia-
tion is .06,

The distributions of K and 3& shown in Table 13.6 are con-
sistent with sampling experiments and are within the acceptable
range of samopling error for samples of this size. These experie
ments have been reported elsewhere in this studye

Tach of the values of K obtained may be considered an esti-
mate of the "true" K value for the population agnd the test. In
the absence of any criteria from sampling theory for what snould
be the best combined estimate of I” based on the many triplets
which may be formed, the average of all the ¥ values is taken.
Wote that each ¥ value vias computed by inserting into equation

13.11 below tize proeper values for each triplets

o) D P ; . ‘

(13.11) O B P S S S N
5:5.3 ’ 3. 3 3
1757k J k

vhere 3, is not the adjusted 3; of equation 13.6 but is

defined as e e
S, 0=/ i3} [ik)
Js o= Ligd pift
SN %3]
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If the average of all the K values computed by 13.1l1 were
taken as the best estimate of ¥, we would compute K for the

m(m-1) (m~-2) different triplets in a test of m items. The com-
6

butations soon become quite tedious especially where m is a

fairly large number.
A considerably shorter approximation method may be employede
This approximation method which employs the éi values consists

of summing all the terms in equations 13.11 involved in a test,

as in
2 . p =
K - itjtk ik - 1137k PiP5Pc _ 5 $ P14 Py Py
13,12 rere S, S; 8 mln=-TT m=-2) 4.5 =T 5
¢ ifjik i 7J Sk i;;%ksi Sj By
where the summation ZLM. is over 21l the com=-

itj+k
binations of i, j and k.

There arc m(m-1l) (m-2) values for cach of the terms in 13.12

and the summation is over these terms. The resulting sums there-
fore have to be averaged. ¥ote that since every term in the

first expression on the rieht hsnd side of equation 13.12 is

o

3 s the weights cancel
m(m-1) (m-2)

weighted by the same value,

and only the last term to the right needs to be weighted.

The K value will of course not be identical in all cases with
the average of the ¥ values computed by 13.1l. e have zveraged
the terms in 13.11 and not the resulting ¥ values. In addition
we have employed the §i values which will not be identical with
the average of all the Si.jk values. However, the anproximation
in most cases will be fairly close.

This equation (13.12) can be simplified further. Tor example
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S
the expression . . p.p.p. is part of the expansion of
itjrk Y J K

3
(Pi +p % Py $ see ¥ pm) and hence we can make substitutions
J
which simplify computations somewhat. To illustrate the ration-

ale behind the simplifications, we have expanded below

3
(Pi ¥ pj {22 SR pm) where m = 4.

(py 40,40, 40 )5 = p3+pz+p3*p3%392 (p 4p.tp,) 4 3 2 (p.4 p,) + 3 2 (p,4 )
11P2¥P3¥P, ) = Py¥PovP5iP, 40P (P,iPziP, Py (P,7P3¥P, Pg (Py#paiP,

2
t 8p, (pydpgieg) + 6(pyp,p,) + 6(pipop,) + 6(pyp,p,)
t 6(p,pzp,)

Transposing terms we gets

3 3 3, .3
6{p1p2p5 1 pypop, 4 PyPgP, 4 pzpsp%} = (p1¥pptpgtpy) - (p) + D3 4 Py + py)
2 2
-3 P1(pyipgdp,) 4 p5(py + p5 ¥ 1) 4
-

2 2
Pglpy 4P, 4 2,) ¥+ p4(p, 10y 4 95)1’

-

Tnxpressing this equation in summation notation, we get



2 3 & 3 %, 3
i 1 1 l

This equation can be

the last term in the

4

s—-—~~_ .

P

1?31k

Replacing the limits
of the substitutiont

""1

(13.13) <
i1j+k

Pi P3P, =

In the same way the expression

(13.14)

T‘.‘—-—-—-‘

1¥Jik

Finally the expression

(13.15)

simplified even further by simplifying -

numerator.
4 4 L i
. 3 = D 2, -
- (Zi—Pi’ b2l - 32 p5(58;)
6

m 3 T3 oo B
(7 p3)” % 2705 - 35 »7 (Tp,)
i i i i 4
6
o $.3:8 b laced b
A SFRCER can be replace v
ifjik *Jk
m m m je28
S — O e — & e —
(728,)° ¢ 2X8." - 3:°5.(s.)
i i i 1 i 1 1
6
_m 5 %
i I Y pj ) Py ! can be replaced by
1iJ#k’o 5
i k
n
$ % ¢ P's (me1) (me2) 7B
S. g, 2 i 8,
J k/ i

since each item enters into a triplet of items (m-1) (u-2)

timese

2



- 77 -

Replacing the appropricte terms in 13.12 by the substitutions we
1

worked out we get:

— L
p RENERE:

» : ;‘ 3 = . ‘
Lo Paso </ | LR S S »
g IR TEm 3l (Opy)
. i 6 : <
& ; : /o
' ST S .3 S 97 ‘- 8y
LTl o+ . z,7% %
e By 2, 3 3/, (. si)
6
(13.16)

The terms which are entered into this equertion are 28 follows:

ya P = gum of 211 the third order positive frequencies

( 5 P )3 = gum of the first order positive frequencies cubed
£.P1

< p.3 = gum of the cubes of the first order positive

FAR | frequencies
N2, S = the product of the sum of the squares of the first

= o order positive frequencies and the sum of the firet
order frequencies

Py = gum of each first order positive frequency divided
— by the corresponding S
g&

Note that the weighting factor for the last term in equation
13416 is goktten by dividing the number ~f times each pi/gi term
eppears in the triplets, (m-1)(m-2), by the number of such

2

triplets to be averaged, 6 .
m(m=-1){a=2)
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Nig
w2

VCJJ
'

- sum of the 5 values cubed.

i
Me O -
gjsi = sum of the cubes of the 3 values
m - 2 0. the Eyoduct of the squares of S surmed and the sum4of
<3, (73.) =the 8 values..
<« i |

Once X i3 computed then the rest of the latent structure is
easily obtained by employing the formulae of Jection X. The ratio

of the latent class proportions, t, is obtained by

et Y apon < e e 6

!

(13.17) b=k E 34
PEEN 4
The latent class proportions 3% and };I are obtained by
(13.18) Vs 8 Y =2
4 14 t2

The latent mszrginals Tor each of the questions are then computed by
(13.19) T

i -

{ Prrio= Py - 5yt

and the entire latent structure is known.

Yomographs from which the values of t and:}l can be read
directly once ¥ is knovn have been constructed. Tihey are shown as
?igures 13.1 and 13.2, pages 79 and 80. The t and ﬁé can be read
to 2 place accuracy from these nomograpiiSe

As a numerical example of the employment of equation 13.16
we will use the job satisfaction test shown earlier in this sec=-
tion. (ppe. 61-63) The reader mey recall thst this test was used
as an example of computing the §i values. The distribution of K
values for the triplets of this test was alco shown on page 72

The necessary information for computing K is listed belows



Figure 13.1
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Py = +3425 pg = .4064 §, = .1849
P, = #5708  pg = 5765 55 =z .2540
Pz = «6256 Sz = +3087
P, = +4806 5, = +3483
S5 = +3002
3; = «1808
P1pz = +2055 Pog, = 3185
P1og4 = 1884 Pozs = «2705
Pyop = +1587 Pogzg = +3105
Piog = +1746 Pogs = <2409
Py, = +2089 Pogg = +2071
Pys5 z 1781 Pogg = 2306
Pizg = #1941 ; Pryp = 22648
P1gg = +1632 P3ag = +2968
Dy = +1746 Pagg = +2557
P1gg = +1553 | Pygg = +2283

The data necessary to enter into ecuation 13.6 can easily

be computed from the information shown abovie.

Zpijk = sum of all 3rd order positive frequencies = 4.4851

> P; = sum of all first order frecuencies z 3.0025
(Zpi)s' cube of the above sum = 27.0621
3
2_" p; = Sum of the cubes of the first order frequencies =
5407
2 . 2 . -
S 3% (4pi) = sum of - ... p;  times the sumzpi - 4.6923
Zsi = sum of all the §1 values = l. 5769
(Z‘_‘gl')s = cube of sum above = 3,9211
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7’313 - sum of the cube of the §i values = .1273
‘v‘.." 2 ] = -
: Si (ZS ) = sum of 3.2 times the sum Z.Si = <6907
; i = sum of each p; divided by the corresponding
2.8
. 4.a8p1 - |27.0621 4 1.6814 - 14.0769 | <
R= 5 - 3 (12.0484)
- 6 i
6
= 4e485) - 2,4448 - 6.0 243
«3 506
K = -.2041

Note that the K value is somewhat different from the aver-
age of all the K values computed from the twenty triplets of

this example. K is within one standard deviation of the distrie-
bution of K values computed frou the triplets of this exawmple.
(See page 72) K = -.204

Averarce K z o002
However, although the difference between the two ways of comput-
ing K appear to be large when we inspect the differences in the

latent class proportions produced, the discrepancies can be

seen to be inconsiderable.

