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PAR'I' II 

THE USE OF MATHEMATICAL J.,10DELS 

IN THE MEASUREJI.ENT OF ATTITUDES 

In the summer of 1948 the Social Science Division of 
RAND contracted with Dr. Samuel A. Stouffer and associates 
aththe Harvard Laboratory of Social Relations to conduct 
research on the measurement of att.itudes. The purpose of 
this project was to develop methods for more exact descrip­
tion of the more complex characteristics of people. The 
morale of soldiers, the decree of tension between white and 
negro troops, the capacity of officers for leadership are 
topics on which information is needed for many purposes. 
While the judgments of intelligent observers are useful, it 
is often desirable to have statistical measurements which 
can be applied to large numbers of people and do not re­
quire the presence of such skilled reporters. Methods for 
such bookkeeping on psychological and social factors are 
now sought by many social scientists, and this project ex­
plores one special approach to the problem. 

Some of the results of the first year's research were 
included in Volume IV of Studies in Social Psycholoey in 
World War II. As the authors of this volume stated in the 
preface "experience on the (RAND) study has been of in­
estimable value in broadening the perspective of several of 
the authors of the present volume and leading them to make 
late revisions in their manuscripts -- in some cases, re­
visions whici1 are quite fundamental in character. n 

In 1949 it was decided to continue research on atti­
tude measurements, with emphasis being placed on the mathe­
matical basis of this approach and its application to 
empirical materials. The work was done under the direction 
of Dr. Paul F. Lazarsfeld of the Bureau of Applied Social 
Research at Columbia University, who had worked with 
Dr. Stouffer during the first year of the project. 

The present Research l,Temorandurn 455 -- "The Use of 
Mathematical Models in the Measurement of Attitudes" -­
gives a detailed presentation of the preliminary findings 
of this project. It will be followed by a RAND report 
which will summarize the data and state the conclusions of 
the study. 

Because of its length, this Research Memorandum is 
issued in six parts. The present paper is: 

Part II - "Mathematical Developments in Latent 
Structure Analysis" 



The titles of the other five parts are: 

Part I - "A Simple Model f!)r Attitude Tests':" 

Part III - "The Application of Latent Structure Analysis 
to Problems of Reliability" 

Part IV - "The Aplication of Latent Structure Analysis 
to Some Problems of Concept Formation in 
Sociology and Social Psychology" 

Part V - "Applications of the Mathematics of Multiple­
Factor Analysis to Problems of Latent 
Structure Analysis" 

Part VI - "Probability Models for Analyzing Time 
Changes in Attitudes" 



..I 

INTRODUCTION 

The present.unit summarizes in various brief papers 
recent mathematical developments in latent structure anal­
ysis. The work subsidized by RAND at Harvard was published 
in Volume IV of "The American Soldier." The work done since 
on the Columbia-RAND Project is divided into two parts. 
Some major developments were carried out by individual 
contributors whose work is credited to them in special 
units of the Columbia-RAND report (Anderson, Gibson, Wiggins). 
The second part was staff work, centered mainly around staff 
discussions conducted by the director of the project. 

The first five papers included in the present unit 
represent solutions of problems which were not yet available 
.when "Prediction and Measurementtt went to press. The first 
paper introduces the notion of sTnetric parameters which 
turns out to be a helpful device n simplifying the algebra 
of latent structure analysis. The second paper carries 
through the analysis of the linear model and its application 
to the scoring of tests; it is an elaboration and enlargement 
of some brief remarks made at the end of Chapter 11 in 
"Measurement and Prediction." The third paper generalizes 
the notion of a latent distance scale scale which was intro­
duced in restricted form in Chapter 10 of "Measurement and 
Prediction." The fourth paper deals with a special case of 
a latent trichotomr• It was developed at a time when the 
general solution o the discrete class case was not yet 
available and is included here mainly for the sake of the 
record. 

The most important paper in this unit is the fifth one 
which gives the com lete solution of the discrete class 
model. In Chapter o "1•1easurement and re iction' the 
problem was stated and various unsuccessful efforts towards 
its solution were reported. The present solution is, mathe­
matically speaking, the most important development since the 
appearance of Volume IV. It might be mentioned that in the 
meantime a second solution of the same problem was found by 
Bert Green of Princeton University •. His independent 
approach will be reported in the literature. 

The last two papers in the present unit are progress 
reports. Paper six carries forward the solution of the 
continuous Eolynomial trace line model. But the present 
approacn is not yet applicable to the most general case. 
Again, it should be mentioned that Melvin Peisakoff of RAND 
has independently made very important contributions to the 
same topic. Peisakoff's work has probably made the seventh 
paper in the present unit a mere matter of historical record • 



Because of the staff nature of the present reports, it 
is somewha.t difficult to clearly attribute credit to the 
director's collaborators. For all the papers Mr. Jack 
Dudman has acted as editor and done conscientious and valu­
able work. Paper five, 'The General Solution of the Latent 
Class Case," should be considered the joipt contribution of 
Messrs. Lazarsfeld and Dudman. Paper four, on "The Re­
stricted Latent Trichotomy," is the joint contribution of 
Mr. Dudman and Miss Paula Siegel, a graduate student at 
Columbia. Paper seven was contr'ibuted by Mr. Joe Keller, 
New York University. In the preparation of the second paper 
on "The General Linear Model, Mr. Richard Maisel has done 
useful work. 



Paper Number 1 

SYMMETRIC PARAMETERS OF A DICHOTOMOUS SYSTEM 



( 1.) 

'.rh~ S~,iitric Paran~eters of a Dichotomous Syst~ 

It is nell-knorrn t:1::-.t the total a.mount of ini'orrn.ntion avdilable 

in tl!c resnonses of a r;roup of n individuals to a. set of m dichotomous 

questions can be completely tc>..xpressed in t-rro ways: 

1) by the t1l resP9nse e--'lttcrn fre9.uencies 11 arrl 

2) by the 2m Joint positive fr~quencie~ of all orders. 

It is sometimes preferable to express this information in tenns of 

relative rather the.n absolute frequencies. 

For e.x.'!.mple, ·i;ile resronses of n indi.viduals to a set of 3 d ichot­

omons questions can be expressed in terms of the saHple sizes nf and 

the ei.~ht relntive response pattern frequencies (lettinr~ 1 in tl e i th 

place lndic.'.".te 3 r.ositivc response to the i th 
questioni' and O indicate 

a ne~c1tJ ve responss:'): l DJj i t DDj f \ 10~ ~ f ouj , \ 100 J, { 010 j, 
[ 001}, /)ooj. Stnce the sum of' these eigLt re:U tive frequencies is 

unity. on_l_y seven :ix·e independent data~ Alt,-ornatively. the same in­

form.:'1tion c-,n be cr.:n•,letel'y- e:icpreGscd by the sample size, n, and. the 

joint rosi. ti ve fr£- - 12.encies p, , p2 " P.3 s P . ., . , : 'i , p J' 'P • 
.L - · ,, ~ · 3 23 123 

~'!:JH !,,ame info1 •.:,tion can be expressed by a third set of manifest 

:i;nramet,.,;rs: the simple si::e ~ the rn.:1nifes i, rr,nrr~lnals P.; (i= 1, •.. , m), ... 
and the _§Ymmetric parameters.•. In -rrhnt follo· rs the symmetri.c parameters 

of a dichotomoi'S systei:1 ui11 be defined nnd L.he equ.nti_or;s expressing 

the res,onse pattern frequencies :Ln terms of the manifest rarginals 

and Che symm13tric pa.rar:1eters ·r;i.11 be developed, 

f. ] '';e ck•fine the symmetric parameter of order r, wr.i.tten l11 1 2 • • .ir t 

impli ct tty "\JY the equation 

Pi i 1· - Pi. P1· · · ·P1 /.'" P1· i4 J. ri1i2-J ./, 2_ pil 1· c' i 
l 2 , . . r - l ·2 :.: L 3 • • · -rL i -;; • • • -i-

Q-11~3 )7' , . -.,£'2_ Pi.l"\:-i12 .•. ir4"~./- ~ 112 ..• i'i:_} 

'1-



(3) 

whe.re 1
1 

,. i 2 ...... • ir inm. c-.ate any set of r of t.he m items or questions 

+-he -~est.·, ( l) c:ornpos.inp; _ v 

Thus 

Pij = PiPj f ( ij) • 
and (ij] i.s t.he fa::niliar cross,product between the items i am J. 

Similarly~ from (1), 

The response p:itterns to tuo items, i nrid j, can be put in the 

f on:1 of a f our-folJ table 

A four-fold table bas a cross-product [ 1.j] impl:i cit "'l.y defined by 

equation ( 2) .. Th~: ::ise of the cross -•product .,akes possible a simple 

complltation of al:l of the resrionse pattern f'requencies 6 the frequencies 

11 ins:i.d.e" the four-fold table, according to Lhe follorii.ng formulas: 

t 11}::;: PjPj /. [ i.o 
f 1~1 = piqj ~ \ :U] 
I a.,1 - a .. _.... r .. ·J 
\U.l.j- ""i_l-'j -t-•J 

[ ooJ= tlllj f (ij ),, 

(1) The stn:amation ID.Rn here indiea"Les summation over all possible · 
r.0111bin'3tion~ of indices ,:ithcwt duplication • 



ciea 1n terma of the manifest marginals Olld the. aeoond ord-ir symmetrio 

parameters" oan be ~xtende4 to more than two 1tema. fhe idea will be 

developed in aome detail tor three 1tema and then briefly genora.lizecl 

to any number of itema. 

