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PART I 

A SIMPLE MODEL FOR ATTITUDE TESTS 

by 
Paul F. Lazarsfeld and Peter Rossi 

In the summer of 194g the Social Science Division of 
RAND contracted with Dr. Samuel A. Stouffer and associates 
at the Harvard Laboratory of Social Relations to conduct 
research on the measurement of attitudes. The purpose of 
this project was to develop methods for more exact descript­
ion of the more complex characteristics of people. The 
morale of soldiers, the degree of tension between white and 
negro troops, the capacity of officers for leadership are 
topics on which information is needed for many purposes. 
~~ile the judgments of intelligent observers are useful, it 
is often desirable to have statistical measurements which 
can be applied to large numbers of people and do not require 
the presence of such skilled reporters. Methods for such 
bookkeepin~ on psychological and social factors are now sought 
by many social scientists, and this project explores one 
special approach to the problem. · 

Some of the results of the first year's research were 
included in Volume IV of Studies in Social Psychologl in 
World War II. As the authors of this volume stated n the 
preface, "experience on the (RAND) study has been of inesti­
mable value in broadening the perspective of several of the 
authors of the present volume and leading them to make late 
revisions in their manuscripts -- in some cases, revisions 
which are ouite fundamental in character." 

In 1949 it was decided to continue research on attitude 
measurements, with emphasis being placed on the mathematical 
basis of this approach and its application to empirical mater­
ials. The work was done under the direction of Dr. Paul F. 
Lazarsfel~ of the Bureau of Applied Social Research at Columbia 
University, who had worked with Dr. Stouffer during the first 
year of the project. 

The present Research Memorandum RM-455 -- "The Use of 
Mathematical Models in the Measurement of Attitudes" -- gives 
a detailed presentation of the preliminary findings of this 
project. It will be followed by a RAND report which will sum­
marize the data and state the conclusions of the study. 

Because of its length, the Research Memorandum is issued 
in six parts. The present paper is: 

Part I - "A Simple Model for Attitude Tests", by 
Paul F. La~arsfeld and Peter Rossi. 



The titles of the other five parts are: 

Part II - "Mathematical Developments in Latent 
Structure Analysis" 

Part III - "The Application of Latent Structure 
Analysis to Problems of Reliability" 

Part IV - "The Application of Latent Structure 
Analysis to Some Problems of Concept 
Fonnation in Sociology and Social 
Psychology" 

Part V "Applications of the Mathematics of 
Multiple-Factor Analysis to Probla=::: 
of Latent Structure Analysis" 

Part VI - "Probability Models for Analyzing Time 
Changes in Attitudes". 
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I: IliTRODUCTIOl'T: TH:r~ US3 OP r.;:,:?LANA7.'0RY ' 10D:.DLS 

No mature science has come of age by sticking to the des­

cription and manipulation of the ..,;henomena immediately accessi­

ble to its instruments of observation. The history of the 

older, well established sciences of physics, cl1emistry and 

bi olocy E1icht ·well be meaningfully re-written as a.n analysis 

of a succession of explanatory models each of which went beyond 

the then empirically observable data in the field to postulate 

some underlying but directly unobservaole organization. These 

sciences have advanced precisely because they were theoretical 

as well as e;npirical. 

The models employed by the older science:J are as familiar 

today as the front page of the daily newspaper. Everyone knous~ 

if only vacuely, of the physicists' tUOdel of atomic structure 

and has at least a notion of how the solar system looks accord­

ing to the Ptolemaic model. The geneticist too accounts for 

the characteristics of generations of a specie by postulating 

certain structures in tl'1e germ cells of the animal or :plant in 

question. In most models crucial elements of the explanatory 

structures are not directly observable either by the unaided 

senses or nith the aid of the present set of measurinc instru­

ments. :Jome disciplines □ 00::1 to have made great progress by 

employing models some of vrhose co::1.9onents e.ppear to be conveni­

ent "fictions, 11 invented to account for vrhat a:ppeared in their 

e,npirical observations. 
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A fairly obvious scheme is followed in model building: 

confronted with certain Pl§..Pife__,E_t pheno;nena -- direct sense im­

pressio~s, dial readinrs, Rorschach protocols, etc. a model 

is set Ui'.) to account for the manifest data in terms of some 

postulated latent organization. Usually the latent structure 

is not directly observable in the same sense aD nre the dials, 

protocols, etc., but is inferred in order to 9ccount for them. 

''e have termed the underlying orE:G..nization ''la.tent '1 to express 

this characteristic of not beinc directly observable. 0-bviously, 

the terms latent and manifest are historically conditio~ed in 

their application. ..:·hat we term le.tent today may become mani­

fest tomorrow when more powerful tools of observation become 

ava.i lab le. 

~~here is of course more to the employment of a model than 

just postulating some kind of latent orlanization. The scien­

tist will ordinarily indicate how the latent orfanization and 

the manifest phenomena are linked together. lie will spell out 

a saries of propositions about t~e relationships between the 

latent and the manifest levels. 1tatements about these re­

lationships might be called 11 accounting 11 _propositions since 

they 11 c:ccount 11 for the manifest :;;fr,.enomena in terms of proper­

ties of the latent elements. 

The three components we have indicated, manifest phenomen<1, 

latent organization and accountinc propositions, make r:.p v/hat 

we may call an explanatory model 1iihose purpose it is to brinb 

order into the heterogeneity of 5:iven materia.l. 

Since the latent components in a model are not subject to 
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direct observation and verification, many models may be con .. 

structed accounting for a given set of observations. Using a 

familiar exam;ile, both the ftolema ic and the Copernican mc,dels 

of the solar system account adequately for the observable 

apparent motions of the planets and if we would be content 

with any model -v:hich would merely be consistent with observa­

tion, v;e Foulcl be short of criteria for rmc,kinr.; a decision be­

t,,veen the many possible ones. some models may be pre-.i.'erred 

ove1· othe:;rs because they are 11 sir,Y9lcr" and ace;ount for the 

manifest J)heno::-,1ena in terms of a s,naJ.ler r1um'oer of latent ele­

ments. ()bviously a model which employs as many latent elements 

as there a1·e ms.riifest pieces of informetion does not aid in 

reducing the complexity ,:,:.nd heterocenei ty of observc::,ble data. 

rut "sirn1llicity 11 is not an infallible guide through the many 

alternatives of explanation. 

A more fruitful criterion defines as the better model one 

v,hich carries v1ithin its latent structure the posBibility of 

prediction of manifest observations c□ ing beyond the imDediate 

data it 1iras set up to a.ccount for. The better model, w,::.en its 

implications are worked out, leads to further ol)Servation and 

frn.cc e ssfulJ.y ace oun ts for these observations w:1en t t'ley are made. 

111:rn history of otomic physics demonstrc:,.tes hovr model [Ster model 

of atomic structure was successively constructed and then dis­

carded as the implications of each l,1o~el ·.-;ere vvarked out and 

t t d . " t· b t . l es e 1n 1ur ner o serva ions. Jach successive model more 

1Recht 9 Selig ""3x.plaining the Atom" Viking Pre □ s, N. Y, 1943 
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adequately accounted for the increasing aml)unt and scope of 

observations. 

Thus 1Ne see that the employment of explanatory models 

properly involves a procedure which might be characterize~ as 

a vrnaving- back and forth betli:een o::iserv2,tj_ons and model. A 

model is constructed to account for a certain set of observa-

tions. '.Jorl<ing out the implications of the model indicates 

that certain relationships should obtain bet~een further ob­

servations made on the manifest le-vel. ~he indicated 11 crucial 

experiment" is t:1en m2.de rmd if tl1e model is incorrnistent with 

the results obtained it is revised to account for them. 

The more precisely a model may be ~·ormulc1,ted the more 

useful it becomes. Hence a model in ~hich the accounting propo­

sitions and the latent organization can be stated in mathemati-

cal ter:ns is highly desL~able. A mathematical model relates 

the manifest 

e o ua. t j_ on s. 

A few words mirht be devoted to the nominalist-realist 

controversy in connection with the use of models. '\l though 

future developments in the observntional techniques of a sci­

ence mieht allov.r the scientist to directly verify ·.rhether or 

not the lc1tent structure postulDted 11 really 11 e:x:ists:,i it is not 

a necessary requirement that his efforts be directed towards 

thc:i.t end. In fact, certain latent ele~nentsj as, for example, 

force~ are explicitly defined as non-observable phenomena. It 

is enough for the successful employment of an explanatory model 
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to state that the manifest phenomena show certain character­

istics "as if 11 they had ·been generated by the postulated 

model. Perhaps one day the existence of genes may be directly 

verified or contradicted by observations on chromoscmes, but 

the successful employment of the gene model in genetics rests 

on the observations that the characteristics of generations of 

a 3pecies are accountable in terms of such a model. 

In the pages to follow we v~ill atte\':-ipt to construct a 

sLnple model which may help the social scientist in ordering 

the kinds of data which arise from his observations of human 

behavior. Not all observations will be considered, however. 

7e will restrict our attention e .. t first to the kinds of mani­

fest material arisinrr from the administra.tion of simple atti­

tude tests to eroups of individu::1ls. Later v.re v1ill indicate 

how the model may be ;::;.ppli ed to other materials. 

The social scientist constructing an attitude test ends 

up v1ith a list of questions or items vrhich he ·will ask of a­

group of respondents. './i th the answers given to these ques­

tions he hopes to cla,ssify persons accordinf to their attitudes. 

:Jith a test of radicalism-conservatism he hopes to classify 

respondents as more or less radical and more or less conser,~­

tive. He may end up v:ith two groups, radicals and conserva­

tives, or ·with nhat may be considered a distribution of people 

along a continuum defined by the extreme poles of radicalism 

and conservativism. 

The items he choost:;s are of course not selected at random. 



In a r::1dicalism-conservatiam attitude test~ he vrill not iL~­

clude a problem in arithmetic. Fe selects items the answers 

to which he considers will be "indicative" of the l'8Sl'.londents• 

attitudes in this respect. A general ch1racteristic of such 

i tams is that any particular c1·:•_ does not seem £_9,Tn:pletely 

indicative of the respondents• attitudes. A test constructor, 

for ex.am1'.)le, micht heve included in a test of radicalis1n, the 

following three items: 

"Do you think Karl !Iarx was a better economist than 
Adam Smith? 11 

___ Yes ___ No 

"Do you think the Russian Hevolution was a t;;ood thing 
in the end for the Hussian 11eople? 0 

___ Yes ___ Wo 

"Do you think th.cit the cauitalist svstem is doomed 
to disappear bet01·e the end of this century?" 

Yes Fo --- ----
Obj ec ti ons can be easily made to any one of the three items on 

the grounds that an answer is not necessarily indicative of 

radicalism or conservatism. A respondent may feel that Adam 

Smith as an economist vvas inferior to Farl Ifarx and yet not 

be a radical. His estimation of the tuo men may be based on 

other crounds th2,n his political complexion. Or, one might 

consider the capita.list system to be doomed a.nd yet mourn its 

}'.)B.ssing. In other words 9 for ea.ch of the i terns on thi. s hyno­

thetical test, there does not seem to be a one-to-one corres­

pondence between an attitude and the answer given to the item. 

Yet the list of items a.s a '/ihole seems to "make sense• 11 

Radicals are more likely to give certain kinds of answers and 

conservatives are more likely to give a different set of 
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nnsv;re1~s. AP:i_-;2rently \ihnt w0 mean by uaJ'inc that a list of 

items •1"c,18l:essense'1 is thc.i.t there is some l.ind of relationship 

1.J,3t·i, a~:L t:1e not-directly-observable attitudes of the respon­

der.ts and the anff,.ers t/tey give to the test. 'I'he ansY. ers to o. 

test seem to be account,1.ble for b:' so;:1e underlying distribution 

of respondents classified by their attitudes. 

The discussion so far has boen quite vacue. Ve have talked 

about an ansvrer to an item ·iJeing 11 relatod 11 to the res~;iondent's 

attitude, l)ut we have not speciti0d what the relationshil) vrns. 

We have also mentioned that a.nsvvers to a test can be accounted 

for by some not-directly-observable distribution of respondents, 

yet we have not specified wh&.t the distribution is. Our next 

task is to construct a 1,1:-idal in ':rhich the ti:li.ngs ,-re ha.ve va;~·uely 

hinted at are made more specific. 

The model we will consider is one in ~hich it is postulated 

tha.t the l,3tent distri·bution of respondents i o a dichotomy. 

~eople are l2tently either radicals or non-radicals, anti-

se~itic or non-anti-semitic, etc. • many 

cases one might think of v.rhere it rna.kes intuitive sense to thin1<" 

of such a latent orcanization of people. In real life we feel 

that there are gradations of radicalism from the revolutionary 

,:)0sition through reformism and c.;radations of a.nti-semitism i:rom 

2 desire to externinate 2.11 Je·,~.'s to milder forms of discrimina­

tion. The one general case v1here postnlc-,tinc such a latent 

distribution seems to make sense is r;here ad111inictrative neces­

sity forces 2 sepr,.ra. tion of i>eople into tY'O classes. One rnight 
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be interested in separ~ting recruits into those who are 

suited for the Air ~'ore e a.nd those who are not. Jr, the J.:B. I. 

micht be interested in sortinR out subversives from among all 

government enployees. In proceeding with the loy2.lty checks 

of federal er.1ployees the ~-.B. I. tf!.ci tly assumes that there is 

an underlying latent dichotomy conBisting of subversives and 

loyal persons and their task boils dovm to inferring from mani­

fest behavior to the la.tent 11osition of er;1ployees (i.e., whether 

in the subversive or loyal clacs). 

CarryinL out che -i::.r.r. example further~ one rnight easily 

conceive of a hypothetical check list consisting of a series 

of questions, e. c. ~ ••Docs the employee have any radical friends? 11 

"Does the employee rea" ?'1.f r2dical literature'?", etc. Any 

investi~ation of u particular employee mi~ht consist of going 

down such a list of itens and e:camining the employee's behavior 

to see where the eri1:ployee fits in every case. "Jach et,1JJloyee' s 

behavior is checked acainst each item and the problem ';rhich 

might face the "F.J~.r. is hovI indicative are 2.ns':rers to each of 

the items nnd hm.1 to inf'er from the }:lat tern o°i.:' Cfh;Ck mn.1·ks on 

the lists which patterns identify :9ersons as mem,1ers of one or 

the other lotent clasGes. 

The s im:;)le model vre vJi 11 consider then is one in ',rtiicil there 

are two latent classes and where people can be classified into 

one or the other. T1:1e ;:;mnifest beha.vior of persons, i.o., their 

anmrnrs to our attitude tests are cot!rpletely s.ccounted i'or by 

the existence of these two latent classes. The pro~ram laid 

dovm for us in t:1e Da[;'es to folloi:1 consists of t:1e follo,,ing 
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points; 

(1) Fow may v1e reyJresent the manifest data ... - the 
answers siven to a test -- in quantitative terms1 
::ere we will consider not the case of attitude 
tests in ceneral but only those tests the re­
sponses to which are of the dichotow.ous type 
(e.r., yes-no, a&ree-disapree, etc.) 

(2) '/'hat is meant by the manifest data being com­
pletely accounted for by the existence of two 
latent c la.sse s? 

( 3) 1Iow· may vre represent the man if est da.ta in terms 
of the la. c.en t parameters 'Ne may a.ssume? 

(4) Vow may the latent parameters be co.aputed? 

(5) How ,,ia;y one assicn individuals to each of the 
C lafJ Ge s? 

(6) Fow ma,y one recognize from ma.nifeGt dota that 
the data is consistent with the latent dicho­
tomy r,10del ':-

(?) Hm-; t:1.ay wo r·'.::'3t the problems 'Nhich ari::rn in 
using falli1le d~ta? 

The attitude tests qe are considerin here consist of a 

nu,nber of items (1~2,i:S ••• m). 'T'l:1.e re~,2;,ow3es to eac:.1 item are 

dichotomized. A res1Jondent i,my eitller rtive a rJositive (~) re­

sponse or a n e cat iv e ( - ) re s :,;n n ;3 e • Po s i ti v e re s po n s e s are 

those which appear from their content to be indicative of the 

exiGtence of a fiven &ttitude in the individual. ?or example1 

if in a test of anti-semitishl, the positive cl~ss is considered 

as the clar::s ot a.nti-se:11ites 9 then the ansvrer ,rve.s·1 to the qnes­

tion, "Do you think Jevrn should be 1)e.rr,3d from high office? 11 

is a positive respon2e. rote that if the non-anti-semitic 

c lacrn had been considered af3 11 :posi ti ve 9 11 then an ansvrer •'IT u 11 
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l would be considered a positive response. 

:Fumoering the items in such a test arblt:earily; it,em l, 

item 2, item 3, •• , ite:11 ,·1, tho total stc:~tistical inform.s,tion 

available about the 2.nswers to a test can be e~qir(;ssed in terms 

of a system of positive frequencies, 

zero order positive 
frequencies 

first order positive 
frequencies 

second order positive 
frequencies 

third order positive 
frequencies 

-~---·· -- --- -------- --- -·- --- ----

n: number of individuals 
ta.kint-:' test 

nl = 

n2 :: 

n3 :. 

nm = 

number of individuals 
positive on item 1 

nun1ber of individuals 
l)OSitive item ') on ..., 

number of individuals 
JJ0,3itive on it ''.)[!l 3 

number OI individuals 
positive on icem m 

_ num1:;er positive on 
both items 1 a.nd 2 

n 13 = num'oer positi7e on 
both items 1 and 3 

n 1 1 \ ~ \ - number Jositive , m- 1 m, -
1 01 the m-1 and mth 

items 

= number positive on i terns 
l ~ 2, a,nd 3 

n 124 :: nwnber positive on items 
1 ~ 2, and 4 

13:)nntimes (as e.g. in a cornpletely :;::irojective test lite 
the ::1orschach) it is r:ot possible to decide in advanc.:e which 
should be taken as the :positive re SJJon se. -, ere the dee is ion may 
be made arbitrarily initially ,c1.nd the uubseouen t 2nalysi s wi 11 
sho..-1 v1hether the decision was a correct one. 
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mth order positive 
i'rec:uency 

, .. 
~ nl ;~3 ••• 1n : number positive 

on all u iterns. 

The number of such positive frequencies is 2m, or, if we 

exclude the zero order positive frequency~ n, (2m - 1).
1 

The positive frequencies making up a dichotomous system 

have 2m degrees of freedom. In otlrnr vrnrds no positive fre­

quency can be constructed from any other or any combination 

of positive fre~uencies. Jach positive frequency in a riven 

set of date is the result of an independent observation. 

Another way of ex:::i:cessinc; the manifest rno..terial is in 

terms of the 11 L1.ltimc.:1,te frequenciesj II the numbers of respondents 

giving each possible response pattern. The symbolism for the 

response patterns of a three item test are given below: 

Lrhe proof o{ thi~3 stcitement is ver:' sidJle; The number 
of positive frec;uencies is rna,c;e up 2.s fol1ovrn~ 

Of order 0 
Of order 1 
C:,f order 2 

Jf order 3 

! 
t;-1e ·:·.rh_? le.,,. num,.b :r _ o~ re s1, on dents) • • • • 1 
tL18 nuu1be... of 1 tems) •••••••••••••••• m 
the number of co1i1binations of 
m things tdrnri 2 !:} t a time) •••••• • • • .-2.~J£1:..:-_~l 

1•2 
(the number of' conbinations of 

t ' . t 1 3 + ,. . ) lfl Ull1CS cl,::en au a vlme • • • • • • • • • 
r:1{m-l) (m-2' ----·--·· •;.,-......... _. .......... ___ , __ "":_,l_ 

1·2•3 
and so on. 1ut the series 

is the binomial exDansion of (1 f l)m or 2m 

(After Yule and l~(mdall, 11 Introduction to the '"heory of -;tatis­
__ tic.!?,_, P• 17) 13th Etlition, 1940, London, Ch'),d<'ts Gr:tff~~-n, Ltn .. -·-·-·---•-·-• 
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r 
number :positive a,11 items .,; 4-4,-1, = on 3 - nl23 \;· -

'44- :. number positive on first 2, necative on third 

+-~ = numiJ er positive on 1 and 3, neeative on second 

-·H•'• number :po si ti ve on 2 and 3, .;. . on first : nega,J1ve 

f-- ::. number positive or1 first, nepitive on 2 and 3 

-~ - ::. number positive on second, nefative on 1 and 3 

' __ .., 
= number positive on third, necative on 1 and 2 

: number negative on all three items 

Note that there are also 2m response patterns or ultimate f:ce­

quencies in a dichotomous system. The symbolism for a three 

item test, shown above, is easily extended to the case of tests 

with larger numbers of items. 

·-re will find that considering the ultirnat8 fr0qi.10ncies 

will only be necerrnary when we come to the ::n·oblem of cLJ.ssify­

ing individual res:)Qndents. A. person ts ans,;rnrs to a test a.:ra 

completely specified b~r his response pattern and in the end our 

task is to assien res11onse :patterns to one or a.1•)ther of the 

two latent classes. 

l:ote that the ultimate frequencies can always be expressed 

in terms of the positive frequencies and vice versa. For ex­

a~vle in a three item test: 

;, .J,.f,,1,- . ; n123 

:-H·- ::. nl2 - n.123 

; .J.--4- =- 0 13 - nl23 

i - ,i.4 '· - n23 - nl,-.. , - ,:;.:, 
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+-- - nl - nl2 - nl3 + n 1 •)'. - ...,.::, 

;-+- = r,2 - nl2 - n~~- + 1112::5 () 

. --+ - n - n23 - r,13 + nl •')7 - 3 
"" 0 

- L - nl - n2 - n. .. nl~ ... 11
13 + n23 - 11123 - ,.) 

,\. useful alcori thm for exprefrnin[ the ultimate frequencies 

in terms of the ~ositive frequencies rests on considerine the 

r3yt?:1bols for positive frec1uencies au 2ile,-Jbraic operators. Ti.ms 

we may ·write n1 •n for the oper:1tior1 of dicaotom.izing n accord­

ing to the positive side of item 1. Hanceg 

1'he operation of dichotomizing on the negative side may be 

The operations neaded to yield +J- in the three item case are 

dividing n according to n11 then according to n 2 and finally 

according to (n - n
3
). In terms of the algorithm the operation 

is as follows: 

' ·++-~ = n•n 1 ·n 2 (n - n 3 ) 

= n12 (n - n3) 

Note that n becomes the symbol fo:c unity and may be su:9pressed 

and that the expression n1 •n2 : n12, or more cenerally 
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;?or most 11L1rposes it is useful to consider not the 11 ra:w·' 

positive frequencies but a 11 standardized II system vfr1ere each 

l)Ositive frequency is divided through by n. 'f'he notation for 

the system of relative positive frequencies is as follows: 

or more ~enerally 

n 

n. p. : l 
1 n 

n .. 
: _bl 

n 

n 
.ijk •• m :: __ ijk •• • m 

n 

There are 9 of course, 2mrelative positive frequencies if R-:: l 
/ \ 

is considered and i 2m - 1 i if unity is not ir1s:i.:..,c1 ,~d. The sys-,,,. 

tern of relative positiva frequencies is co1~letbly eouivalent 

to the system of positive frequencies. 3ecauoe th0y lu~d t8 

certain simplificatior.s in com.putation, \'le wil1 employ the rela­

tive positive frequencies rather than the pos~~jva frequencies 

themselves. 

