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PART I1

THE USE OF MATHEMATICAL }ODELS
IN THE MEASUREMENT OF ATTITUDES

In the summer of 1948 the Social Science Division of
RAND contracted with Dr. Samuel A. Stouffer and associates
aththe Harvard Laboratory of Social Relations to conduct
research on the measurement of attitudes. The purpose of
this project was to develop methods for more exact descrip-
tion of the more complex characteristics of people. The
morale of soldiers, the degree of tension between white and
negro troops, the capacity of officers for leadership are
topics on which information is needed for many purposes.
While the judgments of intelligent observers are useful, it
is often desirable to have statistical measurements which
can be applied to large numbers of people and do not re-
quire the presence of such skilled reporters. HMethods for
such bookkeeping on psychological and social factors are
now sought by many social scientists, and this project ex-
plores one special approach to the problem.

Some of the results of the first yeart's research were
included in Volume IV of Studies in Social Psychology in
World War II. As the authors of this volume stated in the
preface "experience on the (RAND) study has been of in-
estimable value in broadening the perspective of several of
the authors of the present volume and leading them to make
late revisions in their manuscripts -- in some cases, re-
visions whicn are quite fundamental in character.™

In 1949 it was decided to continue research on atti-
tude measurements, with emphasis being placed on the mathe-
matical basis of this approach and its application to
empirical materials. The work was done under the direction
of Dr. Paul F. Lazarsfeld of the Bureau of Applied Social
Research at Columbia University, who had worked with
Dr. Stouffer during the first year of the project.

The present Research llemorandum 455 -- "The Use of
Mathematical Models in the ileasurement of Attitudes™ --
gives a detailed presentation of the preliminary findings
of this project. It will be followed by a RAND report
which will summarize the data and state the conclusions of
the study.

Because of its length, this Research Memorandum is
issued in six parts. The present paper is:

Part II - “"Mathematical Developments in Latent
Structure Analysis"®



The titles of the other five parts are:

Part I -
Part III -

Part IV -

Part V -

Part VI -

"A Simple Model for Attitude Testsi"

"The Application of Latent Structure Analysis
to Problems of Reliability"

"The Aplication of Latent Structure Analysis
to Some Problems of Concept Formation in
Sociology and Social Psychology™

"Applications of the Mathematics of Multiple-
Factor Analysis to Problems of Latent
Structure Analysis"

"Probability Models for Analyzing Time
Changes in Attitudes™



- INTRODUCTION

The present unit summarizes in various brief papers
recent mathematical developments in latent structure anal-
ysis. The work subsidized by RAND at Harvard was published
in Volume IV of "The American Soldier." The work done since
on the Columbia-RAND Project is divided into two parts.

Some major developments were carried out by individual
contributors whose work is credited to them in special

units of the Columbia-RAND report (Anderson, Gibson, Wiggins).
The second part was staff work, centered mainly around staff
discussions conducted by the director of the project.

The first five papers included in the present unit
represent solutions of problems which were not yet available
when "Prediction and Measurement™ went to press. The first
paper introduces the notion of gymmetric parameters which
turns out to be a helpful device in simplifying the algebra
of latent structure analysis. The second paper carries
through the analysis of the linear model and its application
to the scoring of tests; it is an elaboration and enlargement
of some brief remarks made at the end of Chapter 11 in
"Measurement and Prediction." The third paper generalizes
the notion of a latent distance scale scale which was intro-
duced in restricted form in Chapter 10 of "Measurement and
Prediction." The fourth paper deals with a special case of
a latent trichotom¥. It was developed at a time when the
general solution of the discrete class case was not yet
available and is included here mainly for the sake of the
record.

The most important paper in this unit is the fifth one
which gives the complete soluticn of the discrete class
model. In Chapter Eﬁ of '"Yeasuremént and Prediction" the
problem was stated and various unsuccessful efforts towards
- its solution were reported. The present solution is, mathe-
matically speaking, the most important development since the
appearance of Volume IV, It might be mentioned that in the
meantime a second solution of the same problem was found by

Bert Green of Princeton University. His independent
approach will be reported in the literature.

The last two papers in the present unit are progress
reports. Paper six carries forward the solution of the
continuous polynomial trace line model. But the present
approach is not yet applicable to the most general case.
Again, it should be mentioned that Melvin Peisakoff of RAND
has independently made very important contributions to the
same topic. Peisakoff's work has probably made the seventh
paper in the present unit a mere matter of historical record.




Because of the staff nature of the present reports, it
is somewhat difficult to clearly attribute credit to the
director's collaborators. For all the papers IIr. Jack
Dudman has acted as editor and done conscientious and valu-
able work. Paper five, '"The General Solution of the Latent
Class Case,™"™ should be considered the joint contribution of
Messrs. lLazarsfeld and Dudman. Paper four, on "The Re-
stricted Latent Trichotomy," is the joint contribution of
Mr. Dudman and Miss Paula Siegel, a graduate student at
Columbia. Paper seven was contributed by Mr. Joe Keller,
New York University. In the preparation of the second paper
on "The General Linear Model, Mr. Richard Maisel has done
useful work.



Paper Number 1

SYMMETRIC PARAMETERS OF A DICHOTOMOUS SYSTEM



The Symmetric Farameters of a Dichotomous System

It is well-known thot the total amount of information available
in the resronses of a proup of n individuals to a set of m &ichotomous
questions can be complstely expressed in tiro ways:

1) by the 2™ response pattcrn frequencies, and

2) by the - Joint positive freguencies of all orders.

It is sometimes preferable to express this information in terms of
relative rather than absolute frequencies.

For exmple, cie resyonses of n individuals to a set of 3 dichot-
omous questiong can be expressed in terms of the sawple size; n, and
the eirht relative response patitern frequencies (letting 1 in tle jtb
place indicrte a positive response to the ith question, and O indicate
a nerative response): {1:1.31. )110‘ 10]} ou) &mo}, {omj,

6001 s \ OOO% . Since the sum of these elgl,t relb tive frequencies is
unity, on‘y seven ~re independent data. Alternatively, the same in-
formation c-n be crnnletely exvressed by the sample si;e » 0y and the
Joint rosi tive fre-vencies P1» Py py Py s 1__‘13, p23, p123‘

T same infor wition can be expressed by a third set of manifest
parameturs: the saaple sine, the manifest marginals P; (i= 1, ..., m),

and the symmetric parameters. 1In what folloss the symmetric parameters

of a dichotomovs system ill be defined and the equatiors expressing
the resronse pattern frequencies in terms of the manifest marginals
and the symmetric parameters will be developed.

e define the symmeiric parameter of order r, written '1:11 is.- .ir}.

implicitiy by the equation

(1) ‘ piliZ‘ ‘ _’ir = P-i PR «PiY # E_ ?i‘h‘ . j_r\é‘liﬂ # zpihiSe -1,
{1 213_\ 4. AT B {htye -t g4 Bt -2y



where 11,. i?, . ir indicate zny sel of r of the m items or questions
compesing the test. (1)
Thus
2) ‘ Py = Pipj 4 Lij_}y
and (_ij} is the familiar cross-product between the items 1 ami j.

Similarly, from (1),
3) P; 3k = PiPsPx 4y [kl £ Pj\_ik.f,l pk(‘;_iﬂ L)

The response patterns to tuo items, 1 and j, can be put in the

forma of a four-foldl table

, (1)
r.avf‘.“_,.:;..._“

- AP ‘ Py
(3) L
- ‘
| N S, e
P I 1

A four-fold table s a cross~product [ij} implicit iy defined by
equation (2). The use of the cruss-product wakes possible a simple
computation of ali of the resronse patbtern frequencies; the frequencies

"inside" the four-{old table, according to the following formulas:

{10 = pypy £{13]
{10)= pya; ~ [ 14]
(\31;! =4y - L i'j}
(00}: a5 # (i3}

(1) The summation sipgn here indicales summation over all possible -
combinations of indices withovt duplication .



These formulas, exprossing the relative rusponse patteyn frequen-
cies in terms of the manifest marginala and the second ord.sr symmetrie
parameters, can be oxtended to more than two items, The ides will be
developed in some detail for three items and then briefly genuralized
to any number of items.

In order to develo; genural equations expressing the respouuse
pattern froquencies in terms of the manifest margingll. P, - Pjo Ppocces
and the symmetrio parameters, 1J , ijJk , ceco, it is noocessary to
introluce the following notations Lot xys 3ys Xy, oo be variables
taking the values O and 1, lat x, 2 0 indiocate a negative response to
item 4 and x; = 1 indicate a positive rosponse to item i. Then the
goncral regponse pattern frequenoy can be written x, xj KyoveX o

Yale and Kandall(a) shar that the response pattern freoquencies
oen be exprossed in terms of the joint positive frequencies by intro-
ducing the operation of “"intersection", indicated by a dot (¢)}. Thus

Pi © Pj = Pu

Pij ° Pp = piJko e%0o
They show that

111:plepaop5:l’123

101 = py o (1-pg) © py = (P],'P]?) ° P3 = P13 - P12z O
The gencral rule of formation is thisz a given response pattern
frequency is equal to the "intorsection” of the py's and (1 - p,)*s,
using p, if the response to the 1*" iten is positive amd 1. p, if
negatiye,

This can be expressed generally by using the variables Xya Xy

zk. ceees Whioch we have introduced. thg

See G, U, Yale apd M. J. Kendall, An Introduotion to the Theory of
Statistios (12th ed., J. B. lippincott Co., Philadelphia, Tq'ﬁ?

e



m
E = Z. ‘Xi,»
1=}

&XTX?XB“. X } = (~'l)met (x]'-'l 7‘@‘1] ) (12‘“‘1 7‘ 92) T ’*(xm“’l # pm) i

’

Performing the opcration of "intersection" as indicated by the dot,

(h) {x}x213 . ,,.Xm %:: (<1 )mdl ip]? L m #Z(xl‘l)pg . .In ‘z
) ]

",;5_(::1&1.)(;2“1)33_: R (CIRVCOR DR )|

lquation (L)} is the general expression of a res onse pattern
frequency in terms of relative joint positive frequencies  lFor three

itews, for example,

3.1

i

Y1007 = (-1)

1 Pry - P12 * P13 £ By
= Pipg - Pyp - Py £ Py

Pz - P2

L ]

]
T
i
o

Usi: - equation {1 hich implicitly defires the symmetric
G- AmELErs, e can snsLitiete in eguniion {LL) tao nbtain & peneral
ajzv . rion expresulns Lhe pom onae pabio rn freqoaenties 1o teras of the
manifest marrinals awd the symmebric parameters, This 111 be done
for two items and three items and ther indicated for o reneral number
of 1rnerys

Sy enuation (L), the reneral response pabiern freguency for two
items may e wricten

\2if , . A
gxixj} = (~1) kﬁij ¥ (x:2)p, # (xy-L)p; # (JLpl){xjd)} )

Substitvtine from equation (2),



i{’"xixj{: (1% '\Eipj 7 {éjjf(xi“l)Pj Ax5-1)p; v‘("i“l)(xj“l)}
- (PB4 Gy g 0,)|

Letting qi: l~pi,

~ 2-T %
(5) {xi xj}: (-1) 13l # (= - qi)(xj - qj)]

Thus for two items re have expressed the relative response pattern
frequencies in terms of the manifest marginals {(or their conjugates, qi)
and the symmretric parameters of the second order.

Similarly, for three items equation (L) becomes

3-¢;
1P 3 F (x-Lpy £ (25-1)py # (5 -1)py

gxixjxk;: = (-1)
£ (-1 (g Dmy A (2~ (xe-1)py £ (2-1)(x-1)py
4 (xi«-l)(xj‘-l)(xflﬂ |
Substituting from equations (2) and (3),
{xlszk‘}: (17 :i“r)ipjpk £ py G £ p, Lo # p 3l 4 fawd
# (xg-1)(pp, A UK)) # (x5-0)(pypy £(K))
# (et (oyeg #43)) # (xy=1(xg-py £ (x5-1) (=L,
£ (D) py £ (=D 1) (1) ]
NS {(}jkh (1 7 py) {9 £ -2 Ao (i)
4 (21 # pk)iij]% (x5 ~1 £ p; ) (xy~1 #pj)(xkal £ pk)}



Lettine 9 = 1« I

(6) ixixj"tji = (-1)3~'Z\i(‘13k]# (x; = ) L) # (xj‘qj)f_ik] 4 (x -qk)(i,ﬂ
| 3
4 (x;-a;)(xgay) (xay) |

Tquation (6) expresses any response pattern frequency for
three items in terms of the manifest marginals and the symmetric
mrameters of order 2 and order 3. Tor example, the proportion of
Individuvals in the sample responding positively to items 1 and 3 and

negatively to iten 2 may be written

! ‘ -2 o . -
1101z -1’ \@23 14 py (23] -a, 113! p3L12.]“- P10,
= {123 - o [23) £ a3 - p, 1121 £ pyaomy

Generalizing equation (6) to a general number of items,

(7 {nxz co Xy j: (ml)m"‘i \(}2 m} S("i‘ql) [23....n)
4 E(x1-~q1)(x2~q2) \:Bhu ) £

# 2@ (o) (xp = @ ) In-2,m-T)
71 (xl“ql>(12ﬂ2) P ,(an - qm)} (3)5

vhere 8 = ﬁ_ X5.
1=1

Thus the reneral response pattern frequency can ve expressed in
terms of the monifest marginals and the symmetric parameters. There-
fore a dicholomous system is completely defined by its marginals and

its symmetric parameters.

(3) Zhere indicates swaration over all possible combinations of
indices withovt duplication,

b
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3 5 LA ™ o

The speci~l importance of the '.P.'s for latent structuvre analy=-
sis will be seen if we now return to the latent probabilities. For
each item i they form a sequence pi(x) with an average p, . For
two items, 1 and j, the covariance of the probabilities viould be

cov (ij) % (p.i(x) - pi.l (p (X) i pj)

Carrying out the mmitiplication on the right and using the accounting

equations ve find

cov (13) = 2 p, (x) p,(x) = By > p,(x) ~ B, SPy(x) - p
| =Py - ByPy - PP < BPy= R v By [13)

In the same way we can transform the triple covariance between

the latent pi‘obabi}.ity sequences of three items:
v (136) Z2 (o, () = 1y Yoy ) - )(Pk () - B)
=2 2,0 (p)) () - b, Z 0, () B(x) -p; 20, (®) B, (0)

o
.

- pi};_pj(x) B (x) 7 PP, é,pk(X) # pipkz_pj(X)
# pjpkgpk(x) ~ ByP.P,
- pi.jk = pk {ijl = pj Kik} - pi. {jk] - pipjpk

- ijk] N

In a simple generalization we thus find: the higher order

covariance of the probability sequence of any combination of items

equals the symmetric prameters formed from the same items in the

manifest data,

’
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'THE GENERAL LINEAR MODEL



(1.1)

(1.2)

THE GENERAL LINEAR MOIEL

I. The Model of the General Linear Case

In this chapter we will consider tests which are composed of
items having linear trace lines: the probability of a positive
response tc a given item 1 will be assumed to vary in a linear
fashion with the respondent's pogition on the latent continuum x,

Thus the general equation of the trace line of the iﬂl- item will be

£(x) = a3, + 2% o
when f;(x) is the probability of a positive response to the th
item, x 1is the respondent's position on the latent continuum
measured from some arbitrary origin and in some arbitrary units,
and a;, and a7 are constants to be determined,

The population to be tested will be assumed to be distributed
along the latent c01;1’oinunm according to the distribution function
¢ (x).  (J(¥) will be characterized by its moments M, where.

b, = [& P &=
with integration taken ~ver the entire xz=- continuum, We will
assume that My = O and M; = L There is no loss of generality
involved herey assuming Ml = 0 involves only a change of the
position of the origin on the =x- continuum, and assuming My = 1
involves only a change of scale along the x~ continuun, distances
being measured in terms of the standard deviation of (ﬂ (x) 4instead

of in absolute units, The value of M, is of course 1 for any

¢ (2.



II. Deviation of the Coefficients of the Tracelines in Tems of
Manifest Data ' ‘

The manifest data o'bta.ined‘ from a test of m dichotomous items
may be c;ompletely expressed by the manifest marginals
By 1= 1,2,000, m | |
and the symmetric parameters |
My igeee 1] » nw 23 ooy m
where i,, i5, *+s, i, range over all of the m items and
11#’ -12’7&"' F 1y .
The manifest marginal p; can be expressed as the integral of

the trace line f;(X) over the distribution function (/(x). Thus

‘/‘fi(x) q) (x) ax

S ot 2 ¢ () ax
R L Y BN s

(2.1) = a4,

1

Py

The cross-product Lijj; can be expressed as the integral
over x of the deviation of the trace line of the 1111. item from
its manifest marginal, the deviation of the trace line of the J-t-}-l-

item from its manifest marginal and the distribution function,

Thus
Tl = [ aG=pl 5055 ¢ (R)ax = [(ag12)(ayx) @ (n)ex
= ajja4 /}f‘xz '/) (x)dx
(2.3) - aila‘jl ,
Letting

T
TR

(2.3) 5 = V=%



(2.4)

{2,5)

- 3 -

and substituting from equation (2,2),

U
s = 1/ 22%71 Sn%a
oV a5f

The ccefficients of the trace line of the il item are ex-
pressed in terms of manifest data by equations (2,1) and (2,4),
and we may write o

fi(x) = p; + §x.
It is ev;d.ent that the manifest data corresponding to any three
items is sufﬁcient‘ to determine’the coefficients of the trace line

of an item,

III, ZExpression of Moments in Terms of Manifest Data

In the preceding section the coefficients of the linear trace
line of an item were expressed in terms of manifest data without
makihg use of any information concerming the distribution function

@' (x). (The assumptions that M; = O and Mg = 1 were non~

restrietive,) However it is possible to find the values of the

higher moments of "{'E\'(x), given sufficient items, Given any n
items, 13y 1y ey dp,y n -2, the symmetric function

{47ip ee» 7]  may de written

- . T : - - -
Ligig esetn] = /185 Gy ] (21, ()mpyg] «oe [y (x)=py | ¢/ (x)ax

i

n

S oy ey 0oy 1) O

aj1esp1 ey [ X (xdx

= a‘i]_le‘igl' . ainan



(3.1)

(4.1)

Since, by equation (2,4),

5 = a1,
[1yipeeeiy]
- 18
¥n Silsiz"'sin -

In particular,

g = L123]  _ [124]
5,55, 55,5,

l1234] _ [1285] _
Yo T OEESS, RSN

[ .
* »

It is evident that given m i1tems, under the assumptions of this
model we can compute from manifest data the first m moments of the

distribution function (// (x)e

IV, A Discrete Distribution Function

Up to this point we have placed no restrictive assumption upon
the distribution function ¢ (x), It is possi‘blev to think of ¢ (x)
as a discrete distribution function giving for a finite number of
points the proportions of the population to be found at these points.
Svppose the population to be tested i1s concentrated at s points
along the continuum Xy 1X5 1Ky ¢ yXS with respective proportions
at these points Vy, Vo, V3,~-l', Vse The moments of / (x) are
defined as in equation (1.2) but with summation over t.ﬁe discrete
points on the continuum rather than integration over the eﬁtire
continuum, That is

8

- ST
Mr—'fixivi

71

l-"‘\
)

We may again assume without restriction that ¥, = 0 and My = 1,

N



(2.2)

(4.3)

M, is of course 1 for any Qﬂ(x). Thus

V1+ V2’f toe +v8 = ]

Vyzy + Voxg 4= ooe FVgxg = O

Vl};f "L VExg "} g + vsxg 1l

Vixf +Voxl + o0 4 stz

Mp , T = 394y

It will be shown in this section how the points SRR T
and the corresponding proportions of the population 'v']_,\fz,v:3
can be found in terms of menifest date, This will be done in the
case of a distribution function consisting of three distinct points
but it will be evident that the method used is easily gencralized
to any discret distribubion,

Congider the matrix

(/l X xz xz\.,‘

R !