In order to develor) gen1Jral equations expressing the respcma• 

pattern trGqueno1•• 1D terma of the man.iteet marginal■, p
1 

• pj • Pie•• oo, 

and the synmetl'io parameter■ , 1j , 1jk, •••o, it ia necessary to 

~trcduoe tho i'ollcnd.ng notation• !A,t zt., ~., Xie• .. o bo variable■ 

taking the value■ O and 1. Lat si a O indioat• a negative reapon■• to 

item 1 and ~ : 1 indi'Ot:lte a poaiti.,. rasponae to item ic- Then th8 

general ruspon•• pattern trequenoy oan be written xi xj ~•••xm ~ 

Yul• am Kanda11<2 ) ehm tbnt the reapona• pattern trequeno1•• 

oen be expresaed 1n term. or the joint positive £requeno1•• by intro­

ducing the operatiCD of "intersection", 1nd1oo.ted by a dot (•). fhWI 

P13 c ~ :: Pijk' etoo 

They show that 

111 : Pi e P2 o P3 :: P12:, 

101 : Pl -:- (1 ... ~) 0 P3 1B (pl-p~) 0 P3 : P13 - P123• etoo 

The genoral rul• or torma.tion 1• thia.s a given response pattel"ll 

f'requenoy ill equal to th• "1ntorseot10D" of the Ps.' • om ( l - p1 ) '•, 

using p1 it the reapona• to th• 1th item ia positive an4 l - p1 it 

n•cat1~o 

Thil oan be expressed goneral4' by u■ing the variabloa x1 • xj, 

xk, oou wh1oh • have 1ntroduoe4o Letting 

See Go u. Yale am M. Jo Kendall, An lntroduotion to the Theory ot 
Stat1stioa (12th edo, J. Bo Lippincott Co., PhU.adelphia, 1stc, 



rn 

t = 2."gi" 
i:=::l 

Performinp; the opcrc1tion of "intersect.ton" a.s indicated by ~-h€ dot., 

r 

f xl:r.2'1:1 .•. xm I:: ( ul )ID-·{ ~12. m t2_(:x1 ◄l )p2' •• m 

·' ;z._(x1 ~l)(x2-l)p.3,. ~/ .. .f(.x1~1)(.x2 -,l), . L:111--1~ 

l~tiation (h) is the r;eneral expression of n res- onse pattern 

frequency in terr:10 of rel11tive Joint pos-i.ti vc frequen, ·;es 

items,. for e..xample ,, 

3·1[ 
( -l) f123 - P12 - P13 

P12; "" Pi;, ·- P1; ? P1 · 

_ ( ... 1 ,2~1 \" "\ 
. I P12 -· P2 j 

= p2 - ~)2' 

fT,.-;L · equatio·1 ( 1 ·) •hi ch imrlici.tly- 1eftnes the symnetric 

obta :i. n ;.; f!enera 1 

\11tin:tfe.st m,u-rytr:vil.1'1 :irni tl:,, symmetric' parameters, 1'hit' · t n be done 

items nta;/ Ue 1.rritten 

Jubstitl•tinr: from equation (2), 



(5) 

Thus for tY10 items •.re have expressed the relative response pattern 

frequencies in terms of the m.._qni.fest marginals (or tlieir conjugates, q
1

) 

and the sy!l'Dlletric parameters of' the second order. 

Similarly, for three items eqllation (4) becomes 

r:. 
( ! ,3-l.. 
L XfXi'1cj = (-11 ~ ijk /- (1i-l)pjk /. (xj-l)pik .,L (~ --l)pij 

/. (~ ~1)(xj--l)l\: f (Xi_-1) <xtr-l)pj --/., (xj-1)(~-l)pi 

./- (":!. -1 )(xrl H;,-1 ~ 
Substituting from equationi, (2) and (3), 

{ "i_Xj~"' HJ>l~Pjl>ic -1- Pi. \,Jk),' pj [iltjf pk\_ij)4jk] 

./- (X:i_-l)(pjpk /. fjkj) -f (xj-l)(pil\ ,l(?_k:J) 

./- (XJ.<-l)(pi pj f ~j)) f (21_-l) (xrl)I\: /. (Xj_-l)(Xic .. ••l)p j 

./- (xj'"·l)(Xic-l)pi ./- (~ -l)(xj""l)(~-1)] • 

= ( ... 1)
3-t ~~jk),£ (~ -1 f p1) ljk],L(xj--1 /pj)\Jk] 

J. (Xic-1 f P)c)lij).,t (xi-1./- pi)(:xj-1. ,ipj)(xk-1 ./- Pie)] 



(6) 

( 7) 

Lettinn q. = 1 - P1·, . 1 

L Xj_Xj~ : (-l)J-tTc~jk),l ("i_ "Ii_ )(jitlf (xj-qj) G.iJ,i ("k-<l11J (ij) 
. i 

I- (xi~) (xj...qj) (Xic-qk) J 
:qootion (6) expresses any response i:attern frequency for 

three items in terns of the Manifest marginnls and the symmetric 

rs ra.meters of order 2 anrl. order 3. For example, the proportion oi' 

incllvidua.ls in the :~1mple responding posit:\ q-0,ly to items 1 arrl 3 and 

negatively to item 2 may be written 

>01;= (-1)
3
-
2 

~123Jl' 1>i l2Jl-g2113),l i,L12)- P1'½P3J 

= -ll2~ <•- P1(23J f 42(1ji - P3 [1~),t PJ.4211 

Generalizinr: equation (6) to a general number of items, 

f:i:i:it2 ., .... xm ]= (-l)m---E lfa-2.,..m}t 2<:llr..q1 ) (23,. .. mj 

+ ~(x1--q1Hx2-<12) (}4. ,.m] /. .. " .. 

nhere E, = 1.:,Xj_. 
i=l 

-I L (x1-<11Hxr•q2).,. (x~-2 ... <\ii-·2) \!n-2,m-lj 
] (3) 

./- (x1 -<11) (x2-<12) " , ' • (Xro ~- ~/ ' 

Thus t!:e reneral response pat.tern frequency ca.n Le expressed in 

terms o.f the r".\Qnifest marr',i.nals and the sylTJl.>tetri.c parai1.eter~, There­

fore a dichotomous system is completely defined by its inareinals and 

its symmetric parameters. 

(3) ~ here indicates sm1,.,ation over 111 possi1le coEJ.oinations of 
indices -r,ith0t~t duplication, 

-6-



The speci-,1 importance of the :: .P. ts for latent structure analy­

sis i:Ti.11 be seen if \"Te now return to the latent prob.'l.bilities. For 

each item i they form a sequence pi (x) with an averag-e pi., For 

two items, i and j, the covariance of the probabilities nou]il be 

Carryi.n~ 01:t the rn11Jtipli~nr.ion on the right and using the accounting 

equations -rre f:i.nd 

cov (ij) = ~p
1

(x) p.(x) - p1 :Zp.(x) - Pj~pi(.x) - P1P. 
X J X J X J 

: Pij - pipj ..., pjpi -~ pipj = 1\.j - pipj :: (ij) 

In the same nc:,.y we can tra."lsfonn the triple covariance between 

the latent prorobility soquences of three items: 

c.··· . <.' =i-~ ,/x) (pj) p/x) .... pk~ pi (x) 1'/x) -·pjipi (x) pk(x) 

"" pi ~p/x) pk(x) f pipj~_pk(:x) f pipk~pj(x) 

f pjpk~pk(x) - P1PjPk 

- p . . k - n rij 1- p. ( ik) - p. 1jk) - p.p.n. 
- 1J ~kl J L 1 ~ 1 JAK 

= ~jk) • 

In a s:iJnple generalization we thus find~ ~ highe__r order 

covariance o.f the probauility sequence or ~ combination c£ items 

equal~ tho ~etric piram.eters formed from the same items in the 

mani.fest datao 



. Paper Number 2 

THE GENERAL LINEAR MODEL 



(1.1) 

(1.2) 

I • !l'he Model of the General Linear Case 

In this chapter we will consider tests which are composed of 

items having linear trace lines: the probability of a positive 

response to a given item i will be assumed to vacy in a linear 

fashion with the respondent's position on the latent continuum x. 

Thus the general equation of the trace line of the 1th item will be 

fi (.X) : ¾o + ¾1X, 

when fi(x) is the probability of a positive response to the i~ 

itom, x is the respondent's position on the latent continuum 

measured from some arbi tra.ry origin and in some arbitrary uni ts, 

and 8.:1.o and 81.1 are constants to be determined. 

~he population to be tested will be assumed to be distributed 

along the latent continunm according to the distribution function 

( 1 (x).. cp(x) will be characterized by its moments Mr where. 

Mr = ,( r ({)(:x) dx 
r. 

with integration taken ':'ver the entire X:- continuum, We will 

assume that M1 s= 0 and M2 = L There is no loss of generality 

involved here, assuming M1 : 0 involves only a change of the 

position of the origin on the x- continuum, and assuming M2 = l 
involves only a change of scale along the :s:- continuum, .distances 

being measured in terms of the standard deviation of C{,1(:r:) instead 

of in absolute units. ~he value of M0 is of course 1 for any 



(2.3) 

II. Deviation of the Coeft:i.cien ts of the Wra.celine s in !rerma of 
Manifest bat'a' ' . ' 

The manifest data obtained from a test of m dichotomoUll i teJH 

mSiY be completely expressed by the manifest marginals 

P1 , i : 1,2, • • • , m 

and the symmetric parameters 

where 11 , i 2 , •••, in range over all of the m items and 

1'he manifest marginal pi ca.n be expressed as the integral. of 

the trace line r1(x) over the distribution function q;(x). !lhus 

= 

, (ti (x) f (x) dx 

,,(C8io + 811x) ({,. (x) dx 

~ 0 ,.( rp (x)ruc + 91. 1j.</cxld-.: Wu 

!I'he cross-product ca.n be expressed as the integral. 

over x of the deviation of the trace line of the i]h item from 

its manifest marginal, the deviation of the trace line of the j.!h 

item from its manitest marginal and the distribution function. 

Thus 

Ci.fl : .,/-
1

f'f1(x)-p1~i r_ fj(x)-Pj] cp (x)dx: ,/Ctij_1X)(aj1X) f (x)dx 

:: 8.:i,lajl ~{x2 1/J (x)dx 

= a11ajl , 

Letting 



and substituting from equation (2.2), 

i'b.e c0e:f':f'icients o:f' the trace line of the i.Y! item are e»­

pressed in terms of manifest data by equations (2.l) and (2.4), 

and we mq write 

:fi(x) =pi+ Six. 