V. RJ;jPR:J3:I:JFTirc- TH::J DICHOTO"'(OTJ3 SYT2E7T E T,IAT: :rx ]?iJR],I 

':.'he dichotomous system comprising the manifest information 

received from adr:1inisterinc an attitude test to 2° group of n 

respondents has so far been presented as a set of 2m relative 

positive frequencies. A :·11ore convenient vmy of presenting the 
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dichotomous system is in the form of a set of me.trices 'l.'!hose 

cells contain the relative positive frequencies. 

The first order and second order frequencies can be l)re­

sented as a s,1uare matrix of order m + l as follows: 

l 

p 
l 

Table 5.1 

P1 P2 

pl2 

pl2 

~13 f23 • I • p 
lm P2m 

:P3 •••• u -m 

P13 •••• :91 
m 

D •••• u 
~ ') ... -:~m ,_,.:;; 

•••• p,, . • ,)ill • • • • 
Y3 .... 

m 

1:rote that the bordering row and column of this matrix contains 

the first order positive
1 

frequencies (with th8 exception of 

the first term in the lc~a.ding diagonal). r-,=- j ,:: ,,1:.: cells of 

the matrix contain t~a second order pouiti~3 j1~Jilencies. 

Only the first term in cl•.e leading dia1onal is 6.3fined and this 

is the ~ero order relative :positive frequency, 1. The other 

elements in the dirtf/rndl are undefined. The r-':s,m"13try of the 

presentation is obvious. 

The third and higher order positive frequenci8s are not 

represented in the matrix 1/0). Cne ideally should employ a 

three dimensional matrix to present the third order positive 

frequencies~ each dimension referring to one of the subscripts. 

For mth order frequencies an m-dimensional matrix would oe 

1since from this point on we will refer almost exclusively 
to the relative positive frequencies we will drop the term 
11 relative 11 and refer to them simply as 11 })ositive frequencies." 
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helpful. 3ince, however, we must consider the higher-order 

frequencies 1;1ithin the convr-:mtional t·.7o-dimensiona.l scheme vre 

need many two dimensional mc:1.trices to represent them. 

( . ) j\.[ l, 

Third order frequencies can be represented as a set of 

matrices. ror example, the matrix M(l) is a.s follows: 1 

Tahle 5.2 ---- - ·--
P1 P12 1113 P14 • • • •P1 ·m 

:
012 pl23 pl24 ••••l)l2m 

II( 1) 
= P13 P123 P134 ·•••:P13m 

~14 p 
:1?134 ••••~14m .124 • • • • • • • • • • • 

P1m n 
.J.12m 

D 
~13m 

"i) 
~14m 

l'his m.s,trix is bordered by the second order frequencies involv­

ing item land the inner cells are all the third order frequen­

cies involving 1. The first term in the leading diagonal is 

the first order frequency, p1 • Similar matrices are necessary 

for all the remaining items and there are obviously m such 

-_7(i) t ' . ma. rices. 

Positive frequencies of higher than third order are pre­

sented in matrices constructed in similar fashion. For example, 

fourth order positive frequencies would be presented as a set of 

:r( ij) matrices, as in the 1/ 12 ) matrix shm,n belovr: 

---·---------------
1~ach ?T(i) matrix contains all the third order positive fre­

quencies which have i in their sutscript. :;Je.ch matrL;: has a 
sirnature in parentheses indicating the items 11 held constant" 
in that matrix. 
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Table 5.3 --··-•· -
1112 pl23 pl24 p125 •••• p 2 l m 

P123 1)1234 pl235 •••• p 

H(l2) 
123m 

" .c = P124 pl234 P1245 • • 
0 

• pl:24m 

r125 ~1235 P1°45 • • • • ~125m . .... - • • • • : • • • • • 
P12m pl23m pl24m n 

~ 125m 

Fifth order frequencies would be presented as a set of 
(ijk) (123) 

M matrices as for exampJ.,e, the matrix M : 

(123) 
M : 

pl23 

pl234 

t1235 
• 

Table 5.4 -·-- --

: • 

• • • •P 123m 
•••• p 

1234m 
•••• p 

.1235m • • 

In order to represent the zero order, first order and 

second order positive frequencies we need but one matrix. The 

third order frequencies require m matrices. Fourth order fre-

. t d · m(m-l) (ij) t · f'fth d quenc1es are represen e 1n --2 - M ma rices, 1 or er 

frequencies in m(m-ll Ji.n-2 ) H{ijk) matrices, etc. }rote hovr-
o 

ever that the system contains a considerable number of redun-

dancies. The borders of the ma.tr ix H( 1 ) will have already been 

presented in H(O) and N( 2 ) will contain some of the frequencies 

presented in M(l). 

A complete set of matrices for a three item dichotomous 

system is presented below: 
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Table 5.5 

1 

pl pl2 
t) 

M( 1) 
~ 13 

- pl2 pl'>":' - ... ,0 

P13 pl23 

P2 pl2 p23 
M( 2) - pl2 pl23 -

p23 pl23 

P3 n p23 
( 3 ) 

"'13 
M I - pl3 pl23 -

p23 p 
123 

The redundancies in the three item case are quite obvious. 

It v1as not necessary to pres,mt all three of the ~,r( i) matrices 

since only one third order frequency is involved in a three item 

case. ~xcept for p all the frequencies appearing in the 
123 

!l(i) matrices have already been presented in the il(O) matrix. 

The entire set of matrices which represent a dich'.)tomous 

system will be called M( 
1 

) • M( i'") represents completely the 

information about the manifest performance of respondents on a 

test. In the three item case, for example, lI( :·· ) is defined as 
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VI. BASIC T)::;TJ~1::IKANTS 
( (;·) 

-~-:irom ea.ch of the !1 matrices rre can farm certain deter-

minants which will prove of considerable value later on in the 

discussion. Jor the present we will define these determinants 

and postpone discussion of their properties to a later point. 

A basic determinant is one which is formed from a matrix 

by taking the upper left hand element and combinations of rov1s 

and columns. Consider first the matrix:NI(O) in t-hc four item·, 

cases: 

1 

1/ 0) 
pl 

~ P,., 
,::_, 

P3 

p 
4 

Table 6.1 ·--- --·--

Tl 
··12 
1) 
~13 

P14 

p2 

P12 

p23 

P24 

P3 
-) 
.l: 4 

pl3 P14 

P23 P24, 

P34 

p34 

A second order basic determinant can be formed by taking the 

upper left hand element, 11 an element from the upper border, 

-P., an element from the left hand border. p., and the element 
. l • J 

in which the row and colL1mn concerned intersect, n • For 
- i j 

' ' 1 I "1} r- ·1 l "'l 
L~' 3 _' = I 

l P3 pl3 i 
! 

The general definition of a second order basic determinant from 

~,(O) 1·"' 
u 

' I 1 pi I 
1•·-

I 6.1 i,j -- j p, .. , 
P. 

' J lj 
' 
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The symbol r· ij ···1 indicates that the column i a.nd the row j 
'-·. . .. 

were chosen to make up the determinant. 
( 0) 

'.\. third order basic determinant from the same :M ·would 

be formed as follows: 

1 pl p2 

j12 34-i - p p p23 ' ..J .. 7. l~l v 

p 
4 pl4 p24 

or generally 

1 pi P. 
J 

6•2 lij ,kl] - pk pik J;)jk. ' -
l\ Pil 

-n 

.t-'jl 

:Basic determinants may also be formed from matrices · off. 

higher signature and the signature of the matrix from which it 

is drawn is indicated by an index. Thus a second order basic 

determinant taken from M(l) would bet 

' 
pl3. i 

P1231 
I 

and a third order basic determinant from the same matrix would 

be: 

l\ pl3 P12 

!32,45;iJ 
I.... - ' 

:: pl4 pl34 pl24 

P15 pl35 pl25 

The second order basic determinant taken from H 
( 0) 

has an 

interpretation in terms of the conventional statistics of quali­

tative data. It is identical v1ith what is called the 11 delta, 11 
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1\. 

L _ _\ t of a fourfold table invu1ving tr.re ~,ttributes; /i four-

fold table bet~een the ansvers of nuestions land 3 ~ould be: 

3 

t 

1 

1 

The "delta" computed from this ta1Jle would oe: 

p .d - be -13 
I C 

b 

d 

~iince the value of a determinant is unclianged by adding to a 

row or column an,Jther row or cohMn of that determinant YJe can 

tr:::msform, ,.\, 11 delta 0 completely into fl,3). 
·--' 

pl3 b p pl pl,. i\ 
I\ - - '13 - ,) 

. " - - -1...---1,) 
C d i C C½ d ') 1 I .t 3 i 

i··l ·3-·I t' h . t t L .. 9•- • ..i i:rns as an 111 er:preta. ion as a kind of coefficient of 

. . . h t t. 1 d 'Z I.IC' 11 .,-, .h 1 f ~"'ssoc1atj_0l1 .e .,vr3ee que[, ions 1;,11 ... ,. .1. , ,0,1 as a v2, ue o 

0 there is no r,ssociation bet,·,een ansv,1ers to questtons 1 and 3 

they are independent. If the valu.e of i_1~3J departs sicnifi­

cantly from zero tl1en we say the t·0ro questions are rel,,ted. 

In the S£1me ·.-ray second order baEic determinantfJ taken from 

matrices of higher signature a.lso have an int:;:tr,rut:~tion. 

?or exa,rrple, consider the bar3ic determinant, f 12;3-f 



I • 
!l 2;31: 

r -
: 12; 3 _J is a measure of the re lF t ion ship bet·veen 1 Bnd 2 for 

t}:1ose who are 11ositive on 3. ·ie have strr,tified the respondents 

according to their answers to the third question and examined 

the relationship between the first and second question for 

those ·,,rho gave positive nnsv.1ers on the third qne2tion. Looked 

at from t ;_is })Oint of view, [1 

of. partial correlc1tion betw·een 1 and 2 -,uith the et~fect of 3 

held constant. 

A basic determinant of 3rd order is also a familiar macni­

tude. ;quation 6.2 introduced tbe symbol ! ij ,kl_! to indicate 

that columns i,j and rows k 9 l hrve eone into its formation. 

Here acain we can pivot around the element in the u.p;.:iar left 

corner. - re ther" find 

11·· L l, 

?his is lrnown 2.s a tetrad 9 if the crossl1roducts are looked upon 

as arie.lop:ous to correlation coefficientEi• I~: a similar ,;:@,y 

it can be Dhvwn that a basic determinant of 4th order is a 

tetrad of tetr~ds. The ceneral relationship can oaaily be seen 

from the follo~inc Gequence: 



1 P1 p 
2 

P4 D p24 ~ 14 

P5 :) 

'15 l) 25 

7J 
-- 6 

') 
.1: 16 p26 

p3 

P34 

Py~ . :) 

p3G 

-23-

:. 

!12 ,45:l 

!}2' 461 

r-- -· 
'l<'J, 

fi5 
.. 

!16' 

VI I. TH·-~ C:1033 :?R.JDuCT ?T_:, TRIX 

1· ... 
. ')4 '34: ;_/:..~ .: .. 

C2e1; !35 = 
f 126'. !35 . 

- ·-
:~3 9 46] 

- etc.: 

The N(O) matrices of a dichotomous system may be trans­

formed by pivotal condens2tion arriund the first element of the 

leading diaconal into matrices whose elements become second 

. b . d + . + T- ti,. i· ( O) t . b . t 1 Order aSlC euerCJ11DaDvf3• 'tlUS J.18 l''i Ula TlX Y IHVQ 8,. 

condensation becom3s: 

N 
' c· " \ ) I 

= 

! ' :1 2 • 

fa3 ! 
i 

:14 • • • ,- . .. \ 
tl m. 

ri 2i 

i2 
,.:1 
0. 

f2 
-· 
I 4 I 

' ' •' 

• 
'2 • mj I-., 
-

Ii 
12 

f3 
' • • !'7 

;u 

3 
: 

--
3 I 

,1 i 
·-

m ! 

Taole 7.1 __ ,.,_, -··-·- --·-,- .. -
!'1 4 ' I 

!_2 4-, 
f3, 4 '! 

I 
... 

• • . • I n m I 

-, 
m: 

:3 ml , -
' -
' -

14 m I 
·' • • • • 

! 

c::::osJ i'HODUCT 
1 'l'l1I}~ 

( 0) 
In this form the M mc1trix is referred to as the 11 cross-

product11 matrix and is analogous to a correlation matrix. (In 
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(0) 
ft:i.ct, the croos prorlucts or second order beeic determinants from M fire 

identica 1 with the covariances between answers to the items given arb1trer;y 

weights of 1 if positive nnd O if negative.) 
(3) 

The M matrix transformed by pivotn 1 condensation becomes; 

TobJ.§ 7 .2 

U-2;~ t14;~ [15;~ tJ.,Ji. [1m;~' 
(3) 

[24;~ [25 ;3] ... [2m;~ 
M = 

~2;~ 

{i4;3] [24 ;3] 12.+5 ;3j [4m;~ 

b-5_;3] 
fin1;3] 

[25;3J . 
(2ni;5] 

[4~;~ . ' · [5rn_;3] 
[4ui;~ (5r.i;3] 

Note that by pivotal condensation the ranlt of the matrices is 
(0) 

reduced by one, If an M matrix hes rank 3, pivotal condensation will 
(d) 

reduce its rank to 2, Transformntions of the matrices in tho syatem M 

by pivotn 1 condensation hns certain ad ventages for treat inc the mater in 1 
(0) 

and we wi 11 often refer to the "cross product" matrix defined as the M 

matrix transformed by pivotal condensation into a matrix whose P-lements are 

second 01·d.er basic determinants. 

VIIL II0V.DGENE0US DICII0T0MOUS SYSTEMS AND TEEIR SUMMATION 

If a test consists of m itP-ms then it furnishes us with 2m pieces of 

information: either all the frequencies with which all response ~atterns 

(ultimate freque~oies) appear; or the joint positive frequencies, the 

nwnber of people who answer positively a 11 pairs of items, a. 11 triplets, 

and so on. 

'lhere are, hcwever, dichotomous systems, where the higher order 

frequencies can be derived from them "marginals," pi, 
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the proportion of people who answer positively each item 

sep2,ra tely. Such restricted systems will be called "homo­

geneous. '1 In more rigorous terms a homogeneous dichotomous 

system is one where the following relationships obtain: 

(8.1) I or more generally 

\ 
\ ........... P - P,P.I) •••P · 'k - 1 J k m lJ • .m 

In a homogeneous dichotomous system all basic determinants 

vanish, i.e., have a value of zero. For example, the basic 

determinant, r1 ~_1 , : 

!i 2 l -
1 

but since in a homogeneous system p - p 1 p 0 , then 
12 - ..., 

Similarly, 

Pz) P13 P,z ··1 -Y) 1 l • 7 0 u 0 - -- -
P23 pl23 P2P3 v p p 

-1 2 3 

Another -:ray of stating the de·;ining ch1.ro.cteristic of 

homogeneous dichotomous sys terns i ;~ to say that the rank of all 

the matrices of any sic;nr.,ture is one. 

In a homogeneous dichotomous system all the answers to the 

items ci.re independent of each other. ,\ persor. vrho gives a 

positive answer to one item is not any more likely to give a 
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positive answer to another item than if he had given a neea,tive 

answer to the first • 

.. :Jrnpirical examples of homoceneous dichotomous systems are 

fairly dj_fftcnlt to find. 'E1ro examples, one from the study of 

socio-economic status and one from the field of mental testinc, 

should help the rcr,der to see ho'u this notion is of consi oe-r2r)le 

ir-.1portance in formulating what we will mean by the statement) 

"n latent structure ·completely accounts for the manifest 

da,ta. 11 

In the general population there is some association be­

tween the ovmersi1.ip of various kinds of material roods. If a 

person ov.rns o,n automobile he is more likely to have a telephone 

than if hedbeo not have an auto. ?or a population of about the 

same income level, however, the aasociation betvreen O-i!nership 

of cars and telephones practically disappears. ~,nership of 

cars and tele:lhones is c~uite independent for this restricted 

segment. 

A similar phenomenon occurs in the mental testing field. 

~or children between the ages of 5 and 14 there are high cor­

reJ.a,tions b1~t1,:een performancet1 on ti10st mental tests. Children 

scoring hi[h on one test, say a mechanical aptitude test, are 

also likely to score high on a test of verbal facility. Pow­

ever 9 when chi ldr-en v:i thin a rw rrm7 age range are considered :i 

the correlations betwean tests tend to be negligible. 

In order :i then, to find realistic e.:;,;:amples of homogeneous 

dichotomous systems we have to study homoreneous strata of the 

population. ~his explains their name and is also a hint as to 
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v,rhy tbey are so important in our present discussion. It will 

turn out that ~~Y 11 a~<U--~" such hcmo_ceneous systems. general ™­
tems which m:1y_ not be homogeneous can be constructed. This notion 

of "ad dint; 11 will be explained in an arti fie ial example. 

In almost any attitude test we mirht construct, we will 

most likely find that the answers to the items are related. As 

an example we vrill take a test of attitudes tovrards government 

ownership of varieius industries in this country. The test VJr;cS 

administered to a nntional samf)le of respondents. The texts of 

the three items em~loyed uere: 

17hi ch do yuu thint would be better for the pe o i)le in 
this country -- if the were run by the 
government or by private business? 

1. Coal :Tines 
2. G;:;G and ·:1ectric Com})anies 
3. ?,anks 

The empirically found relc:1 ti ve :positive frequencies for this 

test are [iven below: 

Table s.1 
... -.~.--- -·--

P1 :: .386 

P2 = .332 

P3 = .365 

P12 = • 262 

-P1:11 - .251 

98z, - .21,1 

~Je find that peor,le 1;iho a1~e in favor of the goverr.ment owning 

banks are also very likely to be in favor of govern~ent 
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o·:tners1:li.p of coal mj_nes ar1d )Ublic utilj_ ties, ·/or example v,e 

find ti:1n. t: 

or 

• 262 ) , 128 

or 

,193 ) .0-17 

Yow let give our ime,fina.tion free rein and the 

existence of a certain kind of 1:n:·,::dn configuration ooservable 

by :;:-ray v1hich m.::i,kcs people ::rnc ia lists. ')o,ne of our 1,000 

respondent □ nave this brain confi~uration and some do not. 

Stretchinc our ima.cir:etions a lj.ttle furt.hEJr 7 let us suppotJe 

that 3,':1:0 of then. had the '1socia.list 11 brain confi·iu.rc:ition and 

660 did not. ~,or :reasons to be seen later~ ,ao shall talk of 

tv,'.) 11 late,1t 11 clc1sses -- socialL:;ts and others. At this point 

t:e have to introc:;uce certain new· not.s-,tions. ·i'e need a syn\bol 

to indicate the numbers of people irj eo,ch lo,ten:~ ch,:Js and the 

relative 1Jositive frecJuencies in eDch cla::;s. 

I n 
1 

: number of 1)e ople in l;i, tent c L,ss I 

0 - nr proportion of people in la~ent class I ~· I - ..... .,. 
n 

,J . 
. I l 

:. munbe:r' of peOJllG in latent cle.ss II 

)roportion of ~eopla in latent clgss II 

= proportion of people in latent cl8.BS I 
answe~ine item i positively 



P11 . = proportion of people in latent Class II 
1 . . t . . t. 1 answering 1 em 1 pos1 1ve y 

Y. 1 ~ind )) 11 :1re called the la.:tent .9_:l:?S .. ~- _pro_p:-n1ti_ons 

and 

PH and pIIi are called the 1.c:J!3Pt E112 rg.i_.1::!...? .. !~ or 
· ~~f.3.tent probal;ili tie_s 

If we call the socialists Class I ~nd the ~OD-socialists Glass 

II, tl1en n
1 

: 340, and 1!-:-, : .660. 
_t .;._ 

?inally we assume that both grou}JS ·were 2:iven our test 

and that the followinF re3)?onse frenuencies ,.ere Tecorded v1i thin 

each of the two classes: 

l'able 8. 2 

n n:~ I y T 

I 
"!,., ' = -- :. .340 c :: I - -- : .660 .. 

..I. n n 

''1 - .941 D = .100 
0

• Il - ... II:.. 

PI') - .800 Pr,•) :: .091 
. .... .. 

_ ..... ""' 

p -~· ;) :: .750 PT•,•r.; : .168 
•_..L'l.., 

P-r1'l = • 753 P1112 = .009 
., "' 

P113 :: .706 P1113 = .017 

:i;> •;· ') ~- :: • 600 PJI;,:3 = .015 
Lf...10 

I\123 = .565 P:rI:..23 :; .001+ 

lT ote tha.t the t·wo dichotomous systems are homogeneous. 

- .941 X .800: .753 

: .100 X .091: .009 

In other ,rnrds within the socialist group whom ,;re have identi-

fied by examining their brains, answers to the three questions 
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are no longer related. A person within this group ·who believes 

that the government should o-vm the banks is no more likely to 

believe that the government should own the coal mines than any 

one else with the same brain con figuration. 

Fote that the argument developed above does not state that 

everyone in the socialist group will be in favor of government 

ownership of any one or all three of the types of industries 

cit ed, or that in the non-socialist grou:p no one would be in 

favor of government ownership. In other words it is not main­

tained that p 11 : 1 or that pIIl = o. There is room for all 

sorts of incidental circumstances which mif;ht make a socialist 

be against public ownership of a specific industry; in the same 

,;my some non-socialist mie;ht favor public ovmership of mines -­

e.g., because he just read about a big accident in a mine. How­

ever, proportionately more people in latent Class I are in favor 

of government ovmership of each of the three industries. ~tore 

rigorously stated it is only maintained that 

Pil > P:rl 

P12 > PII2 

Pr~ . .) > PII3 
And the special circumstances which make people duvia.te 

from their type--:perlla:ps at the time of the test only -- are 

assumed to be unrelated. '7i~hir~ ea.ch latent class the probe,bi­

li'ty 0·1 votinG for two items is the })roduct of the two proba-

bilities for the two items separately. 