M= )M ¥ I \
1 {
TR
]

\\ My Mz My M5 )

Using equation (4,1) the matrix M may be factored to give

10 0 o) (1 oz £ 8)
5 2 3|
=30 7 TV Vz( Jroomoq "
) vt ; 3 |
\’ 0 lel szz szz /\ 1 X x‘g x5 l

3
(0 Ve Ved| (1w o xg ),)

which may be further factored, giving

o
o
—_—

o

/1000)('10
M:k 111(ovloo

e
RN
4]

\
\ o V. 0
) Lo o o v

(e} o

S
b o 1 M
Orblt\;gbl

—
-
CJN

W
b of!
b

|
L

H
(9]

N e

ol
=~



Thus the cuble cquation in x,

(444) _6M'=- = 0,
nay be written
1l x x° x3
11 1|1 o= x:gL x%
' . 3 -
3
x‘:?i xg ’% 1 % "123 £z

Lotting x ecqual X Xy OT X4 will meke tho determinant on the
vight vanish, so Xy 9XgsXg are the three roots of the cubic equation
(404),
The dotcrminantal equation {M! = O may be written
'4,5) AxB + AR 4 Ax 4 = 0 ﬂ

where

-

Mo My My o My Mz My Mo Mz |- Wy ¥ Yz
(453 g == M Mg Mg, Ap sl My My My, Ay = | M Mg Myf, Ay =My My M,
Mo M My leM3M5 o M, Y Uz My V5 |

u

Sinco cquation (3,1) exprossed the mements in torms of manifest
data, AO”A1"A2 and AB can bo written as functions of manifost
deta, Given a particular set of manifest data, equation (4.5)"
can be written as a cubic cquation in =x with numerical coefficieﬁ‘bs.
Sclving for its roots by any of the standard mothods(*) glives the
valucs of the points X1 1%y 9%

Having found x ,’xg. and Xgs the proport:'!.ons Vl,Vz, and Vs
can be found as tho simultancous solubtion of the threc equations

.(5.__———u——-—.—.—..—-.—..—.———--—._—.-——._-—_-..._..._.._..__-.—--—-—-

Sec, for examvle, Picksony L. E., New First Course in Theory of
Eguations, John Wiley and Sons, New York (1939), pp. 42 -43,




V Xy + 7 x2~+ Véxs = 0

Lotting
1 1 1
{4'7:) -/--\12= xl XZ 13 ’
»)
< £ 5

and applying Cramer'!s solution,

1 1 11 101

!
i 1 1 1 1
i ,
§O Xy Xg Xy 0 x X X 0
) . - i ‘2 - _
(4.8, 7, = 113 XV F xi 1 B,V = |2 21
P A1z Az

Tawe when the population is diseretely distributed with proportions
‘WLTTQ-VZ located at points X1 3% X rospectively these proporsions
& locations ctan be found as funchtions of manifest data alone._:Since
no moronie higher than thoe fifth are used, five items suffice for

tiis solutione.

v, An Atb]lcation of the Model

* ot et e

Thac data usod in this example is the rosponsos of 876 indi-
viduals to five sclected items of the Bell Telophone Job Sabisfaction
Scals, The five following items wore chosens

l.~ Are there any things about your job that you particularly
like?

Positive responso: A lot of things
| i; Quite a few
Negative rcsponse -i Not many

Nene



-8 -

2.~ Are there many thingsy about your job that you particularly
diglike?
Positive response j‘ None
" Not many
Negative response j Quite a few
{ A lot of things
3.~ How often do you look forward with ‘some pleasure to your
day on the job?
Pogitive response Bvery day
«’W.Almost every da.y
Negative response \}‘Not very often
( Practically never
4,~ If someone asked you about getting a'job like yours, which
of the following would you be inclined to do?
Positive response: I would encourage .it
Negative response ( | I would discourage it
1 Neit_her
B¢~ Do you ever feel that you would like to quit and get a
Jjob with some other company?
Positive response: Seldom - A Yoo

Often

pmai?

Negative response Fairly often

The manifest data, expressed in proportions, is given on page 11,
It is evident from equation (2.3) that the value of 5,
th

corresponding to the i~ item can be computedfrom data correspond-

ing to that item and any two other items, For_é. test of five items



there will be six ways of computing Si, glving exactly equal wvalues
only:ehn the reducibility conditions implicit in the model are per-
fectly satisfied, Hore the average value of §, has been computed

by the approximation

(6.1) Si = j 4

Using this approximation,
Sl = 0,1896 , 52 = 0,2484 , SS = 0,3113 , 84 = 04,3608 , 85 & 0,2961

Thus, by equation (2,5), the trace lines of the five items are

0,3425 + 0,1896x

£ (x)
fo(x) = 0.5708 t 0,2484x

fz(:c s 0,6256 -+ 0,3113x
f4(x) = 0.,4806 + 0,3508x
fs(x) = 004064 4 0,2961x

The third and fourth moments of « (%) are given in torms of
manifest data by equation (3,1). Since liy and My can be computed
uging the data of any three or any four items respectively, it is
necessary to compute and average value of each, No such ambiguity
exists in the case of the fifth moment because all of the five items
available are necessary in its computation, The computed valuecs of
these moments are



v 10 =

Using these values, and assuming that Mi =0 and M, =1,
AO = -0.8005 N -A/l =~ 1‘9542 N AQ = 0.6773 y Az = —0.94'93'

Thus the class locations x7,X3 and =Xz are found as the roots of

the cubic equation

«0,9493x5 1 0, 67732 4 1,9542x ~ 0.8005 = 0.

The three roots, arranged in order of increasing magnitude, are

X = -1,324 Xy = 0,386 X3 = 14652

Using these values in equations (4.8) the proportiong of the

population at these three points is found to be

Onc method of judging the épplicability of the model is to
"compute the joint frequencies which would be generated by the latent
structure we have computed. This can be done by uses of the ac-

counting equations

Py ™) £ (x)£5(x) ¥ (x)dx

(502) P,

iJk = 4,,// fi(x)fj(x)fk(x) F (x)ax

Below is a comparison of the observed (Col,I) and the computed
(Co01,1II) Jjoint frequencies. It is apparent that the latent structure

reproduces the manifest data fairly well.
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Observed valuc Computed valucs
I II III
P 0.,2863 0.2426 0,2426
Py 0.,2763 0.2732 0.2732
P, 0.2341 0.2311 0.2311
Pl - 0.1963 0.1953 0,1953
Pog 0.4372 9.4344_ 0.4344
0, 3618 0. 3614 0, 3614
Foy | |
By 003094 0. 3055 0. 3055
v, 044075 0,4098 : 0,4098
Py 0, 3425 0, 3463 0, 3463
P, 042979 02992 0.2992
D 0,2055 0,2101 042101
123
p 0.1884 0.1823 041823
124 .
0.1587 0e1541 0,1541
Fos * * *
" 0,2089 0.2078 042078
Pl 24 » . .
P 0.1781 0.1756 0,1756
135 ¢ * ¢
D 0,1632 0,1540 0.1540
145
0, 3185 0.3223 T 063223
234
P 042705 0,2723 0,2723
235 |
Ds 0.2409 0,2384 0,2384
P 0.2648 0.2718 0.2718
345
+1680 0.1704 0.1659
Homg 0 .
1450 .1444 0,1402
%‘235 0. 0 .
D 0.1393 0.1281 0,1234
1245 |
D 0.1495 0,1468 041408
1345 :
D 0, 2169 0.2255 02177
2345 ‘
0,1267 0.1269 0.1131
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The figures in column III were obtained by fi{ting a two-class
latent structure, as described in Che I, to the data, The joint
frequencics were then computed from thé,t latent structure, Note
that the fourth and fifth order frequencics are on the average better
fitted by the prosent model than by tho twoeclass model. This is to
be expected since the present model mekos use of fourth and fifth |

order frequencies in the computation of the latent parameters,

while the two-class model ignores them.

Vi. _Higher Order Tracelines

The trace line of an item is defined as a function of x which
gives, for ecach point x on the continuum, the probability that an .
individual at that point will respond positively to the item, We
have assumed linear trace lines in this model and have shown that
the trace line of the ith ivtem is given by the equation

£1(x) = py 5=

This concept can be extendcd to more than onc item, Since for
a pure test the probability of positive response to a given item at
any point x on the continuum is independent of the probability aﬁ
that point of positive response %o any other item, the probability
of positive response to both items 1 and j will be given by

fi,j<x) a fi(x)fj(x).
In the present linear modsl,

%J&)

(py + Six)(p'j +§,%)

Similarlys we can write the trace line of a negative rcsponse

to item J as 1~ f'j(:c). and thus the trace line of a positive



(641)

(642)
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response to item i and a negative response to item j will be
given by
£3;5(x) = (py -+ 85x)(1-p, =5 .x).
In general we will adopt the following notation., Iet

£ Y (x) be the probability of positive response

1112"'im;3133 n
to itoms i1sigsessyip and nogative response to items jl.ja.---.Jn.
Such functions will bg called higher order trace lines. 4 higher
order trace line can be expressed in terms of first order tracelines
by the general expression

£ (x)=f3 (x)F5 (%)= e 8y (%) {1-fjl(x)j |1-£; B(X)] reli-gy €

1112"°im35132"'3n

It is evidont that if it is assumed that individual items have
linear trace lines thon higher order trace line involving two items
will be of second degree, and in general higher order trace lines
involving m items will be of degree nm,

Now it is possible to write the trace line of any desired responsc
pattern, For example, the trace line of the response pattcrn .{llq}
will be given by

- i
£1005®) T £ (95,6 (1= £5x)]

This will be interpreted as the probability that an individual at

point X on the continuum will respond positively to items 1 and

2 and negatively to item 3,

VII, Scoring of Response Patterns

The responses of a group of individuals to a test composed of
dichotomous questions can be completely expressed by the proportions

exhibiting each of the possiblec response patterns. For example, a
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test of three items permits eight possiblc response patterns:

{ia} {110} {100} - {oo00}
{100 {010}
{o11} {oo1}

Thus the respondents to a test of 3 items can be separated into
eight groups according to which of these eight response patterns
they gave, If all of the itecms are positively sensed it scems reasonw
able to locate those individuals responding {111} somewhere to the
right on tho continuum, and those rcsponding {000} to the left,
In between ﬁould lie two groups: those regponding positively to
two ltems, and those résponding positively to only one itcm, Again
it seems reasonable to locate those responding {110} » [101f er
{011} to the right of those rosponding {100} , {010{ or {001} ,
But there is no obvious way to distinguish between the locations
within these last two groups, This scoring of the "middle" response
patterns is really the central problem of scoringe

One very reasonable method of scoring which permits a separation.
of the middle rcsponse patterns is the use as the score of a particular’
regponse pattern the expected position of ap individuwal so responding;
This is thc convention which will be used here,

The probability that a respondent lic in an interval dx on the
x—lcontinuum is given by

¢ (x)ax .
Multiplying this by the traceline of the response pattern we obtain
(7.1) fﬁliz...im;jljz...jn(x)<f/(x)dx.

which is the probability that a respondent lie in the interval dx\

ggg respond positively to items ilvigs"°,imo negatively to items

Jlijg"Ottjn.
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Tho conditional probsbility that a rospondent lie in the intorval
dx given that ho rcsponds in this particular way is obtained by divid-
ing the oxprossion (7.1) by the probability of the particuler rosponsc.
Thus ’

P s oveeq vees (X)) ¢ (x)ax
(7.2) R N

Tt ‘ (x) ¢ (x)ax
’ LN ] . LI 2
A KT I AT I
is the conditional probability of an individual lying in tho intcrval
dx givoen that he rcsponds in thce manner indicatced.
Intcgrating x times tho oxprossion (7,2) gives the expocted
position of an individual conditional upon his having made a parsicular

response. Thorofore

(7.3) w/‘mliz...i 513 3a(®) ¢ ()85
- .. e ed (B ¥ (x)ex
ARICHRIE AR

is tho oxpoctod position of an individual rcgponding positively to -

itoms il,izn-,im and nogativoly to itoms 31,32,...,%, and

dofincs the score of that gencral responaa'pattem'.'

Given a test of threco itcms, tho scorc of tho response pattorn
1111, 1s |
/Xflzz x) o/ (xydx

f03(®) 7 (®)&

) ?
Se {111

,/Qtf (z)£5(z)£5(x) ¢ (x)ax
R G) ¢ () ,

and similarly tho scorc of tho rcsponsc pattcrn | 101} is

13 Z(X) ¢ (x)ax ) J xf (z) [1~ fz(x) fs(x) ¥ (x)ax
f)g,2®) v Edx T /’f (DT 5,(x) T E,(x) ¢ (x)ex

se {101l =
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If we assume that individual itcms have lincar tracclinos gives by
fi(X) =z pi 4-‘ Six '
then |

s "z(py +5,z) (p, + +8,x) o (x)ax
e (1)« LI BB g 18 f (0
J p1ﬁ~81x Pyt S%) (pgt Bx) ¢ (x
= PiPeSz 4 P;Pssza* Pzpssl*(Plsas"* P8 55+ PgSySp)lis 513253“4
P PPyt By 5% Pt 5" PgiySp* By8gSally
Similarly
o {101) jX(pl -8 x)(q2 5,%) (pg+ 54%)  (2)ax
) =
- 76 (pl4 8. x)(q2 §,%) (pg + 55%) @ (x)ax

P1955,~ S, 4 q,0,S, +(~p,8,5,+ 5,8 )m -S.8.8
L P1%5 PR 5y zpzsl 21523 :25 spgéu 123“4
P8Py = Py 5,8,+ 455, P312 1°2°3'3

where ¢4 = 1- Py

It is cvident that in order to scorc on the basis of throc itoms
a fourth item is necdod for tho computation of M, (scc oquation (3.1) ).
Tho;cforc, given the manifest data of a four itbm tcst wo can computo
the scores of the night rcsponsc patterns corrosponding to any throe

of the iicms. Quite cvidontly the choice of tho threc itoms to be
usod for gcoring is arbitrary, though it is posgible that a scoring
bascd on another thrce of the itoms might beo difforant.(*)

It also should bc notcd that since we have assumed in tho lincar
modol that Mi = 0 and Mé = 1, the scorcs of thc rcsponsc patternsv
will bélGLits of the standard deviation of ¢/(x) mcasurcd from its
mcan, | |

T*T “““““““““““““““““““““““““““““““““

This quecstion is undcr investigation at proscnt.
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-YI1I. An Ixamplo of Scoring by Rosponsc Pattorns

The data of the first throe itoms of tho oxamplo in part V will
bc uscd as a basis for scoring, with the data of gll fivo itcms uspd

in the computation of §,, M3 and My. In part V it was found :

that
fl(x) = pl-+-s1x = o.s425+-ov.1895x
£5(x) = Pyt S,z = 0.,5708 +0.2484x
f.(x) = Pyt S = o.sése +0.3113x
i, = - 0.1298 M, = 1,966l

Using cquation (7.3)

PPy + PyPSy+ PoPyS) + (Py 5,85+ PoS) Sy + S Sp) Uy +5, 5,8, M,

se {111} =
: « TS S8 M
| P PPyt P58, + P8, 5,4 0,8, 5,5 5,54,
_0.1991
- 70.2100
= 0,9480 .
se j110] = “PPoSa Py 955, Padgyt (P 5,85-058) S5 48, 8p)Up-8, 8,5, M,
[

P Py =P 5,5, — 0,8 8,4 ,8,8,7-5, 5,5 M,

-0,0119
0,036

~0,3650
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Similarly,
0,0186

— .2
0.,0632 0,2943

e
H
]

Se ilOl

s .12
so {au1] = -T2 = o.5526

T30 -0.0161
J

0.0366 0.4399

-0,0628.

0.1038 ~0.6050

P
ar

8.
1]
]

Sc

- 1 ~0.0302
Sc {001 0.1279

0. 236}

-0.1962
- 0.2014

"
1

se {000] -0,9742

Ordcering these responsc pattern scorcs,

se 11l = 0.9480
Sc¢ {011} =  0,5526
se {101l =  0,2943
sc {001l = -0,2361
sc {110} =  -0,3650
se {1000 = -0,4399
Sc {010} = -0.6050
se {000} = ~0.9742

Notc that while ono might intuitively sxpcct an individual rcsponding
- /{ITT‘; tu"’ ' 3
{110} to the right on tho x- continuum of onc responding foo1f
actually tho oxpoctod position of en individual rosponding 7001} 1s

to thc right.
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(1)

An Tmproved Model for a latent Distance Stale

This model is-applicable to tests composed of items having the
following characteristic: the probability of responding positiveljr
to a given item is _constant as one ad,vancgs along the continuum up to
a point of discontinuity or "breaking point", then beyond the breaking
point is constant a% a higher level. Thus for cach item i thc traces

line is given by

Y = a3 for x £ x5

bs for x > x5

It thercforc has 3 ‘pardmcters (a;, by aud x;) and looks as follows

+
g
.:? i '

/ !

' bi
L
P

1 } W
X
C X 1

We will assume that the population is uniformly distributed be-
tween O and 1 with density 1, but it will be evident later that the
distribution function is completely arbitrary., We will consider first
a test of 3 such items and will assume them to be ordered in such a
way that X & Xp g X3

The average latent probability p; is



X, 1
Py J( aidx+j b, dX=a; X34 b (1 - %)
° %

Letting ¢; = by = ags

(2) PyuzPy =0 %

Using equations (2} and (2), the deviations of the traceline from

pi 18

V=P mag =bjdo5 x5 =yl -1) for xz x;

(3)
Y=Pg=by =bi4ocg X5 =0 X for x >xy
Applying the theorem that the covariances of the tracelines are the
symmetric parameters of the menifest data,
X3 X0 1
, f 12} - cp(xy = L)ealxy - 1)dx~J clxlcz(xg-l)dx-g- C]Xq CoXp dx
(La) {_12}' = c1 ep x1(1 - x2).

p.< X2

. /
{123} - ey (x1-1) cp(xo-1) c3 (X3-1) dx{j cyx; cp(Xo-1) c3 (xB-l)dx
. -4
X3 1
| C1%702Xp0s (x3 -1) dx+ C1% CoXpCqXa dax
%2 3

-4



(Lb) (123] = Cy Cp Cf x1(1 -x3)(2x2- 1),

We now form the cxpression

1123.! cyepesxy (1 %) (2x)- 1) _ . (1 - 2x,)
82 = [13] = "°1°3X1(1"‘X3) = ?

Letting Xy = 1 = X3,

(123

L

To separate cy and X, we noeed the following cxpression formed from

first and second order froquencies:

™ e ioa—y
' i&zi Ezﬂ - crepknEy @ eoeXity A\ [ om
( 6) 32 - V - A ._.1-_2..1-_2......._2....)“.. o s 02 xzx_z ‘e

{ 13} \ ClCBX]_XB

From (5) ad (6) we define ky by

€o fg" X2 |
ko = T° - g .

%2
1

Now we can compute t 2 'iz a$ the positive root of the quadratic

2,
(8) b4 koty =1 =0
X2
Hoving found the value of ¢, = - N
2 X,
t22
X = _
——
14 t2



Using this value of Xps Cp COD be computed from equation (6), and with
Xp and Co known, equation (2) permits us to compute the two remaining

parancters, a, ard by, of itenm 2,

For the two extrcme items, the items whose "breaking points! are
farthest to the left ard to the right on the x = continuum, we get the

following relationships:

2] [ £
(9) Sy == q 3}' — Xy \/%

and thercfore

(10) c1xy = by 8y,

similarly,

(11)

(12) ¢ :K'"B =
In the casc of the "middle" item, iten 2, it was possible to
separate cp and X, vi thout naking further assumptions. However, in the
case of the extreme items, 1 and 3, it is not possible to separate Cys
the difference between the latent probabilitices, and X5 the “breaking
point" on the latent continuum, W thout further restricting the model.