It is evident that the manifest data corresponding to any three 

items is sufficient to determine the c.oefticients of the trace line 

of an item, 

III. Expression of Moments in Terms of Manifest Data 

In the preceding section the coefficients of the linear trace 

line of an item were expressed in terms of manifest data without 

making use o:f' any information concerning the distribution function 

((I (x). (The assumptions that M1 ::: 0 and M2 = 1 were non­

restrietive.) However it 1s possible to find the values of the 

higher moments of '_/' (x), given sufficient items. Given any n 
' 

items, il' 12 , •••, in, n-c?0 2, the symmetric function 

m~ be written 

[i1i2•••in] : ~/-[t11 (:K)-p11]f_f12 (x)-pi;/ ••• r~fin(x)-Pi~J :{)(x)ch 

2 (,(81_ 1xH911x)• .. (911x) (;}(x)dx 
, 1 2 n 

&i1l8i.21 •• •81.nl ~('xnf (x)dx --
--



(3ol) 

Since, by equation 

In particular, 

-
[1234] 

M4 = s1s2s3s4 
• 
• 
• 

--
• • 
• 

r124J • 
Sl S2S4 ••• 

[1235) _ 
S'j_S2S3s5 - ••• 

rt is evident that given m items, under the assumptions of this 

mod.el we can compute from manifest data the first m moments of the 

distribution function (f' (x) • 

IV. A Discrete Distribution lfunction 

Up to this point we have placed no restrictive assumption upon 

the distribution function <f) (x). It is possible to think of q) (x) 

as a discrete distribution function giving for a finite number of 

poin .. :,;s the proportions of the population to be found at these points. 

S1.1ppose the population to be tested is oonoentrated at s points 

along the continuum x1 ,X;z,x3,•••,xs with respective proportions 

at these points v1 , V2 , v3,•••, Vs. The moments of f) (x) are 

defined as in equation · (1.2) but with summation over the discrete 

points on the continuum rather than integration over the entire 

continuum. That is 

We ma;r again assume without restriction that M1 = 0 and M2 G 1. 



( 1,2) 

M
0 

is of course 1 for any q}(x). Thus 

V1 ·t Vz -t ••• + Vs • 1 

V 1 xl + V 2x2 + • • • + V sXs • 0 

V1xf + v2x~ -t • • • +v8x~ = l 

It will be shown in this section how tho points xi•¾•A3 

and the corresponding proportions of the population Vl'V2 ,v3 

can be found in terms of manifest data. This will be done in the 

case of a distribution function consisting of three distinct points 

but it will be eVid.ent that the method used is easily generalized 

to t?ny discret dist rt bution. 

Consider the matrix 

M:= 

( 1 

i M0 

X 

l ~ 
( !Viz 

u~::.ng equation (4.1) the matrix M mey be factorod to give 

1 

M - / 0 

·, 0 

I 
( 0 

0 0 X 

Xi 

Vlxl V2x2 V3x3il 

v1~ V2~ v3~; 

which mey be further factored·, giving 

M= I : 
i 
l o 

lo 

0 

1 

0 

1 

0 

0 

0 

0 

X 



(4.4) 

Thus the cubic equation in x, 

,Mt = 0 ' 

m8iV bo written 
x3 1 X ~ 

1 1 1 1 ~ 1 ~ 
vl Vz V3 :x:l :x:..., x3 l ¾ ~ ~ = 0 • 

G 

~ ~ ~ l X3 ~ :x:3 
3 

Lotting x equal will make tho determinant on tho 

r:i.ght vanish 1 so :x:
1 

,:x:2 ,x3 arc tho throe roots of tho cubic equation 

( '1«4) 0 

Tho dotcrmina.ntai equation IM.! :. 0 m8iV be written 

Mo M1 M2 I Mo 111 113 Mo M2 M3 M1 M2 

' 1\ Mg M:3 , A2 • Ai ::; - ~ ·J¼ M4 ' Ao = ~~ ""3::: - :; , M1 l/'2 ~ 

~ 

M4 

Uz }~ M4 ,~M3M5 .~ M4 M5 1'3 144 Ms 

1:Jnco 8quation (3.1) expressed the mcmonts in terms of manifest 

,ic.tu., il.0 ,A:J. t¾ and A3 can bo wri tton as functions of manifest 
-

iati~ U-ivon a particular sot of manifest data, equation (4.5) · 

can be written as a cubic equation in x with numerical coefficients. 

Solv-i:.1g for its roots by any of tho standard methods(•) gives the 

values of tho points Xl'Xz ,:x:3 • 

Having found xi,:x:z• and :x:3 , tho proport~ons v1 ,v2 • and v3 

can bo found as tho simultaneous solution of the three equations 

~y---~--------------~-------------
Soc, for exani)lc, I'lickson, L. E., New First C_':'_urso in Theory of 

Equ-:t,J;Jons, John Wiley a.nd. Sons, Now York (1939), pp. 42 -43. 



Lotting 

- 7 -

V1 4- V2 +· V3 i:a 1 

Vl:x:l + V2X;z -i V3x3 - 0 

v1~+v2~+-v~ = 1 

1 

f\2 = Xi. 
2 

xl 

l 

Xz 

~ 
:mi a.pplying Cramcr 1 s solution, 

I 
11 
I 

1 1 l 1 . 

io 
I xz X 3 xl 0 

I ~..2 ~ xi V1 .. 11 V2 = 1 
I 

....... ...., 
' ,.:_, 

f.,12 ,:'.\12 

1 

X3 

~ 

l 1 1 1 

X3 Xi ~ 0 

~ ' V3 ::; ~ ~ 1 

2'12 
~i;;.111.S wncn tho population is discretely distributed with proportions 

Yu 72 -V ~ located at points xl'x2 ,:x:3 respectively these propor'dons 

3,nc_ loeations can bo found as functions of manifest data a.lone. Since 

n1: n•::;r:10:r-:i s higher than tho fifth arc used., five i toms suffice tor 

'{, Jn A;nlication of the Model ·-----·· -,,,_ ________ _ 
7nc dat.a used in this example is the rosponsos of 876 indi­

vic.uals to five selected items of the l3oll Tolophone Job Satisfaction 

Scaloo Tho five following items wore chosen: 

lo- Aro there any things about your job that you particularly 

Positive· response: 

Negative rospcnso 

( 

A lot of things 

~to a few 

! 

l
. Not many 

Nono 
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2.- Are there many things about your job that you particularly 

dislike? 

Posi ti Te response { None 
. ,,, 
('~Not many 

Negative response , 'bJj.te a few 

L A lot of things 

3.- Row often do you look forward with some pleasure to your 

dey on the job? 
, 

Positive response _: Every dey 

1 
& Almost evecy dey 

~ - Not very often Negative response 

l Practically never 

4.- If someone asked you about getting a job like yours, which 

of the following would you be inclined to do? 

J?osi ti ve response: I would encourage it 

Negative response ( I would discourage it 

l Neither 

5.- Do you ever feel that you would like to quit and get a 

job with some other company? 

Positive response: 

Negative response 

Seldom -,, ·· ,_L , , - r Y 

; Often 
! ·, 
I Fairly often 
'·· 

The manifest data, expressed in proportions, is given on page 11. 

It is evident from equation (2.3) that the value of Si 

corresponding to the i~ item can be computodfrom data correspond­

ing to that item and any two other items. For.a test of five .items 



• 
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there will bo six wey-s of computing Si, giving exactly equal values 
\ 1./ 

only ~'.Bn the reducibility conditions implicit in the model are per-., 

factly satisfied. Here the average value of Si has been computed 

by the approximation 

Using this approximation, 

r , 2 
'· ij.: 

Thus. by equation (2.5), the trace lines of the five items are 

fl (x) ;::: 0.3425 + o.l896x 

f2( ;:::) = o.5708 -+ o.2484x 

f3(::::) .;; 0.6256 -+· o.3113x 

r4 (x) = o.4sos -t· o. 3508:x: 

r5 (x) = o.4064 + o.296lx 

The third and fourth moments of V- (x) a.re given in terms of 

manifest data by equation (3.1). Since lvi3 and M4 can be oomputed 

using the data of any three or any four items respectively, it is 

necessary to compute and average value of each. No such ambiguity 

exists in the case of the fifth moment because all of the five items 

available are necessary in its computation. The computed values of 

these moments are 

~ = 1.9661 
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Using these values, and assuming that M1 = 0 and ~ = 1, 

Thus the class locations x1 ,x2 and xa are found as the roots of 

the cubic equation 

-0.9493x3 ""1 o. 6773x2 J l.9542x ~ o. 8005-=- o. 

The three roots, arranged in order of increasing magnitude, are 

~ • o.386 

Using these values in equations (4.8) the proportion!il" of the 

population at these three points is found to be 

Ono method of judging tho applicability of the model is to 

compute the joint frequencies which would be generated by the latent 

structure we have computed. This can be done by uses of the ac­

counting equations 

pijk =- j,,f1(x)f/x)fk(x) :/ (x)d..-c . 

:Below is a comparison of the observed (Col.I) and the computed 

(Col.II) joint frequencies. !tis apparent that the latent structure 

reproduces the manifo st data fairly well. 