From X, XE = «5507
Tronm averacewK,.gI = «500
Considering the R computational advantages

accruing from the employment of ecquation 13«16, the shift in

latent class proportions about 05 can be congidered to be



negligible. 1In appendix D this matter of computation will
be discussed further.
The latent structure for this example is easily computed

employing the 5;'s and t.

i
= 1020 ¢ | 4.0416 = 1.1072
T T

t = -K ¢
2 y
2
Y1 =t s 1.2259 = 5507
' 2 .225
14+t
yII = 1 = 1 = +4493
14 t2 22258
5 .
Prq = P7 % "1 =~ 3424 ¢ .18 49 = 5097
L= T e T-1072
Pryy = Py = 53t = 3424 - (1849 ) (1.1072) = .1373
etec.

The latent structure of the job satisfaction test is then:

Table 13.7: The Latent Structure of the Job Satisfaction Test:
Iatent Marginals

Iatent Class -
Proportions 1 2 ) 4 5 6

£

.«5507 +5097 «7914 . 9054 «7970 6792 «7398

IEI = 4493 « 1373 « 2003 +2826 0927 «0720 « 3763

3. The Rrtrepretation of the latent Marginals:
At this point it might be worthwhile to discuss in detail the

information contained in s latent structure and how the latent

marginals may be interpreted. The latent marginals, the reader



may recall, are the propbrtion of respondents in each of the two
latent classes who answer positively to each of the items. The
marginals in addition tell us something about each of the items
in the test. They tell us how helpful each of the items is in
aiding the researcher to classify the individuals who took the
test. An item which is a perfectly discriminating one would have
latent marginals of 1.00 and 0.00. Zvery one in the positive
latent class would give a positive answer to the question and no
one in the latent negative class would give a positive answer.
Given the answers to this question we would be able to classify
versons into the two latent classes with no error at all. On the
other extreme, an item which is of no use to us in classifying
respondents would be one which had the same latent marginals in
each of the latent classes. Reswnondents in the positive latent
class and respondents in the latent negative class would be equally
likely to give positive responses to this item and the item would
be «f no use in making inferences from the responses to the most
likely latent class of the respondentse.

The difference between the two latent marginals of an item
thus expresses its discriminating power (although we will see a
little later on that this discriminating power is really of two'
kinds). The larger the difference, d, the greater the discrim-
inating power of an item. The reader may recall that this dif-
ference, d, is expressed in the 3 value of an item. In Section X

we showed that:

and since the product fl fII is constant for all of the items in

a test the discriminating power of an item is proportional to its



S value. The larger the value of S the greater the difference
between the two latent marginals of an item.

Most of the items we will find in a test lie somewhere in
between the two extreme cases. Latent marginals of exactly 1.00
and .00 are very rare and items whose laztent marginals are the
same in each of the two latent classes would have zero cross
products with the other items and would ordinarily be eliminated
before the structure is computed. However, it is very often the
case that items are found in a test which are very helpful in
characterising members of one class but poorly discriminating for
the other latent class. Consider, for example, the latent mar-
ginals of item 1 in the latent structure shown above: a little
more than half the persons in the latent positive class gave
positive ansvwers to item 1. If one were interested in sorting out
the persons who belonged in the latent positive class by the use
of this item alone and took a positive answer to tizis guestion
as a criterion, he would misclassify about half of the latent
positive people into the latent negative class. The "inclusive=-
ness" of this item is rather poor.

As a contrast, consider the latent marginals of item 3: 91%
of the persons in latent class I gave positive answers to this
question. If we were to classify all persons who gave a positive
reply to this guestion as latent positive we would classify cor-
rectly 917 of the latent positive people. The "inclusiveness"
of this question is fairly good.

Fowever, in making the classifications suggested above, we

would also make errors by classifying persons who are latent



negative as latent positive., For item 1, 145 of the latent nega-
tive people gave positive responses to this item. If we classi-
fied all persons who gave positive answers to this question as
latent positive we would misclassify these 147 of the latent
negative class. Another way of looking at it would be to say

we would exclude from the latent positive classification 86% of
the latent negative people. The "exclusiveness" of this item is
thus rather good. Turning to item 3, we see, on the other hand,
that while this item's inclusiveness was rather good, its ex-
clusiveness is but fair. 284 of the latent negative people gave
positive answers to this question and we would exclude from the
latent positive class only 72% of the latent negative people.

Of course, we would nct ordinarily use the responses to a
single guestion to classify the respondents. It is more profit-
able to use all the information we know about a person -- his
response pattern -- and 3ection XV will be concerned with the
problem of classifying response patterns. However,; it is impor-
tant to see that the discriminating power of an item has two
dimensions, as it were, its ability to include within a latent
class all the respondents who really belong there, and its ability
to exclude from a latent class all the respondents who do not be-

long there.
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XIVs THE GOODNTES3 OF FIT OF A LATINT STRUCTURE

Any given set of manifest data will not ordinarily fit the
conditions of reducibility set up by the latent dichotomy model.
If the devistions are not larpe a dichotomous structure is com-
puted and the deviations of the empirical date from perfect ful-
fillment of the conditions are ¥“smootliied out," as it were, by
the computations. In computing the Si values the deviations of
the second order positive freauencies, pij’ from perfect rank 2
conditions in the M(O) matrix are "smoothed out" by taking an
average of all the si.jk values which can be formed from triplets
of items. Third order frequency deviations are smoothed out by
taking an average of all the pijk values in computing ﬁ.

The conditions of reducibility which obtain for the higher
order freguencies are ordinarily ignored and these freguencies do
not play any role in the computationse ¥o attempt is made to
ascertain the rank of the metrices of higher signature or to take
into account whether the condition of the "multiplicativity of
links" is fuliilleds

rPartly as a conzequence of the averaging procedures in the
computations and partly because all the conditions of reducibility
are not taken into accounts; a lestent structure computed from fal=-
lible data will only approximately reproduce the nanifest data
from which they were computed.s ¥Trom a tvo class structure where
the conditions of reducibility were fulfilled perfectly it saould
be possible to reproduce exactly the manifest data from which the

latent structure wos computed. In other words the following re-

lationship holds . in the casze of perfect reducibilitys
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Any given set of empirically obtained data will yield a
latent structure where the above equation will only be approxi-
mately fulfilled. The degree to which this equation is fulfilled
way be called the "goodness of fit" of a latent structufe. In

other words, the "goodness of fit" of a latent structure is the

degree to which the positive freguencies or response patterns

computed from a latent structure correspond to the empirically

given positive frequencies or response patterns.

An eupirical example, the Job Jatisfaction Test of Section

XI1IX will form the core of the present discussione.

1. The fCoodness Qf Tit of a Tour Item Test

The number of‘positive frequencies in a six item test is 26.
In order to cut down the number of comparisons to be made between
computed freguencies and empirical frequencies we will consider
only four of the six items which made up the job satisfaction test
and thus reduce the number of comparisons to but 16.

Since the system of positive frequencies is completely equi-
valent to the system of ultimate frequencies or response patterns
we will show the number of persons giving each response pattern

as empirically found and compare these numbers with the response

lThe notion of goodness of fit is applicable only to tests
where m is greater than 3« Since there are eight positive fre-
guencies and eight latent parameters in a three item test, the
latent structure of such a test will always reproduce perfectly
the positive freguencies of the three item test.



patterns as computed from the latent structure. The response
pattern freguencies computed will be used in the next section
where the problem of classifying respondents will be taken up
and it is important that the reader understand how they are
computed.

The last four items of the Job Satisfaction test have been
chosen and the latent structure for these four items alone is
given below:

Table 1441

Latent Structure for Job 3atisfaction Test

Latent Class Item 1 Item 2 Item 3 Item 4

Proportions '
J& = .51 .92 .82 .70 76
Y1 = .49 .32 .13 .10 .39

The actual number of persons giving each response pattern is
of course given to us in the manifest data. e may obtain these
figures directly by tabulating the questionnaires or compute them
from the pésitive frequencies according to the algorithm of 3Zec-
tion IV, page 13. These are the entries in Column V of Table

14.2.