The oririnal sample of 1000 respondents has been divided 

into these two subclasses. The na.ture of this division becomes 
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c leer fror.1 the following schema: 

Tho Reoponse,-PattArns of the Government-Ownership Test 
Split Into Two Hcmogoneous I.e.t(mt Subclassen 

Socia li0t Subcll'l.ns .. --.. ..,,_....,. -----
Item 1 

( +) 

. ~ 

-----(-) 

+ Item 2 - + 2 --~-·-·1 
Item+ \ ,_::tt· _ _J:~-1 240 3 

+L~~ t_2-_l 15 

-l 4 l 1 \ 5 3 - 64 16 80 
I---·--•--· --· ---

L ______ ........... _, ________ ' 

256 64 320 16 4 20 

:Ncn-SocinUr,t Subclass --------~.,. -·---..--

+ Itnr::i 2 - + 2 +~;;1 r- 8 11 

~ b~+--~i- 99 
ItE:1m 
3 - 5 50 55 495 

6 60 66 54 540 594 

+ ItP,m 2 + 2 

1193 
....... 

-r 5a l 251 + 21 93 114 
Itor:i 3 ------1 Item 3 -~5f""-I. 69 66 I 135 49 500 

.... ~ 

262 124 386 70 544 614 



If we add the figures in the tvro la.tent classes box by 

box we get the whole set of 8 res~1onse patterns as reported 

by the original test. The reader is invited to check the 

frequencies reported in Table 8.3 corresponding to the proba­

b i 1 i t i e s in ~r ab 1 e s 8 • 1 and 8 • 2 • 

rhe c1ain purpose of this example is to show thci,t the 

which is not homoreneous, i.e., where the items are inter-----·· -- -·- __ ,... __ ,, _______ ....,... ___ ... _ - ·- ---- .. ~-·--.... .,.,_.,..,., _ __, __ . ---.. -

related. -··---·---

IX. 'l'HI.G fCTIOli ff.' ACCOUNTING A.l!D THE ACCOIT.:T:.TG :-J,'.UATIONS 

The preceding example could be put in different terms. 

3y claiming the existence of~ socialist brain structure we 

have accounted for the interrelationship of the items in the 

original test. In the same vray we have explained why joint 

0 1m1ership of cars e.nd telephones occu:cs more frequently than 

could be expected by chance if we consider car and telephone 

ownership separately: people with more money are more likely 
cnn 

to have both. SL:nilarly we/also account for the fact th&.t in 

a group of children of mixed ages all sorts of tests are likely 

to correlate higl1ly: the older children are more likely to do 

well on all the tests as compared with the younger children. 

In all these cases we usod the same device to see ·whether 

our accounting was correct. If we study peo}_Jle with an equal 

amount of ,noney, or children of the same age or finally 

people with the same bruin structure -- then the original re­

lationship should disappear in each of the homogeneous groups. 

A££_9untinsi.· for a relati_onship means 1£ 1Jrovide a characteri~tic 
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of pfaiople, so that if tl~e;;:_ are s!!:~tified a~ordin_£ tC?._ ~h~--~ 

characteristic the original relntionship disappears. - .. ---···--·-·· ..... ~ .. --~ ..... _ .. _ .... --v- ----·--- .. ____ ,7 _______ ----·--

This is just the inverse to the finding at the end of the 

previous section. There we shovred that the summation of homo­

geneous systems leads to new aystems which are not homogeneous. 

Now we see that at least sometimes non-homogeneous systems can 

be reduced to a, sum of homogeneous ones. The whole process now 

has to be formulated more precisely. 

Heturninc to the main example vrn can see that an obvious 

set of equations link the manifest data with the tvrn latent 

classes. For example the proportion of people in the entire 

group of 1,000 who gave positive answers to question 1, p1 , 

is made up of those within la tent Class I who gave posi ti', a 

answers to this question, p
11

, multiplied by the proportion of 

people iri that class, ,) I, plus the proportion of people in 

latent Class rr~ p , times the IJro-lJortion of people in that 
Ill . 

la.tent class \-) • 
. II 

pl = Yr P11 + ·y II 'P ... Ill 

.386 - .340 X • 941 - * .G60 -r 
,\. .100 

':i) I t ' 
pl2 - Prl P-i 2 

--.,i PIIl Prr2 - .L ·II 
.262 - .340 -r .941 X .800 t .660 .100 X .091 - ·.,. ,~ 

or more generally 

or 

p. ·v. - )I P1· 11 r .·o o. •P t y II PrriPnJ·P:r1k·· e})IIm lJ., • • rn - l, J~ Ik J:m 

p . . k : ' )f) p. p . p, • • • • Pm 
lJ ••• m L · 1 J K , 

v1here the summation is over the two 
latent classes and the subscript 
indices for the latent classes have 
been suppressed. 
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,... . th 2m · t · " · th ,·· ul ~1nco ere ~re pos1 .1vc rrcquenc1cs, era are~ 

such oquatimrn linkinc tl10 ·110nifast d:its. and the l,:tunt p?r.'.1-

mcters. 

The oqun,tions 9.1 ·Hill be cn.llcd Q_~countinr: £_quati::mu. 

If they can be solved at all they 1crmit UG to split a s&mpla 

into ti:;o croupc; C':!ch of "i~hich is h..:imocencous ·,vi th respect to a 

hypoth~tical attribute. This Qttribute than accounts fJr tho 

original intorrol~tionship in the □ G~se of our prcccdinc dis­

cussion. ·.-i:--J.cther tl1is latent 2ttribute corr(;:sponds to social, 

psycholocic~l or physiolo[ical rc~lity does not concern us Qt 

this point. The first tnsk is to sec how we c~n compute the 

proportion of people bcloneinf to o~ch side of this l~tent 

dichot-Jmy and compute tho pr,Jportion of people v:ho in each 

latent cl2ss rivo a positive reply to each item of tho test. 

Since within each latent claos the higher order positive 

freq_ucmcies ::ic1d no infol'm2,.tion and c?n be c<Jmput,Jd directly ;mce 

the first order positive frequencies arc kno~n, the entire sys­

tem is dotermin--::d v/hcn the le.tent class pro';)orticms )1 and 

f 11 and tho latont first order frequencies are given. A 

dichotomous system is completely dcfinod ~hen the following 

information is presented and such a prusentqtion ~ill be called 

9 "la ton t structure": 

Ln.tent Class 
Proportions 

fotent Marginn lo 
-------- ···-· --·-·-7-···-- .. I , 

• - I ! ,'.) i •••• 

I ! 
1 2 m 

-7 P11 P12 Pr3 • • • • 
' 

P111 PII2 Prr3 •••• 

_______________ J 
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Hov, and under what conditions can we compute the :parame·~ers of 

this latent structure? 

X. co:rPUl'Il:G 'rK~ l)Ai1.;.?CTJ;_-(~-i or TH:G LA"r.::YT DICEOTO~TY :TODJ.i;L 

The latent model which we wish to use ha.snow been out­

lined in rough form. It is a model which would account for the 

answers to an attitude test by postulating the existence of two 

homogeneous cle.sses. '.7e have used an exam:_ple in vrhi ch the 

divi:Jion into two latent classes was somehow r;iven to us a11~ 

we have seen how this division accounted for the answers to 

the test in question. Obviously in a.ny real case we would 

hardly expect to have the division giver, to us in advance. We 

will not know how many people a~e in each latent class and, 

equally important, we vrill not ordinarily know whether the 

hypothesis of an underlyinc; latent dichoto.ny is consistent -;1ith 

the mar~ifest data. 

Our next step will be to indicate how we might compute the 

latent parameters from the manifest data and how one can recog­

nize from the manifest data whether the la.tent dichotomy motlel 

is a consistent interpretation. Our procedure at this point 

will be to consider what relationships would obtain in the 

manifest data if the hypoti1esis of an underlyiDg latent structure 

were really true. In this v1ay we v1ill be able to develop cer­

tain criteria for recognizinc whether a given set of manifest 

data is consistent with the hypothesis of an underlying latent 

dichotomy and how the parameters of this kind of latent structure 

may be found. 

At this point the not i 011 of ba,sic determinants becomes of 
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considerable use. Starting with the second order basic deter~ 

· ..., t ·"' !f( O) l f 1 t t m1n~n s Lrom ~ we will express t1em in terms o a en 

parameters. The basic determinant f1 21 for exa.-:11)le is de-
" 

fined as 

' 
r .. , 1 pl J ,1 21 -L J -· 

p12I p2 

If the data in auestion had been generated by an underlying 

latent dichotomy we can express this b9,sic rleterr11inant com­

pletely in terms of latent parameters using: 

Since (from 9 .1) P1 
) 

:Pil 
.L 

.) 
PIIl - \' ·'II - · .. T ' .,_ 

p2 - ) 

Pr2 + Y11 PII2 - .y I 

. ' i ' P12 - ~- I P11 -o 
~II PIIl PII2 - - I 2 

then 

( 
·, \ 

Pr11} ··, 1 '_\ -· P11 t y II 
1 2! .l. -.J -

i 
I 

' ) 
( k ' ( ,) ) 

Pr2 f \ II 11 11 P12 + 1'1 Il r I I 

P1r~~ 1 _; :n .:.--'T T2 V I ,:. I .L J. 

):/1 ' 1 PI2 ' r·-... .l. = • I , ' 
P11 ' Y) i 1 p"TI') t ~ I 1 II .t'II l .L t:., 

--

..) ) 1 1 1 P12 - ,; T ,)' -T • - -'· 1 J. 

P11 P111 1 PII2 

Finally 

And if we make p11 - PIIl: d1 and P12 - P 112 : d 2 

then 
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Thus we see that in the case vrhere the rnani fest data is 

completely accounted for by an underlying latent dichotomy that 

the basic determinant fi j] can be expressed as products of the 

proportions in each latent class and the differences in the 
. 1 latent marginals of the two items in question. 

So far we have been able to express second order basic 

determinants in terms of 4 unknown latent parameters, 
'\ 

\J J d d In order to reduce the number of such unknowns 0 r.,··II" rj" 
we can form the ratio 

More generally 

(10.2) 
s. -

l -

I 

/ 
[i 'J rik) _!d.JJ __ _ 

~ LjkJ 

1 This formuln,tj_on leads, incidentally, to one of the dis­
tinguishing crite::.•ia. of a latent dichotomy. If we form second 
order determinants whose elements are second order basic deter­
minants, the value of this determi1rnnt will be zero. Thus 

li ~ !l .4J ;:,) .> dl d2 X; I 
I 

dl d4 -:'> II X .,.-. I •• .L l 
0 = -G, 2] r 4] ,) ) 

d3 d2 -Yr ,> d3 d4 
l 

,;p c I ,) II ~- II 

\1e will return to this criterion a little later in the dis-
cussion. 
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d. -
Si 

.. ·--·-·-·-
l - J ?11 y;·~-

We can now ex1)ress the latent marginals pii and PIIi in 

terms of some of the manifest data and a restricted number of 

latent parameters. Starting out with pi we express it in terms 

of latent parameterst 

p. - ~I P1i .. ,\> 1I Prri l -
(10.4) I ... (1 ,?/I) - ,} T Pri - Prri - .;_ 

- >./ (:pii - PIIi) .. :PTI' - . I .L l 

(10.5) P· - YT d. f PIIi l - l .L 

Since from (10.3) 

di 
Si - -~----- I ·-··----·-·~ 

✓ ;j I ,J\r 

(10.6) 

designating 

(10.7) 

Similarly starting with (10.4) 

(10.4) pi = YT Pri ... PIIi i) II .L 

- (1 - ~r:i) Pii t y II Prri -
- Pri - y II d. - l 
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v Sl. 
tJ I I - . -r--:-·-·- ·--" ·•··-

J y I iJ)II 

and 

(10.8) 

Now the problem of finding out the latent structure from 

manifest data reduces to finding out the value oft, the ratio 

of the two latent class proportions. In order to do so we will 

have to draw upon some of the information which we have not 

already used. So far we have used 2nd order and first order 

positive frequencies. rJe turn now to basic determinants from 

the matrices M(i). The basic determinant (23;~ for example is 

(2 3;1] ~ I 
l 

Using equation (9:i-,)1 and transforming into equivalent latent 

parameters 

Finally 

or 

(10.9) 

~) ,, ~ ,1 
,:) I Pu -1- C II P:rn On Pr,1 Pr:2 .Jan Pn l Prr 2 

y I Pr.1 Pr:3 + J'n P:ui Pn 3 )1' I Pn P12 Pr3 .J rJ:I Pp1 Pn2 Pr:rs 

[ij;k] r I 
I 

Yrr Prk P11k d1 dj 

Note that the right hand part of equation 10.9 contains 

terms vrhich involve [2 3] :: ir )' II d2 ct 3. If vre di7ide 

through by [2 3] 
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_ rr ~1
II P1r1 P11 d2 d3 - ----........ ·----.. ---------

'~r'I )/ II d2 d3 

= P 11 • P--T1 .I. .... 

.Jr th d t f th l t t . 1 f i ~ · 1 expresses e pro uc o · e a en mars1na s o \.,em 

1 in terms of manifest data. The general formulation is: 

(10.10) _,,lfl. : [j k ;~j = Pr. P--. 
[,j kJ 1 .L.L l 

Incidentally, one may note that the value of ./4 1 is not depen-

dent upon which other two items are chosen. If the manifest 

data have been generated by an underlying latent dichotomy then 

the following relationships hold: 1 

(10.11) _ [23; 1] - -[23, 
{34; 1] 

:;. = 
·-r..5"LIJ 

= [jk;l] 

[J¥r 

7e are now in a position vvhere we can compute all the 

latent parameters in the dichotomous latent structure: 

Since from (10.7) and (10.8) we knovv that 

( 10. ·s) p_. - p. t stf; 
11 - -i 

( 10 • 7) Prri :: lJi - 'J. t 
l 

and from (10.10) that 

(10.10) j,,i - Pri P11i -
then 

(10.12) h. : (n. .. 3i/t) (p. - s.t) 
1 .. l l l 

Ali 
2 2 (t - 1:) - p. - Si - pi 

.-, - l ,:)i 
t 

-----------------··· 
1This relationship 2.lso yields another criterion for 

recognizing an underlying l::1tcnt dichotomy. 
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J[ultiplying by t and collecting terms 

S. t2 .. t ( lt. ; ,., 2 p. 2) s. 0 pi ,;:>. - - pi -l l l l -l 
t2 .. t (~ t Si - P1) - 1 --· 0 

Sipi p. 
l Si 

Finally, 

(10.13) 2 .. Kt 1 0 t - --
where K Si P. 

f ),i 
= - 1 

D. s.- ~, :P 
... l 1 i,Ji i 

Solving fort we get: 

(10.14) 

The positive root of t is always taken since the tvrn la tent 

classes are so defined that p 1 . > p 
1 

and hence t should be 
l . II 

positive in the formulae 

(10.·e) Pii :: pi t s./t 
1 

( 10 .1) 
PIIi =- pi - s1t 

Once t is known the latent marginals may be computed by using 

(10.7) and ( 10 .a). The latent class proportions Yr and ),:II 

are easily computed from 

(10.15) 

:: t2 

1 .J. t 2 

The parameter K is not dependent on which item may be used 

in computing it. In any set of three items K computed using 

item 1 is identical with K computed from item 2 or item 3. 
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(10.16) p 
2 t ~-,.)2 

--1<2 -:: r,---
,:i2p2 

r, 

,:>3 

P3 3 3 

In other words Eis a parameter characteristic of a triplet 

(i.e., set of three) of items and is not dependent on the item 

which is used to define it. This can best be seen by develop­

ing (10.16) into the form 

(10.17) K: P123 - P1P2P3 - P1 
S182S3 81 

10.17} is symmetric in the three indices. A direct proof of 

this formula and a more general discussion of the parameter K 

and its importance for dichotomous systems will be found in 

Appendix A• 

'Ji th the help of the equations developed in this section 

we can now compute the latent parameters of the latent dichotomy 

model from manifest data. Of course not every set of manifest 

data lends itself to treatment in this fashion. Eut, before we 

indicate what sorts of manifest data may be treated in this 

fashion one numerical example where the hypothesis of a latent 

dichotomy can always be sustained may help the reader to see 

more vividly the operations to be performed in 11 reducing" a set 

of manifest data to a latent structure. 

XI. AN EXA:IlJJ:,E OF Till CUTPUrl'ATI0Y OJ LAT::l';·r STJ.UCTUIGS IN 
T:J:STS 7Ir:JR8:: TI IS 3 • 

The example is one which should be familiar to the reader 

by nmv. It consists of the three i terns about government m7ner­

ship of various industries which w~,J.i'e utilized as an example in 

Section VIII. The texts of the items are repeated below: 
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11 ·wr1ich do you think would be better for the people 
in this country -- if the ______ were run by 
the government or by private business?" 

1. Coal mines 
2. Gas and -·Jlectrici ty companies 
3. Banks 

In the treatment given this material in Section VIII we pro­

ceeded as if the latent division were performed by some extrin­

sic operation of x-raying the 1,000 people who took this test. 

':e postulated a hypothetical brain condition which completely 

accounted for the relationships among the items and by hypo­

thetically x-raying the population we ferreted out those with 

the "socialist brain condition" and saw that the existence of 

this bra.in condition allowed us to divide the sample into two 

homogeneous classes which completely accounted for the answers 

to the questions. 

Of course, in no real problem would we be able to treat an 

attitude test in this fashion since the physiological concomi­

tants of attitudes are, as yet, completely unknown. The divi­

sion of the sample into two homogeneous classes was accom­

plished by the aid of the equations in Section .X. 

The computations which yielded the two homogeN~ous classes 

are reviev,red below: 

A• The i'Iani fest Data 

P1 = .386 pl2 = .262 P123 • .193 

P2 - .332 P13 = .251 -
P3 - .365 P23 = .214 -

3. Second Order Basic Determinants and s. 
l 

[121 - P12 - P1 P2:: • 262 o- .12~: .1338 -
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[13] = P13 - P1 P3 & .251 - .141 - .1101 -
(23J - P23 - P2 P3 : .214 - .121 : .09 28 -

Sl - / G-\2J~;J_ - .3985 - -

.'3359 

K ma.y be computed using either equation (10.16) or equation 

~0.17~ To illustrate their equivalence, we shall compute this 

parameter using both equations: 

In order to employ equation (10.16) we need one more piece 

of information, the ./4 i value for one i tern. Choosing i tern 1 

'Ne compute 

:: • 0087 

The same value, ex.ce:pt for rounding errors is obtained 

using formula (10 .17). 

K: p123 - P1P2P3 
S182S3 

Cnce K is knovrn, we may solve for t = 
the relationship (from 10.14) 

I 
\/ 

... / 

·I -- employing 

II 
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rhe latent class proportions ~;I and i II are found by solving 

the following equation (10.15) 

i I = t2 
r--1~ = .340 

,Y II - 1 = .660 - 1-~ 

J'inally the latent structure is given employing (10.7) 

and (10.8) 

.941 

'"' 
Pr2 :: P2 .. ,J2 - .800 

t -
P··r<") = P2 - 82 t - .091 

.1. ;;:,, -
r< 

P13 - P3 + ,;)3 - .750 - ~t -
P113 = ·n~,. - 83 t = .168 •.:, 

The latent structure of the government ownership tests is thent 

Table 11.l ---·---
-L~: tori~ f - -----~-----·- ·--·---' Class•· l 2 3 

Prouortfom 
.340 .941 .soo .750 

-----1 
.660 .100 .091 

I 
.168 l 

From the latent structure any positive frequency of the manifest 

data may be reaoor,utod. For example ( from equation 9. l): 
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I . I 

p 1 : ~- I Pr 1 _. y I I p I I 1 

.386: (.340) (.941) + (.660) (.100) 

Note that with the aid of equations like (9 .l ) above we can 

split each of the manifest frequencies into portions coming 

from each of the two latent classes. For example, p
2 

can be 

split into the portion coming from latent Class I: 

)/I. P11 ~· 

( .34(') ( .. 941) .• e320 : proportion of people 
positive on item land 
coming from class I 

and the ~ortion coJing ~rom latent Class II: 

~

1 

11 PI Il ·· 

(n660) (.100); ,066 - proportion of people 
positive on item 1 and 
coming from class II 

rrom the practical point of viev,, -rre would like to be able 

to place individuals as coming from one or the other of the 

two latent classes. However, it is obvious that the assign­

ment of individuals in this fashion cannot be accomplished 

with any certainty. Persons answering positively to each of 

the items are recruited from both latent classes although they 

tend to come more from latent Class I than from latent Class II. 

Persons can therefore be assigned to one or the other of the 

latent classes v:ith a certain amount of error. If, for ex­

ample, among the 332 persons giving positive answers toques­

tion 2, 2?2 of them come from J_ate.1t Class I and 60, come 

from latent class II, then if' vre assign all the persons who 

gave :positive ansvrers to question 2 to the latent class where 

most of them belong, Class II, we would be misclassifying 60 



persons. 

However, we know more about each individual tested than 

just how he answered each of' the questions individually~ 'rte 

know his '~esponse pattern" -- the particular combination of 
1 

positive and negative answers -- he gave to the test. The 

placing of individuals in the latent class they most probably 

belong in amounts to detennining how the proportion of people 

giving each response pattern is broken up into the proportions 

coming from each of the tvvo latent classes. Ees:v:r,Ge:h;s a.re 

classified accc,:,~·:_r,g to their re:1:-', 1L•::3 patterns a~.d t:1;;i res­

ponse patternc '.,'•:; ;1.ssigned to °'.",L_· :u.Gent class f:,on~ which the 

In orclc:.' to i.:,ccomplish thit=: \7(.' 'n~eak dovm the r:.u .. 1'.::er of 

peoplG t;hint; E3,-J1~. response ·:::iat'te:-:-n into the por·c:.ons recruited 

subclass the pro),---::i ~i:_ ,,f Jt '"< '. ·-=: : i•q L1g a certain response 

11-r o~- r. ·l- 11.~ t: t'·1 ,.. ~::. ··- · c-. -- ~- ·" ·,_-J'."' ..... ,.•L·•t."' .. r·ns and th"' 11 ul·t1· til':l t,:; 1' fre-J.., i # \.. ,., .a. <.. , ,} ..... , ., J. 1 ..... ·- 1 .. l 1 , , -' •'- ~ _, 

quencL:: r,~c.:·rej to i,1 sc'- 1:.;,~il,n :i:~r are identical ir1 1r,cc;r i:1g 
and R/ 1t'i:'c.:.iy1, .:.\n l·.l~~r:,c-1-J --~-v:.H!icy refe1·3 ,:,.;c, ")F n,:t.;1tEr or 
propor·c~.01• y:' r:e:) )le 1T·: vin,, a, rJ0:,:·,,i<:ular re21-1on5e. J;)EJ,ttE.o~·n. 

2tf'\1,I • ' 
l•J.J. S 1 f3 

can be ea::,ily 
part of ths o~~ri~~l ~a~ife~~ 
ch•:::ctcd \:J"i (tl ;~··1.c c'., i,l:: r,:..'i -..;'.:1u ct 

.058 _ .251 - .193 

informe.tio:1 and 
.,e..::tion III. 
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pattern can be computed by multiplying the appropriate pattern 

of positive and negative latentmrginols. The frequencies 

found within each subclass should add up to the proportion of 

respondents giving this response pattern in the total sample. 