/ 
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Observed value Compu.tod val uos - •. _...,_.. 
.....,_.. ________ 

I II III 

Pl2 (.).2363 0,2426 o.2426 

pl3 0.2763 0.2732 0.2732 

Pl4 0.2341 0.2311 0.2311 

P15 o •. 1963 0.1953 0.1953 

1)23 o.4372 o.4344 o.4344 

p24 o.3618 o.3614 o.3614 

p25 o.3094 0.3055 o.3oss 

p34 o.4075 o.4098 o.4098 

p35 o •. 3425 0,3463 o.3463 

p45 0.2979 0.2992 0.2992 

pl23 0.2055 0.2101 0.2101 

pl24 0.1884 o.1s23 o.1a23 

pl25 o.1sa7 0.1541 0.1541 

pl34 o.2oa9 o.2078 0.207s 

Pl35 
0.1701 0.1756 o.17ss 

pl45 o.1s32 0.1540 0.1540 

p234 o.31ss o.3223 0.3223 

p235 0.2705 0.2723 o. 2723 

p245 0.2409 o.2384 o.2384 

p345 0.2648 o.2ns 0,2718 

p1234 o.1sao 0.1704 0.1659 

1i235 
0.1450 0.1444 0.1402 

p1245 0.1393 0.1281 0.1234 

pl345 0.1495 o.1468 0.140s 

p 
2345 

o.21s9 0.2255 .0.2177 

p 0.1267 0,1269 0.1131 
12345 

r 
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The figures in column III were obta.inod by fi1:iting a two-olase 

:+atent structure, as described in ~ I~ to the data.. The joint 

frequencies were then computed from that la.tent stru.cture. Note 

that the fourth and fifth order frequencies are on the average better 

fitted by the prese·nt mod.el than by tho two-.class model. This is to 

be expected since the present mod.el makes use of fourth a.nd fifth 

order frequencies in the computation of the la.tent parameters, 

while tho two-class mod.el ignores them. 

VI. High.er Ord.er Tracelines 

The trace line of an item is defined as a function of x which 

gives, for ea.ch point x on the continuum, the probability that an 

individual at that point will respond positively to the item. We 

have assumed linear trace lines in this mod.el and have shown that 

the trace line of the i~ item is gi von by the equation 

f 1 (x) = p1 t Six 

This concept can be extended to more than one item. Since for 

a pure test the probability of positive response to a given item at 

any point x on the continuum is independent of the probability at 

that point of positive response to any other item, tho probability 

of positive response to both items 1 and j will bo given by 

fij(x) .a f 1 (x)fj(x). 

In the present linear mod.el, 

f1 j(x) = (pi+ s1x)(pj +· SJ:x:) 

= pipj -4- (p1Sj·+-pjSi)x + SiSj~ 

Similarly~ we can write the trace line of a negative response 

to item j as l - fj(x), and thus the trace line of a positive 
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response to item i and a negative response to item j will be 

given by 

In general we will adopt the following notation. Let 

fi i •••i .J. J. •••J· (x) be the probability of positive response 
1 2 m• 1 2 n 

to items ii,i2 ••·• .. ,im and negative response to items J1 ,j2 ,. •• ,Jn• 

Such functions will be called higher order trace lines. A higher 

order trace line can be expressed in tenns of first order tracelines 

by the general expression 

It is evidont that if it is assumed that individual items h?,ve 

linear trace lines then higher order trace line involving two items 

will be of second degree, and in general higher order trace lines 

involving m items will be of degree m. 

Now it is possible to write the trace line of a:ny desired response 

pattern. For example, the trace line of the response pattern / llOJ' 
L . 

will be given by 

:r12 ; 3 (x) = f 1 (x)f
2

(x) Ci- f 3 (x)J • 

This will be interpreted as the probability that an individual at 

point x on tho continuum will respond positively to items 1 and 

2 and negatively to item 3. 

VII, Scoring of Response Patterns 

Tho responses of a group of individuals to a test composed of 

dichotomous questions can be completely expressed by the proportions 

exhibiting each of tho possible response patterns. For example, a 
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test of three items permits eight possible response patterns: 

{111} {110} {100} ( ooo} 

{1b1j {010} 

{ 011} {001J 

Thus the respondents to a test of 3 items can be separated into 

eight groups according to which of those eight response patterns 

they gave. If all of the items are positively sensed it seems reason­

able to locate those individuals responding { 111 J somewhere to the 

right on tho continuum, and those re spending { ooo} to the left. 

In between would lio two groups: those responding p~sitivcly to 

two items, and those responding positively to only one item. Again 

it seems reasonable to locate those responding { 110} , { lOlj or 

{ 011} to the right of those r0spond.ing { 100 f , { 010} or { 001} • 

:But there is no obvious wa;:r to distinguish between tho locations 

w1 thin these last two groups. This scoring of the 11middlo 11 response 

patterns is really the central problem of scoring. 

One very reasonable method of scoring which permits a separation 

of tho middle response patterns is the use as the score of a particular· 

response pattern the expected position of a.r;i. individual so responding. 

This is the convention which will be used here. 

Tho probability that a respondent lie in an interval dx on the 

x-- continuum is given by 

</ (x)dx • 

Multiplying this by the tracelino of the response pattern we obtain 

fi1i2•••im;j1j2•••jn(x) ,p(x)dx, 

which is the probability that a respondent lie in the interval dx 

and respond positively to items i 1 ,iz,•••,imt negatively to items 
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Tho conditional. probability tha.t a ro epondont lie in tho intorval 

dx e,von that ho responds in this particular we:r is obtained by diT14-

1ng tho oxprossion (7.1) by tho probability of tho particule.r reeponeo. 

!l'hus 
fi i •••1 •j j •••j (x)Cf(x)dx 

1 2 m' 1 2 m 
· .--f • ---- (x) (/' (x)dx 

1 i1•••1•jj•••j ._; l 2 m' 1 2 m 

is the condi tionaJ.· probability of an individual lying in tho interval 

dx given that ho responds in tho manner indica.tcd. 

Integrating x. timos tho oxprossion (7.2) gives tho oxpoctod 

position of an indiv:\.dual conditional upon his having ma.do a particulaz· 

rosponeo. Thoroforo 

is tho oxpoctod position of an individual responding positively to 

~toms 1
1

,1
2

•••,im and nogativoly to items J1 ,J2 ,··•,Jn, 

dofinos tho scoro of that goncraJ. rosponao pattern. · 

and 

Given a test of three i toms, tho score of tho response pattorn 

{ lllj is 

7 _{x£123(x) -/ {x)<b, 

Sc { 111_, = (f123fxT,( (xJdx 
•· 

./~t
1 

(~)f2 (x):r3 (x) c./ (x)dx 

= --- j•t;cxYr~·cxrt~(xl+T<x~di:---

and similarly tho score of tho rosponso pattern 1: lOlj is 

Sc { 101} -.. 
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If we asaumQ that ind,ividual items have linear tracolinoa gi'l'OII by 

t1 (x) : p1 + s1x, 

then 

Sc "L lllj 

Similarly 

Sc { 101} 

. /"x(p1 + S1x) (p2 + S~) (p3 + S~) {i (x)dx 

= ~ /'<P~-t--s{xf<j;2 :;: s~iTTP;~➔=- s:f )'7Cx14i: 

j-x(pi"1-Sl:x:)(42-s2:;:)(p3-+ S3x} f (x)d.": 

= .r (pl+- Slx)(42-s2~HP3 1- S3x>" (t, (x)dx 

whore qi = l - p1 , 

It is evident that in order to scoro on tho basis of throe items 

a. fourth i tom is ncodod for tho computa.tion of M4 (soc equation (3.1) ). 

!rhorcforc, given tho manifest data of a four itom test wo can compute 

tho scores of the eight rosponso patterns corresponding to any throe 

of the items. Quito ~vidcntly the choice of tho throe items to bo 

usod for scoring is nrbitrariJ, though it is possible that a scoring 

based on another three of tho items might be di:f'foro.nt. (•) 

It also should be noted that since we ha.vo assumed in tho linear 

model t~at M:i_ = 0 and ~ = l, tho scores of tho response pattorns 
,-(,J,;,_, 

will bo
1

,units of tho sta.nd.o.rd deviation of (/1(x) measured from its 

moan. 

T~---------------------------------
!fuis question is under investigation at prosont. 
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YIII. An ::llxam12lo of Scoring bz ao sponsc :Pat torns 

Tho data of tho first thrco i toms ot tbo oxamplo in pa.rt V Will 

be usod as a basis for soori~g, with tho data of all fivo items ueo4 

in tho computation of Si' M3 and ~~ In part V it was found 

that 

p -+-·S lC = 
1 1 

o. 3425 +o, 1896x 

hi = - 0.1298 
3 

Using oqua.tion (7.3) 

Sc 1111} :: 
P1P253 + P1P382 + P#361 + (pl 8283·~ P28183 + P35182>M3+-51828t', 

P1P;aP3-t P18283 + P26183 + P38182-t· 618283M4 

0.1991 

0.2100 

= o.9480 . 

: · -P1P283+ P14382,. p2q3$1...L (-pl 5283-P28163 .J.q3S1 ~)Ya-81~8#4 
p~ p;q;·:. pl S2S3- p2S1 s;~--q~s;s;-=~·sl S2S3M4 --

_ -0.0119 

0.0326 

= -0.3650 
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Similarly, 

Sc t 101} 
0.0186 

0.2943 = • o.os32 

,· , 0.1240 
.Sc l 0llJ - o.552s = 0.2244 

.. 

Sc [100} -0.0161 
0.4399 = -0.0366 -

Sc f 010} 
-0.0628- : -0.6050 = 0.1038 

Sc f 001·1 ;:: -0.0302 = 0.2361 .. ) 0.1279 

Sc [ooo] -0.1962 
; -0.9742 = 0.2014 

Ordc ring tho so response pattorn scores, 

Sc {111} = 0.9480 

Sc {011] = 0,,,5526 

Sc {101] - 0.,2943 -
Sc {001) = -0.2361 

Sc {110} = ... Qi,3650 

Sc _f 100} .::: -0.4399 
.... 