The most useful restriction secoms to be to set

(13) by =1-a, and by = 1 - a4

e



(1b)

(15)

Assuming this relationship between ag and bi for the extrenme
items, equation (2) implies

bp=1-23 =Ptan
and

a3::1-b3=p3 = C3X3,
when the values of ¢yx3 and cBi’B are computed using equations (10) and
(12). _

Hoving obtained the values of a3, bysa; md bg by equations (1)
and (15), the breaking points xy and x5 are found using equations (10)
and (12), and the latent structure is completely knowm,

By 2 simple generalization of this model to a test composed of a

general nunber, m, of items we obtain the following latent structure:

Item Number

Class 1 2 3 memeeweme el m
0~ xq aj ar 8g memmeew— A 0 an
X1 -Xp -2y 2y 8y memmmmes o Bp] 8y
*27%y 1 by a3 mmmmmm== o ann) 8y
x%-xh 1-:a1 132 by mmeemee Bl a,

. . , . . :

- L4 » [ ] O L]
n-2"%m—1 1-23 b2 by mmmmoe—- br;—l ";‘m
Xm_l- 1 1—'3.1 b2 b3 e s e 20 e bm-l l--a,m



Comparing this with the older model* it will be evident that the
"middle" items now have two latent probabilities as the two sides of
their "breaking points," Thisresults in much simpler computation,
The computation for a test of L items will now be summarized., The

generalization to more items is obvious,

Sumary of computation for L Items

1) Order the items with the help of the ecross-product matrix so
that

() ()
() {24

or at least so that the above determinant is considerably smaller than

ool (=)
Ty )

- 0

*

2) Corpute

(134 (120} .
g2 = [13]4 (1)
With perfect date

() - G2 |
(13) 7 (1)

the above expression for g, is a good working approximation to the

average of the two separate determinations of g, possible with Ly items,

# See Chapber 10, P. 670

b



3) Compute

0 s ()
S =\/’ (23) + ()

With perfect data

) (ol _\[Celfal s
So = (13y ~— (1)

the value of S, above is a zood approximation to their mean,

€2
L) Set k, = ’s‘{' and solve the quadratic

'b2+ kot =1 =0,

-—-0—-,‘—-’
The positive root is t' -\l
2=y %
!
5) Repeat the same computations to get k3 and + 5, using

{a3m)+ [231)
&= (w)4[2)

and

| (3&} §21_3_{+§23n
S3=\ [w)+(ay)

t
6) At this point it is necessary to adjust the values of ty and
1
t3 « It is easily showm that




But also

e

(a2) (o) "’3 ’

(13) 12&!;!(»!1!;“231 b
A= 2 (12) (31) = 1

Using the values of tz' and t.! computed in steps 4) ad 5) form

3
L | 1

We then compute the following adjusted values:

2
'b2 - AB
B
2 2
t3 = A

This adjustment of the values of t, and t places the breaking

2
points so that a close reproduction of the cross-products is gwaranteed,

and the effect of the third-order frequencies which are usually more

sensitive than the second order, is reduced,
7 Using the adjusted values of t, and t,, compute

2

t
x2= .......2......‘_......," 3
1+t22 14 t5
S, 52_
2= c3=V’?3 X,
2 %2
b2:p2+02x2 b33p3+ c3x3
2 = b2 = % 83 = b3 - o3

B



8) To get x; we compute the two possible determinations of Cy¥%q s

\/’022(12} (B + (W)
= (23]4( 24]

and

\1"’32 (13) ()
C1%y = '[3h}

Using their mean as the best estinmate of CyXqs compute
by = P1~C1%1s
ay=1-Dy
cp=b -8
n=_21 .

2l

) To geb %), we compute the two possible determinations of ch'iu:

e (gt
TET Y o @i+ (2])

_ () (0]
W= t22 T2} °

Using their mean, compute

and



Conditions of Reducibility

In discussing a specific model it is always useful to check
whether the number of latent parameters and the number of independent
manifest data jibe, This will be done for four items; the generali-
zation to more items is obvious.

Four items require 2 parameters for each of the two extreme items
and 3 for each of the three middle items ~~ 2 total of 10, On the
manifest side we have first the L marginals, There are 6 cross-pro-

" ducts (ij] but there exists one condition among them:
(13] [1!;} ; clc3x1(1-;:3) °1°hx1(1"xh)
[23} [Zh] ,' = c2c3x2(1-x3) °2°hx2(l'xh)

(No other tetrad will, in general, vanish,)
So far, then, there are 9 independent manifest data on the first

two levels, This leaves one more for the third level, From equations
(5) and (7) it can be seen that

[1292  _ | T123°

[12) T3 [23) (22} (w)ia)

w10



and

1) 2 - - 2112
3 G EENEER

This shows that of the L symmetric parameters [ijk] two can be
computed, if two others are available in addition to the’ lower order
values., But there also exisbs a relationship between [12’41 and [123] .

It can be shovm that

o) (22| jl22] [a24] / [12} (21} }2 ,
(4 [ |[] RER ""‘\ [1 By qu .
The fourth order symmelric parameter [12313 is comnletely deter=

mined by the lower order values, Four items then, which generate the

present latent distance structure, form a dichotomous system, which is
given if we know the L manifest marginals, five cyoss-products {i;}]
and one third order parameter [iazrj .

There exists another relationship which deserves attention, The

determinant

|G6d  [ad
I ey |

can be modified in l; different ways to give the following terms:

. {12] [x2] - (127 (2]
Y [ey T fa
D = (27 [ o ([ [ 2]
Tl B “T Mg [a]




It can easily be verified that

D

1 ’ D2 D
5 - v

= = L.
D~ = Cx%p»s -—D}-“CBX, D=

chﬁu

For a perfect Guitman scale all the previous conditions of reduci-

bility have to hold, because it is equivalent to the present model
with

a.".‘O, b:l’ C=1.

In addition we see from equation (2) that

1-xi=pi or X =950
From equations (La) and {jb) we see that in this case

12. = qp, 123 = qyp3(ap - pp)

In other words, all higher order manifest parameters can be

expressed in terms of the manifest marginals,

. The same model can be used in a more restricted sense, Sometimes
the manifest marginals fall roughly into several groups, b Ging similar
within the groups and different between groups. Then it might be
better to assume that there exist a limited number of fixed latent
~distances over which the horizontal tracelines are extended. The
model will be explained using three such latent distances and then
generalized to more. In this restricted model, incidentally, the
extreme items do not play a special role, The latent structwe far
I} items would look as follows:



Item
Latent Distance 1 2 3. b
0 ~x ay 2o a, a),
X~y by ay b3 a3
y-1 by by 'b3 bh

The odd-numbered items have their "breaking point" at x and the even-
mmbered at y, with x<y,

Applying equation (La),

(26a) (1 = ooy | [13] = crop [32] = cocp¥
(W] = ooF [22] = cpe 57 [34] = cpe¥
Similarly, applying equation (Ub),
260) [239 = cyepopx(=BF [228) = ey epoxr-)5
(134 = ey x(x-R)F Bar] = epesqx7)F

Note that the middle term on the right in the above equations is (x~%)
1f two odd items are involved and is (y-§) if two even items are used,

As in the preceding model we form the following expressions:

132] = _lml _
g=-"79 "o T af=x
ha | Dl
(17) gozw i = = 13l - GF)
1 oAy
gy==1 T Ty T e
12 ay _
a=-1d" "~ (9 = o), (F-y)

<13~



and
1) 14 [ | _
5° = 12%32}1. - 13 Bl op

o L2 faf _ B2 fad _ o
(18) S =7 [y T TPy 2w
o Dl B4 B3l s 5 _

83 = [1 - 11}] = eyXX

) 1L f2u) 2l _

S,-! = 1 - 32 =0,y

Defining ki by the equation

it is evident that

In the case of imperfect data, it will be necessary to average
the trro determinations of 24 and the two determinations of Si’ but it
k3, and kz
algebriacally identical to kh’ so it is necessary to compute only one

should be noted that k; is aloebriacally identical to

k for the even items and one k for the odd items,

Defining t;c and ty‘, by the equations

(20) ' l.?.‘._ , ' ‘I s
'bx 3":' anc. 'by - :;; Y



(212)

(21v)

(22)

'
t can be found as the positive root of

t?4 Kkt =120,
t
and ty as the positive root of
2
1 4 Kyt = 1= 0

An adjvstment in the values of t, and ty similar to that made in
the previous model is necessary to insure a close reproduction of the

cross~=products., It is easily seen that

Ly [ [3_4;}-}- [e] [} _ %
= 2 [13 [2 by

1 t
Letting B be the product of the unadjusted t, and ty obtained as the

positive roots of equations (212) and (21b),

Using these adjusted values of tx and t’y’

2
tx tyz
X = and -
2 = 4,2
1+tx 14 t_y

-15-



Having found the “breaking points," x and y, the 2 values are
fourd using equations (17). Then equation (2) is used to compute the

values of a3 and by, and all of the latent parameters are knovm,

The unrestricted model for a latent distance scale will be illuge
trated by data from a survey of role conflic-’b.* Four stories were
presented to a group of 216 subjects and each was asked to check which
solution of the conflict involved he thought was right, The four items

were: .

(Item 1) Your close friend is riding in a car vwhich you
are driving, and you hit a pedestrian, He lmowrs that you
were going at least 35 miles an hour in a 20~mile an hour
zone, There are no other witnesses., Your lawyer says
that if yovr friend testifies under oath that the speed was
only 20 miles an hour it may save you from serious conse=
quences, ,

That right do yov have to expect him to protect you?

Check one.
T Hive a definite richt as a friend to expect him to
“Ttestify to the lower finure.

T have some richt as a friend to expect him to testify
“~to the lower firure,

I have no right as a friend to expect him to testify
~=to the lower figure.

“That do you think he <rould probvably do in view of his
g‘:éiggi;ions as a sworn witness and his obligations as your
end?

Check one.
STify that you were going 20 miles an hour,
Mot testify that you were going 20 miles an hour,

*Conducted by Dr. Samuel A, Stouffer, Laboratory of Social Relations,
Harvard University. o
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~(Ttem 2) Your close friend is a ilew York drama critic.
You have sunk all iyour savings in a new Broadway play.
He really thinks the play is no good,

TThat risht do yov have to expect him to pgo easy on
your play in his review?

Check one,
e a definite right as a friend to expect him
T to go easy on my play in his retiew,
I have some right as a friend to expect him to do
T"this for ne,
I have no right as a friend to expect him to do
~this for me,

Do you think he wonld go easy.on your play in his re-
view in view of his obiigations to his readers and his
obligations as your fedend?

Check one,

————————.

es
1lo

(Item 3) Your close friend is a doctor for an insurance
company, He examines you vhen you need more insurance,
He finds that you are in pretty good shape, but he is
doubtful on one or two minor points which are difficult
to diagnose.

That right do wou have to exmect him to shade the doubls
in your favor?

Check one,
ve a definite ri~ht as a friend to expect him
to shade the dovbts in my favor.
I have some rights as a friend 1o -expect him to
T dade the doubts in my favor.,
I haveno right as a friend to expect him to shade
" the doubts in my favor, '

Do wou think he would shade the doubls in your favor in
viewr of his obligations to the insurance company and his
obligations as your friend?

Check one,
es

Mo
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(Tter L) Your close friend has just come from a secret
meeting of the board of directors of a com » You will
be ruined unless you can get out of the market before the
board's decision becomes knovm, He happens to be having
dinner at your houvse this same evening.

That right do you have to expect him to tip you ofi?

Chec!l: one,
Ve a definite right as a friend to expect him to
tip me off,
I have some right as a friend to expect hinm to tip
me off,
é?‘ave no richt as a friend to expect him to tip me

Do you think he would tip you off in view of his obliga-
tions to the company and his obligations as your friend?

Check one,
~ Yes
Mo

The itenms were scored as follows: A positive response to & given
item was defined as a response to the "no right" alternative or a res-
ponse to the "some right" alternative counled with a response to the
mo" alternative of the second guestion of the iten,

The response natterns of the 216 subjects were

Response pattern ilo, of subjects so responding
FFAL b2
- 444 1
=it
6
#h - 2
Fhi-
Lof e 2l
fom ot .
- F

]G



Response patters Yo. of subjects so responding

44 2
-t - %
—if of = L
VR 38
N p—— 9
- 6
——— 2
e 20

In terns of positive frequencies, expressed in terms of Propor=

tions of the total sample:

oW oo

9123 = 0,3009

Py = 0.5139 Pyy = O,lilk Py, = 0.2222
Py = 0.5000 Py, = 0,262l Py3), = 0.2222

Using [13 - 1:'5_j = P;Pjs the cross product matrix is

1
0.0330
0,0L86
0,0368

2

0,0330 0

—en ')

0.0671

0

3
#0186

L0671

“———

076L

b
0.0358
0,0767
0.076l

ampusy



Using
[139 = ;5 - AR -p; i -pfi3] ~PyPsPys
[ 1231 = 0.00289
f 121} = 0,006
{ 134] = 0,00847
231 = 0.0209%

If the itens are re-ordered in the following vay

Qri~inal labeling few labeling
1 1
2 3
3 2
L i

then with this ner labeling the determinant

] [w) o,‘.;o330 0.0368

- = = 0.,0005.
[23] [} loosn  o.ota = 0-0005

Re-labeling the items, the manifest data becomes:

Py = 0.7917 12 = 0,0486 123 = 0.00289
Pp = 0.5000 13 = 0,0330 12}, =-0,005L7
Py = 0.5139 1 = 0,0368 13L = 0,006136
P, = 0.3102 23 = 0,0671 23l = 0.0209L

2L, = 0,076h
3L = 0,0767

e will follow the sumnary of computation on page 22,

w20



 0,00289 é o;ooghz -

5 0.0486(0.0671 # 0,076L) _ 0.1000

0,1198 .
Solving the quadratic t27‘ kpt =1 =0 for its positive root,
\ :
tz : 1.210

0.0061); £ 0,0209L
8y = 0.0368 ¥ 0,076k = ~-0,237

0.0767(0:0330 7# 0,067L) _
32._: ! %,113211 —==S = 0,0678

S
33 = 0,260

~00239~
kB: 0.260 ™ -0.918'

Solving the quadratic t° # ky = 1= 0 for its positive root,
1

o _ 0.0330.% 0.076L # 0,0368 X 0.067L  _ o.669
2 0,0L86 X 0.0767

A = 0,818

B = 1.21% 1.56 = 1.889

2
Thus the adjusted values of t22 and ., are

3

2. ' 2
ty = 1.0 ty = 2,31

-21~



1.5L - = = 0,698
— W X - L

;316 e = 618 0,260 e = 0566
o2 "\fo ®7Y5393 o T 0. 3"1]0 295X 0.302

= 0,500 ¥ 0, 6)4&)(0 607:90.894 by = 0,51k # 0,395 = 0,909

2, = 0,894 - 0618 =0.246 a8y = 0.909 =0.566 = Q313

Thus the parame’i:ers of the two "middle" items have been obtained. .

;"‘ 3 #“ ? !
144 J1.50¢0.0466(0.03307 0,0368  \ | 2.31%
eX=A Y - 0,0671 # 0.076k "\ 0.0767 -

clxl —

] ="0 792 77‘“0 190 = 0,962
¢y = 0,982-- 0 018=g_,2§h

= 0,190 w 0. 197
& 0.96L

1 ™0 0767(0 0368 2‘*01076&) ¥_ -0 0368)( 0 0762;\
9%, =2 2.,31(0.0330 # 0.0671) 151300486

ch':?h = 0,194

2), = 0,310 = 0,19 = 0 n6 e
by, = 1-0.116= o 88
o, =1-2X 0;116 = 0,768
%), = 8;191&.: 0.253
'xh =1~ 0,253 30-7147
-22-:-



Reverting now to the original ordering of the items, the latent

structure has been found Lo be

Iatent class Ttems
Proporiions 1 3 2 Y
0.20 0,02 0.25 0.3h . 6WE2
0.1 0.98 0.25 0.3L - 0.2
0.09 0.98  0.89 0.3k 0,12
0,06 0.98 0.89 0.91 0.12
0.25 0.98 . 0.89 0.9 0.88
%) = 0,20 X, = 0,70
Xy = 0.61 %), = 0.75

Usin~ this latent structure, the response pattern frequencies
and the cross-products thich it would generate were computed, They

are compared writh the empiricel data in the following tables.,

~23m



STOUFFER ROLI COMFLICT DATA
TRACE-LIIE FLOT

Tten 1

1.0 !"

-

,a.ll\‘l\"".l-lsl"-l.nlfk'Kﬁ’l&&.i&%

‘ll"l“'l:."lt"llllll"lll

olt

L J
[oV] o\ ]
5. g £
43 4 =
e e - = s:IlT..Trt..||| o
L]
!
1 1 1 1 N S [ 1 i
Uy <o
% < ~ i v =3 “ & . :



(STOUFTZER ROLE COITLICT DATA)
TADLE I
GO PrRISON OF FITTED AID WIFIRICAL RESIONSE PATTERI FREQUIIICIES

Response 9 of each Pattern in Iatent Class Total TFitted Actual

Pattern Total  Total
132h I IIT- I W v g

771+ - 2,1 1.6 2,8 9.5 w0 40 k2
~FFF 339 4,8 1.8 625 100 1,2 1
F-F4 03 3B 12 L7 620 100 7. 6
##-# 03 231 18L 1,6 566 100 6.9 6

Fht- 0.3 25,3 19,9 3h7 9.6 100 25,k 23

Fl-- 05 523 L2 38 22 100 23.7 25

il 0.9  88.9 2,7 L8 2,7 100 22,2
A-=- 0.9 957 3,0 03 0.2 100 39.9 38

B S

-t At - 8}';._1 3,'6 2;14 L8 3.0 100 3.6 h
-4-- 9.7 3.7 3.0 03 13 100 65 6
-#=F 92,3 5.1 2.}; - - 100 0.8 1
--#- 98 3.9 0.2 0.2 09 100 100 9
S 9—5_,,.7 33 - - - 10 1.3 2
_———— 95.9 h.of 0,1 - - 100 19.1 20

-25-



(STOUFFZR ROLE CONFLICT DATA)
TLLLE IT
COMPARISON OF FITTED AiD I PIRIGAL CROSSERODUSLS

“Fitted" Cross Product [atrix (Computed from labent Structure)
13 e
1 - ,0i8L  ,0325  ,0367
3 .0h81 — 0676 0762
2 .0325 0676 — O76h
L .0367 0762 <076l —

Residuals: Mmpirical Cross Products :inus Fitted Cross Products

1 3 2 L
1 . === £.0005 #0008  £,0001
3 £.0005 - 24,0008 +.,0002
2 £,0005 #,0005 ——m £,0003
L #0001 £,0002  +,0003 —

«26w



Paper Number 4L

LATENT TRICHOTOMY WITH CONJUGATE ITEMS



LAYENT TRICIOTOIY TITH CONJUGATE ITEIS

The model to be considered here is a restricted latent trichotomy
vhich permits a relatively easy derivation o tie equivalant latent
 strreture from the manifest d-ta.

Suprose ve have a number of dichotomors questions thich have arpro-
wimately linear trace lines anl sw rose that the nopulation to be tested
con be pﬂ.rtitionedv into three classes svch that all individvals in a
particular class have the some probability of responding positively to
a given question. These latent marginals ill lie on the linear trace
line of the quést*‘-.on, and since they form an aritlmetic progression we

can desimmate the & tent marcinals of the ith quastion as follows:

PIi = ¥+8;
Prii=%
Pripg=% - &

— 1
T X

. ey -7 ‘ xX. ;
- \ ;
| 1 |

! l |

L J _ ! ?continumn
! IiT 11 I

Sw.ose nowv we change the test, pemibiting three possible responses

to each question: yes, don't know and no. '.e can assume bthat the indi-

viduals in the two extreme classes, I and III, will maintain the sane

probability of positive resvonse to a particular item, TFor example,



an individnal in class I will still say yes té a piven question vith
the same nréb:zbil’t'y'. Cvt am individval in the middle class, clrss II,
beins le*s extreme in his attitvde, i1l have a decreased probability of
angrering yes, /

Thus, if we bre~k the ith question into two items, the first (item i)
formed by def’'ninge yes and don't ¥now resronses as nositive resronses
and the se~ond (item i') formed by defining only yes res onses as posi-
tive, we vill obtain to items hich are conjugate in the following sense:
items i and it i1l have the same latent marginals in cla ssIl, and the
same latent mareinals in claseITl, but the latent marginal of class II
il be increased Ly a certain increment for item i, and decreased by
the same increment for item it.

Grarhically, the 1 tent marpinals of item i an® of item i' will lie

on two mrabolas “hich cre conjurate in the sense defined here,

. /',tra ¢ line of item 1
T - A¥i g

‘//" : ’/ '

Vi -
/ - ‘f’” /K\\ '
— i L ~troc) line of item 1!
// - - /"//
. . / /‘( L 2—’ ‘
7‘4‘-30 ]

.>cont3_nuum

i
H;,....-o-—-\

‘0
Fileom wr -
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Y/e can summarize the

Latent Class
Class I'roportion
I a
1T b
I1T ¢

equivalent latent structure as follows:

Latent !lorginal
item i

x5 te
X423
X -8

Latent lorginal
item i!?