1The texts of these items is given on page 6l Note that
the latent structure computed for these four items and shown
above is slightly different than the latent structure of the
full six item test. Adding items to a test composed of empirie
cal data generally changes the structure of the test somewhat
depending primarily on how well the items added fulfill the con-
ditions of reducibility.
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The process of reducing & dichotomous system to two homo-
geneous systems consists, from the point of view of response
patterns, of splitting the number of persons giving each response
pattern into two groupst those in the latent positive class
(Class I) and those in the latent negative class (Class II).
Column JII of Table 14.2 contains the number of persons giving
eacﬁ response pattern who are recruited from latent Class I.
Column III contains the same information for Class II. These
numbers were obtained by multiplying the appropriate latent mar-
ginals and latent class frequencies. Tor example, the number of
persons giving the response pattern E} - % -§ who were recruited
from latent Class I is:

12.6 447.3 X +92 X 418 X <70 X 24

Ll

The number of persons in a latent class giving a particular
response pattern is obtained by multiplying the number of per-
sons in that class by the probabilities of giving the appropriate
responses (the latent marginals of that class). “therever in a
response pattern a(+) sign appears the latent marginal, Pr;o for
that question is taken: wherever a (-} sign the complement of
the latent marginal (1 - pIi) is taken. These probabilities can
be multiplied since within each of the latent classes answers to
the several questions are independent by the definition that each
latent class is a homogeneous ones

The total number of persons in a sample giving a particular

response pattern is a sum of the numbers of persons within each



of the two latent classes giving that response pattern. These
sums have been computed and are entered in Column IV of Table

%@.z. In Column V are the actual, empirically found, response
pattern frequencies.

Table 14.2

Response Patterns for Four Item
Job 3atisfaction Test

I I1 111 IV A
Response Number of Persons Recruited Total Actual
Petterns From { Computed

latent latent

Class 1 Class 11
44+ 178.4 0.7 179.1 180
LR 2 B7.6 l.1 5847 52
+4-4% 76.2 6.0 82.2 80
-3 393 4.6 43.9 44
+3-- 24 .5 Q46 34.1 45
~44- 5.1 2.2 7ed g
$-3- 12.6 V) 19.9 24
-¢=-4 67 13.0 190.7 17
$--3 1647 42.0 58.7 59
"“4"" 305 9.8 13.3 12
o 22 2043 2245 18
"""‘ 5-4 65;9 71.3 64
~—f l.1 15.4 16. 5 15
-——t 1.5 892 S0.7 93
- 0.5 14040 140.5 144
Totals 44743 428.7 876 876

The differences between Columns IV and V for easch response
pattern are indications of how well the latent structure "fits"
the manifest data. Consider the response pattern {};--g: the
actual number of persons giving that response pattern was 453
but the number computed from the latent structure was 34.l -- a
difference of 10.,9. On the whole, however, the computed response

patterns and the actual response patterns match very well. Note



partioularly that the response pattern {}+++§ (equal to the

fourth order frequency, ) has been estimated very well by

1234
the latent structure.

The discrepancies between Columns IV and V have two sources:?
first of all, the latent structure fitted to the data may not be
exactly the one which generated the manifest datae. A slightly
altered model in this case might produce a better fit. Secondly,
sampling error plays a role. Although the general population of
which our test population is but a sample may literally be
latently divided into two classes vwith a certain latent struc-
ture, sampling from this population may produce manifest data
wherein the conditions of reducibility are not very well ful-
filled. <“xperiments have been made to determine what sorts of
differences may be accepted as due to sampling variation and have
been reported elsewheree.

As a rough measure of how well the computed latent structure
fits the manifest data one might take the complement of the ab-
solute differences between Columns IV and V in Table 1l4.2 divided
through by the sample size. The Coodness of Tit Tor the Job
Satisfaction Test is thent

Goodness of Fit = 1 - szbsolute differences between
actual and computed response = 94

. _Ppatterns
Sample size

Although appropriate statistical tests for testing the sig-
nificance of the differences betreen computed and actual fre-
quencies have yet to be rigorously developed, it has been sug-
gested that Chi 3cuesre tests te applied with the Bm degrees of

freedom of a dichotomous system reduced by the number of latent
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parameters computed.

Thus, in the present example, vhere m = 4, the probabilities
for the computed Chi-3qguare value should be read in the appro-
priate tables with degrees of freedom of 16 - 10 - 6. The Chi-
Square computed was 8.28 indicating that deviations between ex-
pected and computed frequencies as great as this or greater could
be expected in about 20 out of 100 samples from a population with
a dichotomous latent structure. The CGoodness of Tit of the Job
Satisfaction Test is therefore guite close and the latent struc-

ture computed is very much consistent with the manifest data.

Z. The Goodnecs of Fit of Figher Order Frequencies

50 far we have seen how well a latent structure computed from
manifest data was able to reproduce the response patterns. The
notion of Goodness of Tit, of course, apvlies to the positive
frequencies as well as to the response patterns. ne example
presented was a four item test and the highest order frequency
involved was the quadruplets, Pjjk1® Yow we will return to the
full six item Job Satisfaction Test (see Section XII) and con-
sider how well the latent structure computed from this test was
able to revroduce some of the higher order frequencies involved.
“le will consider here the fourth and fifth order frequencies of
this test. The actual frecuencies and the computed Treguencies

are shown in Table 14.3.

13uggested by Professor TWrederick Ce. losteller of H:irvard
Uniiversitye.
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Table 14.3

Gooéness of Fit of Fourth and Fifth Order
Trequencies of Six Item Job Satisfaction Test

Fourth Order Frequencies Fifth Order Frequencies
nijkl Actual Computed Difference 13 §kIm Aotual Computed Difference
Nyooy 148 141 7 Nyozas 111 95 16
N ozs 127 120 7 Nyozgs 116 104 12
n1236 135 132 3 N0z 99 88 11
n1245 122 105 17 Nyo456 o8 78 10
n1246 128 115 13 Nyz456 104 89 15
n 107 98 ,
1256 9 Posase 102 138 14

n 131 121 10
1345

n 139 132 7
1346

n 117 112 5
1356

n 113 98 15
1456

n 180 187 3
2345

Doese 211 205 6

n 182 174 8
2356

n le6 153 13
2456

n 180 175 5
3456

All of the fourth and fifth order frecuencies have been under-
estimated by the computed latent structure. In each case, the
actual positive order freguency is greater than the computed posi-
tive order frequency. By and large, however, the guadruplets
are not tooc badly reproduced by the latent structure. The pijkl
values are on the average under-estimated by about 6% of their
size. The fifth order frequencies, however, are poorly estimated.

The differences here between computed and actual frequencies are



quite large, on the average about 115 of the size of the actual
frequencies.

In making a judgment about how well the cdmputed latent
structure was z2ble to estimate these higher order frequencies one
must keep in mind what pattern of differences is to be expected
when generated primarily by sampling error. e saw that in the
case 0f the second order frequencies whose deviations from reduci-
bility are examined by computing a residual matrix, the chance
pattern is one in which the deviations are neither large nor cone
sistently in one direction. One would therefore expect that
some of the higher order frequencies would be over-estimated and
some under-estimated. The regularity with which these fourth and
fifth order frequencies are under-estimated leads one to suspect
that the conditions of reducibility obtaining for these frequen-
cies are but poorly fulfilled.

A further speculation follows from our findings here. FPer-
haps there are models in which the conditions of reducibility
are fulfilled very well for the joint and triple freqguencies but
not for higher order ones. The next Chapter will be concerned

with the characteristics of such models.

XVe THD OIDERIFG OF RTSIMISE PATTIRTS AYD TEZ PRECISION OF A TIST
The practical goal of a latent structure analysis of a test
is to enable the researcher to clzssify the respondents accord-
ing to their position in one or the other of the two latent
classes. 3ince the information known about each respondent's

performance on the test is his response pattern, the pattern of
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yes and no answers he gave to the questions, the classification
of respondents consists in the classification and ordering of
response patterns.

Then a dichotomous latent structure has been computed for
a test then we have two latent classes each of which is homo-
geneous. The number of persons within each latent class who
have given a certain response pattern can be easily computed by
multiplying the appropriate pattern of latent marginals given
in the latent structure. The process of reducing a dichotomous
system to the sum of two homogeneous dichotomous systems con-
sists, from this point of view, of splitting the number of per-
sons giving each response pattern into two groups; those recruited
from latent Class I and those recruited from latent Class IT.
(A more detailed description of how this splitting is accomplished
is given on pages 90 and 91 ).

e turn again to the four item example which formed the core
of the previous section. In Table 15.1 is shown the splitting
of the response patterns for the Job 3atisfaction Tests The
number of persons giving each response pattern has been split into
the numbers recruited from each of the latent classes. In Column
II are the numbers recruited from latent Class I and in column
III the number recruited from latent class II. Xach response
pattern recruits its members in varying proportions from the two
latent classes. There are for the Job Satisfaction Test, for
example, 44 persons who gave the response pattern é&-%{j. of
these resvondents 39.3 or 897 come from latent Class I. If we
inspect the response pattern 2%-&-§ we see that of the 20 persons

giving this response pattern, 12.6 or 637 come from latent Class I.
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Table 15.1

Classification and Ordering of Response
Patterns of the Job Satisfaction Test

I II III IV 4
3esponse Number Recruited From Total Score =
Pattern Clzss 1 Class 11 Col.11/

Col.IV
434 178.4 0.7 179.1 «99%
444~ 57.6 1.1) 5847 «98
"‘4"; 76.2 600 8202 093
-448 15.9 1.4 17.3 <92
+-344 3943 4.6) 43.6 ] «89
**"" 2405 906 5401 072
-4¥=- 5.1 2e¢2) 7ed 70
;";" 1206 703 19.9 v65
"&"" 607) 1590 1907 34
$--1 1647) 42,0 5847 .28
""‘ 3.5 9-8 13.5 1 '26
"'""" 2'2 2003 22.5 010
""" 5.4 6509 71.3 008
"‘""" 101 15.4 1604 007
""-'" 1.5 89.2 90.7 .02
- (005 14:0-0 14005 OOOO“‘ ‘
Totals 44743 428.7 876 el i

Te can use these ratios, 89% and 63%, as an ordering device for
the response patterns. The ordering ratios or scores appear in
Column IV. Table 15.1 has been arranged accordingly. The latent
dichotomy structure thus permits a unique ordering of response
patterns.