Sc -(_ 0l0j - -0.6050 -
Sc .( 0001 = -0.9742 

C J 

Note that whilo ono might intui tivcly expect a.n individual respond.inc 

i110J -:;~~ right on tho x- continuum o~ one responding {OOlf , 

actual.17 tho oxpoctod position of an individual rosponding t"oo1J 1_1 

to tho right. 
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IMPROVED 1-:0DEL FOR A LATENT DISTANCE SCALE 



(1) 

/ 

This mcrlel is··applicable to tests composed of items having the 

following characteristic: the probability of responding positively 

to a given item ~-s. constant as one advances along the continuum up to 

a po:i.nt of discont·,i'11:d.t;,:- or trbrcaking point 11 , then beyond the breaking 

point is constant at a lligher level. Thus for oach item i the trace" 

line is g,i.vcn by 

for x ~ Xj_ 

.. 
l 

- . 
i I 

I 
I I ;i 

I a• I 
1. t ,,t, 

X 
0 :>q_ 1 

Wo will assume that the popuJ.2.tion is uniformly distributed be­

tween O and l 111Ji.th density 1, but it will be evident later tho.t the 

distribution function is completely o.rbitro.:ry. We vrill consider first 

a test of 3 such items and will assume them to be ordered in such a 

way thnt x1 of;~ -f. x3• 

The average latent probability pi is 



(2) 

(3) 

ta. ctx+ Jl 
J l. 

0 

p ..• b. - c. x. 
]. - l. l. 1. 

Using equations(:) nnd (2), the deviations of the troceline from 

y - pi = ai - bi + Ci Xj_ = ~ (Xj_ - 1) 

Y - Pi = bi - bi_ + Cj_ Xj_ = Cj_ ~ 

for x,s x.1 

for x >~ 

Applyin1:s the theorem that the covariances of the t.:r:1.celines are the 

symmetric parameters of the manifest do.ta, 

~ ~ 1 

[ 12) = _f "J. (x1 - l) c2 ("2_ - 1) dx;c1x1 c2 ("2-l)cb<: .J CJ x1 "2"2 dx 

O x1 x2 

(4a) L12) = c1 c2 x1(l - x2). 

xl x2 

(123) = f "1 (X1-l) c2(x2-l) c3 (xrl) dx1 "l"l c2("2_-l) c3 ("3-l)dx 

Al 

~ 1 

+ /CJ.X]_C2'0_C3 (xrl) dx + f• c:tXl C2~C3X3 dx 

½ 3 . 



(6) 

(7) 

(8) 

We novv form the expression 

g - (12jJ .:!:2:3x1(l -xJ)(2x2- 1) = c2(l - 2x2) 
2 - (13) = -c1c3XJ._{l-x3~ 

To separate c2 nnd x2 we need tho following expression formed from 

first and second order frequencies: 

From (5) ad (6) we define k2 by 

. . \ 

2 

Now i"J'C ron compute t 1
2 o.s the positive root of tho qUD.dro.tic 

\ I x2 
Ifu.v:i.ng found the value of t2 = V . x2 

-3-

' 



(9) 

(10) 

(11) 

(12) 

(13) 

Using this value of x2, c2 can be computed from equn.tion (6), ond "l·rith 

x2 and c2 knmm, equation (2) permits us to compute the tvro reroining 

parameters, a2 arrl b2, of item 2. 

For the tno extreme itoms, the itcr.1s 11hosc "breaking points11 are 

fnrthcst to tho left c.r"i to tho right on the x - continuum, nc got the 

fo:.lmYing rclationsh"1_ps: 

and therefore 

similarly, 

and therefore 

In the en.so of the 11:r.J.iddle" item, item 2, it vro.s possible to 

separate c2 and x2 vli. thou~ nak:i.ng further ::i.ssunptions. Hmmver, in tho 

case of the cxtrene items, 1 al'll?- 3, it is not possible to separate ci' 

the difference betTreen the latent probabilities, and xi, th c "breaking 

point" on the latent continuum, vi. thout further restricting the model. 

The most useful restriction seer.is to be to set 

b:t_::: 1 - a, 

-4-



~ssuming this relationship between a1 and bi for the extreme 

items, eq_UD.tion (2) implies 

and 

when the w.lues of c1x1 n.nd c3~ are computed using equations (10) and 

(:t-2). 

Hav;ng obtn.ined the w~ucs or a1 , b:t.,a3 md b:3 by equations (14} 

and (15)~ the breaking points x1 and :l'J are found using equations (10) 

and (12), and the latent structure is completely known. 

By a sir.lple gonomlization of this nodel to a test conposed of a 

general nunber, m, of itoos we obtain the following lo.tent structure: 

Item Number 

Class 1 2 J __ ,.._.,._._._ m-1 m 

0 - Xl a.1 a2 a3 ~---------- ¾i-1 am 
~-x2 l-a1 a2 a.3 

,.._, _______ 
8.m-1 Sn\ 

~-~ l-a1 b2 a.3 -------- 8.m-1 ~ 

X3-X4 l-a1 b2 b.3 ----------- am-1 8ni , • • • .. • 
• • • • • • 
• • .. • ·• • 
• • • • • • 

Xin-2-Xm-l l-a1 b2 b3 -------- bm-1 am 

Xm-1- l l-a1 b2 b3 ---------- b m-1 1-~ 

-,-



* Comparing this with the older model it will be evident that the 

"middle11 items now have two latent probabilities as the two sides of 

their "breaking points. 11 This results in much simpler computation. 

The computation for a test of 4 items will nmv be summarized. The 

generalization to more items is obvious. 

surnma;y; of computation for 4 Items 

1) Order the items with the help of the cross-product matri.X so 

that 

(14) 
{24) = o, 

or at least so that the above determimnt is considerably Sl!lnller thD.n 

2) Cor.1puto 

filth perfect data 

(24)1 
(34) • 

liill - h2!tl_ . , 
(13) - (14) 

• 

the above expression for g2 is a good working approximation to the 

average of the two separate determinations of g2 possible with 4 items. 

-1~ See Chapter 10, p. 67. 
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3) Compute 

With perfect data 

the value of s2 above is a good approximation to their mean. 

~ 
4) Set k2 = s

2 
and solve the quadratic 

1 \, ~ 
The positive root is t 2 = V x

2 

t 
Repeat the same computations to get k

3 
and t 3 , using 

(134)+ [2~4) 
g3 = (14 )+(24) 

and 

s3 = 
(34) (£1J) + (23)) 
(14)+(24) 

t 
At this point it is necessary to adjust the values of t 2 and 

It is easily shmm that 

fJJLL?_!J_ 
l121[i) 



But also 

_r14_a_c_231_· _ i 
(i2) (.34) - t3 • 

\ I (13) c2.4) ± (14) £ 2~1 _ i 
A;;;;;: V 2 (12J {34) t3 

Using the values 0£ t
2
1 

and t
3
• computed in steps 4) md ~) form 

We then compute the f ollovring adjusted values: 

tl = AB 

B 
t2 =T 3 

This adjustment of the values of t 2 and t
3 

places the breaking 

points so that a close reproduction of the cross-products is 31,,iare.nteed, 

and the effect of the third-order f'requencie~ which are usually more 

sensitive than the second order,is reduced. 

7) Using the adjusted values of t 2 and t 3, compute 

t2 
2 

1 +t 2 
2 
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8) To get x1 rm compute the tTro possible detenninations o! °i Xi: 

and 

Using their mean as the best estiua.te of c1xl' compute 

bi = P:l. +cix1, 

al= 1 - °bi 
Cl= bi - al 

9) To get x4 we compute the two possible determinations of Clf4: 

and 

[14) (24) 
t/ (12) • 

Using their mean, compute 



a4 : P4 - c4x4 

~:: 1 - a4 
04 = 1 - 2a4 

c4 x 
X. - 4 

4 - c4 

x4:l-3\ 

Conditions of Reducibility 

In discussing a specific model it is always useful to check 

whether the number of latent parameters and the nt'!!l.ber of independent 

manifest data jibe. This Will be done for :f'our items; the generali­

zation to more items is obvious. 

Four iter.is require 2 parameters for each of the two extreme items 

and 3 for each of the three middle items - a total of 10. On the 

manifest s:!.de we have first the 4 marginals. T'.nere are 6 cross-pro­

ducts ( ij] but there exists one condition among them: 

-- - 0 

(No other tetr .. d will, in general, vanish.) 

So far, then, there are 9 independent manifest data on the first 

two levels. This leaves one more for the third level. From equations 

(S) and (7) it can be seen that 



and 

This shovrs that or the 4 symmetric parameters [ ijl~ two can be 

computed., if' two others are available in addition to the lovrer order 

values. But there also exists a relationship between [ 124J and [ 123] • 

It can be shovm that 

{12~ . [ 12] 
[13~ •. {13J 

[ 1aj /i [ 12] (24] \ 2 

l 134] =\I l13) f;,4] • I ·1141 . 
' I . 

The fourlh order eymmetric parameter [123~ is completely deter-

mined by the lovrer order values. Four items then, vnli.ch generate the 

present latent distance structure, form a dichotomous system, which is 

given if vre know· the 4 manifest m:r~na.ls, five c;poss-products (i~ 
and one third order parameter ( ij14 • 

There exists another relationship which deserves attention. The 

detenninant 

can be modified in 4 different vra.ys to give the following terms: . 

Dl: 
r 12 l [124] I 

D2 = 
{ 12] [ 24] I 

£13) (134] { 213] (234.J 
I 

D3 = 
G12J (324] I {412) { 24] 

D4 = ... 
[.31] (34] l413] (34) 
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It can easily be verified that 

For a. ~r~ .Q_ut,tman scale all the previous conditions of reduci­

bility have to hold, because it is equivalent to the present model 

with 

a= o, C • l. 

In addition ,"Te see from equation (2) that 

From equations (4a) and ~b) ,1e see that in this ct..se 

In other words, all higher order manifest parameters can be 

expressed in terms of the manifest marginals. 

The same model can be used in a more restricted sense. Sometimes 

the manifest marginals fall roughly into several groups, b..Jing similar 

within the groups and different betvreen groups. Then it might be 

better to assume that there exist a limited number of fixed latent 

distances over "17hich the horizontal tracelines are e:,:tended. The 

model ·will be explained using three such latent dj.stances and then 

generalized to more. In this restricted modal, incidentally, the 

extreme items do not play a special role • The latent structure fm-

4 items ,·rould look as follo1,1s: 



{16b) 

(17) 

Item -
La.tent Distance 1 2 3 4 - - -

0 - X al 82 83 a4 
X ..,. y 1>j_ a2 b3 84 
y-1 bi b2 b3 b4 

The odd-numbered items have their "breaking point" at x and the even­
numbered at y, with x<y. 