The response pat tern f + - .f. J is thus broken up in to a 

portion contributed by the people in latent Class I and a 

portion contributed by persons in latent Class II. 

The portion coming from la.tent Class I is 

J) 
P11 (1 - P12) (P13) -I -

.340 X .941 ,; ... .200 X .750 - .048 A -
From latent Class II, it is: 

irr PIIl (1 - P112) (pII3) :. 

.660 X .100 X .909 " .168 .010 i~ = 
Table Jl.2 presents the breakdown of all the response 

patterns: 

Table ll.2 -----
-------.. ---------·--.. ----~-.- ·---·---------

1 
Response pattern 

* + ... 
• .I, -
.I, - ~ 
- _., .,. l 

I 

2 
Frequency in 
total sample 

---·--·-
.193 
.069 
.058 
.021 

·---·-··--~--1---

! 

I 3 4 5 
Frequency in Score-

Class I Class II Col 3 
Col. ~ -----•<>---,-,---··-~ .. -----

.192 I .001 .995 

.064 .005 .928 

.048 .010 .828 

.012 .009 .571 ______ , __ _ 
~ - - l .066 

...__ __ : i_~ ____ j __ Ji_! ____ _ 
.016 
.004 
.003 
.001 

.050 

.045 

.090 

.450 

---·----- ----

• 242 
.082 
.032 
.002 

TOTALS 1.0000 .340 ; • 660 
i 

- ..... ---·--- i - ------·j__ __ 
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It is important to realize the nature of the splitting we 

have just accomplished. '7e stc.,'\.rted vrith a gample ?'f r.::spondents 

and vrn know of each individual exactly how he answered each 

question. ··•e know a.bout each person that he is, e.g., a [,1."" .J.j 
person or a (f - i 1 person, etc. for the eight possibilities. $ 

The total number of each of these eirht types are the ultimate 

frequencies. 

·Then we split the manifest data, v:e t,s..ke the proportions 

indicatinc the :proportion of the sample civing each response 

pattern and divide these proportions into two parts. Now we 

know, e-e:•, that of the proportion of the total sanple giving 

response pattern {~-" +, -~, .192 belong in latent Closs I while 

.001 belonr in latent Class II. :But we do not know vihich indi­

viduals \Jithin a civen response pattern croup belong to which 

la.tent clnss. 

·7e now turn our attention to the final column in Table 11.2. 

]ach response pattern, as it were, recruits its respondents from 

the two latent clasr-:es. There e.re .016 of the sample who a.re 

members of latent Class I s.nd vho give the res1,on se pat tern 

f+ - -J. Another .050 are members r:,f latent Closs II e.nd give 

{ ·, 
the sarne response pattern, i. + - -J• ?he total proportion of 

respondents f.tiving tha.t resronse pattern is .066. If we form 

the ra,ti o 

9roportion of persons recruited from 
-i. _la~J Class _J__ gJJ i 1:1.fi. . .§:_r _e~ P?,_r:i_~_l) at J-~r_ll!L_ 

l,ota.L ::_Jroport1on r 1v1n( a response pautern 

for each response pattern, v..-e may compare response pattern with 

respect to the extent to 'Nhich persons giving that response 
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pattern are recruited from latent Class 1. This is the Hscore 11 

:presented in Column 5 of Table 11.2. ;.re can use this score as 

an ordering device for the response patterns and the response 

patterns of Table 11.2 have been arranged accordingly. rote 

that the score permits a unique ordering of response patterns. 

It is possible to go a step further in the interpreta-

tions of this ordering ratio. It is the probability that a per-- -- -- ______ ,_,.,.,,,,__,... .... ,._._ --- -- --
son_ g_ivir~ ~ !~sponse patte~E._ £...9..~~ ~ _±at_e,ri~- Cla~~ !. fa'tl1!3.!. 

than from latent ClBSS II, 

XII. CRIT'J?..IA OF R;DUCIBILITY 

our example consisted of a test where only three positively 

related items were involved. In fact any three positively inter­

related items can be treated as if they defined an underlying 

latent dichotomy. 

In the case of a tln1 ee item test there are 8 latent para­

meters to be computed ( Y1 and f
11

, and the 6 latent marginals) 

, 8 pieces of manifest data, the 23 positive frequencie~ and 

8 equations linking the parameters a.nd data. The latent struc­

ture is thus completely determined. In larger tests, there are 

more positive frequencies than there are latent parameters and 

hence certain conditions can be seen must obtain among the mani­

fest data if they are to be reducible to the parameters of the 

latent dichotomy mod el. }'or ex.ample, in the 4 i tern case there 

are 16 (or 24 ) positive frequencies which define only 10 latent 

parameters. 

As soon as there are more than three items they must 

fulfill certain conditions in order to be consistent with the 
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hypothesis of an underlying la.tent dichotomy. Some of these 

conditions were developed in previous sections but in the 

present section we intend to take them up in some detail. 

In any empirical test where the number of items is greater 

than three, the hypothesis of an underlying la .. tent dichotomy 

is not necessarily consistent with all sets of data. All the 

researcher is given by the results of his test is the set of 

ma.trices, ?,I( <J). How, then, can he recognize from the matrices 

whether his test is consistent with the model? 1Jhat are the 

"clues," so to speak, by which the researcher may guide 

himself? 

In order to answer these questions, it is necessary to 

work out the implications of the model and set up the necessary 

conditions which the data must f~lfill if the latter is to be 

consistent with the model. 

From the previous sectio~s discussion we may immediately 

set down some of the necessary conditions. The first condition 

is one which .p$~,.tM.,t,.1.s to · the second order positive frequencies. 

Consider the matrix :M(O): 

1 P1 P2 P3 •• ·Pm 
,1. 

P1 P12 P13 •. •Pia 
M( o) 

= P2 p P23 •••P2 
1'2 

, m 

P3 p p 
• ·••i31'11 

• :13· i23 I • • • 
'O P. .. p p ••• ·m lm' 2m 3m 

A third order basic determinant from this matrix9 e.g. 

rij,km] 
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1 pi pj 

(ij,kmJ - Pk Pik p,k - -J 

Pm Pim Pjm 

can be transformed by pivotal condensation about the upper left 

hand element into: 

(ij ,km] : 
[ikj 

fim] 

i-3y ( 9.1) this determinant ce.n be expressed in terms of latent 

parameters as 
I 

Yr 

I 
\i 

didk ,fr )'rr djdk 
(12.l) fij,km) 

~' II 
0 :. --YT \' -r didm .f )' II djdm I -~ . J. I 

l'hus all basic determinants of 3rd order must vanish and 

the matrix 1/ O) must have ranl-. 2 if the manifest data are to 

be consistent ·with the hypothesis of an underlying latent 

dichotomy. 

It follows from this condition that if the matrix M(O) 

has been transformed by pivotal condensation into a cross­

product matrix, its rank should be 1. For example, 

[2 1) 

t 3 1·1 

(4 lJ 

[5 lj 

f3 
l. 

f4 
[5 

81 
21 

2:i 

fl 31 

f2 3] 
'· 

---
f4. 3J 

f5 -31 
◄ 

fl-41 
• ,J 

L 1. 5J 

f2-4} [2 5J 
f ,, 4'; '3 51 - product 0 - cross '· ' -.. 

matrix 
--- /'4 5! 

f5 4J ---I. 

should have rank 1. Any second order determinant selected so 

that the diagonal cells are not included and which are of the 

form 
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(12.2) 
[ikJ f 3k 1 

J ij ,km] 0 - -- -[i~ :1 i I :,m: 

This is the so-called 11 tetrad condition." The tetrada (ij,km] 

should vanish. 

This feneral condition, that the rank of matrices of 

positive frequencies have rank 2, obtains for matrices of 

h . h . t 11 - 1 1 · th f ' • ( 2 ) 1g er s1cna ure a.s we • t! or examp e, in e case o i 1,i 

8, third order basic determinant fab,cd;2] is s1~Lown below: 

P2 Pa2 pb2 

f ab,cd:2J = Pc2 Pac2 Pbc2 

pd2 1\i.d2 pbd2 

By pivotal condensation around p2 this determinant becomes 

(12.3) 
r . , (ao;2 J fbo;2 I ! i )~I }II dadcPr2Pn2 \'r Yn dbd,.Pr2Pn2 
I ab er • 2 .. f .. 

1 
. .. . . . •J : 0 

.. , , ·' .. t fad; 2J /:bd; 2 ] , - ~ I 'n daddP,::2PTr2 ,:I iu dbdaPi:2PIT2 
' ' . 

.Another condition which we have already touched upon in 

the discussion of the last secti.on is that, upon pivotal con­

densation, corresponding elements in matrices of different sig­

nature have the same ratio. ?or example, consider l~(O) and 

M(l) after transformation by pivotal condensation: 

--- [1-2 J 

f2 11 
M( 0) - l3 ;J f.3 2·1 = 

f4 ij f4 21 .. 
f5 11 

-· 
f5 2! 

. 
{1 

,·2 
\ 

(4 

(.5 

3j 

3/ 

31 

3: 
J 

/'2 4 i 

(3 4 1 
I •' 

,1 5, 
l. .1 

13 -5! 
' .t 
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---- {23; 1] 

f32 • 1 I . ' -

[42; 1 j f43; l! 

t53; 11 

[24; 1J f 25; iJ 
[34; 1 J ):35;1_1 

---- t45; l I 

f 54; 1 I 

By £~~es~on~1P~ ~}-ements we mean elements which differ only in 

the signature of the matrix from which they were taken. Thus, 

picking corresponding elements from these two matrices and 

forminc ratios, we get [from (10.11)] 

[23; l! = 
[23/ 

The proof in the general case is given in (10.11). Generally, 

(12.4) 

This condition also obtains for matrices of higher signa­

ture so that for any pair of matrices transformed by pivotal 

condensation corresponding elements will have the qame rs~io. 

Thus 

(12.5) [ab,cd;xy'J • 1.:i_J ,klpcy/ 
/ab,cdj ;ij ,kl/ 

A third set of conditions obtains among the positive fre­

quencies of higher order. Take for exarrinle., thP. matrix, M(l2 ) 

P12 P123 P124 P125 P126 

P123 pl234 pl235 pl236 
1/ 12) - P124 P1234 ----- - P1245 p1246 -

P125 P1235 pl245 ----- p1256 

pl26 pl236 pl246 P1256 -----



A second order basic determinant from this matrix is: 

[35;121 = 

Replacing each element by appropriate latent equivalents: 

' )J pl P2 ~.- ~/ .P1 P2 P5 
{35; 12) '· t'. - -- -2 )' p p<;) P3 ') )<., p p2 P3 P5 1 ..., '-· 1 

-- }' 
I 

Dividing [;55;12J by (35/ we get 

0 r sin Ce .. .i..( 1 : p I 1 pr I 1 and {,( 2 = p I 2 p I I 2 

then 

or more generally 

This condition is known as the multiplicativity of ltnks. 

Higher order //J • s can be derived fr om lmver order /(1' s by simple 

multiplication. 

There are then three sets of conditions of reducibility 

to a latent dichotomy: 

1.) The rank of all joint occurrence matrices of any 

signature has to be 2; or -- after ~ivotal condensation -- the 
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rank of the cross product matrices has to be 1. 

2.) 11Corresponding 11 elements taken from cross product 

matrices of different signature have a constant ratio, depend­

ing only upon the signature of' the matrices and not the elements 

involved. This introduces the '!links" 

_ 1·-x.x.1 iJ 
!_XYi 

: Jxy; ik.! 
i_XY ! 

etc. 

3.) "Links" have to be multiplicative in the sense that 

ft, /,/ / / 
l
. J' k • . • - ·' ,, . ;(,1 • , I k -- l,,. J ., .• ••• 

It will then also be true that, e.g. 

.l{k 

XIII. T.JCiffI 0 tr.:~:; Fff~ EA~-DL:::,T ::"ALII:GL~ DATA 
1. T.ho Computation of the A verr · S '. 

rith data taken from an actual test the conditions of re-

ducibility will never be fulfilled :9erfectly. Aberrations may 

come about in Frnveral v;ays ~ first, the la tent dichotomy model 

may not be the best fitting structure for describing the under­

lying distribution of people and attitudes. A more appropriate 

t1odel for some attitude tests mo.y be one in which the under­

lying distribution of people is best approximated by postulating 

three or more latent classef, each clcss having different latent 

marginals for each of the items on the test. In this case the 

data will not fulfill the conditions because the most appro­

priate model has not been postulated. 

Secondly, although the latent dichotomy model may in 
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general be the best fitting underlying structure for the data, 

special factors may appear to upset the conditions at certain 

points. Two items, for example, may be related to each other 

by a special wording factor which produces higher interrela­

tionships among the items than would be expected on the basis 

of postulating a latent dichotomy alone. 

Thirdly, the aberrations found in empirical material may 

be due to samplincr error. Although the general population from 

which we have dravm our sample may be literally composed of 

two classes of people, the sample drawn may appear to satisfy 

the conditions only poorly. 

For two reasons we shall be concerned here only with the 

joint frequencies pij and the triple frequencies pijk• 

The sampling errors of the hither order positive frequencies 

will be relatively greater than those of the lower order fre­

quencies, because they are usually of considerably smaller size. 

,·re should expect then that wl1en a set of data fulfills condi­

tions that obtain among the first and second order positive 

frequencies, whatever aberrations appear among the highei· order 

frequencies are probably more likely due to chance variations. 

In addition the conditions ccncoxning quadruple frequencies 

P .. kl and hirrher ones will in the next cha:9ter be subJ' ect to lJ . .. 

further interpretation. 'For the moment therefore we restrict 

ourselves to the cross product matrix M(O) and the parameter K. 

Given a cross product matrix of the general form 
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(1 21 (l, 31 [l 4-, •.• l l ·1 m, 

[2 l \ f2 ~) ! \2 41 2 I ···L ,m, 

1_3 11 !3 2'/ r3 
t 41 ••• f3 ml 

{4 .11 f4 2! f4 3·1 • • • f 4 . m J 
. ' .. • : I • . ; 

• • • • [m 1/ fm 2] (tn, 3 / Im 4'\ ••• ----L 

there are many tetrads fij,kiJ which may be formed. For ex­

ample, we have the following tetrads: 

or 

fl2,34_1 : jl 3/ )_2 4} - [2 3.J [1 4) 

and so on. Although not all of the tetre.ds which can be formed 

in a cross product matrix are independent, the number of such 

tetrads increases rapidly with the number of items in a test. 

The inspection of all s11.ch tetrads in order to determine whe­

ther they differ significantly from zero would be quite a 

tedious task. A more efficient way to approach the problem is 

to construct a matrix of cross products which v1ould be an esti­

mate based on the available data of what the cross products 

should look like if they completely fulfilled the tetrad con­

ditions. 

In the case of data perfectly fulfilling the tetrad con­

ditions for an underlying lstent dichotomy, the following rela .. 

tionship holds: 
1-----·-··-" j 

,1 fij] f ikl 
I 

I --
\i1 f jk} 

• 
r;-ij I f jk) 

./ :_ )ik:J 
\i . . 

There are however many ways in which the S values may be formedt 
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I 

,- L~3J-1:_4l : / f 1 4J [1 5] , etc. / _.:.,_ ______ _ 
f2 3/ / } 2 4J 

' 
I ,..,, r 4 s 1 

'iith fallible data the value of s
1

•
23 

(s
1 

formed with items 2 

and 3) will be different from the value of s1 •24 , S 
4

h, etc. 
1. .J 

In order to form an estimate of the best value of Si from the 

relationships in a given set of dats. we form an average S. 
l -which we call Si. ,Je start Y1i th the form 

·l'here are as many such eauations as there are combinations of 

j and k which may be formed with i. Summing over j and k we 

get: 

The rirrht hand elements of equation (13.2) can be seen to be 

the sum of the product of the elements in the row i taken two 

at a time. ·rorking- out this sum for the four item case where 

i :: 2, 

(J 3.3) 
4 4 
~ ·; j2 j] j2 kJ: 2([1 2] [2 3_)) 4 2( )1 2J 1_2 4.1) 4 2(L2 3 i ~2 4J) 
j k . 

The right hand expression of (13.3) is the expansion of 

( [1 2J + t2 3) ♦ \.2 41 ) 2 - \). 21 2 - i2 3J 2 - t2 4] 2 

so that we can replace the rirht hand expression of (13,2) ·with 

the general expression 



( 13. 4) ~ " I .. -:.:· J·l) 2 - "' r1· J·) 2 ~ j ~ k l_i j -~ [_ i k l = ( L Li . ~ l. 

The ter~fj kl in (J3.2) is the sum of all the cross products 

in the me.trix minus the cross products which appear in the row 

and column i. 

... ~-r- \ (13.5) 1- [J kJ > 

fj k') 2- li • ·1 
I = /. .:::. - 2 J .... i... L .. j k j 

j k 

The formula ( 1 ;s. 2) can now be expressed as 

-2 - ( ~ Li j_/)2 s. - , 
l 

..,...__ ____ _ 

~ -:· /. ,· \1 . j ., 
i j .. 

where 2 ii j ! 2 
is the sum of the squares of the cross products 

j in the row i 

and ( ,S [i j] ) 2 is the square of the sum of the 
cross ;ioducts in the row i 

and 4 ;,; f_i jJ is the sLun of all the cross pro­
ducts· in' the matrix 

and 2 ~ Ii• J I is twice the sum of the cross pro­
ducts~ the row 1. 

-lith the s. values found using the formula (1~3.6) ~bove crosa-
l 

products can be computed which will satisfy perfectly, except 

for rounding errors, the tetrad conditions for a latent dicho­

tomy by multiplying appropriates values 

t 

[i jJ 
fitted .. , 

The/cross products, }i jJ are then compared with the empirical 

cross products to see how· closely the cross product matrix 

fulfills the tetrad conditions. A residual matrix composed of 
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the differences between actual and fitted cross products is 

often computed to make the comparisons easier. 

A, :]Xci.mple !• In order to illustrate the computation and 

interpretation of the average S values and the fitted cross 

:product matrix we will present a numerical example. This is a 

six item test of job satisfaction administered to 876 em­

ployees of a large industrial concern. The texts of the six 

items and the first order ponitive frequencies are given below: 

pi 
1. 

.34 

2. 

• 5? 

3. 

.62 

4. 

"Are there any things about your job that you 
particularly like? 11 

. .P,~si ti ve !_espoE._~: "A lot of things" 

11 Are there any things about your job that you 
particularly dislike?" 
Po~itj_y~ respox:113~: 111:one" and 11 not many" 

"How often do you look forward -.vi th some pleasure 
to your day on the job?" 
,E~iv~ F~.£?.E~' 11 every day 11 and 11 almost every day 11 

11 If someone asked you about getting a job like 
yours ·which of the following would you be in-
clined to do? 11 Encourage her? Discourage her? 
Neither? 

• 48 Poaj.ti ve resJJ_<?_~s_e t 11 encourage her 11 

5. "Do you ever feel you would like to quit and get 
a job with some other company?tt 

.38 Pos_itive rf:U;:QOnse~ 1':Fever" 

6. "Do you feel that you would like to get a trans­
fer from your present job to some other kind of 
vmrk in your department? o 

.58 .:t.Jositive E...~~~ll~~' 11 Seldom 11 and 11never 11 

The actual cross product matrix for these six items is 

shown below: 



Table 13.1 

·tempi ri cal Cross :c~roduc t :::.:r.1 trix 
Computation of Si 

I r· · ··] ' lJ i ~ 

-----------~---.---: I 

I 4 : 5 : 6 
. t 

1------------------l------+··-··-·· 
l 2 3 

0408 I oe20 0694 \ 0572 ! 0293 
1 : ! ---+----+--·····--L-.. ____ .-i-., . -I 

0408 I 0801 0876 I 0774 i 0504 j' 
1 ' ; 

0620 oso1 I ---- 1069 iose2 ! 0542 
______ ..,. i , ·--L---

0694 0876 j_l069 __ _-==_I 10~~1_°_6,1~ 
0512 0114 ! os~2 102s r--- ; 001s I 

---· ----i 
6 i 0293 : 0504 l 0542 0614 0575 \ ---- I 

! l I ! l -I 

1 

2 

3 

4 

5 

5s113363 i 3914 -,-, 421i1·ss2s --r-2s·2a-· 1,'\ nJ·j1 
i ! l I I LI 1.:· ..l = 

--,-0-6u911131 I -l532Ge·s1 -rl-466-·-r 0639-·j ... 

IL. [ij] 2.0500 

II (2[ijJ )2 

I 5174 l 6726 -: 1s2Bt 8558 t 7658 ·r 5056 --~ III 2:f [ij] 

IV,:--·rij1 2 
L. '.1 

l 1 • i : --.. --.-·-·-1----r;-·----t··---L-- . --r ·-•·- -·---! 
0144 I 0243 , 0324 i 0382 1 0309 I 0134 j 

I 0342 I 0645 i Qg.53 r 1213 + 0901 + 0327 I ) s~ a V 

VI s' i 
______ i ___ j_ _____ J______ .i .... - --- --~-·-----1 -

I 1849 ! 2540 i 3087 I 3483 l 3002 . 1808 
1 

) Si : 

'----------··-· I __...• ---'-- --·-·•--·-- -•--

.4381 

1.5769 

The six rows at the bottom of the cross product matrix outline 

the computc:tionsl steps for cetting the S! values. Row I con-
1 

ta.ins the sums of the c•)lumns of cross products in the matrix and 

the square of this sum is pl2ced in row II. ~1ov, III is simply 

b7ice the entries in ro;-r I. In ro~.7 IV aro placed the sums of 

the squares of the cross products in e::i.ch column. These sums 

of squares mqy be gotten on a calculator at the same time the 
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sums of the cross products are obtained. The last two rows 

contain the values of g, 2 and§. respectively. 
1 l 

The total sum of the cross products in the matrix is 

gotten by adding across the row· I and this sum is entered to 

the right of row I in Table 13.1. The computation of the s1 
then proceeds according to equation (l . .'5.6). For example, 

is computed b:r taking t:1e entry in row II, column 2, .1131, 

subtracting from this the entry in row IV, column 2, .0243, 

dividing this diffe:;:-ence by the entrv which is the sum of row 
" column 2, 

I, 2.0500, minus the entry in row III,/.6726, and taking the 

square root of the resulting quotient, 

The fitted cross product m2trix (Table l~.2) is computed 

by multiplying the appropriate §
1 

values according to the 

general formula: 

as, for example, the fitted cross pro clue t, [23·1 ' 

(1:ote that the fitted cross products a.re m0rked vrith a prime (') 

to distinguish them from the e,apirical cross products.) 
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Table 13 .2 --···-- ----
The Fitted Cross ?reduct :1atrix 

Jl[ij]'II 

An extra rovr entitled) fij} • has been added to this matrix. 