It is important to understand how the '"scores" -- the order-

ing ratios ~- have been computed. A response pattern's score is

the proportion of persons giving the response pattern who have

been recruited from latent Class I. It is possible to go a step

further in the interpretation of this score value: it is the

L e

probability that a person giving this response pattern comes from
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Class I rather than Class II. This can be easily seen if one

remembers how the two elements of this ratio were derived. Take
ing the response pattern éf&4~g a8 an example, the provability
of giving this response pattern for persons in Class I is

(1 = Ppy) Prp Pry (2 - 2p,)
For persons in Class II this probability is:

(1= P111) Pryp Prys (1 - Prgg)
There is of course no other class from which these respondents may
be recruited. Therefore, the reasoning of inverse probability
applies here. The probability that such a respondent comes from
the first class is the probability of being in Class I times the
probability of giving this answer if one is in Class I. Since the
probability of being in Class I is XE therefore the probability
of being in Class I and giving the response pattern §-+4-7 is

Yi (1= py) b, e, (1-p,)
The alternative probability for Class II persons is

/ - « - 3

Yir (L= pypy) Py Poog (1 -2,
The inverse probability that a person's giving the response pat-
tern £7¥+-Z comes from Class I is thereforet

i

- - - — o

Yy Q=pp) Prpyppy B-pp) 4 }/H (1= Pry) Prrz Pygg (1 - Prya)

This was exactly how the ordering ratio of Column V was formed.
Table 15.1 therefore not only orders the response patterns but

it algo permits us to classify the respondents into the two sub-

classes. This cannot be done with perfect certainty but only

with a specified probability attached to the judgment. /e see,
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for example, that 897 of the {+—++$ people in the Job 3atisface
tion Test come from Class I. Our best judpment about where to
classify these respondents is to put them into Class I. How-
ever, the 117 of these respondents who really belong in latent
Class ITwill ve misclassified.

Yote that some of the response petiterns permit better classi-
fications than others. The two response patterns £+%+¥§ and
i----f for example if classified in latent Classes I and II res-
pectively do not involve much miscleassification at all since the
scores for these patterns are .999+and 0CP+respectively. Other
response patterns involve a considerasble cmount of misclascificaw-
tion. The extreme case is exenplified by the pattern {%-&-f
whose score is .63. This score value tells us immediately that
63% of the persons giving this response pattern are recruited from
Class I and 37% from Class II. A4 decision about this response
battern would involve misclassifying 377 of the persons giving
ite (Fortunately, in this cace, few of the respondents gave this
response pattern and the amount of misclascsification is not very
serious.)

Zach test then varies in its precision, the degree to which

respondents are correctly classified into the two latent clazssese.

A measure of precision may be derived from the above considera-
tions. 7e may classify each respondent in that latent class where
he @ost probably belongs: but we know that we cannot classify all
respondents correctly. In the Job Jatisfaction Test we shall

have to classify the top 8 response patterns into latent class

I and the bottom eight in Class II.
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Proceeding on the basis of the above classification of
response patterns we will misclassify a certain number of respon-
dents. The frequencies misclassified have been placed in paren-
theses in Table 1541, A measure of the degree of precision of a
test may be formed by dividing the number of misclassified per=~
sons by the sample size and taking the complement of this ratio.

Degree of Precision =z 1 - number of misclasgsified
persons
Sample size

“'hen a test has perfect precision, this index has a value of 1
and as the index value departs from 1, it indicates increasing
imprecision.

The index value for the test is:

1L = 705 = +92
876

It is important not to confuse precision and fit. The lat-
ter concept refers to the ability of a latent structure to repro-
duce the manifest data. The former, precision, refers to the
accuracy with which regpondents mey be classified according to
their latent class memberships. Therefore a test may have good
fit but poor precision or poor precision and good fit.

nvery test has some degree of imprecision. The attribution
of respondents to a latent class is a probability judgment based
on his manifest response pattern. It can therefore never be made
with complete certainty. Turthermore this attribution may change
as the amount of manifest informetion increases. Assume for a
moment that only the first three items of the Job Satisfaction

Test had been available and let us inspect what happens to the
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response patterns {4%-} and {;--g when the fourth item is added to
the test. The ordering ratio for these response patterns would
have been .87 and .23 respectively. Adding the fourth item

splits each of these response patterns in two and now four scores
are shown:

Ordering ratio for Ordering ratio for Number of cases

first three itenms 2ll four items
+i-% «93 82.2
87
"’“"" 072 34-1
*u-"i .28 5807
. 23
$o==) «10 2245

By increasing our information by the addition of a fourth item,
not only a finer ordering of response patterns is possible, but
. the precision of the test has been increased. The effect of
adding items to a test (provided that these items satisfy the
conditions of reducibility) consists of improving the precision
of a test.

Sometimes, the researcher in ordering respondents by the
results of a test ranks them by the number of positive responses
they give to the questions on a teste If we had followed this
rule-of-thumb procedure in the example given in this section we
would have come out with roughly the same rank order of response
patterns. All the response patterns involving the same number
of positive signs would have been grouped together and we see in
Table 15.1 that response patterns involving, e.g., two positive
responses rank ashead of response patterns with but one positive

Sign, etce.



~-102~-

There are however certain tests where to follow this rule
of thumb would involve a considerable amount of error. These
tests are characterised by latent structures wherein one or two
of the items are very "discriminating" ones while the others are
poorly "discriminating" items. One such latent structure is
given in Table 15.2.

Table 1542

1
Latent Structure for LIFE Consciousness Test

Latent Class | 1 2 3
Proportions 5

,

¥l = +34 | .948 | 616 | .471
Yip = .66 1 .12z | .059 | .227

The items of this test vary considerably in their latent
marginalse The first item is the most discriminating. Practically
every one in the latent positive class gives a positive response
to this question and very few of the latent negative persons give
a positive response. The difference between the latent positive

and the latent negative classes in their responses to this item

lThe test whose latent structure is shown consisted of three
questions about which magazines a sample 1558 appliance dealers
seemed to them the most "talked about'" in trade circles. A men=-
tion of LIFE magazine to each one of the three questions was
taken as the positive sense of the items. Thus the latent attri-
bute underlying the answers to the test would be a sort of LIFE
consciousnesse. The texts of the items are not shown since the
main purpose of this example is to illustrate what happens to the
order of response natterns in certain kinds of tests.
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is quite striking. 4s a contrast consider item 3: less than
half of the latent positive respondents and about 23% of the
latent negative respondents give positive responses to this quesw
tion. Positive answers to this question are just slightly more
characteristic of persons in the latent positive class. The
gsecond item, while rather good for distinguishing latent nega-
tive persons, is not very discriminating for letent positive
pergons. Only 62% of Class I and 67 of Class II give positive
responses to this question. The disparity between the discrime-
inating powers of the three items comes out very clearly when we
inspect the scores for the response patterns of this test (see
Table 15.3).

Table 153

“tesponse Patterns of LITE Consciousness Test

I I I11 v v
Response Tumber Recruited Trom Total |Score = Col. 11/
Pattern Class I Class I1I Col. 1IV

+ + 4 14 4,3 1.7 146 «982

20.0 27.0 117 763

+ - - 101.3 0l.7 193 « D20

-+ 3 7.9 12.1 20 « 395

- * - 809 4101 50 1178

- - 4,9 194.,1 199 +025H

.~ - 5.6 659.5 665 .008
TOTALS | 526 | 1033 1558

The la*tent atiribucs of these thre2 items is very strongly
related to item 1., moderctely to 2, and poorly to threes The
low latent marginals of the last two items allow over 107 persons

who are latent positive to answer negatively to both these items.
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The very high latent marginal of item 1 makes over 100 persons
of this 107 give a positive answer to item 1. Thus the pattern
+ - - must have a higher score than the patternaf + {} The
combination of an item very strongly related to the latent attri-
bute with items rather weakly related to it will always produce
this result. The "weight" of one such item will exceed the com-
bined weights of the other two items.