Applying equation (4a), 

ll~ ~ °i c2x-y 

(14] = CJ_C4X7 

[ 1~ = CJ_ c3xic 

[ 24] = c2c4"i1 

Similarly, applying equation (4b), 

(32} :a c2cify 

(34} = c2c3rf 

[132] = °J_ C2°3X(X-x)y 

[ 134) = CJ_ c3 c,;c(x-x)y 

[124]= °ie204x(y-y)y 

~2½) = c2c
3

c4x(y-y)y 

Note that the middle term on the rle;ht in the above equations is (x ... x) 

if two odd items are involved and is (y-y) if t-rm even items are used. 

As in the precedinR: model -vre form the folloVJing expressions: 

gl-= ... ~= mt ·t = ciCx-x) 

g2:m~~ = ~ .. = c-~(J-7) 

~ e3 =.... = tr! -
111 c3(x-X) 

%=~~~= ~ ... ~ = c4(y-y) 

-13 ... 



(18) 

(20) 

and I 1~ 1141 • 2 _ s2 ~= 1 
:;;: '341 °l XK 

s2 
2 ~-= - y 2 ~ : C2 YY' 

-~- y s 2 - 2-
3 - {1 - - C3XX 

s2 
4 =111~24} = ~ 2 = c4 yy 

Defining ki by the equation 

~ = ~ 
s. , 

J. 

it is evident that 

In the case of imperfect data, it 1.7ill be necessary to average 

the t-rro determ.na.tions of ~ and the t,·ro dete:rr.i.;_na.tions af Si, but it 

should be noted that k1 is algebriaoall:y iden-l;ical to k
3

, and k2 
alzebriacally identical to k , so it is necessary to compute on:l¥ one 

4 
k for the even items and one k for the odd it,ems. 

Defining t~ and t; by the equations 

and I J L t ... -y- y , 

... J.4-



(21a) 

(21b) 

(22) 

(23) 

(24) 

' t can be found as the positive root of 

' and t y as the positive root oi' 

An adjustment in the values of tx and ty similar to that made in 

the previous model is necessary to insure a close reproduction of the 

cross-products. It is easily seen that 

A­-
' ' Letting B be the product of the unadjusted tx and~ obtained as the 

positive roots of equations (21.a) am (21b), 

then 

f 
l 

I .. 

B = t t ' X y J 

t = ''Jill X y 

t .vi, 
Yi A 

Usin~ these adjusted values oft and t, 
X y 

t2 
X 

X ;: 2 
i+t 

X 

and 



Havi.ng found the "breaking points, 11 x am y, the ci values are 

found using equations (17). Then eqr1.ation (2) is used to compute the 

values of a1 and b1 , and all of the latent parameters are knO"'.m. 

The unrestricted model for a latent distance scale ,rill be illus-
-3} 

tra.ted by data from a s1~y of role conflict. Four stories uere 

presented to a group of 216 subjects and each ms asked to check which 

solution of the conflict involved he thought was right. The four items 

,1ere: 

(Item 1) Your close friend is riding in a car vrhich you 
a.re driving, and you hit a pedestrian. He !:i1m·rs that you 
were going at least 35 miles an hour in a 20-mile an hour 
zone. There are no othel'" i:rl tnesses. Your latryer · says 
that if :rour friend testifies under oath that the sneed ,ms 
only 20 miles an hour it :may save you from serious conse­
quences. 

T!hat right do yo,.'. have to expect hir.1 Je,o protect yo1.1.? 

Check one. 
! have a definite ri7,ht as a friend to expect him to 

-testify to the lorrer figure~ 
I have some ri~ht as a friend to expect him to testify 

-io the lo'\1er f"irzure. 
I have no rigl1t as a friend to expect him to testify 

-to the lower figure. 

;.That do you think he •:rould probably do in vievr of his 
obligations as a srrorn ·witness and his obligations as your 
friend? 

Check one. 
T~stify that yo1,_ ,1ere going 20 miles an hour. 

-,_Tot testify that you -vrere going 20 miles an hour. -
➔~Conducted by Dr. Samuel A. Stouffer, r:;_boratory of Social Relations, 
Harvard University. 



· (Item 2) Your close friend is a Hen York drama critic. 
You have slmk all your savings in a nei:r Broa&-ray play. 
He really thinks the play is no good. 

-:That ri~ht do yoi,;_ have to expect him to go easy on 
your play in his revie-tv? 

Check one, 
I haVe a definite right as a friend to m::pect him 

~to go easy on my pJ.ay in his -re;timv. 
I have some·ri~ht as a friend to expect him to do 

-this for r:ie. -
I have no right as a friend to expect him to do 

-this for r.1e. 

Do you think he 1701.11.d go easy on your play in his re• 
via-r in vietv of his obligations to his readers and his 
obligations as your f»tend? 

Check one. 
-res' 
--"!!o -
(Item 3) Your close friend is a doctor for an insurance 
co!:lpany... He e.."Qlmines you 1·111en you need more insnrance. 
He finds that you are in pretty good shape., but he is 
doubtful on one or t·:;o minor points rrhich are difficult 
to diagnose. 

T!hat right do you. have to e:cpect him to shade the doubts 
in your favor? 

Check one .• 
- I fiave a definite ril'J'ht as a friend to expect him. 
-to shade the doi.,:bts in my favor. 

I have some r:iJ~hts as a friend to ·expect him to 
-made t~e doubts in nry i'avor. 

I haveno r-ight as a friend to expect him to shade 
-the doubts in my favor. · 

Do you think he 'WOuld shade the doubts in your favor in 
vierr of his obligations to the insurance comparry- and his 
obligations as your friend? 

Check one. 
Yes·· 

-i-ro -



(Iten, 4) Your close friend h?,s just come from a secret 
meeting of the board of tlirec,;ors of a company, You ,nll 
be ruined unless you can get out of the market before the 
board's decision becomes k'llm-111. He happens to be having 
dinner at ~rour honse this same evening. 

-:-.bat right do you have to e.."q:)ect him to tip you 9ff? 

Chee!: one. 
I have a definite rir;ht as a friend to e)..1Ject him to 

-tir me off. 
I !iave so1:i.e richt as a friend to expect him to tip 

-me off. 
I have no rir!ht as a fr.tend to eimect hil"l to tip r.ie -art. ~ --.~ 

Do you think he -rrou.Jd tip you off in vierr of his obliga­
tions to the cor.ipa.ny and his obligations as you.r friend? 

Check one. 
- y 1 · es 
-rro -
The iter1s i:rere scored as follarrs: A positive response to a given 

item vras defined as a response to the "no right" alternative or a res--
ponse to the "some right" alternative cou::,led ~·:ith a response to the 

"no" alternative of the second quest.ion of the item. 

The response ::iatterns of the 216 subjects nere 

~~02,1s_e J?.attern .. 
~~2.· of subjects so resEondi$ 

11--1-1- 42 

-+I-+ l 

-1--.f f 
6 

-f f-f 
6 

-I- 1' f-
23 

t' ./- - - 24 

f - - + 7 

--t-1 1 

-18-



-J-l­
f-f­
-tf-
f---
-f--

--f-
---f 
............ 

]'To. of subjects so responding 

2 

2~ 

4 
38 

9 

6 

2 

20 

In terns of positive frequencies, expressed in terms of propor­

tions of the total sanple: 

1 

2 

3 

4 

PJ. = 0!~17 

P2 = 0.5139 

pJ = 0.:5000 

P4: 0.3102 

pt2 = o.4398 

P:I.J = o.4444 
Pih= 0.2824 

P23 = 0.3241 

1>24 • 0.2361 

PJ4: 0.2315 

P:l.23 = 0.3009 

PJ.24 = 0.2222 

P:IJ4 = 0.2222 

P2.34 = 0.1991 

p123!F 0.1944 

Using { il • Pij - PiPj, the cross product r.iatrix is 

l 2 3 4 
0.0.330 0.0486 0.0368 

0.0330 - 0.0671 0.0767 
0.0486 0.0671 - 0.0764 
0.0368 0,,0767 0.0764 -



Usinr, 

[ijkj = Pijk - P1J)~ -pj (ilg -Pie[ ij] -PiP/k' 

[ 123] = 0 .00289 

{ 124} : 0.00614 

{ 134] = 0~00547 

f 234] = O .02094 

If the i te~Js are re-ordered in the .folloTdng ....-ray 

1 

2 

3 

4 

lTevr labelinrr 
- 1 ... ~ .. ~ 

1 

3 

2 

4 
then ·vrith this ne:r labeling the determinant 

0.03681 
0.0764 

= 0.0005. 

Re-labelinq; the items, the manifest data becomes: 

P:J. = 0.7917 12 = 0.0486 123 = 0.00289 

p2 = 0.5000 13 = 0.0330 124 • 0.00547 

P3 = 0.5139 14:::: 0.0368 134 =0.006136 

P4 = 0.3102 23 = 0.0671 234 =0.02094 

24 = 0,0764 

34 = 0.0767 

Yle will follow the s1.unmary of computation on page 22. 

-20-



0.00289 ~ o.oo~4I = 
g2 = • 0.0336 p.03 8 ..<;>.1198 

2 
0.0486(.Q.0671 t 0.QJ.64J. _ 0.1000 

s
2 
= 0,0695, -

s
2 
= 0.316 

o.1198 
k2 ::: - 0.316 · :::: -0,379 

Solving ·i:;he quadratic t 2f k2 t - l = 0 for its positive root, 
I 

t2::: 1.21. 