"Jach entry in this row is the sum of the cross 

products in the column above. The sum across this row~1- [ij_l' 

is placed to the riGht of this row. A computational check is 

based upon these figures. Since 

[ iJJ t = 
then 

In this particular case: 

( 
<;' -s ,2 - 2 2 
L. , J - '2. 'J : (1.5769) - .4381 : 2.0486 

·, --:: 1.-iJ"J' -- 2.0486 L I.. -

Note that in the fitted cross product matrix the tetrad 
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conditions are fulfilled perfectly except in rounding errors• 

For example, the tetrad 1Ll,-04i is: 

r2 3} I = 
1 

.. 04?0 

/3 41 1 : .0644 

.0784 

.1075 
:: .000003 

The residual matrix is computed by subtracting elements in the 

fittod cross product matrix from corresponding elements 

in the empirical cross product ma.trix. 

1'2.ble 13.3 --,---
Residual ?.Tatrix 

II U,n - fi,j}'/J 

1 2 3 4 5 6 

1 ---- -0062 0049 0050 0017 -0041 

2 -0062 ---- 0017 -0009 0012 0045 

3 0049 001'/ -0006 -0045 -0016 

4 0050 -0009 -0006 ---- -0020 -0016 

5 0017 0012 -0045 -0020 ----- 0032 

6 -0041 0045 -0016 -0016 0032 ----).; ( (if- ii.: ( Ci jJ -
f i . l ' .0013 .0003 -.0001 -.0001 -.0004 .0004 tijJ t) : - J., 

.0014 

A final row has been added to the residual matrix. This 

row, 2_( [ijJ - [_ijJ t), contains the sums of the columns of 

residuals. The eum of this row 2 f ( (l.j] - !_ij1 ') is placed to 

the richt of this rov,. A computational check employing these 

sums can be based on the obvious relationships 

(13.9) i ~: [ijJ - ·-;___?. (ijJ' = ~?; ( [ijJ - fijJ ') 

The first two terms to the left in this equality are the sums 
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of the cross products j.n the ~i:rica.l and in fitted 

ma.trices res~ti vely. In this case, the computat i ans check 

(2.0500) - 2.0486 - .0C.14 -
2 J ( [ij J - [ijl'} - .00;14 -

A positive difference or residual indicates that the 

actual cross product has a higher value than it should have 

under conditions of perfect reducibility and a negative dif­

ference indicates that the actual cross product is smaller 

than it should be. 

:'Tore specifically, the residua.ls indicate how well the 

second order positive frequencies fulfill the conditions of 

reducibility and have a definite interpretation in terms of the 

size of these positive frequencies. We know that 

and 

But since p~ - P· l - l 

(13.10) 

For example 

and 

[ i J"1t - pt _ p•·pt 
.) - ij i j 

P! - pj' then 
J -

fi j-1 - (i fl' ~ p .. -.. _, lJ 
p! . 

lJ 

(12] - [12]t: -.0062: p 12 - Pi2 
indicating that p

12 
is smaller than it should be by .0062 of 

the sample or 5.4: (.0062) X 876 persons. 

·7'hen the residuals are generated primarily by sampling 

error it is to be expected that the signs of the residuals 

\•muld be spread more or less at random throughout the matrix. 

One would not expect to get blocks of cross products whose 
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residuals were all positive or all negative. This would appear 

to be the case in the present example. The distribution of 

signs in the residual matrix appears to be fairly random and 

we would tend to accept the hypothesis that the differences 

shown are primarily the result of saLlplinr. errors in the second 

order positive frequencies. 

The size of the residuals is another indication of how 

well the hypothesis of an underlying latent dichotomy fits the 

data. In the absence of any knowledge about the sampling error 

of such differences, nothing very much can be said about their 

acceptable size ranges. However from past experience with a 

large number of tests and some preliminary experiments generat­

ing fictitious manifest data using tables of random numbers, a 

residual grea.ter than .25 of the original cross product is 

usually considered greater than one would expect on the basis 

of sampling error alone. irate that in this example there are 

no residuals which could be called large under this rule of 

thumb. 

••
1e vrnuld therefore tend to accept the hypothesis that the 

manifest data of this test vrere generated by an underlying 

latent dichotomy and proceed to compute the latent parameters. 

J3 • -~xample 2: Next we present an example where the conditions 

of reducibility imposed on the cross product matrix are but 

poorly fulfilled. 'l'his example is a six item test taken from 

the same survey of employees' attitudes. The texts of the item~ 

a.re civen below: 



the 

and 

pi 

.81 

.83 

.82 

.52 

,78 

.58 

The 

1. 

2. 

3. 

4. 

5. 

6. 
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"How good a job do you think the company 
is doing in meeting the demand for its 
service'? 11 

Positive res;eonse 11 very good 11 and 11 excellent" 

"How good a job do you think the company 
is doing in serving its present customers? 11 

Posi ti V..£l.. res1)0nse: 11 ::Jxcellent 11 

"How well do you think the company is run'?" 
Posi ti Vt:. ~onse: "Very ·well 11 

"How do you think your friends outside the 
company feel about your working for the 
company? 11 

Positive response: "They think I tm fairly 
lucky 11 or ''very lucky" 

"How do you feel about telling people you 
work for the company?" 
Po_~_i ti ve response: •1very proud of it 11 

11Do you like or dislike tolking about busi­
ness matters v;i th friends who do not work 
for the c ompany'"i 11 

PoGi tive_ response: "Like to fairly well" 
or 11 very much" 

eiapirical cross product matrix for these s i:-: items 

corresponding residual ma,tr ix is shown below as Tables 

13.5. 

Table 12i .4 --·--- - ----
Empirical Cross .Jroduct ?Iatrix: 

11 [iSI I! 
l 2 3 4 5 6 

l 
__ _,_ 

0600 0313 0174 0146 0125 

2 0600 0209 0163 0125 0091 

3 0313 0209 0381 0418 0303 

4 0174 0163 0381 0714 0597 

5 0146 0125 0418 0714 ---- 0562 

6 0125 0091 0303 0597 0562 

and 

13.4 
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}~trix of ~esiduals: 
II [ijJ - fi.jJ' II 

l 2 3 4 5 6 

1 
I 

0071: -0138 -0151 -0115 I ---- 0446 
I 

21 0446 0008 -009? -0122 -0109 

3i 0071 0008 -0028 0029 -0012 ! 
··-- ------- --· ·------ -~---·----p•--..... ----- ~--. - .. , .. 

4 -0138 -0097 -0028 0213 0191 

5 -0151 -0122 002s i 0213 01?6 
i 

6 -0115 -0109 -0012 I 0191 01?6 -----
The fitted cross product matrix is not ohown since the most 

important information is how much difference there is between 

each of the fitted cross products and the corresponding 

er:1:;_Jirical ones. ·rhis information is contained in the matrix 

of re s id ua 1 s /1 [ i j ] - fi j ] ' f / • 

There are more than a few of the empirical cross products 

which deviate considerably from expectations. The cross pro­

duct, [12·_1, for example has a residual of .0446 which is over 

?4~ as large as the empirical cross product, .0600. Apparently 

questions l and 2 are related far beyond Y:hat one would expect 

on the basis of each questions' interrelations with the other 

questions in the matrix. Turninc back to the texts of the items 

on page 68 we see that both questions pertain to the employees' 

estimations of how well the company is doing in its relations 

with customers. An interpretation of the hich relationship 

between these questions vrnuld be that both these questions 
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involve not only the e,Jployees• attitudes towards working for 

the company but also attitudes towards the way in which the 

co:npany is meeting the public. In fact, both questions might 

be considered alternative wordincs of the identical question. 

The signs of these residuals are not distributed at ran­

dom through the matrix. Items 1, 2, and 3 form a block of 

items with positive residuals among themselves, and items 4, 5 

and 6 form another block of positive residuals. (These are the 

two groups of cross products enclosed by squares in the residual 

matrix Table 13. 5 .) The residuals of the cross-products betVJeen 

pairs of items, one in one group and one in the other as e.g. 

(14] or [2~ are with but one exception negative and generally 

larger than the acceptable size. A sicn pattern of this sort 

in a residual matrix indicates that the questions are not solely 

related to the same underlying attitude. 3ach block of items 

involves an attitude in addition to the general attitude under­

lying the interrelationships. 

Again the texts of the questions help us in defining what 

these additional attitudes may be. nuestions 1 through 3 seem 

to define an attitude towards the company's relations with the 

public while i terns 4, 5 and 6 refer to the employees' pride in 

working for the company. Undoubtedly both pride in working for 

the company and a positive estimation of the company's success 

in dealing vri th the public are in part reflections of their own 

satisfaction in working for the company and this latter atti­

tude might be defined as the general attitude running through 

all the items in the test. 
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In terms of the latent dichotomy model and the restric­

tions it imposes on the manifest data it is quite obvious that 

this attitude test does not come close to fulfilling those 

conditions. A more appropriate model would be one which pos­

tulated more than a dichotomous latent distribution of employ­

ees. Perhaps the results of this test might be better ac­

counted for by postulating two latent dichotomous distributions 

where each individual is placed by two latent attributes --

his pride in working for the company and his estimation of how 

the company is fulfilling its role in serving the public. 

These possibilities will be discussed in later chapters. 

'l'o return to the general problem of how fallible data 

arising in actual empirical work are to be handled: we have 

examined two tests and rejected one because its cross-product 

matrix did not fulfill the conditions laid down by the latent 

dichotomy model. But this is not the only condition set up by 

the model which we have discussed in the previous section. 

There are conditions which are applicable to matrices of higher 

signature. 

As far as triplets of items are concerned the conditions 

imply that the parameter K be the same for any three items 

chosen from the system. It is to the discussion of this point 

that we now turn. 

2. Computing K from 7allible Data 

The reader may recall that in order to compute Kt an im­

portant parameter allowing us to find the latent class propor­

tions, a set of three items (triplets) were necessary. In 



larger tests with fallible data there will be many triplets of 

items and each triplet will yield values of K which will vary 

from triplet to triplet. In other words, the parameter K also 

ha.s a sam.9ling distribution and sets of data. which approximately 

fulfill the conditions of reducibility in other respects will 

yield as many estimates of E as there are triplets which can be 

formed. The number of such triplets in a test of m items is 

A test of 6 items would then permit 20 di1·ferent estimates 

of K, each estimate differing slightly from the other. In 

Table 13.6 belov; are shown the different values of K computed 

from the job satisfaction test (example 1, page 61). 

Table 13.6 

Values of K from a 6 item test 
(n: 876) 

Triplet from 
which computed 

:123!. ,. , 

il24; 
,:125i 
1126_( 
n34; 
'1351 

~136} 
·145, 
tl46s 
U56i 
t234j 
L235j 
12363 
, 245{ 
)216; 
\256i 
,)4~I 

K value 

-.365 
.328 
.261 
.656 

-.182 
-.010 
-.153 

.273 

.430 
- • 03~3 
-. 2?4 
-.252 
-.236 
-.0?5 
-.054 
-.0'76 
-.238 

:-i'r 

.58 

.42 

.44 

.34 

.54 

.51 

.54 

.43 

.40 

.51 

.57 

.56 

.56 

.52 

.51 

.52 

.56 
}>465 -.145 .54 
;,356_l • 010 • 48 
t456: .183 -- .4,6 

Ave rave K _____ ,-:::- _ --··-· 002, .. Average .. , ~-I .:_._50 ------·-
3tandard :::. • 2G2 3tanda.rd ;: • 06 
De.!_~-~:..0. on _______ --·-------· Deviation .. _____ ---·--
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The average K value for this test is .002 and the range is from 

-.365 to .656. The standard deviation of the K distribution is 

Although K varied rather widely from triplet to triplet in 

this example 9 the corresponding latent class proportions do not 

shovr very muc]:--;. dispersion. In the last column of Table 13.6 are 

shovm for each triplet the latent class frequencies computed 

from that triplet's K value. The/_ values are not very sensi-
1 

tive to changes in K as ~e may see from the fact that the range 

of~; values is from .58 to .40 and also that its standard devia­

tion is .06. 

The distributions o:C K and :¥
1 

sho1ivn in Table 13.6 are con­

sistent with sampling experiments and are vJiLlin the acceptable 

range of sampling error for samples of this size. These exiJeri­

ments have been reported elsev:here in this stndy. 

"':l:ach of the vc:1 .. lues of Y obtained may be considered an esti­

mate of the 11 truet1 E value for the population and the test. In 

the absence of any criteria from sampling theory for what should 

be the best combined estimate of r based on the many triplets 

which may be formed, the average of all the F values is taken. 

note tha.t each 1( vc.1.lue i;;as computed by iriserting into equation 

13.11 below the proper values for each triplet: 

(13.11) K = 
D 
~ ijk - I\ 1~jl\ P. 

l -
.J. s s c·, 

,:> • 
J. j k 1 

is not the adJ"usted ~ o~ ;) i J. 

:pj - pk 
,.... ~, 
,;,, .) 

j k 

equation 13.6 but is 

defined as ,--•··· -----·--·----··· 
1i : / J..W (ikl J ,1jkJ 



If the average of all the K values computed by 13.11 were 

taken as the best estimate of K, we would compute K for the 

m(m-1) (m-2) different triplets in a test of m items. The com-
6 

putations soon become quite tedious especially where mis a 

fairly large number. 

A considerably shorter approximation method may be employed. 

This approximation method which employs the s. values consists 
l 

of summing all the terms in equations 13.11 involved in a test, 

as in 

-K : 

where the summation ?'_=_ is over ~11 the com­
i1 j tk 

binntions of i, j and k. 

There arc m(m-1) (m-21 values for each of the terms in 13.12 
6 . 

and the sumr:1::~.t ion is over these terms. The resulting sums the re-

fore have to be averaced. i7ote that since every term in the 

first expression on the right hand side of equation 13.12 is 

weighted by the same value, 6 , the weights cancel 
m { m -1 ) ( rr1:. 2 } 

and only the last term to the ri~ht needs to be weighted. 

The i value will of course not be identical in all cases with 

the averafe of the K values computed by 13.11. ~e have everaged 

the terms in 13.11 and not the resulting K values. In addition 

ue have employed the §1 values which will not be identical with 

the average of all the 3. 'k values. Ho,;/ever, the a1::>proxima ti on 
l • J ' 

in most cases will be fairly close. 

This equation (13.12) can be simplified further. ]or example 
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..._-. 
the expression 2 ___ I\PJ.1\,, is part of the expansion of 

itjtk "" 
3 

(pi .f.. P. t Pk ♦••• t Pm) and hence we can make substitutions 
J 

which simplify computations somevrhat.. To illustrate the ration-

ale behind the simplifications, we have expanded below 
3 

(pi+ pj t pkt ••• t pm) where m - 4. 

( )3 3 3 3i 3 2 2 2 
P1iPziP3iP4 = P1fP2tP3,P4f3pl (p2tP3fP4) i 5p2 (p1tP3½P4 ) + 3p3 (p1+P2iP4) 

2 
t 3p4 (p14P2tP3) t 6(P1P2P3) f 6(P1P2P4) f 6(plp3p4) 

Transposing terms we gett 

f ( 3 3 3 3 3 6 ... P1PzP3 f P1P2P4 f P1P3P4 f P2Pz,P4] : P1 +P2tP3+P4) - (pl + Pz + P3 i P4) 

-3r Pi<P2+P3iP4) i p~(pl i P3 f P4) + .. 

·sxpressing this equation in summ2tion notation, we get 
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- p.) 
1 

6 

This equation can be simplified even further by simplifying 

the last term in the numerator. 

~--· 
/ P 1·P-P, 
ffJfk J K 

6 

Replacing the limits of sumrn:i.t ion by m, we r;et the general form 

of the substitution: 

6 

(13.14) 
m ~- - -,_;: S 8.S -

itjtk 1 J k -
------·------------

6 

m 
Finally the expression --,-

/.-- ... can be replaced by 
ifjlk 

m /p. pj p .. m 
pi (13.15) s:::.---··· 

"' (m-1} {m-2) ··'f--;T··· 
I 1 .. k \:; 

/.~-i w- ;;.- s, 2 s:-l, J .k i ,:) . ~- 1 
'. l J ~: J. 

since each item enters into a triplet of items (m-1) (m-2) 
2 

times. 
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Replacing the approprlc.te terms in 13.12 by thA subst:'..tutions we 
1 

worked out we got; 

6 

(13.la) 

The terms which ar~ enterect into tM.s eqW1.tion nre as follows: 

P. 'k J.J •. 
== sum of P.11 the third ord0r positiYe frequencies 

= sum of the first order positiYe frequencies cubnd 

== swn of the cubes of the first order positi ... re 
frequ.enctes 

= the product of the sum of the squares of the first 
order positive freq:..iencies and the sum of the first 
order freqilenc ies 

,·- P1 = sum of each f1rst ord~r posj_tive freq11er1cy divided 
by the correspondin3 S I 

L--- s 

1 

i 

Note that the weighting faotor for the last term in equation 
13.16 is gotten by dividing the number ·1f times enoh Pi%· term 
appears in the triplets., (m-l)(m-z), by the number of suofi 

2 
triplets to be averaged., 6 • 

-m(rn-1 J{c~;:-2.)" 
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m 
tt\) 3 

: sum of the S values c.ubed. 

m- 3 
~Si = sum of the cubes of the S values 

m_ crs.) 
-· 1 

-

the E_roduot of tho squares of S surumncl and the sum of 
: t.ru,, S va lues .. 

Once K is computed then the rest of the latent structure is 

easily obtained by employing the formulae of Jection x. The ratio 

of the latent class proportions, t, is obtained by 

(13.17) 
12 

t: -K f / K + 4 2 I --·-4-
'I 

/ ; 

The la.tent class proportions ) 1 and ;r· are obtained by 
·· II 

(13.18} y - t2 ~) -
. I - -~ ' ·1 II -

1 + t 
The la.tent msrcinals for ea.ch of the questions are then computed by 

f' Pri - p. + 3. - 1 l 

(13.19} r 
I s1t P:Ii = pi -·-

and the entire latent structure is knovm. 

:Eomocraphs from v1hich the values of t and d/I can be read 

directly once K is knovm have been constructed. Tl1ey are shown as 

Figures 13.1 a.nd 13.2, pages 79 and 80. The t and /
1 

can be read 

to 2 place accuracy from these nomoEraphs. 

As a numerical example of the em:ployment of equation 13.16 

VJe will use the job satisfaction test shovm earlier in this sec­

tion. (pp. 61-63) The reader may recall th.st this test was used 

as an example of computing the §1 values. The distribution of K 

values for the triplets of this test was also shown on pace 72. 

The necessary informe.tion for computing K is listed below: 



YI. 
l-¥--) o 

.80 

.75 

.70 

I 
m.65 
~ 

.6 

,55 

.50 

~ 

Figure 13 .1 

.10 20 ._20 .40 

I 

I 
5 3 

-

\ ; 
GRAPH OF K AND )/ I 

+K 

.50 • .60 .70 · .80 
I ' 

i iK 
I 

I -~ 
I 
I 

i 
I 

- - - - -

-K 

-

.90 1.00 1.10 1.20 1.30 
\ ·, 

I 
• 

-I 
t 

' '·-- ·, 

~~ 
I ' - ;i! 3 

~6: . 
. I< ) . \. ;, '·-, 

1.40 1.5o."50 

ii 
I 

l 
' ; 

.45 ' I 

I . 
• 40 

.35 

' I 

t .30 
i 
I 

.25 

•20 
• l'.) 0 



t GRAPH OF \ AND t 
t 

(ft:l" +K) (for -K) Figur£ l;,.2 
r, C O 10 c:. J • • 20 .30 40 50 .6C' • 70 So .90 1.00 1. 10 1.20 1.30 1.40 1.50 , • 0 

I 
0 

1.9 

1.8 

1.7 

1.6 

°? 1.5 

1.4 

1.3 

1.2 

1.1 

1.0 

I T ~· I I I I i 

I ~ I i I 
I I 

I i 
-... I..........__ ! '~" r------ - I i ' -,, I I -------L l .. ._ i 

' 

"" ,~1 j ! 
I 

I ' r-,.. 
1 i 

i I 
I 

I'---" l l "---._1 : '· 

" I I~ I I I i I l 
I I I I 

I I I 
i 

I I I I 
I i ,. 

; 

I I i 
i ! 

' j ' 
,. I I I 

I 

l l ' ' I I I r- I ! • ! 
! 

! ' I 

I I 

,.. 

. I . I i ' -1.50 -1.40 -1.JU -Lc:U -1.1U -1.0 -.GO 

. 
i 
f 
i 
I 
I I 
; 
i 
i 
l 

I 
I 
! 

+i{'----, ___ 

I 
} 

l 
! 

~'-
I"'-
~ 

• t 
-K 
- . so - . 70 - • I 

I ' i ; I i j 
t 

l I 
' ,, 9 

I I 

I -
8 

-
l 7 
i 
! 

I I -
!'---. j 

I I r-_ 6 
--1----

i r--------
I I ·------r---.._ 5 

I I I I I 

! l I 4 

I ! 
I 
I I 

I I ~ i 
...... 

~ 
I 
! 
I 

r--,.._ I 

3 

2 

~ l 
r---~ l l , -- .. , , . .. .1 

! "--~ ~J 
' 

0 
)0 -.'50 -.40 - 3 ?J -. Fl ,') 



-8J.-

P1 - .3425 P5 = .4064 - Sl - .1849 --
P2 = .5708 P6 - .5765 - (":f .2540 .;:,2 = 
P3 --- .6256 53 - .3087 -
P4 = .4806 84 - .3483 -

c5 - .3002 J5 -
s '6 :: .1808 

P123 - .2055 - p234 - .3185 -
P124 :. .1884 P235 = .2705 

pl25 - .1587 - p236 - .3105 -
P126 - .1746 - P245 - .2409 -
P134 - .2089 - P246 - .2671 -
P135 - .1781 - p256 :: .2306 

pl36 - .1941 - P345 - .2648 - " 
P145 - .1632 - P346 - .2968 -
pl46 - .1746 - P356 - .2557 -
pl56 = .1553 P456 - .2283 -
The da.ta necessary to enter into equation 13.16 ca.n easily 

be computed from the information shovvn abovte. 

2Pijk: sum of all 3rd order positive frequencies= 4.4851 

?_Pi: sum of all first order frequencies: 3.0023 

(7·pi ) 3 • cube of the above sum = 27 .0621 
3 

L pi : sum of the cubes of the first order frequencies: 

•8407 

of 
2 

times the sum _lpi 4.6923 - sum - , .. pi -- --- sum of all the Si values - 1 • 5769 - -



L
.··- 2 

S, 
. 1 

-

Y - 3 
S: -

- 1 -

4 • ~86l. -

3. 9.?ll + 
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sum of the cube of the Si values: pl273 

sum of S. 2 times the sum -;::;-·s · ~ •69'07' l L_ l 

sum of each Pi divided by the corresponding 

·s i :. 12 • C484 

[ 27 .0621 ~ l.~!8.: -._1_4_._◊7-69] . 