SR
Xy -2y
-8

Given the resronses of a group of individrals to m trichotomovs

questions, the manifest data necessary for the derivation of the latent

structrre can be sumarized in the manifest joint oc~urrence matrix Ii,

whi~h vi 11 Le ~ut in trmms of proportions rather than frequencies:

1 p Pi'- P2 P2 fene P
] - - P12 Pqyov ceves Pim
Py - - Pyip  Ppiov P

HER P om2 _ ciiee Poy
Pos P12y Pyiov _ dueee Poiy
) Py Pim Pivp Pon Poiy sevae _
Ppt Pipt  Pi'm'  Pomr  Fpugs Geeas _
N

Using first the manifest marginals of the items,

Piz

Py = {

Since a+bd4c =

Py

a(xi+eif+ bl +25)+clxg - g)

a+b4c)x; + (asc)gg + by

1,
x; + fa~c)g;+ b33



(1)
(2)

The latent marginals of an item i! differ from those of item i
oniy in the sirn of Zi s SO /e can vrite

r= X+ (a-c)g - bRy,

The manifest marginals will be vsed only in the combinations

Fj+pjr and py - pj1, 8O Ve introduce the foilowing notation:

0; = Py + Pyt

S‘l Py =~ Py,

Using the eqrations for p; and Pyis

- 2114- 2(a - c)gi
Si - 2b§.i

Yowr drawing uron the joint manifest marginals,

Py .-:_a(x- + 83 ) (x5 +g ) P00 2 ) (x 2 )t olxy - g5) (x5 - gy)
p13 =X x1+(a - c)(x1g3+x3gi)+b(x1£j+x S )+(a+c>eig +b2; 2
B;p. '[xi+(a - C)P1+b§_] Ex +(a - c)g. +b2;)

lpipj %25+ (a - c){xigytx; t,iH—t)(Jc.ij~\-x;.,$_-_.l_)4~(a -¢)® gigj+b2§.i§j

“+bla ~ c)2;e, +2.8 )
[.17] Pii - Py
[1:]]—- [aﬂ-r? - (a - C)ﬂ gigj ~ Db (a - C>(§lg3+£jgi)+b(1 - D)Zi Ej‘

Since the item i is chanped to the item 1Yy chonging only tle

sism of Z,, ve can immediately write

(1 'D Ea-\—c -(a - c)] gl « bla - ¢)(« E_ig +3 gl) b {1~ b)E s.
(1i])=la+c =ta - SEE 2585 «b(a - ) Qigy 248;) -b(1 - LT P
1 3]*[a+c ~-{a - c)a g8, -bla ~ ¢ («§1g -3 g Y+b(1 ~ Db )Z iﬁ

J



The terms imvolving &igy+ 58 can be climinated bLet een (13)
and[3'37) andbetrreen (313) and [137] , eiving

{ij) (i3] = (a_x+c-(a~c)§ 8. +2b(1—b)21¢_3

[1‘334—(13‘] = 2&1-&— c-(au-c)a g8 ~2b(1-b) 34 3

Fliminatin~ the terms involving glg in these tvo equations,

13] +(~113] ([l'j] +[1J]) hb(l”‘b) Zi

Th: ¢ crmbiration of cross-products -1ill be used as a computing

mit, so + intreduce the noration

(%) Aij""bﬂ +(i'j’] ‘(iij]—-[ijﬂ

In this notation,

Aij = hb(l'b)z izj.
Using equation (4),

Bij=- QDG Q.

solvine for b,
L zji 5+ 05 &3
This cquation dletemmines b in terms of manifest data, but the
ritro on the ripght can be formed from any tio items so /e virite bs s
to indicate the com~vtation of b from items 1 and j.

51 Sy

(6) L s SR E R

The "best" estimate of b ~i111 be found by obtaining the average
value of by ; over 21l possible pairs i,j, 1 # j. Let this average
valve be denoted Ly b.

Using equation (),



(M

Si:. Zbijii
5= Si _.,_g é1j“’gi gj )
R G Vv ’

Si Si+ JAYEY
283

Since 2 ; is compvted from the manifest data of item i and of

my other item j, we wirite

S. . _ f\ g.+[_3..
i,j =21 %é;j ij

The value of 51 igs found as the averape value of & i, over all
gk,
To find the remaining parameters we make use of tetrads of the

form [113,@3*] , defined by

(11'.33?, ! DJ'

“les @l

In Chapter X, p L1, equation (2,2) it as shown that

1 1 1 1 1 1
[13 k{'] = abe ; .
L1ds Pri  Prri Priryf,[PIx PITk PIllk
P15 Prrj Prry IPIi Prrf  Prrm

In the present notation,

1 1 1 1 1 1
{_ii%,jjzj:abc Xi+8  X+p4 X~ - xj+gj xj+2j xj-gj

~E X, 5. - . . .
ute X Fy Xeel Ixjtey x5-25  wyegy



Subtracting the third row from the first in each of these deter-

minants,
1 1 R B 1 1
[i15,33'] = ave |0 28, o |. o 23, ©
x+ey 4T negl | xgvey x5y xy-ey
1 0 0 BE! 0 0
[111,537) = ave | o 28 O .]o 22, o
48 O --2g:L xj-rgj 0 -Zgj

(ili’,jjﬂ = abe (-h24g,)(-k 2jgj)
[ii‘,jjﬂ = 1léabe Zl 2jgj_gj.

Torming the corresronding tetrads for items i, k and Jj, k:

Eii‘ »kk J l6abe Z_Lik £ &

337,k = 16abe 43, 88 -

) 2
If we define Ti, ik by

> [i:vijj'J Giit,kir]

02 = 16 abe 24 2,1 By gy ° 16 abe 2iE_k g 8
i,k 10 abe Ej zk gjgk

H

r
o
1

?
16 abe £, g;2

(9) :ri,jk = U \)abc Zigi .

Ti,'jk’ as defined by equation (8), is formed from manifest data

and i1l be used as z commvting unit, Define T; as the average of Ti ke
sJ

over all rairs of j,k i,



It is necessary now to define the cross-products [ii} and (3' -’i?} .
These cross-products do not anpear directly in terms of monifest data
but must be defined by means of the condition imposed uron the cross~
prodnet, matrix by the assumption of three latent classes., OSince the
cross-nroduct matrix mst be of rank 2, all third order determinants
must vanish, Thus, in the cross-product matrix formed from three items

and their conjurates:

(‘ (f ) K(.llﬂ) (2] (2] (13 [137]
m)  (@)) @ @) @3 @l
}d @) () @ el
h2] Qe (E2)) (o)) @3 B3l
B) @) B Y Gl G

L@ e Bl Es) (@) (8D

the undefined elements, in parentheses, can be defined by cetting a

suitable third order sub-determinant equal to zero. TFor example, [11]

isdefined by the equation

1] l22] (121]
) [ k3l} =o
(137 {239 (213}

ixpanding Ly the minors of the firsi row and solving for [11],

_(12) (233 - 2] [12,33]
=2 Bzl

Similarly [1'1:] can Le found.

Setting j = i in the equations for [ij) and (i’j’] ,



(10)

(1)

(12)

{13)

()

(15)

[i:n] \a+c -(a-c)z‘) -2b(a-c) Eftgi‘*'b(l“b)ii.z
[111]‘.:[9 +c -(a-c)zj 2y +.2b(a-c) Eigi +b(1-b) éiz

Thus,

'[ii:l - (i'i'}:-:: Lb(c —_a)Eigiu

Substitting for Zigi from equation (9)

ib(c ~a)T
)b )= T

If k is defined by the equation

= e

(1] - )= ooy
(i1) - [irav]
s~ T-_x_ Vb

The subscript indicates the ivem from which ky has been formed.

Ls many such ky will be found as there are questions in the test; k is
defined asthe averare of these,

et ulnf’

t:.-'.‘,

t can be found as the positive root of the quadratic equation
te+1kt -1 =0

“hen t ic knovm, a and ¢ are easily found using

t . ,1“b
a= TF¢° (1-0)
1-b

= 2
c

t



The parameter gy is fonnd by combinine equations (9) an? (L):
€]
Ti:: b,qabc 2b 25
" b T,
(16) g;= | ac Zk{

Using equation (3)

6—12__211-}-2(31 - clgy -
Substituting from equotion {16),

(a-c)mﬁ o kT
I R S

D
(17a) =7 YL

Flternntively, since g; is nov knorn, X; may ve computed from

_G
(17v) x, 572 e - a)gi

The Jatent strr~trre has no ueen comrletely derived from the
manifest data. Tor this derivation only three estions, yielding thliree
wirs of omnjupate items, are necessary., the equivalent lotent structure
of three pairs of vonjugate items involves 11 unknoin raramevers:

a, ¢ (b = l-a~c)

X1y Xp, %3

E1s 8oy &3

21, 22, 25

Yo express th se unimo ms in terms of manifest data e have used

1% serrate manifest data: the & first order freguencies

10~



P1» P2> P3; Ph s Ph Py
an? the 12 nross-prod:cts

(12 . (13), [23)

(2, (13,03, (2], 137, (237)

e, Qa3 [o39).

™e-afo e there must exist 7 @uwmtions connecting these 18 manifest
data, on'y 1! beings inderendent. These 7 equations are the conditions
of reducibility vhich must be -~pproximately satisfied Ly any rarticular
get of manifest data if this model is to be applicablé. Fovr of these
conditions are evident in the preceding derivation and a fifth is easily
derived from the ~ross-rrodiect matrix; the remaining two ~~nditions are
mo.« Viff endt to arrly anil -ill ve disrvssed only briefly.

It “28 shon in equation (6) thait the valre of b could be computed
from the manifest of any © o pir of conjumate items. Thus, dith three

prir of conjupate items there are three sepurate determinotions of bt

glg2 . _ &1 g}_.__ S283
bo="Ripth o+ T ARG §5 ¢ b= Bw G4

; rarticsiar set of ont o data - Biebh is perfectly reducible o the
restrinted trichotory cmsirdered bere wwould yield identical vel es of
bl?, b13 and bQB’ but in reveral these valves 7111 Jiffer «lisbily,
their de~rre of ey atity being o parti~l meusuvre of the orrli-ability of
tho wadel.

“he conlitiou that by, z;blg.g;b23 is easily reduced to the con-,
gition tiat

Taoaition {17) expresses t oo irdercnient ~onditions of reducibility.



™0 more independent conditions are obtained from ejuation (12).
£ test ~omrosed of three mmirs of canjupate items 111 yield three values

of k ~hi~h i1l beeyzl only for perfectly reducible data.

L fifth rondition of reducibility derives from ihe fact that a
cross-rroduvnt of the form Liia can Le computed in tiro separate '.'ziys
from the crocs-vrod-ct matrix, i.e., there are two different zero~valued
third order s:tdeterminants of the cross-product matrix involvings only
[ii ‘] as unknon,

For examnle, tie nros‘s—pro'uct [ll‘}is defined by two determinantal

(n] (][] () (o) [

[13]  ([e3) 3] l= o G 3 (23 |=o.
1) (=) 6] ps) B )

Jin~e these ermations must vield the same valrve of [11'] , s0lving

ea~h an?! equatine “he expressions for[ll‘],,

[12] [221,331] - (12 [1r2,337) - (109 (121,330 #f021) [12,237) =0
Si‘“i]f.f e:}evelopments uging the cross—products [‘22 ‘] and [33 '} lead to the
snme eqration, so there is one independent condition of reducibility here.

To more independent reducibility ~onditions can Le derived from the
cross-nroduct matrix, using the ~ondition that its v nk be 2. TFour
di fferent rero-values third order determinants involvine only [ii] and hi‘]
ar non-manifest elements can be found. .liminating [ii]and [ii‘] among
these forr evations yvields tio inderenient ronditions, I!loever theze
conditio~s are toc com lieated to make practi-al their use as a test of

the 2rrlirabi™ v of this model.

1P



It has been shovm that three trichotomous questions suffice far
the derivation of the equivalent latent struntire if the canditions of
reducibility to this restricted three closs model are satisfied. In

general, horever, the latent parameters " 1ill be computed from a test

consistin- of more than three items, and hence it is necessary to oo mrute
the pirameter b and the computational units Ty using data from all of
the questions.

It is evident frowm eqration (6) that a value of b:n can be computed
from any rair of items. Thus for a test of m questions, as many valuea
of bi' could be ~comr-ted as there are -ombinations of m items taken two
at. 2 time. (For ex~mle, for a tcst of ten questions it - ould be necess~
ary to com ute and ’en average C;D::: L5 different vrluves of b)

£ good anrroximation to the averare value of L o Le found by

averaging separui~ly the numerator and denominator of

N S
T8 S s+ Dy

and dividir,,

Sines-
i% $=1 glng‘%{(wél Si)z - %,il élﬁ] ,
# rocd aprroximation to U is given by
(Es)- 28
T ZS ) 2 S 42 < L&lb

i=l

~here m is the number of nunestions in the test

13-



The term % (A i(> is the summ of Aij over all pairs
J :

i, This sum can be obtained from the cross- rod: <t matrix,

1 1!

1 fﬂ\\@zl\tl \&31 ol \EluJ

) g Pl R P
2 — e @33 \@3\)\ \624]\ f?h;\ 4
21 S t231 T2=3]\\52'13 %'hj\

3 — e Tﬁ‘] \b’*i

3! \AL\E“’*J\

4 | +

Iy —

fdding along the diaponals of the cross-product matrix, giving a
nemative sign to the sum of the elements in the first diagonal off the
main diagonal, a positive to the next, etc., and adding these diagonal

sumg vith their proper sirns gives the sum of Ai j over all pairs i,].

L good arnroximation to the average value of T, 2 defined by‘

i, Jk
equation (8), over =11 pairs j,k i is obtained by a device completely
analogous to that used to estimote the average value of Sf in the
to-class case. “riting the matrix of tetrads of the form ii',jj’] ’

ﬂ
and omitting the diagonal elements which are of the form ii‘,i.ij :

1 2 3 b
- [11',223 @1%.333 [n?,hhﬂ
1,220 - f2r,33)  [e2r,wi]
(a3 [e2i33) —— [33e,u)
EEEISTY) P YRR [33 1l —

R



2
lettinno Tig be the average valve of T 3k over all pairs j,k=&i,
1,

tre follod ng equation is a pood -—rorking apr roximation:

(2 ) - ,

(21) ﬁ\ -z 21

here

g

jZ%_::the stm of the elements of row i (excluding the diaponal term).

2512 == the sum of the squares of the elements of row i (exclvding the

Aingonal term).

Z = the sum of all the elements of thc tetrad matrix (excluding

diaporal terms.)

It has been pointed ovt that any three items are svfficient to de-
fin« the cross-products [ii) and Ei'i;] vhich enter into eguetion (12)
expressing )QL in terms of manifest data, A test consisting of more than
thriye items perm'ts many determinations of [1i] amd of{i‘i‘] and these
wi*l be equal enly if the data is perfectly reducible to the model used
tere. It rovld be possible to single ovt all of the vanishing third
order srbdeterminants of the cross-~product matrix containing[_ll], say,
and solve each for Ell] The average of these values -‘ould then be
the valre of [11] sovrht . Tut d nce there are many svch detemmts
it is easier to find these diaronal elements using Thurstone'!s centroid

method on tbe two cross~product matrices:

18-
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If the cross-product matrix is approximately of rank 2, as is
assued in this model, then the diagonal elements thus obtained will
be very good ap roximations to the valves of (;i) andEi'i{] .

For pirroses of illrstration this model vill Le applied to data
from a comparative stndy of radio and magazine serials conducted about
1939 by the Office of Radio Resenrch.,.;e The mine questions in Table 1

were asked of 628 respondents.
Table 1

Mestion 1. Do you feel yov kno- the characters better in mapazine
stories or radio serials?

Question 2. ~Thich stories do you remember longer, magaszine stories or
radio stories?

Question 3, “hich are more excitins, magazine stories or radio stories?

Question L, "Thich arc more true to life, mapazine or radio stories?

Question 5, “hich help you more to forget your troubles?

estion 6, In vhich is the content more interesting?

ueestion 7. “Thich is more relaxing?

Jvestion 8. Do you have more oprortunity to listen to radio serials
or to read marazine stories?

Qestion 9, Do vou think it is easier to read marazine stories, or

listen to radio sorials?

Tossible resronses:

1. ma~azines 2. Tadio

3. no difference -- eqval h. Don't kaow
5. no ans er

¥ This a -rlication is taken from a aster's thesis for the Department
of Political ecience, Columbia University, by raula Siegel



The resronse "marazine" was arbitrarily desirmated the affirmative

resnonse ;

responses viere srovped tosether as a single "don't kno#'

Table 2

"radio", the nerative response;

.reakdorm of Responses to the lline lJuestions

Response

marazine
don't know

radio

Tvo items, 1 and i?, wereformed from the ith question as follows:

1Lh9
139
340

206
151
271

80
163
385

Juestion

L 5

135 213 230
188 17 172
305 2l 226

sample size =628

response.

263

135
230

item i by srouping togethe- the mamazine and don't know responses as

positive responses, and item i' by counting only themugazine responses

ag positive,

&1 =0.6959
G, =0.8965
g3 = 0.5143
B = 0.7293
§g = 0.9506
0g= 1.0064
af-; = 1.0526
8n = 0.6354
69 = 0,560

i Pi = Py

§, = 0.2213

£ 5w 0,2l04
g3 =0,2596
§),= 0.299%
§'y =0.2723
$¢ =0.2739
§7 = 0.2150
4330.291’4
§ 9g=0.2325

and the last three possible

108

183
337

103
16
379



v

a1

lﬂ

4
«420

«207

1]

2
-202

~189

.320
.108
-336

.116

35
.082
084

<102

TABLE 5
Manifest Joint Ocourrence Mtrix

4
+379
2169
424
«188

<326

086

49
-148
«134
0187
.168
-084

-080

b
o411
-196
-478
<263
- 3b7
-107
<438
+162

X
«199
.186
0206
232
<134
-100
CZiG

0150

6
«431
-218
<601
<268
« 366
2116
A2
0191
. 543

295

6"
oR13
2201
.268
<240
«140
-107
.228
«178
+280

-268

(Element

7
-401
0191
<470
<239
.3389
.102
428
+166
-608
0272

-B26

282

344
»142
<373
-161
<301
-081
.358
<111
-393
0170
-418
<194
. 392

.188

jﬁh eolumn Pij)

8!

+110

9
0333
0131
347

«138

+366
. 370
331

»100

9'»1

2113
{94
-140
0124
+147
2132
- 147
.14b
2121

<092

«19-



1

1t

2'

3!

7!