0.00614 
: -0.239 

2 q.0761(9.0.330 t o.o67J;l _ 
s
3 

:: 0,1132 - 0.0678 

s3 : 0,26o 

...0.239 -
kJ: 0.266 • -0.918 

Solvin~ the quadratic t 2 f k3 - 1 = 0 .for its positive root, 
I 

t3 = 1,,56 

A2::: 2_.0339_Ji< 0,0764 t 0,0348 2(2.!0671 
2 X o ;0486 X o .0767 

A - 0,818 

B = 1.21,I 1.56 :: 1.889 

Thus the adjusted values of ti and t
3
2 

are 

2 · 2 
t2 : 1.54 t3 = 2.31 

-21-



2.31 
XJ ::: .-1 : 0.698 3.3 

• O ._;i16 . ·- p(iQ Ji .,.,...,..,.. -
c2 =,~-:r-%ixo:-ii3 = o.648' c3 = o. 08 ti.362' -

b 2 = ·0.500 I o.64~n.6o7:=0~~?.A b3 = o.514--f 0 • .395 = ~~<22. 

Thus the parameters of the tT10 "middle" items have been obtained •. 

1/ 1,!@( 0, 0486{ 0 .OJ.JO:{ 0 ~0)68 
1 

~Xl: '2\_ · .. ,: • ' 0.0671 ,f O .0764 .,,... 

c1xl : 0.190 · 

bi= 0.792 fo.190: o.982 

a1 = 1 ~ o.982 = a.,Ql~ .. 
c1:: 0.982·- 0.018 = o,99L1 

1_ = 0,190 :0.197 
0.964 · .. 

a4 = _0.310 - ~-194 = 0.116 .• 

b4 = 1 - o.n6:: 9.J84. ---· • 
c4 = 1 - 2x o.-n_6 = 0.768 

x4:::: 0~194:: 0~2,3 
o .'768. 

x4 = 1 - O. 253 = 0. 74 7 • 



Reverting nmr to the original ordering of the items, the latent 

structure has been found to be 

Laterri; class Items 
Jroportions l ~ 2 4 

0.20 0,02 0.25 0.34 ~12 

0,41 o.98 0.25 0.34 0..12 

0.09 o.98 o.89. O.J4 0.12 

0.06 0.98 o.89 0.91 0.12 

0.2~ 0.98. o.89 0.91. o.aa 

Xl -. 0 20 - ·--
~: 0..61 

Usine; this latent st1"t1cture., the response pat.tern frequencies 

and the cross-products 1:h ich it ·:rould e;enerote were couputed. They 

are oor.1po.red "':ri th the empirical data in the folloi:n.ni tables. 
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{STOUFFER ROLE corFLICT DATA) 

T.f.DLE I 

COi:'.?:filSOH OF FITTED Ll1D EitPIRICAL HZSl-ONSE ?ATTERH FREQU:;.rc:ns - . ~--·-- , ... __ _ ____ ..,, .... 

Response ~ of each Pattern in La.tent Class Total Fitted Actual 
Pattern Total Total 
1 3 2 4 I Il - III +V V d 

•·. 
,~ 

7777' - 2.1 1.6 2.a 93.S 100, 41.0 42 
- ff. f 33,9 l,8 "' 1.8 62.; 100 1.2 1 
-f- -f f 0.3 34~8 1~2 1.7 62.0 100 7~4 6 

ff~f 0,3 23.1 18.4 1.6 $6.6 100 6.9 6 

1' f f - 0.3 25.3 19.9 34.7 19.8 100 25.4 23 

ff-- o., 52.) 41,2 3.8 2.2 100 23.7 2s 
f- - t o.a 87.8 2,7 o.4 8.4 100 S.7 7 
-f- f- 0.9 88.9 2.7 4.8 2.7 100 22.2 24 
t - - - 0.9 95.7 3,0 0 • .3 0.2 100 39.9 38 

- -f -I- - 86.1 3.6 2,4 4.8 3.0 100 3.6 4 

- f' - - 91.7 3.7 3.0 0.3 1.3 100 6.5 6 

- -f- -I- 92.) 5.1 2.6 ... 100 o.8 l 

- - -f ~ 94.8 3.9 0.2 0.2 o.9 100 10.0 9 

--ff 96.7 3.3 - 100 1.3 2 

--- ~ 
95.9 4.o 0.1 100 19.l 20 



(STOUFF:SU ROLE COlJF'LIC'l' DA'l'A) 

TL.DLE II 

COlrPl.RISOIJ OF FITTED AlJ) K :PillIGJ;L GROSS-1-UOD UJTS -·-------·-----·----- .. -------- -

ffFitted 11 Cross Product; :7atrix (Computed from I.at,cnt Str1.1.cture) 

l 3 2 4 
1 _,... ... .0481 .0325 .0367 

3 • 0481 --- .,0676 ~0762 

2 .0325 ~0676 -- ,.0764 

4 .0367 ,.0762 .0764 ---

Residuals: Empirical Cross Products :mus Fit'i:,ed Cross Products 

1 3 2 4 
l ---- ,£.0005 f.0005 ,£.0001 
3 ,t.0005 -- .,t.0005 ,f.0002 

2 ,t~ooos .,l.0005 -- ,t.0003 

4 ,t.0001 -1-.0002 ,f.0003 -



Paper Number 4 

LATE::·n TRICHOTOlfI WITH Cot~JUGATE ITEMS 



Llt'.i?I:IY.i' 'i'P..ICIIOTOI".Y ·::Ti'II COIJJUGA'rE ITEL.IS 

The model to be oonsid01·ed here is a restricted latent trichotomy 

vrhich pennitf; a relatively easy derivation o'· tl e equiva] ,:;nt la.tent 

stri,ct.ure from the manifest d.,ta. 

Sup•·ose '.7e have n number of d-i.chotomol's questtons nhi("h have arr,ro­

::d.mately linear trace li.nes anil sw ~ ,ose tlu1t tho populntion to be tested 

c-:,n iJc 1)-"rtitioned into three clamies Sl1.ch that all individuals in a 

partic1:lar class hnve the sn.me probabilit.:t of responding positively to 

a i;iven quost·i.on. These fatent :marginals -::ill lie on the linear trace 

line of the quest·:_nn, antl since they form an arithmetic progression we 

can des;_rmate the 11 tent mar,:,inals of the i th qui'lstion 12.s follons: 

-

P:ri ::::: xi_+~ 

Prii = Xj_ 

PIIIi-= ~ - gi 

- --·-- --,x,· - P:i 
I 

I 
L _____ _ 
III 

-- Ix. 
1 

II 

--- - ----r-·· 
xi. +1 ~ 

I 
I 
I 

I 
_ ___ _._ ___ c.ontinm.'Ill 

I 

3u, ·::iose non ,;re 8hnnge the teat, i:c mittinf~ three possiule responses 

to each question: yes, don't knovr 111:d no. -,:e can assume 'that tlle indi­

viduals in the tuo e:;rtreme classes, I and III, -rri.11 .maintain tho sar.ie 

proba"uiJity of positive res!,onse to a particula.r it61!1. Por exn:mple, 

-1-



an individual in class I '\'riJ 1 still say ~ to a M ven q1.1.estion -r:it,h 

the s.~>ne -rrol.,:i.hil; ty. 'Cvt. an in.di vid1 •al in the middle class, cJ.,.,, ss II 1 

beinrr lP.~:- ff'""tre1ne in his attitP<le, ,.::Ul have n decre.:ised probability of 

aner•eri.nri: yes. 

·rhns, if ,,re bre~k thP i th question into tYm i terns, the first (item i) 

formed by def· n~ nrr ~ and don't knrnv resr-onses as nos-;_ti ve res ... ·or!ses 

anri t!ie se,..nnd (itel'l i 1 ) formed by defi.n;_np. oniy yes res• onses as posi­

tive, -r:re •·ri.JJ obtain t··o items· .hi.ch are ~onjup.:ate in the fo110'dnt~ sense: 

items i anrl i' 1 :ill have "i;}!c same 1.::ttent mnrim1.ls in ch ssI, and the 

sa1•1e latent marp-i112.ls in clust:III, but the k'\tent rnarginal of' class II 

uilJ be i~1creo.sed U:f a certa i_n increment for item i, .::t..lld decreased. by 

the sar'!e incr01·1cnt for item i 1 • 

Grar}lically, the l· tent ma.rr:im.1s of itel!l i ani1 of item. i' 1r.i.ll lie 

on t\"ro ynraboln.s ''hich ;_•re ~onjun:a;~e in the sense def-Lned here • 

II 
I 

/ 
I 

I --' -,ti-,~ ..... 
I 

I 

' I 
III 

,./'",,, 

//' 
/ 

/ 

--------
.. --·~-- ---

• 

--

----~+~--­
' I 

.. /ra ~e line of i tan i 

a I .. 
I ~com;:,_nuum _____ I .... I----~-----I---7 



jT_ 
•. J.-

\ 

1·re oon sUIIllil,.1.rize the equivalent l::i.tent structure as folloi:rs: 

Latent Class Latent Ihrrd.hal La tent I.:.:::rginal 
Class l'roportion item i item 1 1 

I a Xj_ + {½_ ~+ ~ 
II b X:i,+"2-i Xi. -~i 

III C ~ - &i ~ - gi 

Given the resronses of a group of indi vid11als to m trichotomoi.:: s 

qt~errtions, t!1c manifest data necessary- for the deriV[l,tion of the :Latent 

struct1-re ~an be SU.'ll!?larized in the manifest jotnt o~•-:urrence matr:..x I.I, 

17hi ~h ,i. 11 iJO ..--ut in trms of proportions rather than frequencies:: 

1 Pl Pi' P2 P2 1 
~ ... ., Pm Pm' 

P1 P12 PJ.21 q • ~ • ,c P1m P1m1 

PJ.1 P112 P1121 ..... P1•m P11m1 

P2 P12 P1'2 ~ ,II :I •• P2m P2171 1 

P2¥ P12t P1121 « " <t •• P21m P21mw 

• . . 
• • 

1Pm P11n P1•m P2zn P21m I • 1' • V 

Pm, P1.m 1 P:!_lml P2m1 P21ni1 (J t •• " 

" 

Usiw:r first the manifr>st marp,inals of the items, 

p. -1- a(xi + gi§ + b(Xi_ + ~i) + c(Xj_ - f½.) 