.254:p .• .. _ _g.0121_ 
6 

: 4.4851 : ... ?.j_445 - 6.0243 
.3 .506 

K: -.2041 

-Note that the K value is somewhat different from the aver-

age of all the I( values computed from the twenty triplets of 

this example. K is within one standard deviation of the distri­

bution of K values comput8d fro1:.:. the triplets of this exat:1ple. 
(See page 72) f: -.204 

.Avcrc1.cc K = .002 

IIovrever, al though the difference between the tv,o ways of comput­

ing K appear to be large when we inspect the differences in the 

latent class proportions produced, the discrepancies can be 

seen to be inconsiderable. 

From K, ~ : • 5507 

Prom avcr~ce K~ t1 : .500 

Considering the computational advantages 

accruing from the employment of equation 13.16, the shift in 

latent class proportions about .05 can be considered to be 



negligible. In appendix D this matter of computation will 

be discussed further. 

The latent structure for this example is easily computed 

employing the s1ts and t. 

:. t_2 _ __,,.. 

l f t 2 

>/II ::. _l __ 

1 f t 2 

etc. 

.1020 + / 4,041~: 1,1072 
\ 4 

::: 1.2259 
~-2259 

:. .5507 

:. .4493 

.3424 4 .18' 49 
1.1072 

: .5097 

The latent structure of the job satisfaction test is then: 

Table 13.7: The latent Structure of the Job Satisfaction Test: 
latent Marginals 

Ill.tent Class I I 
: 

Proportj_ons 1 2 3 4 5 

-
Yr : .• 5507 .5097 .7914 .9054 .7970 .6792 

-
) 

.4493 .1373 .3003 I .2826 .0927 .0720 J II -- I 

! l I 

-
:;. Th"' . ..lirrl.rep.l'et~tion of the I.a.tent Marginals; 

6 

.7398 

.3763 

··----1 

At this point it might be worthwhile to discuss in detail the 

information contained in a latent structure and how the latent 

marginals may be interpreted. The latent marginals, the reader 
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may recall, are the proportion of respondents in each of the two 

latent classes who answer positively to each of the items. The 

marginals in addition tell us something about each of the items 

in the test. they tell us how helpful each of the items is in 

aiding the researcher to classify the individuals who took the 

test. An item which is a perfectly discriminating one would have 

latent marginals of 1.00 and o.oo •. ?..very one in the positive 

latent class would give a positive answer to the question and no 

one in the latent negative class would give a positive answer. 

Given the answers to this question we would be able to classify 

persons into the two latent classes with no error at all. On the 

other extreme, an item which is of no use to us in classifying 

respondents would be one which had the same latent marginals in 

each of the latent classes. Respondents in the positive latent 

class and respondents in the latent negative class would be equally 

likely to give positive responses to this item and the item would 

be c,f no use in making inferences from the responses to the most 

likely latent class of the respondents. 

l'he difference betv.,een the two latent marginals of an i tern 

thus expresses its discriminating power (although v•ie will see a 

little later on that this discriminating power is really of two 

kinds). The larger the difference, d, the creater the discrim­

inating power of an item. The reader ma.y recall that this dif­

ference, d, is expressed in the 3 value of an item. In Section X 

we showed that: 

I ' and since the product r
1 

t
11 

is constant for all of the items in 

a test the discriminating power of an item is proportional to its 
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S value. The larger the value of S the greater the difference 

between the two latent marginals of an item. 

Host of the i terns we vvill find in a test lie somewhere in 

between the two extreme cases. La.tent marcinals of exactly 1.00 

and .oo are very rare and i terns ·whose latent marcina.ls are the 

same in each of the two latent classes would have zero cross 

products with the other items and would ordinarily be eliminated 

before the structure is computed. However, it is very often the 

case that items are found in a test which are very helpful in 

characterising members of one class but poorly discriminating for 

the other 18tent class. Consider, for example, the latent mar­

ginals of item 1 in the latent structure shown above: a little 

more than half the persons in the latent positive class gave 

positive answers to item 1. If one were interested in sorting out 

the persons who belonged in the latent positive class by the use 

of this item alone and took a positive answer to this question 

as a criterion, he would misclassify about half of the la.tent 

positive people into the latent negative class. The ''inclusive­

ness" of this item is rather poor. 

As a contrast, consider the latent marginals of item 3: 91% 

of the persons in latent class I gave positive answers to this 

question. If we ~ere to classify all persons who gave a positive 

reply to this question as latent positive we would classify cor­

rectly 91< of the latent positive people. The "inclusiveness" 

of this question is fairly good. 

F.owever, in making the classifications suggested above, we 

would also make errors by classifying persons who are latent 
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negative as latent positive. For item 1, 14~ of the latent nega­

tive people gave positive responses to this item. If we classi­

fied all persons who gave positive answers to this question as 

latent positive we would miscla.ssify these 14~ of the latent 

negative class. Another way of looking at it would be to say 

we would exclude from the latent positive classification 86~ of 

the latent negative people. The "exclusiveness" of this item is 

thus rather good. Turning to item 3, we see, on the other hand, 

that while this item's inclusiveness was rather good, its ex­

clusiveness is but fair. 281 of the latent neeative people gave 

positive answers to this question and we vrould exclude from the 

latent positive class only 72% of the latent negative people. 

Of course, we would not ordinarily use the responses to a 

single question to classify the respondents. It is more profit­

able to use all the information we know about a person -- his 

response p8ttern -- llnd Section X.V will be concerned with the 

problem of classif_yJ nr response pa.t terns. However, it is impor­

tant t.-0 see that ths discrini:i:nating power of an item has two 

dimensions, as it were, its ability to in~~!-1d~ within a la tent 

class all the respondents who really belong there, and its ability 

to exclude from a latent class all the respondents who do not be­

long there. 
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XIV: THE GOODE:JS3 or J?IT OF A LP.T'Jl'H sr{UCTUR:S 

Any given set of manifest data will not ordinarily fit the 

conditions of reducibility set up by the latent dichotomy model. 

If the deviations are not larie a dichotomous structure is com­

puted and the deviGtions of the empirical data from perfect ful­

fillment of the conditions are "mnoot:1ed out,'' as it v;ere, by 

the computations. In computing the ~i values the deviations of 

the second order positive freauencies, P . . , from perfect rank 2 
( 0) . lJ 

conditions in the M matrix are "smoothed out 11 by taking an 

average of all the S values which can be formed from triplets 
i .jk 

of items. Third order frequency deviations are smoothed out by 

-taking· an average of all the pijk values in computing K. 

The conditions of reducibility which obtain for the higher 

order freouencies are ordinarily ignored and these frequencies do 

not play any role in the computations. Fo attempt is made to 

ascertain the rank of the matrices of hicher signature or to take 

into account 1.-:hether the condition of the ;•multiplicativity of 

links" is fulfilled. 

?artly as a consequence of the averacing procedures in the 

computations and partly because all the conditions of reducibility 

are not taken into account:1 a latent structure co-nputed from fal­

lible data will only approximately reproduce the ~anifost data 

from which they ~ere computed. ~rom a t~o class structure where 

the conditions of reducibility ~ere fulfilled perfectly it saould 

be possible to reproduce exactly the ·:na.nifest data from Fhich the 

latent structure we .. s computed. In other y,ords the f8llowing re-

lat icnship holds in the case of perfect reducibility: 
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Any given set of empirically obtained data will yield a 

latent structure where the above equation will only be approxi­

mately fulfilled. The degree to which this equation is fulfilled 

may be called the "goodness of fit" of a latent structure. In 

other words, the "goodness of fit" of a latent structure is the -- -- ---- - - - - --- ~--·-·- -- --
degree to which tq_~ :2.9_sitive f__E~q~encies or respons~ l?_a_~t~E~ 

computed fr:_~~ latent ~tructure .£E.!~sp:::md to ~ !3m_Ei:;:_ically 
1 

given :positive :freguencies or_ respons~ ~.ttern~. 

An empirical example, the Job :latisfa.ction Test of section 

XIIJ will form the core of the present discussion. 

1. rhe ~oodness of rit of a rour Item Test 

The number of positive frequencies in a six item test is 2
6

• 

In order to cut down the number of comparisons to be ma.de between 

computed frequencies and empirical frequencies we will consider 

only four of the six items ,rhich made up the job satisfaction test 

and thus reduce the number of comparisons to but 16. 

Since the system of positive frequencies is completely equi­

valent to the system of ultimate frequencies or response patterns 

we will show the number of persons giving each response pattern 

as empirically found and compare these numbers v;i th the response 

1The notion of goodness of fit is applicable only to tests 
where mis greater than 3. Since there are eight positive fre­
quencies and eight la.tent parameters in a three item test, the 
latent structure of such a test will always reproduce perfectly 
the positive frequencies of the three item test. 



-89-

patterns as computed from the latent structure. The response 

pattern frequencies computed will be used in the next section 

where the problem of classifying respondents will be taken up 

and it is important that the reader understand how they are 

computed. 

The last four items of the Job Satisfaction test have been 

chosen and the latent structure for these four items alone is 

given below: 

Table 14.l 
l 

La.tent Structure for Job Satisfaction Test 

--,---• 
f Item+tem 4 Latent Class Item 1 Item 2 

Proportions 

YI .51 .92 .82 - i±,76 -
Yrr :: .49 .32 .13 J_ .39 

! 
~-'---

__, 

The actual number of persons giving each response pattern is 

of course given to us in the manifest data. ·7e may obtain these 

figures directly by tabulating the questionnaires or compute them 

from the positive frequencies according to the algorithm of 3ec­

tion IV, page 13. These a.re the entries in Column V of Table 

14 .2. 

1The texts of these items is given on page 61. Note that 
the latent structure computed for these four items and shovm 
above is slightly different than the latent structure of the 
full six item test. Adding items to a test composed of empiri­
cal data generally changes the structure of the test somewhat 
depending primarily on how well the items added fulfill the con­
ditions of reducibility. 
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The process of reducing a dichotomous system to two homo­

geneous systems consists, from the point of view of response 

patterns, of splitting the number of persons giving each response 

pattern into two groups: those in the latent positive class 

(Class I) and those in the latent negative class (Class II). 

Column JI of Table 14.2 contains the number of persons giving 

e.a.cfi response pattern who are recruited from latent Class r. 

Column III contains the same information for Class II• These 

numbers were obtained by multiplying the a.ppropriate latent mar­

ginals and latent class frequencies. For example, the number of 

persons riving the response pattern !t - f -J who were recruited 

from latent Class I is: 

l• - f -J - nrP11 (l - Pr2> P13 (l - PI4) 

12.6: 447.3 X .92 X .18 X .70 X .24 

The number of persons in a latent class giving a particular 

response pattern is obtained by multiplying the number of per­

sona in that class by the probabilities of giving the appropriate 

responses (the latent marginals of that class). '.7herever in a 

response pattern a(_.} sign appears the la.tent marginal, pii' for 

that question is taken: wherever a(-) sign the complement of 

the latent marginal (1 - pii) is taken. These probabilities can 

be multiplied since within each of the latent classes answers to 

the several questions are independent by the definition that each 

latent class is a homogeneous one. 

The total number of persons in a sample giving a particular 

response pattern is a sum of the numbers of persons within each 
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of the two latent classes fiving that response pattern. These 

sums have been computed and are entered in Column IV of Table 

~•2• In Column V are the actual, empirically found, response 

pattern frequencies. 

l I 
lResponse 
:Patterns 

t.J+f 
-f·H·-
++-+ 
-.f.•U• 
,-·H· 
ti--
-+f-~- ... -
-4--.J 
-i--J 
--4-~ 
-+--
*---
--f-
---+ -----
Totals 

Table 14 .2 

Response Patterns for Four Item 
Job Satisfaction Test 

I II III I IV 
Number of Persons Recruited I Total 

From I Computed 
~a-Eent Ia tent~--/ 

Class I Class II 

178.4 O.? 1?9.1 
57.6 1.1 58.7 
?6.2 6.0 82.2 
15.9 1.4 17.3 
39.3 4.6 43.9 
24.5 9.6 34.1 
5.1 2.2 ?.3 

12.6 7.3 19.9 
6.7 13.0 19.7 

16.7 42.0 58.7 
3.5 9.8 13.3 
2.2 20.3 22.5 
5.4 65.9 71.3 
1.1 15.4 16. 5 
1.5 89.2 90.7 
0.5 140.0 140.5 

447.3 428.7 876 

I 
V 

Actual 

-
180 

52 
80 
20 
44 
45 

9 
24 
17 
59 
12 
18 
64 
15 
93 

144 

876 

' 

The differences between Columns IV and V for eech response 

pattern are indications of how well the latent structure "fits" 

the manifest data. Consider the response pattern { ... f--J: the 

actual nwnber of persons giving that response pattern v1as 45; 

but the number computed from the la.tent structure was 34.1 -- a 

difference of 10.9. On the whole, however, the computed response 

patterns and the actual response patterns match very vell. Note 
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particularly that the response pattern [,i.·H·-l-j (equal to the 

fourth order frequency, p
1234

) has been estimated very well by 

the latent structure. 

The discrepancies between Columns IV and V have two sources! 

first of all, the latent structure fitted to the data may not be 

exactly the one which generated the manifest data. A slightly 

altered model in this case might produce a better fit. Secondly, 

sampling error plays a role. Al though the general popula.t ion of 

which our test population is but a sample may literally be 

latently divided into two classes ~ith a certain latent struc­

ture, sampling from this population may produce manifest data 

wherein the conditions of reducibility are not very well ful­

filled. -S:Xperiments have been made to determine what sorts of 

differences may be accepted as due to sampling variation and have 

been reported elsewhere. 

As a rough measure of how well the computed latent structure 

fits the manifest data one might take the complement of the ab­

solute differences between Columns IV and Vin Table 14.2 divided 

through by the sample size. The Goodness of ~it for the Job 

Satisfaction Test is then: 

Goodness of Fit: 1 - absolute differences between 
actual and computed response: .94 

patterns 
Sample size 

Although appropriate statistical tests for testing the sig­

nificance of the differences bet:·een computed and actual fre­

quencies have yet to be rigorously developed, it has been sug-
m 

gested that Chi Se;_uere tests be applied v,ith the 2 degrees of 

freedom of a dichot'.Jmous system reduced by the number of latent 



1 
parameters computed. 

Thus, in the present example, v·here m: 4, the probabilities 

for the computed Chi-Square value should be read in the appro­

priate tables with degrees of freedmn of 16 - 10 - 6. The Chi--
Square computed was 8.28 indicating that deviations between ex­

pected and computed frequencies as rreat as this or greater could 

be expected in a.bout 20 out of 100 samples from a population with 

a dichotomous latent structure. The Goodness of Fit of the Job 

Satisfaction Test is therefore quite close and the latent struc­

ture computed is very much consistent with the manifest da.ta. 

2. The Goodness of Fit of Figher Order Frequencies 

So far we have seen how well a latent structure computed from 

manifest data was able to reproduce the response pBtterns. The 

notion of Goodness of Fit, of course, ap-~li es to the positive 

frequencies as vrnll as to the resr)onse patterns. Tiie example 

presented was a four item test and the highest order frequency 

involved was the quadruplets, pi jkl. FovI we will return to the 

full six item Job Satisfaction 1:est (see 3ection XIII) and con­

sider how· ·well the latent structure computed from this test was 

able to reproduce some of the higher order frequencies involved. 

r~ will consider here the fourth and fifth order frequencies of 

this test. The actual frequencies and the co:nputed -frequencies 

are shown in Table 14.3. 

1'3ugcested by })rofessor 1:i1rederick c. ":Iosteller of H::_.rvard 
University. 
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Table 14.3 -----
Goodness of Fit of ?ourth and Fifth Order 

Frequencies of Six Item Job Satisfaction Test 
Fourth Order Frequ8ncies Fifth Order Frequencies 

n Actual Computed Difference nijklm Actual Computed Difference 
ijkl 

----------
nl234 148 141 1 nl2345 111 95 16 

nl235 127 120 1 nl2346 116 104 12 

n 
1236 

135 132 3 nl2356 99 88 11 

n 122 
1245 

105 17 nl2456 98 78 10 

n 128 
1246 

115 13 nl3456 104 89 15 

nl256 107 98 9, 
D23456 152 138 14 

n 131 121 10 
1345 

n 139 132 1 
1346 

n 117 112 5 
1356 

n 113 98 15 
1456 

n 190 187 3 
2345 

n2346 211 205 6 

n 182 174 8 
2356 

n 166 
2456 

153 13 

n 180 
3456 

175 5 

All of the fourth and fifth order frequencies have been under­

estimated by the computed latent structure. I~ each case, the 

actual positive order frequency is greater than the computed posi­

tive order frequency. By and largeJ however, the quadruplets 

are not too badly reproduced by the latent structure. The Pijkl 

values are on the average under-estimated by about 6% of their 

size. The fifth order frequencies, however, are poorly estimated. 

The differences here between computed and actual frequencies are 
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quite large, on the average about 11% of the size of the actual 

frequencies. 

In making a judgment about how well the computed latent 

structure was able to estimate these higher order frequencies one 

must keep in mind what pattern of differences is to be expected 

when generated primarily by sa.mpling error. ··:e sa:w that in the 

case of the second order frequencies whose deviations from reduci­

bility are examined by computing a residual matrix, the chance 

pattern is one in which the deviations are neither larce nor con­

sistently in one direction. One would therefore expect that 

some of the higher order frequencies would be over-estimated and 

some under-estimated. The regularity with which these fourth and 

fifth order frequencies are under-estimated leads one to suspect 

that the conditions of reducibility obtaining for these frequen­

cies are but poorly fulfilled. 

A further speculation follows from our findings here. Per­

haps there are models in which the conditions of reducibility 

are fulfilled very well for the joint and triple frequencies but 

not for higher order ones. The next Chapter will be concerned 

with the characteristics of such models. 

The practical goal of a latent structure analysis of a test 

is to enable the researcher to classify the respondents accord­

ing to their position in one or the other of the two latent 

classes. Since the infor~nation known about each respondent• s 

performance on the test is his response pattern, the pattern of 
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yes and no answers he gave to the questions, the classification 

of respondents consists in the classification and ordering of 

response patterns. 

17hen a dichotomous latent structure has been computed for 

a test then we have two latent classes each of which is homo­

t;eneous. The number of persons within each latent class who 

have given a certain response pattern can be easily computed by 

multiplying the appropriate pattern of latent marginals given 

in the latent structure. The process of reducing a dichotomous 

system to the sum of tvJ"O homogeneous dichotomous systems con­

sists, from this point of view, of splitting the number of per­

sons giving each response pattern into two groups; those recruited 

from latent Class I and those recruited from latent Class II. 

(A more detailed description of how this splitting is accomplished 

is given on paces 90 and 91 ) • 

'.7e turn again to the four item example which formed the core 

of the previous section. In ~able 15.1 is shown the splitting 

of the response patterns for the Job Satisfaction Test. The 

number of persons giving each response pattern has been split into 

the numbers recruited from each of the la.tent classes. In Colwnn 

II are the numbers recruited from latent Class I and in column 

III the number recruited from latent class II. Each response 

pattern recruits its members in varying proportions from the t~70 

latent classes. There are for the Job Satisfaction Test, for 

example, 44 persons who gave the response pattern {~•·H·j. Of 

these respondents 39.3 or 89~ come from latent Class I. If we 

inspect the response pattern 1,-i-J we see that of the 20 persons 

giving this response pattern, 12.6 or 63~ come from latent Class I. 
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Table 15.l ---
Classification and Ordering of Response 

Patterns of the Job Satisfaction Test -- --I"---
l 

I II III t IV 
:1esponse Number Recruited From 1:al Pattern 

.. 
c!ass I · class II 

-- -------.. - ----~·· l I 

,i.;,l,f, 178.4 0.7 179.l 
.f..f.,J- 57.6 ,1.11 58.7 
.J-1-f. 76.2 6.0 82.2 
-l .f..i 15.9 

} ., . 
17.3 l .L • 4 

i-·H· 39.3 4.6 43.6 
+f.-- 24.5 9.6

1 
34.l 

-·H·-· 5.1 i ?.3 ,2.2 ,._.,._ 
12.6 7 .3 I 19.9 

_,._f. '6.7) 13.0 19 .? 
i--.s. 16.7) 42.0 58.7 
--t-.J. 3.5 9.8 13.3 
-.J.-- ) 2.2 1

' 20.3 22.5 ,. ___ 
t5.41 65.9 71.3 

--+- ~1.1 15.4 16.4 
----♦ 1.5' 89.2 90.? ---- ( o. 5 I 140,0 140.5 

·--..·- ·-· 
Totals 447.3 428.7 876 

. 
V 

Seo 
Col 
Col 

• 
• 
• 
• 
• 
• 
• 
• 

• 
• 
• 
• 
• 
• 
• 
• 

t ~· L. 

re -
. rr7 
.IV 

99~ 
98 
93 
92 
89 
72 
?0 
63 

34 
28 
26 
10 
08 
07 
02 
000.f. 

7e can use these ratios, 89% and 63%, as an ordering device for 

the response patterns. The ordering ratios or scores appear in 

Column IV. Table 15.1 has been arranced accordingly. The latent 

dichotomy structure thus permits a. unique ordering of response 

patterns. 

It is important to understand hmY the "scores" -- the order-

ing ratios -- have been computed. A response nattern•s score is - ---- ~---·- ·---- -

been recruited from latent Class I. It is possible to go a step - --- - -------- -- -
further in the interpretation of this score value: it is. th~ 

probability that_~ per~ riving th\s ~~120,nse ~~tern comes fr..£!.!! 
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Class I rather than Class II. This can be easily seen if one --- - --- - ---
remembers hovir the t1:70 elements of this ratio were derived. Tak­

ing the response pattern [-i•-~ as an example, the probability 

of giving this response pattern for persons in Class I is 

{l - P11) Pr2 Pr3 (l - P14) 

For persons in Class II this probability is: 

(l - P1r1} p!I2 PII3 (l - Prr4) 
There is of course no other class from which these respondents may 

be recruited. Therefore, the reasoning of inverse probability 

applies here. The probability that such a respondent comes from 

the first class is the probability of being in Class I times the 

probability of giving this answer if one is in Class r. Since the 

' probability of being in Class I is Y1 therefore the probability 

of being in Class ! and giving the response pattern £-i-i--j is 

Yr (l - P11) P12 PI3 (l - Pr4> 

The alternative probability for Class II persons is 

}~I (l - Prrl} PII2 PII3 (l - PII4) 
The inverse probability that a person's giving the response pat-

tern l-++-] comes from Class I is thereforet 

This was exactly how the ordering ratio of Column V was formed. 