80

91

1

(.163)

1 2
.180
(<102) .072

(.134)

CROTS«PROD'CT MATRIX OF NU'E ITH

TALE 4

(Nlewent in 4th row,
S AT CONJUC,TES

2 3
052 ,143
112 .016

116

(.119)=.011

(.125)

3!
.0384
-064
029

+046

(.037)

4
«143
- 045
«131
«030
0127
.030

(.128)

4
045
.083
045
087
.011

.062

(-074)

6
.130
.06
.132
083
.120°
.029
0122
<031

(.149)

5! 6 6' 7 7 8
-044 138 ,0456 .111 .010 ,131
.104  .066 .114 0641 .089  .032
.064 .138 .059 .l09 ,031 .109
121 o069 120 .031 .098 ~=,001
.003 117 =.002 .094 =.026 .122
087  .035 ,060 .02} .047 .022
036 ~ .133 .089 ,102 .00¢ 120
-077 .068 .200 .029 .072 .0l2

162 o066 120 .046 .110

(.121) .077 .134 - ,067 ,124 ,013

(.148) .120 .050 .117
(.134) .050 .121 .025
(.108) 098

(.101) =,008

(.125)

3% oolumn [:1i)

- 020
-04)
.021
.0566
.032
.066
«022

.054

(.064)

9
«161
- 037
122
+008
«128
2016
-123
=020
.121
.016
0117
.012
-1156
004
0147
«032

(.140)

g
084
069
.039
.062
031
041
029
069
040
069
.042
<072
.043
076
046

«064

(.070)



The elements [ii] and Lj ‘:L’J in table U were obtained by applyine
Thurstone's rentroid fartorine method to the two cross-product matrires

formed from unprimed anl primed items, respectively.:

(igz-. 2

b= 198-1 . ‘;:1
2 6)- 2, 554 5 )

b _ (2.3058)% — 0.5981
(2.3088)% — 0.5981  2(4.9895)

b __ 0.32103

Havin~ obtained the value of b, Si is found using

b
|

Z=1
i 2b °

N

0,213
PRAGA N

fl
I

0.3hs

d

0.240,
0.007T = 0.374

t
§

37 n.6h21 T 0.L0h

66

i
2
)

M M M M
f
i

5 = 0.2723 — 0,424

Vee Tlolzinger ond !lorman, "Factor /Znalysis", ap endix B,



s

0.2739
0.6L2T 0.427

e
e

s
T . _0.2150
02T T 0.335

8 — 0,291 __

pa

9 .. 0,2325 __ -
T TTDLEL T 70,362,

The value of T12 is found by forming the matrix of tetrads of

the form | ii?}, jjj and arplyine equation 21,

P



TASLL 6

. MATRIX OF TETRADS OF TH'E PuRM 44',43°
3 2 3 4 5 € ? 8 8

L1 .014094 .007168 .009824 011385 .012684 009381 006838 .008859
2 .014094 006628 010066 »012621 013059 009800 006084 007271
S  .007168 005628 -006332 ~0067868" 007076 -004944 004589 .006080
4  .009824 010066 006332 008246 011099 007284 004690 006620
5 . .011385 .012621 .006786 008246 016167 012345 005921 007666
6  .012684 »013069 .007076 .011099 016187 011929 006971 007936
7 .009381 009800 -004944 .007284 2012346 4011929 006406 00857
8  .006838 006034 004599 004690 006921 008971 -006406 008018
9  .008869 2007271 .006080 006620 007665 007936 008576 .008018
Zi1.==,osozs:s 078672 +047613 084169 080136 086920 089666 048476 ~060022

= .614794



T; = 0.11089, Tp= 0.10789, T3=0.06168, %, = 0.08555,
Tg= 011043, Tg=0.1201h, T,= 0.093¥2, Tg= 0.06286,

T9 ¢ .07/69 '

Using Lhese values of Ti ’ ki is computed by cquation (12):

L] =[]

i

k

k, = 0,9600, k, = 0.2500, = 2.5h23, kh*:: 1,1280,

1 Ky

kg™ 0.Lh58,  kg=0.2095, k,=0.1287, kg==2.0026

k, = 1.5361

9

Averarins thece valves,
k = 1.0226.

t, the gpuare ro i of the ratio of a to ¢, is found as the positive

root of the quradratic equation

%9 Kt w10

x+VK? b
)

L

t :
t = 0,6118,
Usine equations (1) and (15),

a= 0.185

c w0l

.«22;—-



Avnlying eqration (16),

o« =\= 35 .

gy = 0.470, g2-===0.h21, g3= 0.223, 8, = 0,268, gS:.-_O.BBO
g6= 0.411, g;==0.410, g;=0.202, go= 0.321.
Using equation (17b),
6.
xi-"-‘:"'%"""" (¢ -a) g4
x]:-' 0.’4,93’ X2;O,S78, 13:-': O~3263 xh::o-hhsy xsz Ot593
x6='-0..630, Xq= 0.653, xg ==0.380, xg==> 0.380.
The computed latent s ructirre is summarized below,
Tlass ITtem
Class Prorortion 1 2 3 L 5 6 1 8
I .18% ‘ 963 999 .8h9 716 973 LOL1 1063 .582
1T 321 .838 ,952 .730 914 1.017 L0557 .938 .83L
IIT 494 023,157 .103 ,180 .213 .219 .243 .178
Iten
o2 3 W st g 7t 8
I .18% 963 973 .sh9 .76 973 LONW1 1083 .532
IT  .321 4 20h -,078 ~.018 169 .203 318 -.07h
ITT Lok 023,157 103 .19 213 .21/ .2h3 178

s

.701

-T2
.059

9t
701

.018
.05y

Usine this computed latent sirueture, the 1l joint positive fre-

quen-ies Py 4 (p12, Pit12s P12'e Pys2ts ete.) were conprted and conp: red



with th- -+ .0 saipt tes e o1cs, (2 of the romputed joint
frequer - ies 4.1 fere? from the observed frequencics by less than 154,

the ~rerce~t perrentare difference being 42.37. The distribrtion of the
percentapge differences between the computed and actval joint positive

frequenrics aprears in Table 6.

Table 6

Distribution of Terrentare Differences bebieen Computed and

fetva

V

1 Jeint Pogitive Frequencies

lercen’ diffe once lmber of € differences
07w LY 55

g e 3 28

107 e W 20

187 e 15y . 13

200 - 2% 10

257 el 29,9

307~ 3.9

357 - 39.97

o Ay e

Em\nww



Paper Number 5

COMPLETE 30LUTION
OF THE THREE CLASS5 LATENT STRUCTURE



THE JOUFLETE SOLUSTION OF TIE TIROLD CLase LATLIT Sulllu il

I. Introduction

The model of athree-class latent structure is described comrletely
by the three ch ss proportions and by the probability that an individual
in a certain class il respond positively to a given item. The notation

which will be used for these latent parameters is as follows:

Class Class Froportion latent llarginal ~— ith item
I a Xy

11 b ¥y

IIT c ' 2y

The manifest data obtained from a test consisting of m dichotomous

items can beexpressed entirely in terms of the positive frejuencies:

Pi» Pyg2 Pygwr - Pijk. . m
“hen a given set of manifest data satisfiesthe cnditions of reduci-

bility to three latent classes the rel-tion betvicen these rositive frequen-

cles and the latent parameters is expressed by thc accounting equations:

P =A% ¥ by pomy =Fax
Py j=3%X Xy + bYyT Vi + 032 gy = Eaxixjxk

Pijk, m =2 axx5X . Xy

II. Solution of the Three (lass lLatent Structure

The three class-proportions a, b and ¢ can be exgpessed in terms
of the k tent mareinals and manifest data by applying Crameris rule to

the three simultaneous linear equationss



a %+ b 4 ¢ = 1
axy + byl + czl P
ax.l + by1 + c24 ﬂ 1
sThere ﬁl is yet to be defined in termsof manifost data.
Jonsider the ' rodvct of tivio determinants
1"y Yy-Pp Z17P1 2, 3 ﬂff“‘lz' Py, PPy, Pls-Pipg
‘ ‘ by), bygl [P1o~PiPp Py -PpP), P25-PoPy

coy

L % Py3=P1P3 #3),7P3P)  P3g5-P3Pg

Xo~Pp ¥o-Pp 2p-Po
x:-)"‘p} Ya*pB "'p3

TYeeriy the firot of bhene Totovainnnhe 1o af zoreo vilie sivie my
rou is 5 livoar cobicoction af e oattoe o pa s Therstooe )y ds

expressed imrliritely in ternms of menifest lata Ly the equation

T

P1p-P1Pp  Po)~P2P,  Ppg-PoPy| = O
Py3~PyPyq P23~P2P3 P35~P3Pg

Definine Bl by the egqration

1 1 1|
e R U S TS ‘
X1? Y12 z12
1 1 1 11 1 gl 1 1
R A 2y X1 Dpp 2y ?‘11 y1 Pp
am ﬁl 'Yl? 2121; b e, xlz @l 212 P C= }:1? y12 61 '
C1 y I$5) o '

Thus, if X, ¥y and z; >an be expressed in terms of nanifest
data, insertin~ their numerical vol eo in (2.1), (2.2 and {2.3) ill
yield the three class-proportions, and vhe laotent structure ill e

canpletel s krowm.



The values of XY and 2z, can be thought of as ths roots of a
third degree polynomial in a gencral variable u.

)= (8- x) (W=y3) (u-23)=0

flu)= W = (X +75 +24 0%+ (73 + %524 +7125 0 =x;7;2;

The coefficients of this third desree polynomial of vhich x;, ¥y
and z; are the roots are the elementary symmetric functions of x5, ¥y
and zi.(l) It i1l be shown that a determinant D exists, the exja nsion
of “hich renerates these elementary symmetric functions in terms of

manifest data.

let Dy be defined by the equation

L+ py PPy Py Pig
1=|Pr+ Ry P2l +P12y Py 4 Piog
F3>+P13 P3L+P13l P35 4-Pi3g

The determinant Dy can be expressed as the sum of eight determinants
which =111 be grouped as follows:

’ ’ / /s
Dy=ot, + 6, *Jx + T ‘

where
(2.1) 1 p, owg |
4
0(1 = Py Pol,  Pos
Py B3y Pyt s
/ o P 2 Py By (R By Py
(2.5) fy= |P> P Pug|4+iP, Py Pag| 4+ (P12 P Po
Py P Py3gi{ |P3  Pi3, Pig P13 P3y P35

(®) Van der Vaerden, "llodern ilgebra™, p. 73

_3



L Pl bs Py By, Pig Py Py Py
g Pz P12l Piog| + |Pio Pl Piss| o |Pi2 Pial Pas
Py P13l . P13y P13 P3),  Pizg P13 P13, Py

(2.7 L Pu Pi5
I ¢
T,= (P12 Piay Pizg
P13 Py Paggl

If we think of D as a determinant with -olumns A+ 4, E+B, C4+C, then

oy s 6, » & ! and “l' have been formed in the following systematic way:

L=l noal ~

G=l & sltle & al+ls 2 a
S=k ¢ s\ ok Blels oAl
T=} 5 3 .

low the monifest parcmeters o, 6; s §, and M, , will be expressed

in terms of latent purameters, using the accounting equations (1):

% i B, P 5 i S a Zax) EaxS {

/ ! . -
O‘%ﬁ‘ Py Poly  Pppl = i S 8%, §,axgxh zaxzxg
B3 Py, P3Fl o Faxy Faxyn FaxaX

{a b & 1 x), xS
CA’ = |72 by, c7o N 1 :;rh -ys
X
axy by3 c%4 3 z), Zg
g 1 1 ) 1 ' x.h xb,
, qbct X5 Yo Zn 1 N 3’;
O('lﬂ' i x v z 1 2 2
| 73 3 3 i 5

-



(2.8a)

(2.0b)

(2,9)

Let

o~
an! let ﬁ,1§ be the minor of the element in the A rom and @th

rolumn in the determinont A; ik For example

zi‘] 1 1 l 1
"

ij =

A yj Zj ¢ Avs = y}| zh F] 11}-152 Bz XS yq

In this notation,

i
0(1: auc A23 1".)45;

a Sax, 2 axyXg 1 Eia Zaxyx) Zaxg
6{1 _ axp Zaxgxh Eaxlxzxs‘ + paxo Eax]_xgxh > a_xzxs
axy b axqx) éaxl}chs ax, 2ax)x3X), 2ax X

Eaxl Z axh 2 axs
4 faxyxy  SaxyX, 2 aXoXy|
Eaxlx3 ga:x3xh 2_&1):331'5

0}1 ja b ~ 1 X, XX 1 XX, Xg Xy X, X
ax, by, 2z, N, Ty Ny, YglPy Yy Vs
ax,  byy o7 z), ®yrg 1 21z zgp Py %), g |

!

Cxpanding the three uracketed determinants by the 3rd‘, 2rd and 15t

columns respectively, an? using (2.8a) and (2.8b),



(2.10)

, o 31 2 33
6 1 = abe Agy (xlxs AbS - Y195 AU} + 2’17'5 Ab,S
21 2

mxlxh Al,s + ylyll AIJ§2 - leh AL&S3

. 1 12 13
+ x4y 1"'115 - N Ahg “+ zq I‘.hs)

Collecting in terms involvin~ x3, yq and 21,

\ 21 31 12 22 32
Kl..., abe .[‘:23 %1 A hS e xh Au5 +XS Abs )+y1 ("' Ahs - Y‘L‘Ahs ~ YSAhS )

| 13 23 33
T2 (Aus =7y A+ 25 Ayg ﬂ

Sine~ the terms in parcentheses are merely expansions of AMS by the minors

of elements in annropriate colurms we can write,

(.({1 - abc fin3y Au; (xq 1 zl)“‘

Sa Saxlxh Zaxlxr; | caxy 2.ax), E_axlx,s !
5‘1 Saxp S axyXpX) Eaxlxzxs pliaxgxp  Faxpxy & axyxpXy %
Texy Zamxyx, 3 axiXgxe | lzaxjxy  Taxyx), 2 aXyXyXg ‘

Saxy Saxyx  Saxg |
+ |[Taxyxp S axixpx) 2 axoxg
[Saxixe  Saxyxyy, Eax3x5

2 b ~ 1 xyx) XX X X, xlxs !:1 X%, Xg t
cf o ax, Dy, C2 1 Y, Vg + 1 Yy YW Y1 Y14 Yy f
4% by‘3 %4 1 leh 2.125‘ 2y Zh 2125 2y zlzLL zS ‘



cxp ndin~ the three bracketed determinants Uy the minors of elements in

the lst, 2nd and 3rd columns respectively, and uvs’n~ (2.8a) and (2.8b ),

\ e 11 12 13
Sl - abe 1123 (y’lzlﬁ.ns - xlzlﬁhs + xlylAh;
21 22 23
R R R O H RS T LT T

o0 e
-

3 2
+V121%c8) 0 -Xq2 1Y5Au§ + ‘D’lzs"*u?)

Ipain the terms in yurentheses are expansious o 'AhS by the minors of

the elements in appropriate columns, so iie can vrite,

(2.11) c(;:lgabc hoy My (x171+ x121+¥427) -



Saxy  Eaxx), iax1x5
Tr’__ ax]x, TaX1XpX) iaxlxexs
=
2exxy Sax: X9¥),  FaxiXyXg

ja b c Xy Xy%), xlxs
,nal' - ax, ayp azp « Y1 YY), Y1Y5
ax3 ay3 azsy 2y leh ZlZS‘
1 1 1 1l X}, Xy
Tf;:—-. abc x1y424 | %2 o zp) « |1 Yy
1

X3 Y3 23

Using eqiation (2.8),

/ ¢
Tfl‘: abe L A,_lt; X1¥121 -

7
. . . . ’
Since o€ , defined Ly equation (2.4) is a common factor of 0 > &

¢
and ”TI , e define q, 51 and TT1 Ly the equationss

1 py pg 1Py wg By Py
P2 P2l Pr2gi+ (P2 Pialy Pogi 4 | P12 Py P25

(2.12)
P P3l Pu3gl  [P3 Pu3L Pyg P13 P3;  P3g
1.":.’— —— e —
1 m  pg
P> P2l  Pog
Pq p}h p35
oty PisloptoBy Pig Pr Py Pg

P2 Piah,  Pizsiy {Piz P2l Piogt - P12 Pra Pes
P3 P1ah Pi3si fPi3 Py, Pigsl (P Pish i

1 P, Pg

(2.13)

P2 b2y  Pzg

P3 p’.zh p3r;‘

-

B



P Py, P15

P12 Pyo)y  Pizg

P13 Pk Pi3g
(2.1h) m=

oo P

P2 P, P2g

3 Ph P35

It has Leen shorm that

46 = HtyTi+?i

di= Xyt X2{tyi%y

Ti = x3y32; -

Therefore it follows that the latent marginals xl, ba) ard z7 are

the thrce roots of the cubic equation

\ o
\2«15) U.3 "'Fj-uL+Jiu ""’i = 0

The three roots of ejvation (2.15), arbitrarily lnbeled W, vy and
w; and inserted in equations (2.,1), (2.2) and(2.3), give the values of

the class-proportions a, b and c,

known

Thus the latent structure is completely



iIT Transformation to Symmetric raramcioer

It has been shown elsewhere that the manifost data of a dichotom~
ons systen ic deceribed comrietely by the manifest maryinalg (pi, Twel,. .
m, vhen m is the number of items) and by the symmetric parameters (Wi},
{.ijk-}, etc.). Thus “hen a given set of manifest data satisfies the condi-
tions of reduwcibility to three latent classes, the provlem of the determi-
nation of ihe lntent structure is solved if the three ch ss-proportions and
the 3m Jatent marsinals ran Le expressed as fun~tions of the manifest |

marginals and the symmetric parameters.

If we desiennte the latent marginals of the ith item by x4 , y3 and

and introduce the following transformation

<

[ XK= Py Yy
Vi=P; +V;
! Zy= P+ Ty

\

then vy, v, and w; denote the deviations of the latent marginals from the

03

manifest morpinals. It has been shovm that the higher order covarian-es
of the probabllity scauences of any ~ombination of items equal the symmet.
ric @ rameters formed from the same items in the manifest data. Therefore

we ~an immediately write

an, + bvy ¢ oWj = O
auiujr bvivj+- CHyW 5 s== [1)_]
au; uy Uph DV V¥, Oy W s ::[i 1 ic!

o d

it is evident that a complete dualiby exists Lebtween tha notation

and equations of Part II and of bhe present-section:

- 17



Tlements and equatiorns of IT

Duals in yresent notation

xiy Yi) Zi

P3

pij’ pijk""

fs

IV, SOLUTIO™ O 710

FATTMY VT ~Ct
TR GL-CLLEE

Wy Vie T

[13], (igk),. ..

Ai

F T STRUCT: U5

IU TOW'S OF SYITDTRIC ELR

7YY
(R DY D)

The ~lass-proportions, a, b and ¢, ran be found asthe solrtion

of “hree simultaneovs linear equations:

a 4+ b * ¢ =1

aul'\" bv:L *eoy =0
au; 2+ bv 2+cw °=
u3 i i =Ky s

where™y is yet to be defined,

Consider the product of the ti'o zero-valved determinants

U.i v 1 Wl aui a‘l.ﬁ' a U.m ey

Thus di is defined by the equation

(4] o (]
(0 Q3 ()

of =) (3] (k)
| (3K, Ju]
Lettinr-' 1 1 1
T, =
1
ui V.l Wi .
52 w2 w2

-131~

(1) [
[3) (]| —= o.

{11] [ku Lkm]



.13 ,
= 0 vy vy
2 2
by ‘EL Wi 1
vy
1 1 1
. 0 W
Yy oK
Vi
1 1 1
Uy Vi 0
2 2
(L.3) c woooovy
Vi

The symmetric marginals, W, vy amd Wy, 17111 be found as the roots

of the third derree polynomial
o ~
-6t Syt -y =0

where the coefficients are the elementary syrmetric funcbions of

Wy vy and 1y

fi=u + vy + W
S =WV + UyWy + vy
i A NAN

The definitions in terms of monifest data of 43, §; and T,
are obtained in a manner completely anclogous to that of part IT. The
dval of the determinont D;, the exmnsion of Which generated o’i , éi and
T4+ is obtained by replacing each of "he elements of Dj oy its dual in

terms of symmetric raraneters.

-12-



SRS o + () v (g
b= fo + [12] (2]t [121) {_25} Hyog)
0 + D3] Gu+fn)  (s)rios)

_....—....-_ ..,.....-v...

Thinkine of Dl as a determinant with columns of the form L4 L,
Iy can ve exrressed as tle sum of right third order determinanis:

Dy = a4+ \ahol + jaza) + Laa) o+ | ﬂ;;f;;;'g-f lia] 4o

It is essily shorm by methods exacltly analogovs to those of part IT

thon ii e define 3, g and Ty by the following equations:

]% o {ul o% o 6 ©
v lo el fesh 4 o) (2] fes]
0]

(o st B ) Ol

(ul (5] o ¢ | m} %9 (] o
(28] Dzg]+ |[12) [ou] {1eg) w02 [1a  (es]
&! = lo [ [135] hlﬂv {anl [1se] f13)[13bl [35]

~13--.



():.5) holy) g

O ey + 0] w2y - lhs,29
1 A0 < ’

[?3,&@]

o (] 03
(3 (e {129
(s.6) My =103 (30 (3

(23,15)

then 51, 81 an-! Tfl are the elerentary symnetric functions of uy,

vy and Wy 5 and hence are the coefficlents of the cubic equation

(. 7) 2 - % Qut =Wy =0

of ~hich u, vy and w; are the roots.

Therefore the three roots 'of (4.7), arbitrarily laiteled wy, vy
and w; and inserted in equations (4.1), (4.2) and (4.3); yicld the

rlass-pronortions and the latent structure is completely determined,

The nronf of this is rompletely annlozors to the rorresronding algebra
in trt IT, an! hemre has been omitted here.