Thus the rule of thumb procedure followed by some social
researchers of clasgifying respondents by the number of positive
responses they give can lead in some cases to an incorrect rank

order when the latent structure of the test is considered.

~T1: A GRAPHICAL APPROXIMATION ;BTHOD FCR CO'FPUTING A DICHOTCIMOUS

LATZNT STRUCTURE?

In this section a graphical approximation method for comput-
ing a dichotomous latent structure will be developed. The gra-
phical method involves few computations and can be accomplished
very quickly. Its use when no greal accuracy in the latent class
proportions or the latent marginals is desired can lead to con-
siderable economy in time and labor.

Starting with the equations of Jection I we can express the
latent marginals, p and p 11’ as functions of the manifest mar-

Ti
ginals, Di’ the Si values and the latent class proportions };

J
and 'S
Y. I

i
17.1a .. =D, ¥ 8 Y11
Ti 1 i ——
| ¥t

L
The main outlines of this method were developed by Iire

7i1fred A. Gibson of the University of Chicago.
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If equation 17.la is multiplied by \;X; and 17.1b by /Y}I we get
: N

the followings

A o5 r...,«
17.2 ™ - I v sl
@ Pri ¥ "pid*l ¥ 8y v
17.2b Moo W - [y
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These equations (17.22 and 17.2b) can be ssen as a wotstion
which transforms the points

X=zDP,» ¥V =25,
- i =T

X' - ! 2 S
= Pr1i j’xl’ Yoz Py Jxé

The rotation is clockwise and the angle of rotation, £y is given

into the point:

by:
cos 4 = §,}él
1743 sin £ - jxé“
tan £ - ;?%Ej‘_
J XII

The rotation involved is shown graphically in Figure 17.1.
A point x,y with abscissae, D, and Si’ is transformed by rotation

of the axes through the angle £ into the point x',y' whose ab~

scissae are now p v and B !5} .

i

IIi e II Iij 1

The unit distance on the x-axis has projections on the new

P T ——

axes, x',y' which are b/II and jxg: respectively« The pro-

N ) ronmrnostai e
jection on the x' axis is the line OB = cos £ = !XEI . Its
\
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FIGURE. 17.1
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projection on the y' axis is the line OA = sin £ = \/;gw;

All the item points in the configuration will iie within the
right triangle formed by the origin, the point, A, on the new
y*' axis and the point, l,l on the x-axis. This requirement fol-
lows from the definition of the latent marginals of a test as
probabilities and hence values of pIi and pIIi greater than unity
or smaller than zero are not admissible. Iences

st o+ it

0z pIIi\[/II < \,»/3)11

17.4

o
AN
«
)

O —
SV =P 7 S\[))I

The new reference frame, x',y* will therefore have some
position so that all the item points fall within the right tri-

angle 0,1,A, whose hypotenuse is the unit distance on the old

x~-aoxis and whose sides take on the values\f;& and / 3}1 .
. N

¥

The item points will always be positive and fall within the
first quadrant of the plmne. These points are however further
restricted by a relationship which holds between 3, and p., so that
they will always fall within a semi-circle whose o}igin i% at o5
on the X axis and which has a radius of <5« This regtriction can
be easily scen if we consider the following

-~

il -2
(11} = P Py

3, -
i ii
[ii] is the cross product of an item with an identical item. If
an item had a perfect relationship with itself (i.e., if everyone
positive on the item would also be positive on its twin and every-
one negative on the item would also be negative on its twin) then
pii would be equal to pi and si would be at its maximum value.

Hence o 2

maxXe Si =P =P =

Therefore:

maxe S, J/pi (l-pi)

Thus the maximum values of §, are dependent on the manifest mar~

ginals of the item and if welplot these maximum values as a func-
tion of p, they would lie on the circumference of a circle whose

radius is'«d and whose origin is at .5 on the p; = X axis.
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FIGURE 1742
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The angle, £, is, of course, given once the latent class
proportions are known. If, however, y; and 321 are not known
can the angle g be approximated; If so, a solution for the latent
structure will be obtained. The remainder of this section is de-
voted to developing a rule-of-thumb method for approximating the
‘angle of rotation from graphical representations such as rigure
17.1. If £ can be easily approximated then the latent structure
of a test is almost immediately given and the considerable com-
putational labor of Section XIII can be omitted.

In order to illustrate the logic of the approximation, we will
congider first a hypothetical example of three items whose pi and

Si values are as follows:

P, = +60 3.z #30
pz st 070 -‘32 - .30
PS = +50 33 = +40

The plot of these points is shown in Tigure 17.2.

In the previous pages it was shovn that,when the proper rota-
tion is made, all the points in the configuration should lie within
a right triangle erected with the unit-distance on the x-axis as
the hypotenuse and with one of its sides coincident with the new
¥y axis. This requirement immediately sets limits on the angle of
rotation. On Tigure 17.2, the rotsted system cannot be rotated
in a clockwise direction further than the position taken by the
axes marked x' and yt. In that position one of the points, 3,
lies on the axis y' and any further clockwise rotation would
exclude some of the points from vithin the right triangle 0,A',1.

The angle of rotation corresponding to this position is 50°.
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The other limit of rotation can be seen to be the position
marked x% and y%. If the axes are not rotated as far as this
position then the normal to the saxis y" drawn from the point 1
on the x-axis will exclude at least the point, 2, from the right
triangle formed. The angle of rotation must then be at least as
great as the angle the y" axis makes with the old y-axise. This
angle is 440.

The two right triangles, 0,A',1 and, O0,A",l set the limits
to the angle of rotation. The angle £ must be at least as great
as the angle the y" axls makes with the 0ld y-axis but not greater
than the angle y' makes with y.

These restrictions coincide with the reguirements, 17.4,
that none of the latent marginals of a test be less than zero or
greater than one., The limits of rotation are set by meking the
outermost points of the configuration coincide with one or the
other of the sides of right triangles drawn with the x-axis as
hypotenuse, the rotated y axis as one side and the normal from
the unit distance on the x-axis to the new y axis as the other
side.

Although limits to g have been set there is still a consider=-
able indeterminacy. ‘’e can choose any angle between 44° and 50°
in Tigure 17.2. In some cases the difference between the two
limiting angles of rotation may be as much as 15 or 20 degrees
corresponding to a difference of about .07 to «13 in the size of
the latent class proportionse

It is,however, very unlikely that in any given empirical case

that any of the latent marginals of a test would be exactly one



-1lll=

or exactly zero. The most likely angle cf rotation would there-
fore not be either of the two limits but some angle in between.
This consideration suggests that an average of the limits be taken
as the Ybest" estimate of the "true" angle of rotation.

since the sine squared of £ is the size of the latent posi-
tive class, one possible way of estimating ¢ is to take an average
of the sines squared of the two limiting angles and set #£ as that
angle whose sine squared coincides with this averagee.

In the hypothetical example of Tigure 17.2 the limits of
rotation were determined to be 44° and 50°. The "best" estimate

of 4 is then:

sin o =/(sin 44°)2 % (sin 50°)2 =/(.695)2 + (.766)2 o «7314rsin 47°
2 2

The angle ﬁ is thus determined to be 47°. The latent class Propore

tions and t are then determined zs:

- 2
5/1 = (3in 47°)% - . 535
Yip = (cos 47°)% - 465
t :”;,—L - tan 47° - 1.072
x 711

The latent marginals of the test are easily computed as

follows:
b

. t
14 20 ¥ Si/

-p -5t
Pr1; = % © 5y

The approximated latent structure is then:

Latent Class
Froporsions

/I - 536 88 | @8 .87

{11 = + 466 .28 | «38 | .07
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To illustrate how closely the approximation suggested here
approaches the exact methods of Section XIII, we will present an
example where the latent structure was computed by algebraic
methods and compare the approximated latent structure with it.
The example chosen waé the Job Satisfaction Test used in 3ection
KXI1T.

The manifest marginals are the 3 values of this test are

shown below and have been plotted on Figure 173,

Py = «342 S, = +185
Py = +571 S, = -254
P, = +626 53 = 309
P, = .481 §, = -348
Py = 406 55 = +300
p6 = «D77 36 = 181

The upper limit of the angle of rotation can be rapidly determined
from the plot of FTigure 17.3 by drawing a line from the origin
through the outermost point of the configuration so that all points
are either on this line or to the right of it. Tnis is the line
marked y'. The upper limit of the angle of rotation is then the
angle made by this line and the y-axise

The lower limit of £ can be determined by drawing a line from
the point x = 1 through one of the points in the configuration so
that all points are either on this line or to the left of it. This
is the line marked 1,A. A line drawn from the origin perpendicular
to the line 1,A then becomes the y" axis which determines the lower
limit of rotation. The two limiting positions for the new frame

of reference is marked by x',y*t and x%,y".
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FIGURE. 173
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The upper and lower limits of g were measured by protractor
0
and found to be 39° and 54°, Hence the "best" estimate of g is
then 46°. The corresponding latent class proportions are:
2
yé = (sin 46°)
b) 2
11

t = tan 46° = 1.036

52

(cos 460) «48

The resulting latent structure was computed and is shown in

the upper half of Table 17.1l.