Ta.ble 15.1 therefore not only orders the response patterns but 

it also permits us to classify the respondents into the two sub­

classes. This cannot be done with perfect certainty but only 

with a specified :probability attached to the judgment. •:fe see. 
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for example, that 89~ of the {-t-·H·} people in the .Job Satisfac­

tion Test co:.ne from Class r. our best judement a.bout where to 

classify these respondents is to put them into Class r. Ho...-11-

ever, the 111 of these respondents who really belong in latent 

Class II will be misc lassi fi ed. 

rote that some of the response petterns permit better classi­

fications than others. The two response patterns l++ttl and <... .., 

f---- ~ for example if classified in latent Classes I and II res-
'- _,, 

pectively do not involve much miscl2.ssification at all since the 

scores for these patterns are .999+and .oc~+respectively. Other 

response patterns involve a considerable smount of misclasEifica­

tion. The extreme case is exeL~lified by the pattern f+-+-? - ..:, 

whose score is .63. This score value tells us immediately that 

63% of the persons giving this response pattern are recruited from 

Cla.ss I and 37% from Class II. A decision a.bout this response 

pattern would involve misclassifying 37f.. of the persons riving 

it. (Fortunately, in this case, few of the respondents gave this 

response pattern and the amount of :nisclassification is not very 

serious.) 

:sach test then varies in its J2!e~isior:, the deeree_ to which 

respondents ~ .£_£!_~e<?~tly 9lassified into the ~v;o latent classes. 

A measure of precision may be derived from the above considera­

tions. ·•e may classify each respondent in that latent class where 

he 0i1ost probably belongst but we know that we cannot classify all 

respondents correctly. In the .Job 3stisfaction Test we shall 

have to classify the top 8 response patterns into latent class 

I and the bottom eight in Class II. 
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Proceeding on the basis of the above classification of 

response patterns we will misclassify a certain number of respon­

dents. The frequencies misclassified have been placed in paren­

theses in Table 15.1. A measure of the degree of precision of a 

test may be formed by dividing the number of misclassified per­

sons by the sample size and taking the complement of this ratio. 

Degree of Precision : 1 - number .?f pi_~lassi fied 
~.£§_On~ 

Sample si_z_e ______ _ 

·.'hen a test has perfect precision, this index has a value of 1 

and as the index value departs from lt it indica.tes increasing 

imprecision. 

The index value for the test is: 

It is important not to confuse precision and fit. The lat­

ter concept refers to the ability of a latent structure to repro­

duce the manifest data. The forme~ precision, refers to the 

accuracy with which respondents may be classified according to 

their latent class membership. Therefore a test may have good 

fit but poor precision or poor precision and fOOd fit. 

Every test has some degree of imprecision. The attribution 

of respondents to a latent class is a probability judgment based 

on his manifest response pattern. It can therefore never be made 

\Vith complete certainty. :~'urthermore this attribution may change 

as the amount of manifest informGtion increases. Assume for a 

moment that only the first three items of the Job Satisfaction 

Test had been available and let us inspect v.rhat happens to the 
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response patterns l?l-f and r~--~ when the fourth item is added to 

the test. The ordering ratio for these response patterns would 

have been .87 and .23 respectively. Adding the fourth item 

splits each of these response pa.tterns in two and now four scores 

are shown: 

Ordering ratio for Ordering ratio for :Number of cases 
first three items all four items 

H-~ J .93 82.2 
.87 ,., __ 

.72 34 .1 

-1----1-(; .28 58.7 

' .23 
' t----J .10 22.5 

By increasing our information by the addition of a fourth item, 

not only a finer ordering of response patterns is possible, but 

, the precision of the test has been increased. The effect of 

adding items to a. test (provided that these items satisfy the 

conditions of reducibility) consists of improving the precision 

of a test. 

Sometimes, the researcher in ordering respondents by the 

results of a test ranks them by the number of positive responses 

they give to the questions on a test. If we had followed this 

rule-of-thumb procedure in the exa.mple given in this section we 

v1ould have come out with roughly the same rank order of response 

patterns. All the response patterns involving the same number 

of positive signs would have been grouped together and we see in 

Table 15.1 that response patterns involving, e.g.J two positive 

responses rank ahead of response patterns with but one positive 

sign, etc. 
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There are however certain tests where to follow this rule 

of thumb would involve a considerable amount of error. ~hese 

tests are characterised by latent structures ·wherein one or two 

of the items are very "discriminating" ones while the others are 

poorly "discriminating11 items. One such latent structure is 

given in Table 15.2. 

1 
Latent Structure for LI:Jra Consciousness Test 

Latent Class 
, 

1 2 I 3 i 
Proportions , 

I 
. -

I / \ 
• .34 I .948 .616 .471 I , 

! 

j ' I --
l 

r 

Y11 = .66 i .122 .059 .227 
I I ; l ~--i.. 

The items of this test vary considerably in their latent 

marginals. The first item is the most discriminating. Practically 

every one in the latent positive cle.ss gives a positive response 

to this question and very few of the latent negative persons give 

a positive response. The difference between the latent positive 

and the latent negative classes in their responses to this item 

1The test whose latent structure is shown consisted of three 
questions about which maga:'.:ines a sample 1558 appliance dealers 
seemed to them the most "talked a.bout" in trade circles. A men­
tion of LIFE magazine to each one of the three questions was 
taken as the positive sense of the items. Thus the latent attri­
bute underlying the answers to the test would be a sort of LIFE 
consciousness. The texts of the items are not shown since the 
main purpose of this example is to illustrate what happens to the 
order of response patterns in certain kinds of tests. 
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is quite striking. As a contrast consider item 3: le.as than 

half of the la.tent positive respondents and about 23% of the 

latent nega.tive res1:iondents give positive res)onses to this ques­

tion. Positive answers to this question are just slightly more 

characteristic of persons in the latent positive class. The 

second item, while rather good for distinguishing latent nega­

tive persons, is not very discriminating for letent positive 

persons. Only 62~ of Cla.ss I and 6;: of Class II give positive 

responses to this question. The disparity between the discrim­

inating powers of the three items comes out very clearly when we 

inspect the scores for the response patterns of this test (see 

Table 15.3). 

Ta.ble ~5 •-2, 

'.J.es:ponse Patterns of LIFE Consciousness Test 
-·· . -- --...-···-

I II III IV V 

Response ___ Eumber .µecru! t ed ;From_ ___ . Total score :: Col. II/ 
Pattern Class I Class II Col. IV 

• ~ • 14 4.3 l.? 14G .982 
+ " - 162.3 5.? 168 .958 
.; - ... I 90.0 27.0 117 .?63 
4 - - 101.3 91.? 193 .520 

.. ----
- ~ .J. 7,.9 12.1 20 .395 
- 4- - 8.9 41.l 50 .178 

- - • 4.9 19(~. 1 199 .025 

- - - 5.6 659.5 665 

t 

.008 - -. ...... - ·-
TOTALS I 526 1033 1558 - ---···---

The la~ent at·~ri½uc.s of these tb:'A1 items is very strongly 

related to i·cem 1, moc1e:-·~:tely to 2, a,11.1 poorly to three. The 

lov1 la tent marcinals of the 18 st two i tAms all ow over 107 :persons 

who are latent positive to answer negatively to both these items. 

I 
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The very high latent marginal of item l makes over 100 persons 

of this 107 give a positive answer to item 1. Thus the pattern 

~ - ... must have a higher oc ore than the pattern lr f, ,r.J. The 

combination of an item very strongly related to the latent attri­

bute with items rather weakly related to it will always produce 

this result. The "weight 11 of one such item will exceed the com­

bined weights of the other two items. 

Thus the rule of thumb procedure followed by some social 

researchers of classifying respondents by the number of positive 

responses they give can lead in some cases to an incorrect rank 

order vvhen the latent st·ru.cture of the test is considered • 

. •"Ii A GRAPHICAL APPROX!HA"i.'IOl! :7ETHOD ?OR C·TJ?U'l'I1TG A DICHOTC:lWUS 
LATJlHT STRUCTUREl 

In this section a gre.phical approximation method for comput­

ing a dichotomous latent structure will be developed. The gra­

phical method involves few computations and can be accomplished 

very quickly. Its use when no great accuracy in the latent class 

proportions or the latent marginals is desired can lead to con­

siderable economy in time and lal:JOr • 

Starting v.rith the equations of ··_;ecti on { we can express the 

latent marn;inals, p and u , as functions of the manifest mar-
t: Ii • II i 

ginals, p
1

, the Si values and the latent class proportions}~ 
J 

and)' • 
II 

17.la 

l 
The main outlines of thio method v:ere developed by Hr. 

17ilfred A• Gibson of the University of Chicago. 
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17,lb PIIi : pi - Si/ 4- -
. ¥ II 
~-.. t·--·"·· 

If equation 17.la is multiplied by // and 17.lb by /y we get 
✓ I ',/ II 

the following: 

17.2a 

17.2b 

These equations {17.2c. and 17.2b} can be seen as a "'ot.s.tion 

which transforms the point: 

X - P. , y - S. 
- 1 - l 

into the point: 

The rotation is clockwise and the angle of rotation, J, is given 

by: 

cos J5 rr-- 1 t II -
17.3 sin I> 

i..., ... 
Jr'r 

tan J5 - I i t I -
- I - -

✓ 111 

The rota.ti on involved is shown craphically in Figure 17 .1. 

A point x,y ·with abscissae, p. and S., is transformed by rotation 
. l. l 

of the axes throurh the angle/> into the point x•,yt whose ab-

scissae are now p r:7·-· and u /i-~7--~ 
I I i / l\ I "' I i ~ a I 

"Ii ' 

The unit distance on the x-axis has projections on the new 

axes, x' ,y• vrhich are 1;::-- and jl ____ respectively. The pro-
~ II I ,--, 

jection on the x• axis is the line OB - cos ,1 - . v' • Its 
- P - ,, " II 
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FIGURE_ 17 .l 
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projection on the Y' axis is the line OA: sin t • r:;-· - j Yr • 
All the item points in the configuration will lie within the 

right triangle formed by the origin, the point, A, on the new 

y• axis and the point, 1,
1 

on the x-axis. ~his requirement fol­

lo·ws from the definitj_on of the latent ma.rgimils of a test as 

probabilities and hence values of p and p i:rreater than unity 
Ii I Ii ~ 

or smaller than zero are not admissible. Hence: 

r1··· --;--· 
O .( Y': PriJ 1 r 5_])1 

The new· reference frame, x' ,Y' v1ill therefore have some 

position so that all the item points fall within the right tri­

angle 0,1,A, whose hypotenuse is the unit distance on the old 

x-axis and whose sides take on the values J'T~nd / ;I ·-~. 
I V II 

The item points will always be positive and fall within the 
first quadrant of the plane. These points are however further 
restricted by a relationship VIhich holds between S. and p. so that 
they will always fall within a semi-circle whose ofigin i~ at .5 
on the x axis and which has a radius of .5. This restriction can 
be easily seen if we consider the following 

2 2 
s -- l_ii J - p - P i - - ii i 

[ii] is the cross product of an item with an identical item. If 
an item had a perfect relationship with itself (i.e., if everyone 
positive on the item would also be positive on its twin and every­
one negative on the item would also be negative on its twin) then 
p .. would be equal to p. and S. would be at its maximum va.lue. 

11 l 1 
Hence 2 2 

max. Si : pi - pi : Pi {l-p1 ) 

Therefore: 
max. r, 

o. -
1 - /

p. (1 ... ;-f-
1 1 

Thus the maximum values of S. are dependent on the manifest mar­
ginals of the item and if we 1 plot these maximum values as a func­
tion of p, they would lie on the circumference of a circle whose 
radius is 1 .5 and whose origin is at .5 on the p. : x axis• 

l 
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FIGURE 17.2 
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The anrle, '5, is, of course, given once the latent class 

proportions are knovm. If, however, r~ and /
11 

are not knovm 

can the ancle J5 be approximated~ If so, a solution for the latent 

structure v-,rill be obtained. The remainder of this section is de­

voted to developing a rule-of-thumb method for approximating the 

angle of rotation from graphical representations such as Jigure 

17.1. If I can be easily approximated then the latent structure 

of a test is almost immediately given and the considerable com­

putational labor of Section XIII can be omitted. 

In order to illustrate the logic of the approximation, we will 

consider first a hypothetical example of three items whose p. and 
l 

Si values are as follows: 

pl - .60 ,S - .30 - l -
p2 - .70 s = .so - 2 

P3 - .50 3 - .40 - 3 -
The plot of these points is shov,rn in ::""ie:ure 17.2. 

In the previous pages it wa.s shov:n that, -.vhen the proper rota­

tion is ma.de all the points in the configuration should lie within 
' 

a right triangle erected with the unit-distance on the x-axis as 

the hypotenuse and with one of its ~ides coincident with the new 

ya.xis. This requirement immediately sets limits on the ancle of 

rotation. On ~icure 17.2, the rotated system cannot be rotated 

in a clock-v:i se direction further than the posit ion taken by the 

axes marked x• and y•. In that position one of the points, 3, 

lies on the axis y• and any further clockwise rotation would 

exclude some of the points from ·rithin the right tria.ngle O,A• ,1. 

The angle of rotation correspondinr to this position is 50°. 
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The other limit of rotation can be seen to be the position 

marked xtt and Y"• If the axes are not rotated as far as this 

position then the normal to the e.xis y 11 drawn from the point 1 

on the x-axis will exclude at least the point, 2, from the right 

triangle formed. The angle of rotation must then be at lea.st as 

great as the angle the y 11 axis makes with the old y-axis. This 

1 l·s 44°. ang- e 

The two right triangles, 0,At,l and, O,A 11 ,l set the limits 

to the angle of rotation. The angle i must be at least as great 

aa the angle the y 11 axis ma,kes with the old y-a.xis but not greater 

than the angle y• makes with Y• 

These restrictions coincide with the requirements, 17.4, 

that none of the latent marginals of a test be less than zero or 

greater than one. The limits of rotation are set by ma.king the 

outermost points of the configuration coincide with one or the 

other of the sides of right triangles dravvn t'!ith the x-axis as 

hypotenuse, the rotated y axis as one side a.nd the normal from 

the unit distance on the x-axis to the new y axis as the other 

side. 

Although limits to ff have been set there is still a consider-

able indeterminacy. 0 0 ·~ can choose any angle between 44 and 50 

in "?igure 17.2. In some cases the difference between the two 

limiting angles of rotation may be as much as 15 or 20 degrees 

corresponding to a difference of about .07 to .13 in the size of 

the latent class proportions. 

It is
1

however. very unlikely tha.t in any given empirical case 

that any of the latent marginals of a test would be exactl.z one 
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or exac tl;y zero. The most 1 ikely a.ngle ct rotation would there­

fore not be either of the two limits but some angle in between. 

This consideration suggests that a.n average of the limits be ta.ken 

as the 11best 11 estimate of the 11 true 11 angle of rotation. 

Since the sine squared oft is the size of the latent posi­

tive class, one possible way of estimating</ is to take an average 

of the sines squared of the two limitin£, angles and set pf as that 

angle whose sine squared coincides with this average. 

In the hypothetical example of ?igure 17.2 the limits of 

rotation vrere determined to be 44° a.nd 50°. The 11best" estimate 

of pf is then: 

sin,/ =F 44°)
2 \~~ ~ / (,695)

2 ~ (,_!66)~. ,1314rsin 470 

The angle pf is thus determined to be 47°. The la.tent class proper-

tions and t are then determined c,s: 

Ir ( n • 470}2 . ,535 - .Jln = -
Irr - (cos 470)2 - · .465 - -

'l'he latent marginals of the test are easily computed as 

f ollovrn: 

The approximated latent structure is then: 

Latent Class 
Froportiona 

II : .536 

l~I : • 4'66 

l 

~8 

·28 

2 

S,8 

• 38 
: 

3 

.87 

.07 
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To illustrate how closely the approximation suggested here 

approaches the exact methods of Section XIII, we will present an 

example where the latent structure was computed by algebraic 

methods and compare the approximated latent structure with it. 

The example chosen was the Job Satisfaction Test used in 3ection 

The manifest marginals are the 3 values of this test are 

shown below and have been plotted on Figure 17.3. 

pl - .342 Sl - .185 - -
P2 - .5?1 C' - .254 - ,::,2 -
P3 - .626 83 - .309 - -
P4 = .481 s4 - .348 -
P5 = .406 s - .300 

5 -
p 6 .577 ,.., .181 = :, 6 = 

The upper limit of the angle of rotation can be rapidly determined 

from the plot of Figure 17.3 by drawing a line from the origin 

through the outermost point of the configuration so that all points 

are either on this line or to the right of it. This is the line 

marked Y'• The upper limit of the angle of rotation is then the 

angle made by this line and the y-axis. 

The lower limit of J can be determined by drawing a line from 

the point x: 1 through one of the points in the configuration so 

that all points are either on this line or to the left of it. This 

is the line marked l,A. A line drawn from the origin perpendicular 

to the line l,A then becomes the y 11 axis which determines the lower 

limit of rotation. The two limiting positions for the new frame 

of reference is marked by x' ,y' and x" ,yn. 
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The upper and lower limits of I were measured by protractor 

and found to be 39° and 54°. Hence the 11 beettt estimate of/) is 

then 46°. The corresponding latent class proportions are: 

,Ir - (sin 46o)2 -
111 - (cos 460)2 - : .48 

t: tan 46°: 1.036 

The resulting latent structure was computed and is shovm in 

the upper half of rable l?.1. 

,T.ae.le 12d 
Al Latent Structure of the Job 3atisfaction Test 

(Graphical Approximation :,rethod) 

Latent Claes --- --- I ?roportions 1 2 3 4 5 

-
' 

6 

V'r - .52 .520 .816 .924 .816 .694 .?61 -
-

)"°II -.48 .150 .308 .305 .121 .095 .389 f 
i l 

B: Latent Structure of the Job Satisfaction Test 
(:1:xact Computational I'tethods) 

La.tent Class 
Proportions 1 2 3 

·- ' 
4 5 6 I 

--· -~--- ·-
0 .791 .905 .797 .679 .734 

.. ... --···---- --- ···-·- --·--
7 .300 ! .283 .093 .0?2 .3?6 

l l ' 

-· 
In the lower half of Table 17.l is shown the latent structure 

as computed in Section 1CIV. Fote hove' closely the approximation 

comes to the results of the more exact meti1.od. The latent class 
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proportions differ by about .03. The latent marginals differ 

for the most part in the third decimal place and the graphical 

approximation comes ·within a fairly acceptable range of error. 

(Further examples comparing exact and graphical methods of com­

puting· latent structures are shown in Appendix D.) 

All of the material we have presented up to t;:1is point has 

dealt uith the interrelationahips between several different ques­

tions or measurements. The model may also be applied to repeated 

measurements where the~ observation is made several times or 

the~ question is asked repeatedly of a group of respondents. 

The results of such an analysis, hoveve:r; has a slightly different 

interpretation than in the more usual case v:here different measure­

ments are analyzed. 

The application of the model and its interpretation are per­

haps best presented by giving an example: A polling organization 

conducted a panel. survey of the readerr3hip of several magazines. 

Three surveys ·were made involving the same group of respondents. 

In an initial interview, made v.ri th a nat ion-v:ide sample of about 

1,000, the interviev.;ees ,··ere presented with then current issues 

of the magazines and Viere asked in detail ' .. ·hether they had read 

each of the articles in them. Each respondent was classified 

as to v:hether he had read each issue or not. Some three months 

later the survey was repeated -- this time, of course, with dif­

ferent issues of the ma.fa.zines in question. A third survey was 

made about six months after the second. 
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The results of the survey for two of the interviews is sho1iim 

in Table 1,.1. The magazine selected for illustration is COL­

LI~R•S. Table 11.1 shows the interrelationship between reading 

COLLI3R' S ]i:agazine on the ooccnd interview and reading it on the 

third intervievir. 

Third 
Interview 

Table l,7.1 --- •--·--
Readership of COLLI~~~ts Magazine 

Second Interview 

Tlead 
COLLI~ t S 

Did not 
J.ead 

C OLLIE.._-q' S 

Read 
COLLI:JR' S 

48 

73 

121 

Did not .7lead 
1

, 
C OLLI . .'.illl. t S 

75 

790 

865 

123 

863 

986 

About the same number of respondents had read each issue. 

121 respondents had read the issue presented to them at the second 

interview and 123 had read the issue at the third interview. How­

ever, only 48 intervie~:rees vrere readers on both interviews. A 

large number of respondents who had read the second issue had not 

read the third and of those viho read the third, few had read the 

second. Thus although there was a positive correlation between 

readership of the second and third issues presented, this correla­

tion was not very high. 

T~1e problem facinc the researcher in this table is how to de­

fine what a "regular" reader of COLLLJJ_tS is. It is a,ppa.rently the 

case that few :people read two issues in a rmnr and, al though this 

information is not shown above, st ill feY.'er persons read all three 
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is~ues presented to them. \/hat then should be the definition of 

a 11 regu.lar" reader and how shall one go about finding out how 

many 11regulartt COLLIEIPS readers there are'? 

One might arbitrarily decide that only persons who have read 

all three issues of COLLI::a,s are 11regular" readers. This does 

not seem to be a satisfactory solution because vre knov: that all 

sorts of accidental factors can come in to cause a person to skip 

an issue. A reader may be too busy one week to spend time reading 

it. Perhaps his local newsstand ran out of the issue before he 

got around to buyinc it. Someone in his family may have mis­

placed the co,_)y• etc. A more realistic definition of a 11 regular 11 

reader would be as someone vrho has a high probability of reading 

each issue of the macazine but the requirement that this proba­

bility be unity is too stringent. 

In the sa.me way a non-reader can be defined as someone who 

has a low probability of reading a particular issue. One might 

pick up an issue in a dentist's waiting room or at a friend's 

house. Although a respondent may not be a regular reader of a 

magazine all sorts of 11 accidental 11 factors may have caused him to 

read one part icula.r issue. 

The line of reasoning followed above SU[_gests that the latent 

dichotomy model might be applied here. It vrnuld define a class of 

persons all having the same hieh probability of readinc an issue 

of the magazine -- the latent class of "regular readers" -- and 

another class v.ri th lovv probabilities of reading an issue the 

class of non-rea.ders. If ·we fit a la.tent dichotomy structure to 

this material it would conform to our intuitive notions of how a 

regular reader should be defined and in addition yield an unique 
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solution to the problem of classification of respondents. 

At least three interviews with the same respondents are 

necessary in order to make possible to computation of the sug­

gested latent structure. However, the fact that some time has 

elapsed between the administration of the que::tions makes for 

some difficulty in interpretation. ·re knovv that over a. period of 

time, some of the "regular readers" will become non-readers a.nd 

some of the non-readers will become "regular" readers. There will 

be a certain amount of turnover and the amount will be dependent 

in part on the length of the time interval bet ween measurer:ient s. 

The notion of a latent class of 11 regular 11 readers and a latent 

class of non-readers is, on the other hand, a static notion and 

this v,ill produce some complications w:-1en the latent structure is 

to be interpreted. 