‘l}-l"



V, Solution of the ho-uvlass latent Tiru:ture

“erking nowT in terms of tl'e symmetric parameters, the latent
st ~t re of a set of manifest data red+cible to ti'o classes may ove

sumeorited as follovs:
latent Inreinal - 1P Ttem

Class Class-proportion
I a Pi Yy

There exist tvio lirear equations in a an<! b for ecach icem i:

a+ b=1
auii-b vi=0

These are easily solved for a and b, giving

V.
(5.1) a® oy
u
- i
(5.2 b™ gy vy

The determinant Dy, w ich vas used to generate tl:e combinations

of manifest dnta “hich equal the elementary symmeiric functions of Uy

vy and wi in fart IV, noT becones

. 14 0 0 + [ik]
U lothd) e

Ixpressing D3 as the sum of fovr determinants,

1 [ix) 0o o0 o (ix]
0 (1 R Gl ™ L‘L:ﬂ (131

¢

1 0

0 (k)

Di: -+

=)+ g - (i) fax)



e 1 -

By analogy with he solﬂt n of the three-class case “re vould
1]
exnect the terms ‘{jE)) i;ﬁ] to be the elementary symmetric

functiors u;+ vy and LAY respectively, That this is the case is easily
ghovm,

Consider *he prodin-t (1111- )E'ﬂr]

(ni4vy ) [_jk] = (uy4+vy) (aujuk +bvjvk)

( vy ) (jk} =ay ugue by v Vi Tauy s T bu;v ¥k

Using the relations
ay+ bv; =0, and
[ ijk)= =au; uyn +bvivvy,
-auy\ (-au

(u. +vy ) {_JkJ-Ele) au. -uk( bu, ( ) ("‘5“")
(uli-vl) bk}' k)

Consider the product (ij] (ik]
(1 (11(" _..(auluj’ﬁ’bv v.) (auluk-t'bv Vi)

1l {_lk} =a° uy uJuk-i abu A -\-abulqu v, +b vavk
Using auy ~\—bv1== 0,
{i ﬂ (11{\ == ui"i( ——abu-uk «r—abukvj -i-abu-«. . - abv 'Vk)
[13] Klk] Hvi(“ab“,j‘lk - b Vj"k - azuauk -~ ahv;]vk)
[ij (ik:} --—v-uivj-L a (a‘rb)ujuk'f b(a -rb)vjvl:)
fis)lixl = v, (3k)
¢ e WV o~ \ij)‘j&i‘k_l

Therefore vy and v are found asthe roots of ithe qudratic equation

131' flﬂﬁ-k?

2 - -0k T oo

-16



The roots of (5.5), arbitrarily labeled y; and v; ad inserted in
equations (5.1) anl (5.2), give the class-proportions a and b, and the

latent structrre is completely determinmd.



VI, Solution of the General Latent Struecture

The latent strusture for a general number (/\_) of classes and m

items may be.summarized as followrs:

th
Class Class-proportion Lotent Iareinal, 1 Ttem (i=1,...m)
I Y1 P; + Xy
I Y11 Pj +%r14
A V& | PitXEA4
A A Pit ¥,

The latent parameters are reloated to the manifest data, as exXpressed

in terms of th: symmetric parancters, by the accountine egquations:

+NIT *+ ..q-r\),; = ZVdvf = 1
(6.1) Vixrs+ \)iIxIIi“‘""f\’\)Ax}dzzv“ %ap = O
Y Ixpsxy g4 VIrETaXrT 4o ok YA%p xhj”i\)d-xmi %oy =[13]
VIinxI x4 A4 V‘x A E Ak iy \27\1‘:6,_:-3:‘,‘3xc“,k = (ijk]
Zt’ﬁq"ﬂj oK =13, .m) .
The rlass-provortions L (~=1,11,..., A ) can be fornd in terms
of the symmeiric marginals x5 @=1,II,...A; i=1,2,...,m) by obtaining
Cramer's solriion of “he eguation
and any N -1 of the equokions’

\)IXI:‘L'F\)I]_X’_[I:L"' '“""l’% x’\i 4 o » i:l,.,.,m,

Jhoosing for purposes of illusiration the first }\ ~1 of the equations

2\& X, = 0, let & be defined Ly

1,251¢Q,A ~l

«18-



1 1 |
. XI]_ xIIl L R IAl
,2,..., 1= "2 T oo 2 .
1 *LA-1 1,441 Y A

AN

al let Ay, A-ljot be the soo determinant Lut ~ith the AU column
1<y, ATl 8 :

replared by the vector (1,0,0,...,0).

Then,

vag-:;

}.lgg,c’ coy A “l;d

=1, e M.

A
4o
L2,..., A-1 ’

Ly

Tre syrmetric mareinals L SP A=L,T0, ..., A ) 7311 Le fourd as th

roots of a polvnomial of de-~ree A :

)

| » AA
(M A1 @‘?t’\“g.‘.“, -H'-l)’ 6}@ =0

Gi v+

t)w

vhere
(N
0/11)‘; S tms et R Y] |
(A
21 = XL *pri e VAN 4 X5 B o

< < () ‘ N
(ﬁi :Xli XyTie-- AL ¢

e coefficients of equation ((.3) are the elerentary symmetric

fimetions of x

- . . s “hese o clonts are ot t in
T4, xﬂl' ey k'\l. “hese ccefficionis menerated

()

terms of monifest data Ly e Jeterr ‘nant 7

, vhere tle superscript A

indicates the order of the deteminent and the subscript i indizates the

-1 -



item about ‘hi~h it is formed. 2 A-2 items other thon the central

jtem 1 are needed to form Di(h); if we number these items 1,2,..., A~1,

Ny 272, 'T)i(A) is defined by the equation

140 o+ (1,al o+ (i, 1 ... o+ [1,2n2)
o) okt W+ () o+t (nnAn) L a2 (,1,20-2)
D, = |oidl  alefen)  Roand+laaae) L f22n) 42,202

i o——

osfsh-2] (A-1aat (1A=L, B-roredht fA-1he1) . fe1 209 +[i.l\—1,2h-2:¢

Di()\ ) may be thought of as a determinant of order A with each column the
. \ .
sum of tvo vectors, A an) 3. Thus Dio“’ may be expressed as the sum of 2"

determinants of order N thich may Le grouped in the following manner:
di(ﬂ) = the determinant formed from the first (A) vectors of Di(}‘)

' . :
Gli(“ = the sum of the C;_ (=h) determinants composed of A-l A

vectors of Di('\) ard one B ventor of Di()‘)

j 1 A
(21('\) = the sum of the C» determinants com—osed of A -2 A vectors
and tio L vec.ors of Di()\)

(A

. H
&i(") = the determinant composed of the B vectors of Di

If we define (11()‘) , ﬁi(h) 5 ey (Ai()\) by the equations

(A)
M. i
( i = oW
((?‘h) '(2‘1('\): gfi.(b)'
L) ™
Vel T e
¢ 22—t

~20~



then 1t can Le shown by a proof exactly analogous to that of Part IT that

(A) |
1 = XX 4 oot Xy

(M) .
621 = XIi¥TTi+ - AXTXa4e A X1 X

“ (+) Xry X . x
Gi = = *1i e KHi o
Thercfore the symmetric varameters are the roots of the polynomial of

derree A

A (a) Al A -2 > A
-t +(2-1( MR () (,\i( = o,

where the coefficients are defined by (6.3) ant (6.L4).
The roots of this polynomial, arbitrorily labeled xy5, Topgrerer®y;
and inserted in equations (6.2), give the class~proportions \&; &I, ..., N).

Thus the latent sirv-ture is completely determined.

21~



Vile EXul Ll OF COIPUTATIONS #OR F1Vi. ITLIS

Tho gemoral solution as desoribed in part IV «dll be illus-
trated from a sot of fictitious data ronerated from the following

latent structuras

Iten .
Class Class Proportion 1 2 3 ) b
I 0,30 0080 0040 0,80 0070 0060
II 0640 00,60 0,70 0,20 0,60 0.20

I11 030 0520 0.10 0,10 0,30 0,10

A test of five items administered to & panel whioh respondod
vith exnctly the probabilities assignsd by this latent structure

would yleld the following menifest dates

Pi j itrix
1 2 s . 4 5
Pl = 005400 1 —s 002700 002460 00,3060 001480
P, = 004300 2 m—e  0elS60 002330 001310
Pg 2 063500 3 —— 002170  0,1650
P, = 046000 a e 01750
[+ g

p5 = 062900

00,1110 pls‘ = 0,1602 pzM e 00961 pMs w6 001097
Pm *® 01580 Plss = 001254 pzss = 0,0691
= 00,0918 p145 = 001266 p245 = 00,0793

« 28 =



The symmetric parameters are formed uming the equations

{,13) = Py s = PyPy
L = py g - vy (0d- (g~ mefes)- miegpy

Thus e obtain

(12 =o.
f13] = 0.
L])J} = 0.
[}5} = 0.
[23] = o,
ERERY
@5} =0,
[ﬁ&} =0.
{35] = 0.
fus] = o.

03784
0570k
03610
Oh143
Q0L~0
0180k
00630
0L 20k
06150
03003

The tetrads sre formed using

(i) = ()] - [ fin]

L}

3

A |

Y
wr

23.45] = © 006BLLG

3)-1; 5 l]
45, 12]

(i1,
(.3

It showld be noted that each of the slementary syumetric

functions,

exanple,

iiﬂ

-
o

i

b

—

i

0.0005072

L 0

o
W

~01001?ﬂ8

0 .0008666

and

yr

can be computed in three vAys.

[3&5] = 0.00552
[2u5) =0.00432
[235] =-0.00u50
[231] =-0.00577
f1u5] = 0 coozn
[135] - 0.00634
[i34] = o.00189
[125] = ~0.00770
{124 --0.00721
[123] —-0.01045

-
12, 23] 2z 0.0005618
125,31

31

=0 .0009 742
th} = 0.000L 3L
Le?h»le = <0 _000%089
(35@?] = 0.0001729

For



) fes)] | G2l [es]
6, = M) _ [1s]] * | ) fs)
{23.15]
(3] [ees]| . |(es) (e5]
| + .
IGL] fus)l ) (us

2,35

it

23] L] 1+ (23] (24
5] [us] | Vo] [us]]

25,34

1]

ith empirical dota these three methods of computing 6. 1 (say) will
differ slipghtly, their difference decreasing with increasing satis-
faction of the redusibility conditions implied by the model. “iith

perfect data s ch as that uvsed in this example, the three determina-

tions will be exactly equal. llence only one will be compuied.

0.01808 ~0.00770 ~0.0672k 0.00630
7L
& ,= 10.0L20k 0.006361 1 0,00189 0.06150
) 0.0008l:46

18732 1077
& = L5 X
"7 5 L6 * 1g70

6,= 00222




P} 03

] ey

¢, - ) Gal " (wl
| §’3h051.}
&, = b R0
: 5.072 ¥ 107 20093
W) L] ) (2]
./
S= tas] [es] i |fss] (eg])
[us.12)
-5
({ - ~2.622 % 10 -
-5.200 ¥ 1078 9.050h
{(.25} {3&5}3 ‘[215'} [35}1
,l
6, = E{u"i G (D) i)

[s51,23]

= -6
_ 1.8¥ 10 o
o), = TR -0.000955

(2] @45}‘ ‘{135] [:m]\
L
& ) wdl e [l

12,34

= 2684 MW (03063
3.666 X 107"

-5



[121] &25‘] ;
Gand  ss)

£ (157 [, 23] - ) [’15,25}”
(23,45

S, -

§  _-1.926 X 1072 0003
1= gaue X0t et

![235J [123]‘
(] [z}l 4 (12) [ 25, 3]~ (25 ] (o1, 30]

S

{3t,51]
o’
o= 39X T - 0.0807
5.072 X 1074 T
T3] [23u:§
SO VR AR Y R ST M Y YY)
MhS.:L?J
5_’ 7423 X207 o120
3 - [ /00 x 10] e XS

s} [5u)
g;: Dia) o] £ (] fue,s] - fon7(0s,50)

[¢2]

. ~5
é - L 716 X 1n~3 .. -0.04022
~1.968 X 10 '

oo

~26



ws

ULyt

L

it

23 245 4 L5 53,12 = 35
12,3k
3.666 0" e oVTOFH
%4 }11& u: E
1 v 10
= LorL 13y

7k _2h5 120
3,51
%0y 1
R L _’71‘! e (P
£ oy «‘!n'v - HLATN

i

o= 0.01687

B el

27



o ) {3l
{ss]  Tus)  pus)
W= Wwl hal  js

e

T 21330 21077
1968 £ 107

&
u

s el

- D

T hsmX 1070

- = 0.00527
8.666 K10~

Having obtained d;_, 81 and "Ui, the symmetric marginals wy, vy
and wy are found as the roots of the cubic equation

& - 8" A4t -, =0,

Since the reote are knovn to be vetween -1 and # 1, one root is easily
. i .

fourd by lHorneriz wethers, and the other tio as roots of the remain~

ing quadyatic., 7

The three roots found for each item are:

* See Nickson, ller Mirst Covrse in the Theory of Lquations.

~28~



Iten

o » »

The valucs of the monifost units OF 4 can be obtuinod as that

purt of tho coupubution of % g which conbained only second-order

froquenciosa

11}

0.06,
=0e03,
«0.15,

0600,

~0.09,

Roots
0.26,
0.27,
0045,
0420,

0481,

=004
«0e33
«0:26
=020

«0,19

14,25) - {1 h5 .2
(25,48
5
40776 X 10 b 0905655
80010 x 10™%
12] [25,84] -~ Ps5) (21,34
ot

5,072 x 10~4

(zs)_[intg] - bs] foasl

{‘:o,lgj

‘49.6_03 X 10‘5
«50200 x 10~%

l l l 2 5 i] légi [40,5;1

[52,23]

0756 % 1070

B 0,00052

1,968 x 10=%

= 0,02407



1u5Ts3,12]-Bs 15,121
chg= (2]

of | _3:71 xm‘.5 - 004289 _
5= 8.666 ¥10

Arbitrarily labeling the roots of the cubic equation for item 1,
L 0,06
v, = 0.26
W] Py *“013-‘49
we find the class-proportions using equations (4.1), (L.2) and (L.3).

1.95 % 107°

a8y = ), .8, X107

, =2
1448 X 10
- 5 = 0.30
PLE ey g0 T

| -
o 1.Lh3 122 = 0.30
17 p8y k107

For item 2,

Vo - 0.27 : b? = 0.40
'W2 ':. ~0,33 02 « 0.30

For item 3,

*30 -



For item L,

u = 0 a), - 0.40
v, = 0.20 b, = 0.30
W, = 0.20 g = 0%

For item 5, A
| \:lS - -0.09 &g = 0.h0
| ve = 0.1 b; = 0.30
W = -0.19 cg = 0.30

Since for each item 1 the labeling of the roots uj, vy and W,
was arbitrary, the desigmation of the w» ots must nowbe rearranged to
give consistent values of the cluss-proportions of a, b and c for
earh itom In the prescat exanple, since tvo of the closses are of
the same sive this rearrcviverment canrot be done simply by matching

. the cluss-proportions amone the items. This is sufficient to deter-
mine the latent marpinals atorr@épond;i ng to ‘the class of size 0.40,
but not for the two remoining cleasses. The proper labeling of the
two remaining clase=s can e decided by reference to thé second--order.
eqrations

ajugu, « bjvyvj & WY 4 ::tl,} },

where uy, wq and wy 'rem‘in as initially labeled and u‘j, v'j and wj

are so labeled as to satisfy this equation,

Having done this for 211 of tl:e iteas 2, 3, 4 and &, and having
converted the syrmetric marsrinals vo latent marginals Pry, Prrg and

Prypy. e obtain the follod ng Jatent structure:

~31-



Item

Class Class Prorortion 1 2 3 )y 5

I 0.40 060 0,70 0.20 050  0.20
II 0.30 0.80  0.h0 0.80 0.70  0.60
IIT 0.30 0,20 0,10 0,10 0.30  0.10

Tt swuld be noted that the ordering of the three classes I, IT
and IIT remains arbitrary. These classes cannot be prorerly ordered
by reference to the manifest data alone, but instead can be ordered
only by reference to the substantive nature of the items. For example,
if it scems likely that the trace-line of the fourth item should be
dowrward sloping and g proximately linear, then an interchange of
clarses T and IT is indicated. | |

‘32"‘



Paper Number 6

GENERAL SOLUTION OF THE LATENT CLASS CASE



la)

INTBODUCTION

In ordor to sco thc main problem in its context, first tho solution
of a simplor problem will bc roportod.*

Givon throc classcs of poople: I, II and III. All poople a&rqg
agked five quostions which thoy can answor with yos or no. Tho throo
class froqucncics and tho provortion of positive answers in cach class

can be summarized as follows!

Class Numbor Froquency 1 2 3 4 5
V )
! ! i Pr2 ! | P15
|
I Vn ’
Prir Pz | | P11
% ’- | | b
11 1 Prrrr Prrre | !

Pri1s

The proportion of positivc roplics for our item 1 by tho wholo

samplo is obviously

(:"i \} .
{._’...J VX

X

Py = Py

=)

/x = l'

-
mr

|
wherce \2,_ will always mcan summation over tho classcs.
b d x

It is assumcd that within cach class the joint positivo answors

to soveral items are chance combinations:

px 1Jk.-oo = pXi pxj pxk (XXX

s Bt e SR Gt MO Wmp St Gt Sme G e S G B e S Simf M Gme WS wun M Gy s GG GRS Ame e W WP LS S W

* This introduction is a gummary of anothor momorandum writtom by
Lazarsfcld and Dudman, but givos a much morc diroct proof of what
will appcar hore as oQuation 4,), This simplificd proof has boonm
sugecstod by Profossor T,W, Andcrson, .



1b,)

2.)

3.)

Thoen the joint positive frequencics for the wholc sample arc

P = <‘-‘ \
ijk.-l' l ‘/ , pxi Px'j pjck esm
X

Bquations 1,) will be called accounting oquations, The paramctors

of tho initial schomo will bo called "laton" paramoters. Tho froquoncios
for tho wholc sample will bc callod "manifost" data. If manifost date
do not come from empirical tcsts but aro computcd from a givon latont

structurc, thoy will bo callcd "pscudo-manifcst”,

If a sct of psocudo-manifest frequencics Pys Pyqo Piji **° aro

givon, the task can dovelop to compute tho latont paramctors from which

f.hcy worc goncratod. This problom: can be solved by considoring tho

following two matricos?

Py
D .= | P P124
Pz

In ordor to dxprcss 4 and D in tcrms of latent paramctcrs, tho

following further matriccs aro introduccd:

1 1
i Prs Prrs Prin
\\ij Pr1;

1% 0 0
N 0 I1 Py |
0 0 Vm o 0 _ /



It can thon bc cagily scen from cquations 1,) that
4e.) A = 3'23 N F45
and
4v.) D = Tag NP, Fyg
Now consider tho Dotorminantal cquation
5.) fxA - D] = O

With the holp of 4.,) it bocomos

0 = |my

. - | Vi Vi V g -
N Ty (xl - B))| = |Fpg| « Wyl VI VII Vin l(x;- :

Tho roots of 5.) 'therofo?e are Pprys Pyrye @d pypp) @s long as
Fzs and ¥, aro non-singular, | »

Wo can thorcfore computo the "latont probabilitics" of item 1 by

solving tho following cubic oquations

6.) #L Al - £ B ¢ =z ¢/ - |p] =0

Hero |A] and |D] arc the dotcrminants of tho matricos 4 and D

as dofincd abovo, |B| and |G| havc tho following mcaning:

1 P14 P15 P Py Py Py Py »
7a.) C = [P Pipg Pigg| + [P1o Pog Pips| + |[Prz Pig P
Pz Pras Piss Po s Puzs|  [Paz Puze P

In othor words, C is formcd by substituting in D, vherc overy olomont
is stratificd by item 1, succossively onoc column by the unstratificd
olemonts and thon adding tho throo Detorminants so obtainocd,

In turn, |B| 1is formocd by starting with tho unstratificd A

and substituting succossiveiy ong stratificd column:



7o)

|3 = {», P, B 1 p, P 1L 9y By
P, P, Pos +ip, 1oy Pog 1 |p, Pae Paas |

P13 Pz Pas Pz Piss Pas| [Pz Pas Piss |

To mako the coofficionts of cquation 6.) morc vivid, thc fellow -

ing considerations arc hclpful. Tho term

i

e what is usually callcd thc crossproduct of a fourfold tablo, - By

pivotal condensation [A| can bo writton as

] 1]
(] [

This is the tctrad of a crossproduct matrix ( [ij] ), ivhich' m

|4l = [23, 4]

about by crosstabulating the answers to _all palrs of qucstions in &
tost, [23, 45] 1is formod with tho holp of itoms 2, 3, 4 end 6
for tho wholo population, Wo can pick part of thc population by

oonsidoring only thosc pooplc who give a positive roply to quostion

1. Yor this "stratificd" group tho crossproducts can bc symbolisod .

by ] -
L43s1) = PPy - Py Py

D then is a totrad for the stratificd population

L 24:1] [ess1 ] o

[ 3451] [3551 ]
Tho cocfficionts (B[ and [C| have no such dircct imtorprotation.
But it is casy to sco how thcy come about by systcmatic intorchengs Uf

stratificd ahd unstratified columns between [A] and (D]  Pw

' roote of cquation 6.) arc tho latont probabilitics of tho stredifying




itom, With perfcct data it makes no difforcnco which other four itoms
arc uscd as a ''baso".
Beforc procceoding to tho moro genoral problem the notion of

"eontinuous tracclincg® has to bc introduced.