Table 17.1

At TLatent Structure of the Job 3atisfaction Test
(6raphical Approximation ethod)

Latent Class |
Proportions 1 2 ® I 5 6
Y. = 52 | .520 | .816 | .924 | .816 | .694 | .751
Y 1 = 448 150 | .308 | .305 | .121 | .095 | .389
!

Bs ILatent Structure of the Job Satisfaction Test
(Zxact Computational Ifethods)

Iatent Class
Proportions 1 2 3 4 5 6
Yp = +55 510 | 791 | .905 | 797 | .679 | 734
Xi1 = 445 1237 | 300 | .283 | .093 | .072 | .376
1 H ; ’t

In the lower half of Table”17.1 is shown the latent structure
as computed in 3Section {IV. iiote how closely the approximation

comes to the results of the more exact metnod. The latent class
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proportions differ by about «03. The latent marginals differ
for the most part in the third decimal place and the graphical
approximation comes within a fairly accepntable range of error.
(Further examples comparing exact and graphical methods of come

puting latent structures are shown in Appendix D)

XVIIs APPLICATIONS TO REIPEATID ~T2ASURTMENTS

All of the material we have presented up to this point has
dealt with the interrelationships between several different ques=~
tions or measurements. The model may also be applied to repeated
measurements where the same observation is made several times or
the same question is asked repeatedly of a group of respondents.
The results of such an analysis‘homeveg has a slightly different
interpretation than in the more usual case vhere different measure-
ments are analyzed.

The application of the model and its interpretation are per-
haps best presented by giving an examplet A polling organization
conducted a panel survey of the readership of several magazines.
Three surveys were made involving the same group of respondents.
In an initial interview, made with a nation-wide sample of about
1,000, the interviewees vere presented with then current issues
of the magazines and were asked in detail vhether they had read
each of the articles in them. Tach respondent was classified
a8 to whether he had read each issue or not. Some three months
later the survey was repeated -- this time, of course, with dif-
ferent issues of the magazines in question. A third survey was

made about six months after the second.
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The results of the survey for two of the interviews is shown
in Table 17.l. The magazine selected for illustration is COL=-
ILIZR'S. Table 17.1 shows the interrelationship between reading
COLLIZR'S Magazine on the sccond interview and reading it on the
third interview.

Readership of COLLITR'S Magazine
Second Interview

Read { Did not Read |

COLLIZR'S COLLIZR'S
Read | !
COLLITR'S 48 75 o123
{
~hird 1
- 11T Did not ¢
Interview = .4 73 790 % 863
COLLIZR'S |
121 865 | 986

About the same number of respondents had read each issue.
121 respondents had read the issue presented to them at the second
interview and 123 had read the issue at the third interview. How-
ever, only 48 interviewees were readers on both interviews. A
large number of respondents who had read the second issue had not
read the third and of those vho read the third, few had read the
second. Thus although there was a positive correclation between
readership of the second and third issucs presented, this correla-
tion was not very highe

Tiae problem facing the researcher in this table is how to de-
fine what a Y“regular" reader of COLLIZR'S ise It is apparently the
case that few people read two issues in a row and, although this

information is not shown above, still fewer persons read all three
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iscues presented to them. hat then should be the definition of
& Y"regular" reader and how shall one go about finding out how
many “regular® COLLIZR'S readers there are?

One might arbitrarily decide that only persons who have read
all three issues of COLLITR'S are "regular" readers. This does
not seem to be a satisfactory solution because we knov that all
sorts of accidental factors can come in to cause a person to skip
an issue. A reader may be too busy one week to spend time reading
it. DPerhaps his local newsstand ran out of the issue before he
got around to buying it. Someone in his family may have mise
placed the covy, etcs A more realistic definition of a "“regular"
reader would be as someone who has a high probability of reading
each issue of the magazine but the requirement that this proba-
bility be unity is too stringent.

In the same way a non=-reader can be defined as someone who
has a low probability of reading a particular issue. One might
pick up an issue in a dentist's waiting room or at a friend's
house. Although a respondent may not be a regular reader of a
magazine all sorts of "accidental" factors may have caused him to
read one particular issues

The line of reasoning followed above surgests that the latent
dichotomy model might be applied here. It would cdefine a class of
persons all having the same high probability of reading an issue
of the magazine -- the latent class of "regular readers" -- and
anpther class with low probabilities of reading an issue -~ the
class of non-readers. If we fit a latent dichotomy structure to
this material it would conform to our intuitive notions of how a

regular reader should be defined and in addition yield an unique
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solution to the problem of classification of respondentse.

At least three interviews with the same respondents are
necessary in order to make possible to computation of the sug-
gested latent structure. However, the fact that some time has
elapsed between the administration of the guections makes for
some difficulty in interpretation. “'e know that over a period of
time, some of the 'regular readers" will become non-readers and
some of the non-readers will become "regular" readers. There will
be a certain amount of turnover and the amount will be dependent
in part on the length of the time interval between mezsurements.
The notion of a latent class of 'regular" readers and a latent
class of non-readers is, on the other hand, a ststic notion and
this will produce some complications when the latent structure is
to be interpreted.

To illustrate this difficulty and how it manifests itself,
the créss product matrix for the three interviews is shown in
Table 17.2. The magazine is COLLIZR'S.

Table 1 7.2

Cross Product liatrix for Readership of
COLLIZR'S lagazine

Interview
1 2 3

: {

1 ~=-- 1 0413 | 0329

N % 2

Interview 2 | 0413 | === | 0334 |
i 1

3 0329 | 0334 ———— }

If there were but two latent classes each latent class having a

certain probability of reading an issue of the megazine then the
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cross products between different interviews would be, except for
sampling error, identical in size, because of the relationship

shown in Section X 3
.. . J
(131 = oy ¥y (ogy - ryy) (Pry - Prpy)
Note that our notion of two latent classes with fixed probabilities

of reading a magazine would enforce the following relationshipt

Pri = Pry Prs = Pryy
and hence all the cross-products should be identical or very much
alike.

The cross-products in Table }7.2 are not alike. ’Some differ-
ences between cross-products can be expected on the basis of
sampling error alone, but the relative sizes of these cross-pro-
ducts follow a regular pattern. The cross-products between inter-
views adjacent in time are larger than those between interviews
further removed in time. {121 is greater than {13}. lote also
that the cross-product [12] involving interviews but three months
apart is greater than [23} where the span between interviews was
six monthse. The greater time period probably allowed for more
shifting about in readership. Some of the respondents who were
iregular readers" on the first interview became non-readers be-
tween interviews and some of the non-readers became readerse. The
amount of such defection and recruitment varies directly with the
time span, lessening the relationship between interviews which were
gseparated by the greater period of timee.

As a consequence of this shifting about, the latent structures
we shall compute for the readership of COLLIUR'S lMagazine will have

fluctuating probabilities from interview to interview whereas the
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model we wish to euploy here makes more sense in the latent pro-
babilities would be pretty much zlike. Hovever, certain rule-of=-
thumb adjustments may be made which in effect average out these
fluctuations and one such adjustment will be discussed later on
in this section.

The computed latent structure for the readership of CUL=-
LIER'S Magazine is shown in Teble 1T7.3. The class of latent
"regular" readers constitutes about 16% of the sample and the
remaining 847 are the latent non-readers.

Table 1703

Latent Readership of COLLITR'S liagazine

Probability of reading an Issue

lst Interview { 2nd Interview; 3rd Interview
Latent Readers '
oy e 68 «60 i «D0
(167%) |
T
Iztent Yon- ;
Readers (847, .05 .04 i .05 §

The probabilities shown in the latent structure are the probabili-
ties for each of the two latent classes of reading the different
issues of the magazines which were presented to them. The non-
reader tends to read, on the average, about 4 out of every 100
issuese. The regular reader, on the other hand, reads a little
more than 4 out of every 10 issues.

The results meke intuitive sense: we have defined two classes
each of which is characterized by a certain probability of reading
the magazine. The latent class of "regular” readers do not read
every issue that comes out but read a fairly large proportion of

them. The non-readers much more infrequently deviate from their
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Pattern of non-readership and read an occasional issue.