To illustrate this difficulty and how it manifests itself, 

the cross product matrix for the three interviews is shovvn in 

Table 17.2. The magazine is COLLIJ}R'S• 

Table 17.2 ---- ---
Cross Product :r;::;trix for Readership of 

COLLIER'S 1'Ia&:az ine 

Interview 

1 2 3 __ ,. ___ .,.., ___ 
I 

1 

~ 0413 0329 
I 

I 

! ! 

Interview 2 
-·+-·-··----t 

! 0413 ----- i 0334 1 
! 

--=-i r-:-·· 
I 
I 

3 0334 I I 0329 
l ·--.. -·•--

If there were but two latent classes each latent class having a 

certain probability of reading an issue of the m~gazine then the 
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cross products between different interviews would be, except for 

sampling error, identical in size, because of the relationship 

shown in Section X : 

Note that our notion of two latent classes with fixed probabilities 

of reading a magazine would enforce the following relationship: 

and hence all the cross-products should be identical or very much 

alike. 

The cross-products in rable 11.2 are not alike. Some differ­

ences between cross-products can be expected on the basis of 

sampling error alone, but the relative sizes of these cross-pro­

ducts follow a regular pattern. The cross-products between inter­

views adjacent in time are larger than those between interviews 

further removed in time. 

that the cross-product ~2] involving interviews but three months 

apart is greater than [23] where the span between interviews was 

six months. The greater time period probably allowed for more 

shifting about in readership. .Some of the respondents who were 

11regular readers" on the first interview became non-readers be­

tween interviews and some of the non-readers became readers. The 

amount of such defection and recruitment varies directly Viiith the 

time span, lessening the relationship between interviews which were 

separated by the greater period of time. 

As a consequence of this shifting about, the latent structures 

we shall compute for the res.dership of COLLr.m' S Magazine will have 

fluctuating probabilities from interview to interview whereas the 
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model we ~ish to eoploy here makes more sense in the latent pro­

babilities would be pretty much alike. Ho~ever, certain rule-of­

thumb adjustments may be made which in effect average· out these 

fluctuations and one such adjustment uill be discussed iater on 

in this section. 

The computed la.tent structure for the readership of COL­

LIER'S Magazine is shovm in Table 17.3. The class of la.tent 

•~regular" readers constitutes about 16% of the sample and the 

remaining 84% are the latent non-readers. 

Table 11.3 

Latent Readership of COLLI:-11 •s :~agazine 

Probability of reading an Issue 

Latent Readers 
(16%) 

Letent Fon­
Readers (s4;;) 

Interview~• 2nd Interview\ 

.62 .60 , 
i 

1st 3rd Interviei.'1 

.50 

----------~-1----- ' 

.05 I .04 .05 

----------·-

The probabilities shovm in the latent structure are the probabili­

ties for each of the two latent classes of reading the different 

issues of the magazines which vrere presented to t'.'lem. The non­

reader tends to read, on the average, about 4 out of every 100 

issues. The regular reader, on the other hand, reads a little 

more than 4 out of every 10 issues. 

The results make intuitive sense: we ha.ve defined tvro classes 

each of which is characterized by a certain probability of reading 

the magazine. The latent class of 11 regula.r 11 readers do not read 

every issue that comes out but read a fairly large proportion of 

them. The non-readers much more infrequently deviate from their 
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pattern of non-readership and read an occasional issue. 

\"Te have been looking at the latent readership of this maga .. 

zine from the point of view of the probability of reading a par­

ticular issue. Another way of looking at the results of the 

analysis is to inspect the proba.bilities of a 11 regular 11 reader's 

missing an issue, and of a. non-reader•s ~.§.9ing an issue. These 

probabilities would indicate something akin to the "error of 

measurement" of our procedure for identifying readership. They 

would tell us how well the instrument, if employed but oncer would 

discriminate between readers and non-readers of the magazine. 

These probabilities are easily ascertained from Table 18.4. For 

the "regular" readers the proba,bili ty of missing a particular 

issue is given by the complement of the latent marginals (1 - P11 ) 

and for the non-readers, the probability of reading a particular 

issue is p
111

• If the instrument of measurement of readership 

vere perfect, both these error probabilities would be close to 

zero. To the extent that they depart from zero they indiccste the 

"error" involved in the instrument. 

More specifically, if the probability of missing an issue for 

a regular reader is .40, this means that at any particular inter­

view about 40% of the "regular" readers would be classified as 

non-readers. And, if the probability of reading an issue for the 

non-reader•s is .04 this means that 4% of the non-readers would be 

misclassified as readers at any one interview. The relative sizes 

of the two latent classes of ttregular« readers and non-readers 

have to be taken into account, in order to determine the absolute 

amount of misclassification involved. 

The 11 error 11 probabilities for COLLI=:R•S 1fagazine is shovm in 
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Table 11.4. 

~able 17 .4 

1111:rror" Probabilities for CCLLr~ntS Magazine 

1st Interview 2nd Interview ' 3rd In ter~i e:7~ 
! Latent 7.eaders .38 .40 l .Bo l -·----,·- ----·-
t i Latent ]'Ton- .05 ! .03 .05 ! 

readers i ' I i 
i ! I ' 

Readership of any particular issue of the magazine does not 

seem to be particularly symptomatic of 11 regular 11 readership of 

COLLI-:DR'S• About 45~: of the regula.r readers of the magazine miss 

any one issue, and the error of measurement in this respect seems 

to be rather lsrge. 

On the other hand, very fevr of the non-readers accidentally 

read an issue and if a person has not read an issue the error made 

in classifying him as a non-reader would not be very great. The 

instrument used for measuring readership of COLLLJ:.1•s Hagazine 

seems to be better for defininr non-readers than for picking out a 

group of 11 ref:ular 11 readers. 

,·,e pointed out previously tha.t the lntent marginals computed 

from repeated measurements tend to fluctuste so::newhat with time 

since areal" changes are undergone by the respondents in the time 

intervals betv,een measurements. In order to get a.round this diffi­

culty it vms suggested thc:t a. sort of average taken of the la.tent 

marginals as the best estimate of the "truea probabilities at any 

one intervie'liv. There are obviously many ways in v1hich the coverage 

may be ta.ken. ?erhaps the easiest nay is to insert the arithmetic 

averages of the p, and S values into the equations: 
l i 



pli: pi+ Si/t 

PI Ii : 1\ - Sit 

The manifest marc;--inals, P. and the S values are avera~ed for the 
t::. l i "-' 

i interviews and a single set of latent marginals is obtained 

which are a sort of average of the real latent marginals. 

The four magazines studied were LIFE, COLLI~R•S, LIBSRTY, 

and TH.J SATID.DAY :...ir::inHG POST. The la tent class proportions and 

the average 11 error 11 probabilities of these four magazines are pre­

sented in Table 17.5. 
1 

Tab le 17_.!.Q. 

Latent neadership and Average 0 ']rror" Probabilities 
for Four }fat ional Hae;azines 

A: Proportions Found of Latent :J.eaders a.nd Latent ron-Readers: 

COLLI~R' S I LIFS LIB:i:RTY I SATURDAY , 

I --rVTI:lq]-".Q.J'OST -----------
Latent "Regular" 

Readers 16/2 20% f 11% 6% 

Latent ran­
Readers 

B: :]rror Probabilities 

84% 

C OLLI:i:R t s I LI J?E LIBE..~TY SATURDAY 
f ZV.::JNUJG ?OST 

------- -----------~t-----------1-- --··--·--.... I 

P.1.1obability for a 
Regular reader of 
missing an issue 

Probability for a 
Non-reader of 
reading an issue 

l 

.43 

.05 

See•,:. footnote on page 123a.. 

' I 

I 
l 

.38 .22 

.10 .05 .o? 
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(Footnote to Tnbw 11.5, pi.ge 123) 
1 

'Ibo rnonifEJst rne..r g1na ls, P1, for the four me.@z ines are shewn be low; 

LlFE LIJ.ERTY COLLIER'S SATURDAY EVENING rosT 

1st Interview 20; 127& 14i; 12% 

2nd Interview 22"1 jO 12% 127; 12% 

3rd Interview 22% 11% 12% 12% 

Note that the nanifeot r..ar_ginals do not differ very much frot1 interview to 
interview. Each of the four magazines has about the same nwnber of persons 
reading each of the three issues presented to the respondAnts. Furthermore, 
the last three mgazines, LIBERTY, COLLJER 1S, and THE SATURDAY EVF..NlliG POST, 
have about the same manifest marginals, and r:tp1)8rently comana., as far as 
the manifest marginals are concerned, the □ame amount of the market, How­
ever, when the latent ree.derehip of these last three is considered, there 
seems to be some difference between them, The SATURDAY EVENING POST has 
the lee.st number of latent readers, about .06, while COLLIER'S has a 
latent readership of .16. '!his finding on a mathenlll.tica 1 levo 1 indicates 
that the relationship between reading an issue on one intervlew and read-
ing an issue on another interview is quite different for the three n:e.gazinea. 
On an interpretative level, it indicates that the readers of the three 
magazines were different in their reading habits. 'Ihe read.era of TIIE 
SA'IURDAY EVENlliG POST are rather loya 1 and read practically every issue. 
From other sources we know that a large proportion of the readership of 
this magazine comes about through mail subscriptions. On the other hand, 
the readers of COLLIER'S magazine are much less loyal since they are less 
likely to read any one :particular issue. 
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The four magazines vary somewh,:t in the 11 loyalty 11 of their 

regular rea.der,s. At the one extreme, a little more than 4 out 

of every ten "regular II readers of C OLLI3:1' S mt ss a particular 

issue; and at the other, only about 2 out of every ten regular 

readers of TH':~ SATiJRDAY :Ji:JJ?IYG :P03T miss an issue. SATURDAY 

.. l-:V'El<:IFG POST readers, from this :point of view, B re considerably 

more 11 loyal. 11 1Text to the POST, LI:?.ill magazine seems to command 

somewhat more loyalty than the other magazines studied. The 

regular readers of LI:B1.:TI maffazine miss a little more than 3 out of 

every ten issues. 

Looking at the bottom row of this table we can get an idea 

of how often the non-readers accidentally pick up one of the 

issues of each magazine. The :Cou::.-- macazines c1i'l'fer very little 

in this dimension of accidentol readership. The non-raaders of 

LIFE pick up a.nd read about one out of every ten issues. Since 

this magazine has the largest circulation of the four studied, the 

chances that it would be picked up accidentally are greater. Its 

le.rger circuletion ,;;rould mean that LIL':'] magazine would be found 

in more of the homes, dentists' offices, etc., that the non­

reader would visit. The F03T is a close second to LIFE in this 

respect, while the other two maeazines are tied for third place. 

Only a.bout 5 out of every one hundred issues are accidental:).y 

read by someone who is not a regular reader of GOLLIJR'S or 

LIBJiRTY. 

The interpretation of a latent structure for the repeated 

readership measurements made a. good dea.l of intuitive sense. Can 

similar interpretations be made when the repeated measurements 
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are of a different nature? Now we will take up a case where the 

measurements pertain to a different field. 

In a study of the 1948 presidential election three pre­

election interviews were ma.de with a panel of respondents in 

]lmira, New York. In each of the interviews the respondents were 

asked to rate themselves es to their interest in the coming elec­

tion. The question asked was v10rded as follov:s: 

"How much interest would you say you have in this year's 
presidential election? A great deal? Q_uite a lot':' Not 
very much? rone at all?" 

The first interview with a panel of 75? respondents was obtained 

in June 1948, the second in .August and the tl1ird interview was 

me de in Se)t ember. Dichotomizing the responses to this question 

so that a positive response was defined as either 11 A great dealtt 

or 11 quite a lot, 11 the answers to the June and September inter­

views were related as follows: 

September 

7e.ble ]_ 7, 6 

Relationship of Ansr.'ers to Jnne and 
~~ept ember Interviews 

June 

Interested t Not Interested I 

~ -~7
4
8 - ii-·- ----· 

1
1:?5----+-

5
:~ 

Interested 

Not 
Interested I ~ l 203( 

\.---------~ 
502 252 ?57 

502 persons rated themselves as 11 interested" in June and 551 per­

sons in Se~tember. A large proportion of the respondents rated 

themselves as interested in both interviews. There were persons 
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-- 78 in number -- who rated themselves as interested in the 

first interview and as not-interested on the second interview. 

127 respondents rated themselves as "not interested" in June and 

0 interested" in September. 

Despite the shifting about -- which, incidentally, siJ.ov:s a 

net increase in Se:ptember of interested persons -- the correlation 

betv1Teen the two interviews is fairly high. rt is higher, for 

example, tlla.n the correlation shown previously betv;een readership 

of different issues of COLLrm.ts {see Table 11.1). 

To fit a dichotomous latent structure to this material is to 

postulate distribution of respondents as either latently inter­

ested or latentl;/ uninterested in the election. The "lo.tent 

interested II persons a.re those vri th a high :probsb ili ty of saying 

that they are interested; the-latent uninterested persons are 

characterized by a low probability of rating themselves as inter­

ested. There is room for all sorts of accidental factors to play 

a. role in a res;)ondent•s response to one particular interview. An 

interested person may have become antagonized by an incident in 

the campaign just prior to the intervievv; his mood Gmy be such 

that his answers to a question reflects prime.rily his mood rather 

than the relatively enduring intersst he really has; the ir.ter­

vie1:1er' s quest ion may be misunderstood, etc. 

In the same '.va.y, an uninterested person's response to any 

particular intervievv might reflect his mood, or a temporary surge 

of interest, or a ~isunderstanding of the question, etc. Inter­

ested persons have a certain probability of rating themselves as 

disinterested and disinterested persons ha.Ve a probs.bility of 

rating themselves as interested. The interpretation of the latent 



structure computed for such a series of repeated measurements 

then is properly put in terms of an underlying distribution of 

11 real 11 attitudes reflected only imperfectly through the answers 

to a question. Each question has a characteristic 11 error 11 -­

defined as the probability tha.t a person who is latently posi­

tive will give a manifest negative response and the probability 

that a person who is latently negative will give a manifest posi• 

tive response. 

The latent structure for the three administrations of this 

question is given in ~able lf.7. Note that the probabilities 

shown are the 11 error" probabilities discussed above: 

Latent Inter-
ested (72%) 

Latent Disin-
terested (28%) 

"Error" Probabilities For Elmira 
Repeated Interest nuestion 

1st Interview 2nd Interview 

.19 .07 

.30 .21 

------

3rd Interview I 
.10 

' 
.14 

l 
1 

Obviously questions will differ in the size of these 11 error 0 

proba.bilities. A good question -- i.e., one which will permit the 

best imputation from manifest response to latent position -- is 

l 
The probabilities shown in the first row of this table are 

the probabilities that persons in the latent interested class 
will give themselves rating as "disinterested." The proba­
bilities in the second rovr of this table are the probabilities 
for latent disinterested persons of giving themselves ratings 
as 11 interested. 11 
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one in which these probabilities are very small. A question which 

does not discriminate very highly is one in which both these pro­

babilities is very high. 

Some questions might be good for discriminating those who 

are latently negative. This would be expressed by low error pro­

babilities for the la.tent positive class and high error probabili­

ties for the latent negative class. Or the situation may be 

exactly the reverse: high error probabilities for the latent 

negative class and low error probabilities for the latent posi­

tive class. 

',7hile the error proba.bili ties for the latent interested group 

and the latent disinterested group are much more alike than in 

the previous example of latent readershipt there still is a con­

siderably greater chance for a latent disinterested person to 

claim interest on a particular interview than for a latent inter­

ested person to rate himself as disinterested. The results are 

almost as if there were some sort of pressure upon the disinter­

ested persons to appear interested. 

The reader may have noticed that in this case, as well as in 

the case of the readership measurements discussed previously, the 

time interval between the administrations of the question has had 

an effect on the computed latent probabilities. The interest ques­

tion started out on the first interview with the highest of the 

three sets of error probabilities, .19 and .30, and this probably 

expresses the v.cell-knovm fact th~t early in a presidential cam­

paign interest has scarcely crystallized. (The first interview 

in June ·vrns before the nominating conventions had met.) As the 
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campaign progressed, interest became more and more crystallized 

a.nd the error probabilities tended to decrease. 

In this example it probably does not make sense to average 

the three error probabilities as we did in the magazine reader­

ship example since the existence of differentials through time 

probably reflects real changes in the nature of interest. The 

average "error probabilities" are shovm below, however, more to 

illustrate their interpretation than to claim any real validity 

for them. 

Latent Interested .12 
Latent Uninterested .21 

At any particular interview only about 12~ of the really 

interested persons will claim to be uninterested. 7e cannot make 

too much of an error of classifying interested persons into the 

uninterested category by considering a positive answer on one 

interview as an "interested answer." The other kind of error -­

namely that of classifying uninterested persons as "interested" -­

is much more likely to occur. This is indicated by the finding 

that at any particular interview about 20% of the really uninter­

ested respondents will say that they were interested in the 

election. 

) .. 'VIII: APPLICATIONS TO Drli1:R AR.iJAS 

nest of the discussion, both theoretical and empirical, of 

the latent dichotomy model has centered around problems of and 

examples from the field of attitude testing. It would, however. 

be a very much mistaken conclusion to infer that this model is 



epeci fie to that problem area.. Its applica.t ion to other fields 

of investigation can be made with hardly any transformation in 

either logic or computation. Any set of manifest data provided 

it forms a dichotomous system and meets the conditions of re­

ducibility can be treated and the emphasis on attitude test 

problems found in this Chapter stems primarily from the greater 

ava.ila.bility of such materials for illustrative examples. 

One immediately feasible extension of the model's applica"ti on 

would be to data where the observations made of individual be­

havior are no longer of verbal opinion in the interview context 

but observations made upon the behe.vior of persons in the natural 

context of life situations. One useful and presently feasible 

content area of this sort would be the study of socio-economic 

status. A great deal of what we mean by socio-economic status is 

the differentially distributed ability to gratify one's wishes in 

purchasing desired goods and services on the market. One might 

observe a sample of persons and note down vrhether or not +.11.e:r own 

certain ma.teria.l possessions or avail themselves of desired ser .. 

vices. Does person X own a home, or ovm an automobile? Does he 

have a television set or a record player?, etc. A list of several 

dozen such items can be jotted do~n in a very short time. The 

observations would form a dichotomous system, and if the condi­

tions of reducibility are met, define an underlying latent distri­

bution of persons. A beginning at such an analysis constitutes 

the content of Chapter 2.. • 

In the ca.se cited above, the units sampled are still indivi­

duals. The difference betvrnen the material of attitude tests and 
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the material suggested for the study of socio-economic sta.tus lies 

primarily in the difference between the interview and the natural 

life situations as the contexts ih ·which the data are collected, 

But the units of observation need not be individuals but some 

aggregate such as social groups or ecolofical areas. 

The model may be applied to the study of such concepts as 

social cohesion: this is a group characteristic which is not a 

directly observable attribute of social groups in the same sense 

that attitudes are not directly observable characteristics of 

individuals. '..7hen we say that one group is more socially cohe­

sive than another croup we mean that the first group behaves dif­

ferently from the second on a v:hole series of items. Cohesive 

groups are likely to have more friendships bet~een members of the 

groups than friendships vrith persons outside the group. The mem­

bers are not lil:ely to speak d is1:;a.ragingly of group symbols or 

norms, etc. One might draw up a lengthy list of attributes of 

groups each attribute related to general concept of social cohe­

sion. 1ach itern on the list does not have a one to one relation­

ship with the notion of social cohesion, but the most one could 

say is that groups characterized by a high degree of social co­

hesion also have higher probabilities of behaving in a specified 

fashion. 

In the two cases cited above, there may be some doubt a.s to 

whether the latent dichotomy model is the appropriate one for the 

problem. Another extension of the model would be its modification 

along certain lines. It may me.ke more sense for some problems to 

consider a model where the underlying distribution of persons is 
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not dichotomous but ,,vhere there are three or more classes and 

perhaps even a continuous distribution. An extension of the 

model in this direction is considered in Chapter II. 

There are, however, certain domains where the dichotomy model 

is particula.rly appropriate. One prime example is tne field of 

diacnostic medicine. The diagnosticians are concerned with devis­

inc tests \,hich would enable them to divide a population into 

those ·which have a particular disease and those which do not. 

Very often the presence of a particular symptom is not by itself 

a good criterion of ·,:rhether a. patient hc:.s the disease, just like 

the answer to a particular question is not entirely >1di-:a ... i ve 

of the respondent's attitude. The 6iagn0~tician must rely on 

several indicators and the problem which faces him is hov, to place 

pe.tients ,.iTi th certain pi:;tte:cns or symptoms into one or the other 

of his two latent Cl8sr:>es: the "latent diseased" and the "latent 

heal thy. •1 

There are, for example, several tests for tuberculosis: the 

sputum of the patient is examined for the presence of tuberculo­

sis germs; the :::>ntient's skin is injected with certain toxins and 

his reaction noted; the patient may be fiven a chest X-ray and the 

film i.11spected for the presence of tubercles, etc. ,.-✓here a :!Jatient 

shows up positive on all tests or negative on all tests no diffi­

culty is experienced in renderinc a diacnosis: the patient either 

has the disease or he has not. 1'he difficulty arises in the cases 

where one or two tests are positive and the others negative. Then 

the diagnosis of tuberculosis cannot be ma.de r:i th any certainty. 

Perhaps the latent dichotomy model applied to problems of this 

sort might lead to a unique ordering of "symptom patterns" in 
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exactly the same v,a::, as the response ~tterns .. -r ~E:~ .... ..,_ ·a­

were ordered. 

Another general area where the latent dichotomy model seems 

particularly appropriate would be situations vihere ad mini stra-

ti ve 03. .. D:ana.cerial considerations require the notion of an under­

lying dict10tomization of persons. In an earlier section (section 

IlI )' reference was made to the present loyalty investigations 

of Federal employees. The investicators assume the existence of 

two kinds of employees, "loyal" and "subversive," and their prob­

lem is essentially that of inferring from manifest behavior to 

the underly inc: position in the two latent classes. The same 

nee es sary as sum.pt ion of an underlyin2· die hot 01:1y obtc: ins in other 

administrative programs: a 1Jersonnel department wishes to divide 

job ap,licants into those suited for the work involved and those 

who are not; the e.:-:ar:iiners in a mental hygiene clinic would like 

to divide patients into those who need therapy and those who do 

not, etc. 

Outlined above a.re only a few of the many problems to which 

the lO[ic and procedure of the model may be applied. The reader 

may 1.mdou1Jtedl;y think of other content areas from his own inter­

ests where the necessary data may already enst or where it may 

conceivably be collected. 

It must be stressed howeve1· that the latent dichotomy model 

is a rather primitive one and in many cases it does not make in­

tuitive sense to consider the underlyin[ distribution of persons 

as a dichotomy. In the next chapters of this report we will go 

on to consider more complex models v1here the concept of a continu­

um over which persons are distributed is introduced. 