The Oontinuous Lincar Tracclino

Assumc that pooplo arc distributed ovor‘tho X -axis with a fro-
quoney of y a ((x)., Tho distribution function @(x) has its moan at
zoro, & unit standard dcviation and a unit arca. At cach point there
is a givon probability to give a positive reply to item i, Thesc
probabilitics will bec called traceclincs and will be assumed polynomials,
In the proscnt sccotion we shall restrict oursclves to lincar tracclincs,

the oquations of which will be
£, (x) = y-= 8, + 8%

For tho sakc of subsoquent gencralization, the following symbols

arc introduccd:

Tho row voctor i-‘&i = {a‘io a.ﬂ}
[a'io]
The column vector “‘1] Z |
L83
Tho row voctor izl 2 {1z
r
ERY
Tho column vector [=f = i |
L =/
The squarc matrix (x) = //" 1 x )
lx =



9.)

10.)

111

Tho polynomial ' &, + 8%

s s + 1

]
The polynomial A x a.loxl + 8y,%

111

Obviously

a = {4} [a] {=] 14a]

The accounting cquations in the continuous caso become

P, / £, (x) ¥z) &=

,///'fi (x) fj (x) fk (x) ¢ (z) dx

y (*)

Py ik, ..

a simplc genoraliszation of cquations 1.
For lincar tracclines they would bo:

. -
Py / (o, + 8437 # (2) &

e’

Pij... a/”(aio + a7 (agy + apx) ... P (x) &

Bquations 10.) can bo rewritten in tcrms of 8.) and an

Oporator @ which will now bc introduceds

If the cleomonts of a matrix contain powors of the variable x,
then tho operator @ in front of tho matrix changes x® into tho

S - th momont of tho distribution function P(x). Matrix opcrations

betwoon scvoral matriccs, cspocially multiplication preccdo the opora~
tion @ + If the Dotorminant of a squarc matrix is to bec formed, thon

§ procedes the detcrminantal computation., The oporator ¢ is not to

be applied to matriccs which contain only cocfficicnts 8y 3 Thon

For a morc dotailed discussion scc Mcasurement and Prodiction,
Volume 1V, Chapter X, Scct. 1, )




11.)

12a,)

12v,)

13a, )

13b.)

instoad of oquations 10.) we havo

LR U
py = oi4) Plx] {xf &) = {af 9 = [Af]

The triple frequeoncy pijk cannot be put in symmotric form, but
this docs not mattcr bocause onc itcem will always be used ag stratifior.

The product
b s = (Al [a]
= a1 A A= ) M
PN A

Thorcforc, if wo call the middle matrix (Akx)

po(ax) [Ak] ote

Py T {a) v Lo = {a]

We shall now sct up Determinants corresponding to cquations ‘2;)

but of scecond instcad of third order.

1 r, _ 1 0 y 1 x . 1 809

p3 p23 azn  8my S lx xz 0 82
= F; 9 () Fy

p]_ p 12 - 1 0 ¢ Al A'].xz . 1 20

Pig  Pie3 830 8m x Mx 0 ag)

]
m’d
.
F
P
~
m”é



Theso cquations dorive diroctly from our precoding discussion and
can caslly bc vorified.

Romemboring that P(x) = 0 and @(x°) = 1 we can use
cquations 13.) to computc tho coefficionts of the lincar tracclinos..

13a,) becomes

1 Py } 1
R

Adding similar oquations for [ 12] and [13_7 we find

N N
T 2]
2] [ |
14,) 8oy = \/ [13_‘ ] = 82
a ' El"?’] .[12] - sl
11 [2 3]
We notico that §; SJ. = Yij] .

From 9.,) we know that
= P4 = e,

Tho ocquation of the traccline is thorefore

Py
whore the two coefficicnts consigt of ompirically known data.

This lcaves cquation 13b,) which can bo cvaluated to

P P a0 %3
1 12 = an;ﬂ =
5.) o 4 83 821

13 P12z &1 %ty



16a.)

16b. )

From 15.,) we can computc tho third moment of tho distribution

function P (x)

- laan] 5
My = : i
[28] p 8 Sy P,

While 16.,) 1is formed around item 1.,) 4t can casily bo shown

that it could be formecd around any itcm

[135%] B S
S ET n 85 &% T R

Woe have thus answcrcd tho foliowing qucstion: Given a sct of
pscudomanifost data which wore gencratod from a continuous model with
lincar tracolinos; how can wo computc back from such data tho pare~
motors of the latent modol? ZEquations 14.) and 15.) give tho
angwor, In addition cquations 16.) show wo also can compute tho
third momont of tho distribution function P(x), (In Chaptor II of
the Columbia~Rand Report it is shown that with ovory added itom we

can computc onc more moment of P(x).)

The main problcm now is to find a similar solution for guadratic
tracolines. To clarify the problom somowhat a comparison botwocn tho
threo-class model and tho continuous modcl with parabolic traccline

is holpful.

Throo~classos and parabolic tracclincs,

Thorc arc cortain similaritics and difforonces between the two
models which can bc inforrcd from the procoding two scctions, First,
octuations 13,) can immodiatcly be oxtondod to a polynomial with 3

coofficicnts:

e B T L T P



17a, )

7b.)

-« 10 -

. (247 [os]
=

P, Py, Ppg | = [23,45] = (34] [=5]
Py Pgy Pag |
1 0 0 1 x xz 1 a40 9,50
= lemp 2 | F|x F B o ey ey
830 8g g = x5 z4 0 a4 3‘53

Fpg + 9 (x) " Tys

This is an obvious analogon to 4a,)

In tho samc way wo find the stratificd dotcrminant

r T - ; /
| 23,4631 = Ty, ¢(Alz) Fus

Whero
Al Alx A.lxz
) (Alx) = ¢ Ax Alxa Alxs
A2 A‘Lzs A1x4

Eéuations 4.) and 17,) indicatc incidentally, that any fourth
ordor dotorminant of tho form [123,456] and [123,456;7] would havo
to vanish for throce classos as well as for polynomial tracolincs, This
can casily bc showm by pivotal condcmsation around the uppor loft
olcment.

A difforonce botween the two modols ciists in regard to two dotore

minants which can bo formecd from all thc frcquencics available from

four itcns as a.g.



18,)

19,)

- 1]l =

| .
Py Pig Pig Paze | (12, 34)
}
' P2 Pazg Pay TPozg
|

P12 P12z Pr24 Przae

In the throe-class G vanishcs, as c¢an bo scon from 1ts account-

ing cquation:

1 1l 1 0 _VIO 0 0111 Piz  Pig pli’:pl-i_

n P Prr O[1° "% ' Pz Prs Prusfin
00 0

Pz P12 P12 0 ° Vi Prrra Prrza Prozstr:

(pilpIa) (pIIlpIIZ) (PIIIlpIIIZ) 0 0 0 0 0 to 0 0 0 0

A gsocond vanishing detcrminant of this kind can be formed by inter-
chaenging a row and a column, thus wo obtain o.g.

¢ (13,24) = 0 and G (12,34) = O

By isolating pj5., from tho two oquations 19.) ‘and cquating
the valuc wo obtain onc rostriction on the 4 tfiplo order froquoncics
(assuming the lowor ordor froquencics dotcrmincd.) The samc oquations
algo show that pypzg 4is dotermined 4f the lowor ordoer froquoncios
arc known, |

4 similar relationship doos not exist in tho continuous parabolic
cagc, If wo substitutec a,ccounting oquations in 18.) it can éa.sily
bo scen that the last row and colwmn contain Mg and MB' momonts of
f(x) which don't appcar in anothor. The first row ond column invorsely
contains M

4

cionts a, 5 Thoroforc G will not idontically vanish.

All this has the following consoquoncos for the solution of the

only; and thc socond and third row heve difforent cooffi-
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whole problem, With four itoms we ha.vo 2. 1= 15 imown manifost
data and 3.4 + 2 = 14 unknown latont paramotors in tho threo-class
casc, But bocause thorc oxist two nocossary conditions the problom is
underdctormined, With five itoms wo scom to have 2° - 1= 31
menifost data; but actually woe have only

5 plocos of py

9 piocos of py 3

3 plocos of Dy g (soc noxt soction)

——

17 piccos of information

Tor wo just saw that throc tr:lplb occurrcnces dotcrmine all the ofhor-s
and that no quadruplo occurronce is freo. Wo also have 5x3+2 =17
latont paramctorss Thus a solution can ozist and th_Q introducation has
ghown that it doos cxist.

In the parabolic caso 5 itcms load to 5x3 -+ 8 =23 latont
paramoters —3 coefficionts of cach itcm and the 8 momonts ll3 to
M;,. Thoro aro cortainly more indopondont menifcst data avallablo as
has just bcon shown. But arc thorc cnough? Morc spocifically the

following quostion can bo raiscd: Do the manifcst data up to the

triplc occurrcnces pormit tho compution of the cocfficionts of the

tracolincs togothor with Mgz, M4 Mg and Mg of f(x) tho distribution

function? Tho answor secoms to bc affirmativo along the argumont of the

following soction.

The Indopendont Manifost Data of the Parabolic Modol

Thoe double occurrcnce of 5 itoms can be put into a crossprodussd

mabrix, vhoro tho dofinition has to bo ramembered [13] = pyy - Py By
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1 2 3 4 5
1 [12] |[23] | [2a]|[25]
) 2 | 12'] |[28] | 2a]| 5]
3 |[ 3]l 12] (34735 ]
4 [[1a]|[2e] [[34] % ]
s [15]|[ 2] |[35]|[4s]
Assumc that we onter into tho .d.iagonals valucs dofincd by
I pia
whero
By = Py ¢ A)
Tan according to 17a.) this matrix would have rank 2., Now, accord-
ing to A.itkon,(*) for en n x n matrixz .to have rénk r, (9—5—9(., s 1)
minors of a cortain type have to vanish, This would in our casc
give 6 conditions, Thc five diagonal itcms aro u.ndetcrmined.‘ This
loavcs onc condition to oxist among tho ma.nifost» data of 20.)(")
(Thoreforc it wes montioncd in tho provious scction that only 9 of
tho 10 joint occurronces aro independont.)
Now wec take as an oxamplc of a matrix of triple occurrcnces the
ono stratificd by item 1.
2 | 3 4 5 |
z ot ] | [oan] | [ae]
2.) 3 |123;51] |3a;1] | [ 3551
4 {T2an] | [3451 ] [ 45:1]
5 {251 ] | [a551 ] | [34s1]

- e e

- B G GEE s e S e e A U G e G Gwe A e e GUR WES GNP e e e e ew e

Dotormina.nts and Matricos,

page 72, cxamplo

5

ok
(**) Anothor proof for this fact was givon in Moasurcment and

Prodiction,

chaptor

11,




S

Once tho joint occurronce matrix 20,) 1s dotcrmined tho totrads
in matrix 21,) all have %0 have thc same valuo, depondent only upén
tho stratificr, Wo can say 21.) is to havo tho psoudo-ronk 1, indi-
cating that tho minors of socond ordor will not have the valuoc zoro,
but a fixed valuo which is obtaincd by dividing oquation 7b,) by
%a.). Tho division shows that.

[23,450) P (x47)
[23,45] ¢ (%)

The right sido of 22,) doponds only upon itom 1 and will thoro-
fore have the same valuo, whatovor "basc" of 4 othor items wo use

on the loft, In gencral thon wo know that

[13, x5 o] = vy [ 14, x1]

whore by w1l bo tho samo for eny totrad in a matrix liko 21.)
and [i.j..kl] contains only Joint occurroncecs of lowcr order than
triplets.

According to tho precoding formula this givos é—%—l-(4 -1+1)=6
conditions. Herc tho four diagonal olements arc undotormined as woll
as the "fixed" value of tho totrads. This lcaves onc condition to.
oxist betwecon all triplc occurronccs with suffix 1, 3By analogy thoro
will bo onc such condition oxisting for oach of the fivc suffixecs; or
altogether five conditions for tho (g) = 10 triplc occurroncos,

Wo thorcforc have tho following sct of indepondont manifcst data:

b first ordor froquencios

9 socond order froquencios
5

third order frequencios
19
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This, howover, is just necdod to computc the 15 coofficicnts of &

parsbolic tracelinos and tho 4 moments Mg to Ms of tho distribum

tion function ¢(x).(*)
Tho rcal problem now is to put the avallablo 19 accounting

oquations in such a form that thoy can bo solved,

The Main Probleom.

Wo thus wish to solve the following sct of oquation:

pi = JﬂA1¢(x)dx i - 1'20005
by = v/'liAj f (x) ax 1£] = 1,2...5

Py E fAiAJAk $ (x) dx 1£3j#k = 1,2 .44 5

On the left sido therc arc pscudo-manifcst data which implics that
the oquations arc compatible; therc arc 6 + 10 + 10 = 25
cquations botwoon which we know there oxist 6 conditionss On the

right side tho symbols A stand for

4 = a0 + eqnx + o
The unknowns on thc right consist. of 3 x 5 = 15 coefficionts
of Ay end tho moments of @(x) from Mz to My, It is assumed
that u/ﬂ¢(x) = ¥ = 1 , efﬂx Pp(x) = M, = 1 and
'/”12_ f(x) = M, = 1. Instcad of ‘/"r (x) f(x) dx weo shall
whenever desirsble use the operator §F (x),

The wholeo prbblem can boc brought into sharper focus by rocasting

»e
it in terms of symmetric paramctcrs., As has been showm olsovmere( )

The preccding argument was workecd out in cooperation with Dr, Joo
Kellory NoYe Univorsity, He feels that it lacks rigor. Still it sorvos
as a plaugiblo basis to raise the main question of the subsequent soction.

"
(x4 Chaptor IV of the Columbin-Rand projcct.



34.)

25a,)

- 18 -

1t 1s often useful to gencralize the notion of cross product introducod
on page 4. of tho prosont memorandum, The cro}sspzl'odﬁct of third

order [1Jk] e.g wWill bo dofined implicitly by

Pyje = PPy B + Py Lok] +p [k]+p LT + [agkd

It can be shown that the crose-products arc the covariances of the

tracelines.

Li5] = ﬂfi(x) - ;) (#5(x) - p,) 7 (x) ox
[1] = [ (0,(x) - p)(e5(x) - p)(5(x) - ) & (x) ax

This is true for any kind of tracclines; with parabolic tracclines
it leads to a considerable simplification of the accomting'equationi.

For

Py B0 t &2

The fe fore

2 - -
£, (x) Py = 30t 8% + 8% %0 T %2

2
= 8,.x + 8, (x~ - 1)

The torm 80 has boen climinated on tho right side of 26,). To

facilitate the dualism with the previous approach wo shall set
z = (¥ -1) and

A amee e A men oA Gmm e A G S e e G G mRe  dmm e mn RS GNP Eme e G e e Gew AN G amm R e ke e e

The symbol AF used hore should not bo confused with the
detcrminant TA*L A different notation will be used in revised

drafts,
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We define
1 x z

* = x xz Xz R

2 xz  z°
and

1 0 0

* -

Byy - 0 81 &
0 aﬁl aaz’

Wow we have equations complotcly parallel to 17a,) and 17b,)
[2346]" = [Bp M u] = [7,] o) 1‘25/
[esa6n1]” = |55 0 (%) 7| = |5, ¢|A1x" JEAY

Therefore (*) \

07l | Beasil Y | plax
|2%] T [28,45] g lx

At this point it is helpful to introduce gpceial symbols for

cortain linear combinations of moments, We lot

= Pz = plxz) = M

Bz pGBa) = p(d) = My -1

Y = P (z) = Mg - 2U
8= p(f’*) = Mg -3, + 2

W - B e e R s s wew  Gme RED dm G i e e e W e 4ee s e mmm e e e e e e e e e e aee e

The symbol [23,4551] * 1f asterized portains not to joint
frequencics but to symmetric parameters. Theroforc it has the value

o [1e] [15]'
[12) [e4] [126]

| |04 sl [ ,
But [28,45] * = [25,48] , as can easily bo verificd from tho dafiaitiOn, ‘



27.)

In this notation,

| %]

¥l

i

]

[

|2%| < |Fgg| #
RES0E A
|25l [7,2f ¢
|7agl- 28] ¢
\Po5(» (Fa5

- 18 =

1l x | 2 ) 0 0
x £ xz|= 728 | |748] |0 1 X
2 xz 3 0o & ﬂ
i o

o( @ .

§ & 4
|ite 2 e

-&Iz *xz AISZ

apxtaps ey Phagxr  axmda,d
a,Cta,x  afranfs e, Prtex’
N AL T T e P

0+ 0 &1 + 82 8] + &2

ail‘*‘alz &3 + 82 11+ %2
2y + &2 31 + %2 8 + 82

. £X
The dotcrminant on the right can be reprosscd as the sum of cight

determi_.na.nts. two of which arc zero valucd, Thus,

e e e
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0 1 & .01.ﬂoo<o(01:x\
|0 wrll- 28] |8 |1 o B |+ dma| 1 A Vi @ Gl o (¢
a 3V \ju 8 S| la ¥ 7] ip r/

o % (3 o 1 (3} « x 0 &£ (3
+ o33 16 ¥ o Yaja @ B} l4etz Jx 8 ¥
s v P ESTIEY T g ¥4

Dividing by lA‘l » Wwc have an equation of third dcgreo in 8

and &9 . o
%) _:_}:;f" * Ezz::%lz - = 3:15131 + aﬁla‘lzbz + auaiabs—f-a-zl
whero
0 1 o 0 1 (G|l 1
1 & (3 ’1“5/,0(0((3.
b, = d B¥) =l BITIBA Y] .
1 o 1 o
x 3 Lff.
o o B o 1 {3 o & (1
1 BV X D x 3 7
o by S84y 8BS
8 1 P 1 o
9‘@ 0(13

The Expression of Tracoline Coefficionts as Functions of lioments,

In the prcecding scction a cubic cquation in &y and 82

with combinations of moments of ¢‘ (x) as coofficionts was dorived,



In this soction it will be showm that there erc combinations of manifest

data which cqual two guadratic equations in 23 ond 2y, and one such

linear oquation, 4Any pair of these oqqation will allow us to express |
the coefficients of tho lincar trace lino of an itenm as -mnctioni of

the moments of the undorlying distribution,

Iwo cquotions of gecond dogrec in &, and 2, can be found. let

1 0 0 4 1 x :Y
" * » .’
29.) B* = {0 124 15y s Fy3 ¢ x M3 Axs! g5
o 134 13| g Afxz AsR J
1 x z
I N e e L e T’

z a11x22'+aléxzz allxza+ algxsz '

7230 175§ 0 apd+ap@  anBt+apY

O apfB+mz¥ Y +emad|

= [vgy-1m8l | 913 +22Y 1Y+
Writing the dotocrminont on the right ns the sum of four detocrminonts,
P 2| X 42V | e anfg 2133 "12?, 3
= 1T \[us ¥ [enf @S §lmeY uff ¥ el



Factoring a4 and &5 out of thesc dotcrminants,
\

g Vl

t2 )y 4

ot(l
£

R
B8 s

+
= ‘rgy . 174; ‘€1 41142

’_y
/

This can be m'it.tcn as the detcminaﬁtal cquation

2 2
B2 1% &1
2" = |« (3 | ¥
gy e

Dividing by LA*‘ wo obtain the first sccondwdegreo cquation in °

a3 and ap ¢
afy %132 ad)
« ( ¥
"‘§ -
o I (AN &

A gecond cquation of the samc order as 30.) ¢an bc obtaincd by

lotting

0 [14] [15]\

EIZI [24] (e8] l

6] el Gs))

1t
'

31,) c*



Tho matrix =-C* can bo oxprossed as tho product of threo matricos

A Mx A
SN A A= 2 xz ) Ty
£ = 2l
0 aptep&  apy&tey
SR H YA R : 2 |
e11X+ 833 X (3

= [m3\m| :ﬁ(ocz - @)+ 2ay e (X2 = @)+ afzpaxz -p)]
X (e 4 2o a A+ sy B )

1T “f11%2 %2 ﬁ
Dividing by |A*| wo obtain the socond quadratic equation in

8y and a5 3

O

K
1

= {Fzgl. \F4’g

32, fe*l _ .2 o2
) & " a‘ll""zallalzd‘*au;ﬁ

4 lncar cquation in a, and a5, is obtained from a coefficiont
|B“ analogous to the cbefﬁ,cient Q:B! uged in the discrote class
casce Let
1 0 [15] 1 4] o
'

33,) I3"] =t}o (24] lj:ua:s]i 1o [124] [25]

1

to (34] [135]* 0 [134] [as] ‘
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Exprossing |B*] in torme of latont paramcters,

_Xlxzjloo l1x g}y o o
| 3%« 'FZEM x £ xz\J0 & aSIAI “HFEEW x 2 xzpo a.nA'l' N

(zxzzZLOa&aszA'{ zxzz‘an.QL:
VRO v oa N

= ‘.Fzg‘ P t=x A;x .AI*x4+¢ x A;_&Zx L;:
*

K A.4z A;%z z A;A;: A;z /

Since P(x) = #z) =0, if wo lot § oporatec on tho clements of

these detérminants and expand each by the minors of the elcments 4n

its first column we obtain

Bro At NEx s
12 = ml\f |as Aals | |[41s5 &

We can intdrchange corrcsponding minor dlagonals in sums of socond

order dctcrminants, Doing this |
Lx A Baix A{A;z{
EREIETIITE PR Lo PR Vi
(ayt+ apa) | (agy+ ago0( )
= 153\| ay(anBrapy)taplagy+apd)  aylegBrag¥)+eplag ¥+ apb

(a,.a+8,.0)+a (a _3+a,Y) (a k42, 3)ta, (a_R+a ¥
| Aalege+epf)iasla, e,y H1lemoate (3 #n@lz

”(a41d+a.42@) (o o004 a’sz@) | |
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Each of theso two detorminantse can be cxprossed as tho sum of twe

dotorminants, Doing this and factoring 293 or oy, from oaeh,

a3+ 2K %51t Bgad | 81+ Bgac =sa+0mf
I8 = |73 Yoy .

wm@tieY st ez Yl  mires

ey a0tag
t e faantasg S

Sincc cech of these dotcmminats containg the factor

. wm |
ap e} = 7] .