‘Je have been looking at the latent readership of this maga-
zine from the point of view of the probability of reading a par-
ticular issue. Another way of looking at the results of the
analygis is to inspect the probabilities of a "regular" reader's
missing an issue, and of a non-reader's reading an issue. These
Probabilities would indicate something akin to the "error of
measurement” of our procedure for identifying readership. They
would tell us how well the instrument, if employed but once, would
discriminate between readers and non-readers of the magazine.
These probabilities are easily ascertained from Table 18.4. Tor
the "regular" readers the probability of missing a particular
issue is given by the complement of the latent marginals (1 = pIi)
and for the non-readers, the probability of reading a particular
issue is Pryi® If the instrument of meazsurement of resdership
were perfect, boph these error probabilities would be close to
zero. To the extent that they depart from zero they indicate the
"error" involved in the instrument.

More specifically, if the probability of missing an issue for
a regular reader is .40, this means that at any particular inter-
view about 407 of the "regular" readers would be classified as
nonereaders. And, if the probability of reading an issue for the
non-reader's is .04 this means that 4% of the non-readers would be
migclasgified as readers at any one interview. The relative sizes
of the two latent classes of "regular® readers and non-readers
have to be taken into account, in order to determine the absolute
amount of misclassification involved.

The "“error" probabilities for COLLIZR'S Magazine is shown in
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Table 17.4,

Toble 17,4

"Irror" Probabilities for CCLLITR'S Magazine

l1st Interview i 2nd Interview 3rd Interview
i
Latent “eaders 38 040 .50
Latent Ion- .05 .03 .05
readers

Readership of any particuler issue of the magazine does not
seem to be particularly symptomatic of '"regular" readership of
COLLIZR'S. About 457 of the regular readers of the magazine miss
any one issue, and the error of meassurement in this respect seems
to be rather lsrzee.

Cn the other hand, very few of the non-readers accidentally
read an issue and if a person has not read an issue the error made
in clessifying him as a non-reader would not be very grsat. The
instrument used for measuring readership of COLLIZIR*S ilagazine
seems to be better for defining non-readers than for picking out-a
group of '"regular" readerse

e pointed out previously that the latent marginals computed
from repeated measurements tend to fluctuste somewhat with time
since ‘real' changes are undergone by the respondents in the time
intervals vetween measurements. In order to get arocund this diffi-
culty it was suggested thet a sort of average taken of the latent
marginals as the best estimate of the "true! probabilities at any
one interview, There are obviously many wa2ys in whaich the average
may be takene. Ferhaps the easiest wey is to insert the arithmetic

averages of the pi and 3. values into the eguationst
i



*l25-

b

b Si/%

pi - Sit

Ii
b

ITi

The manifest marginals, pi and the S values are averaged for the
i

i interviews and a single set of latent marginals is obtained

which are a sort of average of the real latent marginals.

The four magazines studied were LITZ, COLLIZR'S, LIBIRTY,
and THI SATURDAY IVINING POST. The latent class proportions and
the average Yerror" probabilities of these four magazines are pree-
sented in Table 17.5.
Table 17,5

Latent Readership and Average “irror" Probabilities
for Four National llagazines

At Proportions Found of Latent Readers and Latent Fon-Readers:

COLLIZR'S LITg LIBERTY SATURDAY
—— IVINING POST
Latent "Regular® 167 207 11 74
Readers " 07 17 6%
Latent Yon- o o
Readers 84:/9 80/) 89% 94%
i

Bs 3Irror Probabvilities

COLLIZR'S ; LIFZ , LIBERTY , SATURDAY
| | ZVaNING POST

Probability for a
Regular reader of 43 32 « 38 «22
missing an issue :

Probability for a
Non-reader of «05 +10 «05 « 07
reading an issue

1
See - footnote on page 123a.
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(Footnote to Table 17.5, page 123)
1

The manifest merginals, Py; for the four magnzines are shown below:

LIFE LIBRTY COLLIER'S SATURDAY EVEWING POST

lst Interview 20+ 12% 145 12%
2nd Interview 22% 12% 12% 12%
3rd Interview 22% 11% 12% 12%

Note that the manifest marginals do not differ very mach from interview to
interview. Each of the four magrzines has about the same number of persons
reading each of the three 1ssues presented to the respondents. Furthermore,
the last three magezinss, LIEERTY, COLLIER'S, and THE SATURDAY EVENING POST,
have about the same menifest merginals, and apparently cormand, as far as
the menifest rarginale are concerned, the same amount of the market. How-
ever, when the latent reedership of these lest three 1s considered, there
seems to be some difference between them. The SATURDAY EVENING POST has

the least number of latent readers, about .C6, while COLLIER'S has a

latent readership of .16. This finding on a mathemetical level indicates
that the relationship between reading an issue on one interview and read-
ing an issue on another iInterview is quite different for the three maganzines.
On an interpretative lovel, 1t indicates that the readers of the three
magazines were different in their reading habits. The readers of TIE
SATURDAY EVENING POST are rather loyel and read practlcally every issue.
From other sources we know that a large proportion of the readership of
this magazine comes about through mail subscriptions. On the other hand,
the readers of COLLIER'S magazine are much less loyal since they are less
likely to read any one particular issue.
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The four magazines vary somewhzt in the "loyalty® of their
regular readers. At the one extreme, a little more than 4 out
of every ten "regular" readers of COLLIZR'S miss a particular
issue; and at the other, only about 2 out of every ten regular
readers of THE SATURDAY VEINIFG PO3T miss an issue. SATURDAY
AVENIFG PO3T readers, from this point of view, 2re considerably
more "loyal." Mext to the POST, LITE magezine seems to command
somewhat more loyalty than the other magazines studied. The
regular readers of LIT] magazine miss a little more than 3 out of
every ten issues.

Looking at the bottom row of this table we can get an idea
of how often the non-readers accidentally pick up one of the
issues of each magazine. The four marazines differ very little
in this dimension of accidental readerships. The non-rzaders of
LITE pick up and read about one out of every ten issuss. S3ince
this magazine has the largest circulation of the four studied, the
chances that it would be picked up accidentally are greater. Its
larger circuletion would mean that LIFZ magazine would be Tound
in more of the homes, dentists' offices, etcs, that the non-
reader would vigit. The FO3T is & close second to LIFR in this
respect, while the other two magazines are tied for third placee
Only about 5 out of every one hundred issues are accidentally
read by someone who is not a resgular reader of COLLIZIR'S or
LIBZIRTY.

The interpretation of a latent structure for the repeated
readership measurements made a good deal of intuitive senses. Can

similar interpretations be made when the repeated measurements
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are of a different nature? Now we will take up a case where the
measurements pertain to a different field.

In a study of the 1948 presidential election three pre-
election interviews were made with a panel of respondents in
Zimira, NMew Yorke. In esach of the interviews the respondents were
asked to rate themselves =5 to their interest in the coming elec-
tione The gquestion asked was worded as folloviss

"How much interest would you say you have in this year's

presidential election? A great deal?y Quite a lot? ot

very nmuch? Ione at allov
The first interview with a panel of 757 respondents was obtained
in June 1948, the second in August and the third interview was
made in “eptember. Dichotomizing the responses to this question
s0 that a positive response wag defined as either "A great deal"
or "gquite a lot," the answers to the June and Zeptember inter-
views were related as follows:

Table 176

Relationship of Answers to June and
September Interviews

June
Interested { Not Interested f i
Interested 424 ; 127 551
September fot T f - ﬁm"“NA
§§terested 78 ; 125 g 20%
502 252 757

502 persons rated themselves as "interested" in June and 551 pere
sons in Sentember. A large proportion of the respondents rated

themselves as interested in both interviews. There were persons
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-= 78 in number -- who rated themselves as interested in the
first interview and as not-interested on the second interview.
127 respondents rated themselves as "not interested" in June and
“interested" in September.

Despite the shifting about -- which, incidentally, shows a
net increase in September of interested persons -- the correlation
between the two interviews is fairly high. It is higher, for
exampie, than the correlation shown previously between readership
of different issues of COLLIR'S (see Table 17.1).

To fit a dichotomous latent structure to this material is to
postulate distribution of respondents as either latently inter-
ested or latently uninterested in the electione The "latent
interested" persons are those with a high probability of saying
that they are interested; the-latent uninterested persons are
characterlzed by a lom DfOLPbllltJ of rat;ng tJemselves as 1nter-
ested.‘vmhere is room for all sorts of ac01dent 1 Pfctors to nlay
a role‘ln a ree ondent's response to one partlcular 1nterv;ew. An
;nue eSueJ peruon may’have become antagonized by an incident in
the Campaign Just nrior fé the interview' his mood may be such
that hls answers to a questlon reflects pr;merlly nis qood rather
than the relatlvelv enduring interest he really has;y the 1nter-
viewer's questlon may be mlsunoerstood, etc. o

In the same way, an unlnterested person s 1esponse to any
partlcular 1nterv1ewtm1~nt reflect th mood, or a temporary surge
of 1nterest, or a ”’11sunderstarmm'r of the questlon, etce. Inter—
ested persons have a certaln probabllltv of r@tlng themselves as
dlslnterested and d1=1n+er°sted persons have a vrobebllluy of

rating themselves as interestede. The interpretation of the latent
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structure computed for such a series of repeated measurements
then is properly put in terms of an underlying distribution of
Ureal" attitudes reflected only imperfectly through the answers
to a question. ZHach ouestion has a characteristic ‘'errort" --
defined as the probability that a person who is latently posi-
tive will give a manifest negative response and the probability
that a person who is latently negative will give a manifest posi-
tive response.

The latent structure for the three administrations of this
question is given in Table 17.7. Yote that the probabilities
shown are the "error" probabilities discussed ahove:

Table 17 .7

"Arror" Probzbilities For Elmira
Repeated Interest Nuestion

l1st Interview | 2nd Interview 3 3rd Interview

. d
latent Inter- ‘ .

i
ested (727) 19 g .07 ; .10
‘ i
latent Disin- | : :
terested (28%) .30 i .21 ; W14
¥
: i

Obviously questions will differ in the size of these terror"
probabilitiess A good question -- iees, one which will permit the

best imputation from manifest response to latent position -- is

The probabilities shown in the first row of this table are
the probabilities that persons in the latent interested class
will give themselves rating as "disinterested." The proba-
bilities in the second row of this table are the probabilities
for latent disinterested persons of giving themselves ratings
ag "interested."



~128-

one in which these probabilities are very small. A question which
does not discriminate very highly is one in which both these pro=-
babilities is very high.

Some questions might be good for discriminating those who
are latently negative., This would be expressed by low error pro=-
babilities for the latent positive class and high error probabili-
ties for the latent negative cless. Or the situation may be
exactly the reverse: high error probabilities for the latent
negative class and low error probabilities for the latent posi-
tive class.

“hile the error probasbilities for the latent interested group
and the latent disinterested group are much more alike than in
the previous example of latent readership, there still is a con-
siderably greater chance for a latent disinterested person to
claim interest on a particular interview than for a latent inter=
ested person to rate himself as disinterested. The results are
almost as if there were some sort of pressure upon the disinter-
ested persons to appear interestede.

The reader may have noticed that in this case, as well as in
the case of the readership measurements discussed previously, the
time interval between the administrations of the question has had
an effect on the computed latent probabilitiess The interest gques-
tion started out on the first interview with the highest of the
three sets of error probabilities, .19 and 30, and this probably
expresses the well-known fact that early in a presidential came
paign interest has scarcely crystallized. (The first interview

in June was before the nominating conventions had met.) As the
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campaign progressed, interest became more and more crystallized
and the error probabilities tended to decrease.

In this example it probably does not make sense to average
the three error probabilities as we did in the magazine reader-
ship example since the existence of differentials through time
probably reflects real changes in the nature of interest. The
average "error probabilities" are shown below, however, more to
illustrate their interpretation than to claim any real validity
for them.

Average XIryror Probabilities

Latent Interested 12
Latent Uninterested 21

At any particular interview only about 125 of the really
interested persons will claim to be uninteresteds. /e cannot make
too much of an error of classifying interested persons into the
uninterested category by considering a positive answer on one
interview as an "interested answer." The other kind of error --
namely that of classifying uninterested persons as "interested!" -
is much more likely to occur. This is indicated by the finding
that at any particular interview about 20% of the really uninter-
ested respondents will say that they were interested in the

election.

AVIIIs APPLICATIONS TO CPHER ARDAS

1fost of the discussion, both theoretical and empirical, of
the latent dichotomy model has centered around problems of and
examples from the field of attitude testinge It would, however,

be a very much mistaken conclusion to infer that this model is
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specific to that problem area. 1Its application to other fields
of investigation can be made with hardly any transformation in
either logic or computation. Any set of manifest data provided
it forms a dichotomous system and meets the conditions of re-
ducibility can be treated and the emphasis on attitude test
problems found in this Chapter stems primarily from the greater
availability of such materials for illustrative examplese.

One immediately feasible extension of the model's application
would be to data where the observations made of individual be~-
havior are no longer of verbal opinion in the interview context
but observations made upon the behavior of persons in the natural
context of life situations. One useful and presently feasible
content areca of this sort would be the study of socio-economic
status. A great deal of what we mean by socio-economic status is
the differentially distributed ability to gratify one's wishes in
purchasing desired goods and services on the market. One might
observe a sample of persons and note down whether or not they own
certain material possessions or avail themselves of desired ser=
vices. Does person X own a home, or own an automobile? Does he
have a television set or a record player?, etce A list of several
dozen such items can be jotted down in a very short time. The
observations would form a dichotomous system, and if the condi=-
tions of reducibility are met, define an underlying latent distri-
bution of persons. A beginning at such an analysis constitutes
the content of Chapter 2« .

In the case cited above, the units sampled are still indivi=-

dualse. The difference between the material of attitude tests and
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the material suggested for the study of socio-economic status lies
primarily in the difference between the interview and the natural
life situations as the contexts in which the data are collectedd
But the units of observation need not be individuals but some
aggregate such ss social groups or ecological areas.

The model may be applied to the study of such concepts as
social cohesion: this is a group characteristic which is not a
directly observable attribute of social groups in the same sense
that attitudes are not directly observable characteristics of
individuals. ‘hen we say that one group is more socially cohe=-
sive than another pgroup we mean that the first group behaves dif-
ferently from the second on a whole series of items. Cohesive
groups are likely to have more friendships betwveen members of the
groups than friendships with persons outside the group. The mem=
bers are not lilely to speak disparagingly of group symbols or
norms, etce One might draw up a lengthy list of attributes of
groups each attribute related to general concépt of social cohe=
sione. Tach item on the list does not have a one to one relation=-
ship with the notion of social cohesion, but the most one could
say is that groups characterized by a high degree of social co-
hesion also have higher probabilities of behaving in a specified
fashion.

In the two cases cited above, there may be some doubt as to
whether the latent dichotomy model is the appropriate one for the
problem. Another extension of the model would be its modification
along certain lines. It may moke more sense for some problems to

consider a model where the underlying distribution of persons is
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not dichotomous but where there are three or more classes and
pernaps even a continuous distrivutione An extension of the
model in this direction is considered in Chapter II.

There are, however, certain domains where the dichotomy model
is particularly appropriate. One prime example is tne field of
diarnostic medicinee The diagnosticiansg are concerned with devis-
ing tests which would enable them to divide a population into
those which have a particular disesse and those which do not.

Very often the vresence of a particular symptom is not by itself
a good criterion of whether a patient hes the disease, just like
the answer to a psrticular question is not entirely indisa*ive

of the respondent's attitude. The Giagnnetician must rely on
several indicators and the problem which faces him is how to place
patients with certain patterns ot symptoms into one or the other
of his two latent classest the "latent diseased" and the "latent
healthy."

There are, for example, several tests for %tuberculosis:t the
sputum of the patient is examined for the presence of tuberculo-
sis germsy the patient's skin is injected with certain toxins and
his reaction noted; the pstient may be given a chest X-ray and the
Tilm inspected for the presence of tubercles, etc. ‘here a vatient
shows up positive on all tests or negative on all tests no diffi-
culty is experienced in rendering a diagnosiss¢ the patient either
has the disease or he has not« The difficulty arises in the cases
where one or two tests are positive and the othiers negative. Then
the diagnosis of tuberculosis cannot be made vwith any certainty.
Perhaps the lstent dichotomy model applied to problems of this

sort might lead to a unique ordering of “symptom patterns" in
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exactly the same way as the response atterns of TEVVs cm yo
were ordered.

Another general area where the latent dichotomy model seems
particularly appropriate would be situations where administra-
tive or managerial considerations require the notion of an under=-
lying dichotomization of persons. In an earlier section (Section
11T } reference was made to the present loyalty investigations
of Federal employeess The investigators assume the existence of
two kinds of employees, "loyal" and "subversive," and their prob-
lem is essentially that of inferring from manifest behavior to
the underlying position in the two latent classes. The same
necessary assumption of an underlying dichotomy obtzins in other
administrative programs: a perscinnel department wishss to divide
job apnlicants into those suited for the work involved and those
who are not; the examiners in a mental hygiene clinic would like
to divide patients into those who need therapy and those who do
not, etc.

Outlined above are only a few of the many problems to which
the logic and procedure of the model may be apvlieds The reader
may undouvtedly think of other content areas from his own inter-
ests where the necessary data may already exist or where it may
conceivably be collected.

It must be stresced however that the latent dichotomy model
is a rather primitive one and in many cases it does not make in-
tuitive sense to consider the underlying distribution of persons
as a dichotomy. 1In the next chapters of this report we will go
on to consider more complex models where the concept of a continu-

um over which vpersons are distributed is introduced.