1 o //1 & l(i .B’v
8% = |ma3)- 175 s | (3 Y"'ala(\{ St o @

Dividing by |[A'| wo obtain o linenr cquation in 2, and 0.13 :
h « ‘ ‘1 «xl e
ZB*' ‘ * K X J 0( 6
34.) | 2, - 842 A @ .

%o now have two quadratic oquations 30,) end 32,) end one

lineoar cquation 34.) in 21 and 8 the coefficionts of which
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arc functions of tho momonts M, only. Equotion 32.) contnins only
socond ordor manifest dota and honce for fallible data is preforabloe

to 30.,) From 32,) ond 34.) wo_cen oxpress tho cocfficicnts of &

given tracolino as functions of tho momonts of @ (x) wmd tho pscudo-

menifcst data. (*)

An Application of tho Model

In this scction a spceial case of the prescnt model will be md
to analyzc data tokon from o Crossley S. E, S, survey made upon ~n
urban sample of 1500, Sinco application of the model involves knove
lodge of tho first six moments of the distribution function qﬂ (x),
tho following oxtrcmoly rcstrictive assumption was mados (/ (;) was
agsumcd to be a normal distribution with mean zero cnd varinnces ono.

Undor this assumption the higher momcnts of (ﬂ(x) erc given by

5, ) Wr T T Mgp,- = O (r = 1,2:35000 )
Thus '

M = 0 My =1, U= 0 My =3 om0 M3

Given thcse valueos for the first six momonts, cquations 32,) E

and 34,) reducc to

86.) —:%:';" = ‘51 + 2d,
end
%l .
37') lA;' - 6312 .

Those cquations are casily solved for the values of a4 md 82 -



Five itcms worc selocted for this oxample and the positive and

nogative responsos to theso itoms wore defined in the following manmer:

Item 1:

Item 2:

Itom 3:

Item 4:

Item 5@

Ront

Income

Faucation

YVacuum clconer

Automobile

Posisive
Nagntive
Pogitive
Nogntive
Positive
Negative
Positife

Negative

Pogsitive

-Nogntive

ronsponse
rosponse
rosponso
rosponse
response
responsc
responsc
responsc
rcsponse

responsc

The manifest dnta is summarized below

= 0.7647
= 0,7827
2 0.6040
= 0,5387
a  0,4567

| o3

1]

0.7074
0.5239

= 0,4974

"

0.5314

= 0,4920

1"

0.4160
0.3973
043947
0.3393

B
The volues of == =2nd can cach be camputed in
151 & -

more than $20 per menth
less thon $20 por month

~morc thon $1250 per year

lese thon $1350 per yorr
high school or moro

less thn high school
ownership

non~ownership

ownership of one or morc

non-ownership.
Piog = 0.4967
Py = 04T
p125., = 0,3973
Pizy = 0.370
Pizg = 0.3167
Plas 2 0.3213
Pogy = 0. 3693
Pags = 0.3
Pogs = 0.3

p345 t 3 0.3680
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threo difforent woys, giving slightly different valuos for imperfoet
data, The average voluos obtoined weres

T Iteml  Item23 Itom 3 Item 4 Item 5
| a3 0,1326 0,0922 0,0437 0.1121 0.1568
ln"':] | |

. l AI‘ ‘0‘9721 -0. 70“ -0. 3908 -1,2% .005354

Using equations 36.,) ond 37,) to computo a1 end 8o and

determining &, from thc equation
Py %ot %2

the tracelines of tho five itoms wore found to be

0,927 + 0.283x - 0,162x2

£ (x) =

£2(x) = 0.900 + 0,254x - 0,117%°
£(x) = 0.669 + 0.188x - 0.065%°
£,(x) = 0.754 + 0,140z - 0,215%°
f£(x) = 0.546 + 0,376x - 0.089x°

In the following table the matrix of thc observod cross-products
end the cross-products regonorated from the computed tracelines is shown. -
The computed cross-products aro shown in parentheses beneath the observed

crogss=products
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) 2. 3
0,1089 0.0630
1 - (0.,1100)  (0,0743)
0.0586
2 - - (0.,0630)
3 -
4

4

0.0854 -
(0,1092)

0,0704
(0.0816)

0.0719
(0.0543)

0,132
(0.0641)
(0.1163)

0.1188
(0.0821)

0,0932.

| (050909)

The rather large discrepancics between the computed and observed

crosseproducts sccm t0 indicate that the restrictive sssumption of a

normel underlying distribution was not completely Justi.f:led;
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SOLVABILITY CONDITIONS
'IN LATENT STRUCTURE ANALYSIS



Solvability Conditions In Latont Structuro Analysis

le Introduction

Iatent Structure Analysis is & procodure for detormining the
distribution of & population ovor a domain on tho basis of observa=-
tions or tost resultse The first assuption on which it is based is
that therc is a domain D to each point of vhich one or more individuals
of the population corraséonda The density of the distribution is de=-
noted 'by G\? =) wihere x roprosents & point in De A test asaigns om
or more numbars, deosignnatod collectivoly by y, to eaoh individuale
The second and main assumption ig that tho test rcsult y dopends only
upon the point x to vhich an individual corresponds, and that y(;) is
& random functione The protebility thot an individual at x will have
a test result y is donoted by f(x,y)" Wiith those assunptions, the
oxpooctad nmumber of individuals with test result y, denoted by p(y) 2

is given by
(1) Ply) = ,{ £(xqy) GQ(?:)

The problem of Isatent Structure Analysia is to determine D,
x)o 00d £(xoy)» the latent structure, from the observed values of
)‘é tho renifest datas It seoms cloar that sinco equation (1) is
tho only relationship betwoen these quanbitics, the problon is under-
deternineds that is, tlwro arc generally many solutionse This diffi-
culty may be ovorcore by selocting thot solution which is, in some
senso, simplest, On the othor hand, if & partisularly simple type ef

solution is roquired, rore may exist unless the observed waluss of

ply) setisfy certain roguvicvive coxditionse In this article we wish

22 p e Tt 5T A

\a :
Nﬁ.c"’sual;y ply) iz vt ohserved, but it is estimated from obgservetions

on 8 seuple of tho pepulation.

> )=



to investigate these conditions for particular types of solution,
Knowledge of these conditions is of considerable practical importance,
since in applying the method to riven data it is necessary to know he-
ther a solution of the tyne sourht exists.

Defore proceeding, it is necessary to introduoe several other
ideas which *rill be used. e define a test vwith m parts as one in
which m different numbers are assigned to each individuval; that is,
¥y represents m numbers ¥y, Yps veec-es Vp- Such a test is called pure

if the various parts are indeperndent. Then the probability 'of the

joint result y= (yy, Fpsroneen yﬁ) is given by a product of separate
probabilities:
(2) (=, 7)) = £(x5 ¥ys Yps ocea¥y) = £105H) fg(X.yz)«mfm(x.ym)'

Tle will consider only pure tests, and 11 each part a test itenm.

A test item is called discrete if there are only a finite nmumber
of different results which can be obtained Ly an individuval. Tor
example, a question for which a choice of one out of three angsvers is
offered is a discrele test item, 4 continuovs test item is one for
which the possivle :~sults range over an inte:val, such as weight or
income. e will consider only discrete test items, and in particular
dichotomous ones, (A test item is dichotomovs if it has only two
possible results, often referred to as positive and negative respec~

tively).

I1. Class I'odel

The simplest type of domain D is a finite set of A points, say
1, 2, ..... A . 1In this case the set of individuals vhich correspond

to a particular point is called a class. The distribution function Q .

Al



then, consisis of A mmbers Ql, Q o1 v QA each representing the
number of individvals in a particular class.

Consider a pure test of m dichotomouvs test items. Ior each item
the nrobability of positive responsrs consists of A mmbers, onre for
each class. We denote these probabilities by fik where i designates
the test item and ranres from 1 to m, and k designates the class and
ranpes from 1 to A . The probability for a negative res'onse is 1 -~ f ik
The (expected) number of joint positive responses to items i,J..

we Aenote by p, ’ Then equation (1) yields, taking - ~ount. of

egvation (2),
A
i3, pij”“ :ZQk fik f;jk““'fik
k=1

There is one such egration for each combination of test items, a total
of 2m equations. (This inclides one equation for the combination of no
test items, which expresses the equaiity of the total sample and the

\

sum of the Q.k') The mmber of unknoin quantities is (w 7 1) A : there

are m) probabilities f;, and A class sizes Qk“

If the number of classes A is chosen larger than & (m A 1)“1
there will generally be infinitely many solutions of the eguations
and Lecanse of this none of these would be considered a satisfactory
"explanation.” [llowever, if A 1is chosen less than 2m(m £ 1)“1 there
will renerally be no solution ;}nce the number of equations will then
exceed the mumber of unknovms "% In this case a solution may exist if
the joint orcurxence freqrencies P 3.4 satisfy some restrictive condi-
tions. T'e wish to determine these conditions. One would expect the

‘number of conditions to equal the differcnce between the mumber of

m .
equations and the number of unknovms, namely 2 - (m o 1)A .

-
“ 1f 2™(m/1) is an integer and if  is equal to it, there will gen-
erally be ons {or a finite number of) solutions. This case is not of
particular interest, since the number of classes re .uired is usually
too large to constitute an adejuets "explanation.” -

»..43 Y



- deduce conditions or the matrices Il

Equations (3) are algebraic equations of various degrees including
one eqration of first deeree, m equations of second deyree, and one
equation of (m £ 1) degree. There are wCr.y equations of depree r for

r between 1 ard m £)l. These equations may be rewritten in matrix form

£)

as

?(ij“‘ )
| Shiakhd ! = L} NFiFJ,,.,F, L

Zl(i”j’ ‘ "‘) is an B by m (square) matrix. The element ia the positior

a, blis Py oo} ab) ; 13 any two indices are equal the cp:,*responding
element is undefined. L is a matrix of ) rows and mfl .olumns, the
element in position :,b being fi‘,k-l and the first rcolumu consisting
of ones. L' is the transpose of I, 1l is the diagonal matrix (Ql, QZ"
g,..Q;,\) and F; the diagonmal matrix (£, £im00008;y )

There is one such matrix eguation for each combinction (i,j....f)
containing at most m-2 indices. These equations contain all of equa-
tions (3). The left hand side consists of the manifest data, except
for the undefined elements. From these equations it is possible to

(+3...f)

and thus on the manifest

data. These conditlons will be obtained in saction k.

I1I., Continuous llodel

Another simple ciomqin D is an interval of the real number oxis.
Yhe distribution function Q and the probabilitices of positive responses,
for a prre test of m dichotomous items, are then functions of a single
real variable x. “Te denote the probability of a positive response to
item 1 by the function fi(x) and call it a trace line. 4 simple assmnbu

tion about fi(x) is that it is a polynomial—ritho:t some such assumption



the problem of determining fi(x) arnl Q(x) from equation (1) would be

underdetermined. Thus ve assume
(5) fi(x)—ai,lbix cqX 1=1 ..,m

For the continuous model, taking account of equation (2), equation

(1) yields
6 | { \
®) Pii,. ) = Q (x) z, (x) fj(x),..\,f‘ (x) dx
- 4
Here, as before, 12N is the (expected number of joint positive

JJ’ac.’

responses to items i,3,... /. If we nowv use equation (5) in equation

(6) we obtain

(7) Pi,y,... =349 1° + ba.,,,a'. ,laibj,.,a £ oofay 8, .,ITJIII

J
P
A1 §blij..*a’7‘ coun Jv‘

Here 1Y is the rth moment of the distribution function Q .

Just as in the £lass lodel, the equations (7) fur ihe coefficients
éi' bi’ Cf v and the moments If° ’ }JII y... are algebraic equations of
various degrees. There are in all 2% such equations trith mCp fo;r joint
cccurences of r items. ‘Je suppose that all the fi are of degres A .
Then there are (2A 4 1m # 1 enknovms: A # 1 coefficients in each
of the m functions f; and m A £ 1 moments II¥ of the distribution ? .

If ) is larger than %:J» “,}! the number of unlmorms 17111 exceed
the number of equations an! there ill generally be infinitely many

solutions of equrtions (7). Consequently none of these solutions woul

constitute a satisfactary "explanation." On the other hand, if N is
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smaller than the number indicated above, there :rill generally be no
solution. 4 solution may exist however, if the joint occurrence fie~
quencies pj_‘j_ A satisfy certain conditions, which we "rish to deteré
mine.

To this end we rewrite equations (7) in the folloring matrix form

Lirdsec ) f
prtrd? ;Gbxixj,,,x\xdeCs

(1,3...1)

Here ¥ is an m by m matrix defined as before. C 1s the
m by /(-# 1 matrix of coefficients of the polynomials fj; the i,k
element is the coefficient of x€~1 in fi. X isa Al AA

matrix; the element j k is X1

multiplied by the coefficient of x3-1
in £;. Xisa A#1by A#1matrix; the element j k is 22

These equations will Le considered further in the next section.

IV, Factorization ol ‘atrices

In the precedi sectié:ns it has been shuvm that, for two impor-
tant models, the ecuations of latent structvre analysis may be written
as a set of matrix equations of a particular type. The solution of
each of these equations amounts to factoring a given matrix into a
product of a specified number of factors of particular tyres. There
are certain relations among the variovs factors vhich must also be
satisfiec In addition, the given maﬁrices are incomplete (i.e., have
certain elements unspecified) and therefore the product of factors may

yield any rosuvlt for the wissing elemcnts.

sl
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As an initial attempt at treating this problem, we nuve riroved
the followring theorems about factorization of matrices.,\ Lv-n these
pfe]ivninary results yield some information about the sclution of the
above nroblem.

Theorem 1: The necessary é.nd sufficient condition that a

matrix A of m rows and n colume be the product of two

matrices (m,r) and (r,n) is that the rank of A Ly,

Proof':

The comlition is clearly necessary since the rank of a product
is less than or equal to the rank of either factor (Aitken: Determinants
and 'wtrices, pare 95) and the rank of both factors is less than or
equal to r.

To prove the snfficiency, we suppose the rank of A = S<r. Ve
also assume that the submatrix Aj of s rous and s columns, in the
upper left hand norner of ‘A, has rank S. (If this is not the case it
may be made so by =lementary row and colvmn operations, i.e., orthogo-
nal transformations.) Then we urite A in the form (where Al is (8,8)}

A2 is (m-s;s); By is (s, n-s), By is (m-s, nws):

Here I isthe (s,s) unit matrix. The equalities follow upon expanding
the products and noting that if A is of ronk § then B, = A2A11B1' (titken,
pace 67). Thus A hos been factored into the product of tvo matrices:
(m,8) and (s,n), and in t7o different iays if Al £ 1. There are in=-

finitely many different factorizations since the first factor may be



post-multiplied by any non-singular (s,s) matrix and the second factor
pre -multiplied by its inverse, without changing the product. In
case s £, Ty "vre border the first factor with r-s columns of gercs

and the second "ith r- s rous of zeros, This coampletes the proof.

Theorem II: The necessary and sufficient conditions

that a matrix A (m,n) be the product of three matrices
C D ¥ where C is the transpose of C and C is (m,r), D
is (r,r) are:

a)m=n i.e., A is square

b) rank of A

c) K? = KIA;. Bl

Proof:

Condition a is obviously necessary since the product C D T is (m,m).
Condition b is necessary Ly theorem I above. Condition ¢ is necessary
by the followins rroof:

Dy hypothesis

(103 L |h 131\ o .[D} ['51 '62]

Ay B2J " Cy |

The last tem is seen to equal the preceding upon exyansion; Cl is

non-singular since A, is assumed to be non-singular. llow from theorem I

1
we have:

The last term equals the others, as one sees Ly expansion (or premulti-
plying the secord factor by AII and postmultiplying the first by 4,;

-8



(12

(1%)

simi arly with the second and third factors). Upon comparing the last

terms in the tvwo preceding equations we see ithat ‘A‘l = C1 D C'l and thus

A Ail = A.’IB . Thus §~ =X A-l ;7 and condition ¢ is proved necessary.
271 11 < 171 21

The suifiency of the conditions is proved by the construction in equa-
tion /aho/vein case €1, it is again necessary to border the first two
factors “fith r « 8 columns of zeros and the last two by r -~ s rows of
zeros. This then completes the proof.

Corollary: Condition ¢ holds if A is symeiric. Then D is alsé
symmetric.

Theorem III: Two (m,n) matrices both of rank r have the form

» -
by By % Yal

Al and Xl are (r,r) and non-singular. The necessary and suf-

t‘here
ficient condition that A and ¥ have a common factor is
a) AI]BI = X;]Y-L for common second factor (r.n)

b) A2Ail = XZXE]' for common first factor (m,r)

Proof:

The factorizations in equation 9 (Theorem I) shows at once

that the conditions are sufficient. To prove their necessity, suppose

(01‘ 3

: 1 2

B3N

- -

Then since C]_Dl - Al, neither Cl nor Dl is singular. lHence we may
revrite equation (12) as

C]‘Dl}:‘, -3 ‘ I
Fiy I Dl D2 - - ClDl ClD2

fi



Comparing this equation (13 )with equation (9) of theorem I, we see that

(14) AJB, = D)D,
(15) AQA = ¢t

Thus if [D).D?J is 8 common second factor of A anmd X, from equation (14)

and the corresponding equation in X
(16) Ayln) = X7y
Sirdlarly if !.Cl Cz)is a cormon first factor of A and X
- JRS | 1
(-“7,) Azu.l — X }q
This completes the proof of Theorem IIT.

Theorem IV: Two square (n,n) matrices A and X can each be

factored in the form 4 =C D‘E, X~ETFE where C and E
are each (n,r) and D and F are each (r,r). A necessary and

sufficient condition that I = C is either

111
or
"1 LB "'l
b) [\.21{1 = “2}{'1
Proof:

By theorem IIT both conditions are necessary. Ly equation\(ll)

of theorem IT

(rx8) Az

\1/‘;1] KI A;]Bl}

~10~
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Condition a) implies that the last factors are equal, Since

01 - - ‘1 . - - 'y
Azfxl = Allﬁl and X2X1 “ XllYl by condition ¢) of theorem II, we

see that the first factors are also equal. In a similar way, condition

b) may be shom to be sufficient. This completes the proof .

11