Pi:=. (a+b+c)~ + (a-c)gi+ b½_ 

Since a+b+c - 1, 

Pi =. 4. + (a-c)l½_+ b~i 



O) 

(h) 

The latent marginals of an item i I di.ff er from those of item i 

only in the sir~n of 2 i' so ue can nrite 

The mani.fest marginalc nill be nsed only in the oombinations 

Pi+- Pi I and P:i. - Pi 1, so ne introduce the fol lowing notation: 

<½.=Pi+Pi~ 

~i Pi - Pit. 

Usinr: the eq1,.ntions for pi and pi 1 , 

Oi =- 2x:i_ + 2(a - c)f½. 

& :,t 2b~i 

pij:..a(xi + gi)(xj +gj)+b(x.1t~i)(xj-ri)+c(x1 - ~)(xj - gj) 

pij~xixj-+(a - c)(xigj+xjgi)+ b(x1~ j+xj ~i) +(a+ c)gigj+b 2i ~j 

f1ipj=[~+(a - c)t;i+biJ [xj+(a - c)gj+biJ 
· 2 2 
pipj=Xj_xj+(a - c)(~<:igj+xjf½_)+b(xi~ftx}.:1)+(a -c) gigj+b ~; 

+ b(a - c){ltg.i +~.i~) 

G.il = Pi.i • PiPj ~ 
[ij]!:!: [a+(' - (a - c)j gigj - b (a ~ c) ~igj + ~jl½_)+b(l - b) Ii ~j. 

Sinr.e the i-cen i is chanp:cd to the it,on i' by c1:tnnpi.ng only L:te 

si.Pn of ~i' .-re can i.mmerli.ately -write 



(5) 

(6) 

?ho terms involving ~igj + ij€½_ can be eli1nimted Let.:een ( ijJ 

and U, 1 j j andbct•. recn [i I j] and ( ij '] , gi vlne 

(ij)+(i•j~:::: 2~+c-(a-c)~ gigj+2b(l-b)~i~j 

[i'j]+(ijq = 2~+c-(a-c)~ €½_gj -2b(l··b)~i~.i ' 

Eliminatin,..,. the tems involving l½_gj in these t1:ro equationst 

[ij] +f!1j~ -~i'j] +[ij~) = 4b(l-b)~izj. 

Th ,,, ,·,('.'!bination of cross-products ·,"ill be used as a computing 

1.mit, so · ·e introd17~e the no•:.ation 

In this notation, 

.6ij =- lib( 1-b )Z i ~ j. 
Us·i.ni; equation (4), 

Di; -- (1-b) C' (' 
•' -·- 5 a i ~ j . 

:;olvi.n!"•' for b, 

This cqu,-1.tion "l~ten!lincs b in tcnns of manifest data, but tlw 

r.,t o on the rir,ht can be formed fron n.ny tFo i :-ems so ·.1e ,rrite b1 -; ·,. 

to indicate the com,~t1tat-Lon oi' b from items i o.m j, 

,The nbestn esti.inn:t.e of b ··i.11 be found by obtaining tLe average 

value of bij over all possible pairs i,j, i ;fo j. Let this average 

valve ue denoted by b, 

Usin? equation (4), 

-s-



(7) 

Since ~ i is comp1lted from the manifest data of item i m d o:r 

my other i tern j, we ,·.rt te 

The vah1e of li. is found as the averap:e value of f i,.j over all 

j~L 

To find the remaininc pammeters v:e make use of tetrads of the 

form [ ii 1,~ j I J , defined by 

In Chapter X, p 41, equation (2.2) it ·uan shmm that 

1 1 1 1 1 1 

[ij,k[J = abc Pri Prii PrII • Prk Prik PrIIk 

PJ:j Prij P:rrr P:r\ Prrf PrII1 
I 

In the present notation~ 

l 1 1 1 l l 

f_ii j, jj 1] = abc Xi+{½_ ~+1-1 xi-~ • xj+gj xj + 2..j xj-gj 

I :l½_-rl½_ x. ~. :l½..-g1l xj+gj xj-lj >:j-gj ].- ]. . 



(8) 

Subtractinp, the third roYt from the first in each of these deter-

minants, 

1 1 1 1 1 

[ii 1 , j j j =:, abc 0 2li 0 • 0 2~ 

X-f.t81 X:l.-1.i xi-~ xj+gj xj-1,j 

1 0 0 1 0 

(ii• , j j ~ .= abc 0 2 ti 0 .. 0 2lj 

xi-ti½. 0 -2~ xj--tgj 0 

Forming the corresnondinr tetrads for items i, k arrl j, k: 

[ii' ,kk ~ = lfubc ½_ ~:k 8j_ gk 

Llj 1 ,kkj = 16abc ; ~ gjgk ,. 

2 
If -rre define Ti, jk by 

r., 2 
:r •• k= 

1., J 

2 
T .. k 
:t, J. 

rii. · · •1 r-. · 1 kk'l L •rJ~ U.1 , 

1 

0 

xj-gj 

0 

0 

-2gj 

T1 , jk' as defined by equ.-:i.tion (8), is formed from matiifest data 

and nill ue used as n co1:ir11ting unit., Define Ti as the average of Ti,jk 

over all rairs of j,k ¢:i, 



It is necessary ncnv to define the cross-products (ii) and (j ;i 1). 

These cross-proch1cts do not anpear directly in tenns of t:!~!nifcst. data 

but must be defined by means of the condi_t.ion imposed ur-on the cross­

prodn~t matrix by" the assumption of t!Jree latent classes. Since the 

cross-nroduct matrix m,1 :=;t bf! of rank 2, all third order determinants 

must vanish. Thus, in the cross-product nntrix fonned from three items 

and their conjur1ptes : 

I ( . - ) 
\ln/ ((?-10) [121 (12•] [13) (131] 

t~) (~•1~) [1 12] (1121) (~i jJ ~•J0 
\l-'2) \~21) ~?2•]) (23) \._23 ~ 

(121) [112~ ((22 ~) (~12~) (21j} (2 13J 
~3) (1 13) (23) (2 13] \(33]) ((33 ,)) 
\}JI) . ~131) ~31) (2 13~ ~}3']) (fr 1Jj) 

the undefined elements, in parentheses, can be defined by setting a 

suitable third or-:ler sub-detenn-i nant equn.1 to zero. For example, (u] 
isdefined by the eqnation 

[117 (121 (12~ 
[13] [23] ~13J =- 0 

(13~ (230 [2 13j 

Expanding by the minors of the first ron nnd solving for [ n], 

,'Jmilarly [1 11J CD.n ue found. 

Setting j = i in the equations for (ij 1 and ~ 1 j 1 J , 



[1:1 J =~ -re -(a-o/] p'i 2 -2b{a-c) ~1gi +b(l-b) 2i~ 
(i'i:}=~+c -(a-c)2] gi2+2b(a-c)~i~ -t-b(l-b) 2i2 

, 

Thus, 

(10) [ii] - (1 11 1)=- 4b(c -:a)~ 1{½_, 

(ll) 

(12) 

(13) 

(lh) 

(lS) 

Substit:,tinrr. for ¼gi from equation (9) 

L ·1 r. J _ 4b(c -a)T1 
l2-]. - ~ 'i ' - 4 ~ ' abc . 

If k is defined by the equation 

(111 - ~i'i 1j= i{b'Tilq_ 

( iil - r 1, 1 11 
ki:::. Ti J'b' 

The subscript indicate~ the i-:~em from which k1 has been formed. 

Ls many such ki Tr.ill Le found as there are questions in the test; k is 

defined asthe averare of these. 

Lettinr, 

t=-{f J 

t can be found as the positive root of the quadratic equation 

t 2-+kt -1 = 0 

·-_'hen t is knorm, a and c are easily found using 

t2 (1-b) 
a=- 1+t2 

1-b 
c-~ 

-9-



(16) 

(17a) 

(17b) 

The pararnetrir g1 is fonnd by no·11hin.inrr equations (9) nnr1 (h): 

&"1 
T1 = h f abd '2'6 ~i 

SubstitutinP, fror.1 eqt•.:i.tion (16), 

/:lternriti_vely, sin(?e gi is no-.- kno,:n, Xj_ may 0e ,-:omnuted fro!'! 

manifest. ,fat,.'l. For '.;hi_s derivation only three TL·est:_ons, yteldinr three 

,:.- i.rs of mnjugate i•cems~ are neceuso.ry., '.i.'he equivalent lo.tent structure 

of three pairs of -n nju~te items involves 11 un.loio' .. n r-arame·c.ers: 

a, C 

Xl, X2, X3 

gl, g2, g3 

(b "'· 1-a-c) 

?o expresf: t!l se un!mo· ns in terms of manifest data 1te have used 

1~, ser--·rnte manifest data: tT,e 6 first order frequencies 

-10-



P1 , P2 , P3 ; P ~ , P 
12' P 

1
J • 

at"l,1 ti,r ):-J ~ross-prod·,cts 

(121 • [13)' (23) 
[1 12), [1,~ ,(2 13], [121, l13'). ~23~ 

l1 ,2~ ~ [1•3'J, {2 13 J, 
?"'e"flfo e there mmit exist 7 ~mtions connectinr these 18 manifest 

rlata, on1y 1} oei_nf"' inde:en-ient, These 7 equations are the cnnditions 

of :reducibility -..mich mu::;t be ,.,pprox:i.ma.tely satisfied l>y any ra rticular 

set of manife.5t data if this model is to be applicable. F'oPr of t.hese 

conditions are evioeYJt t11 the precedine: derivation and a fifth is easily 

dertver from the ~ross-prorli·ct matrix; the remaining tv.ro ,•r-nditions are 

'10:,c· ,·Fff"c-11Jt to ar::-lY an1 ··iJl ue dis;- 1 ssed only- oriefly. 

rt - '.:!S sha n in e1mtion ( 6) th:1t the val;'e of b r-'.ould be cotnp~ted 

fr0111 the inanifr>.st of any -::,- -o ra ir of conjuf{ate items. 'I'h1;s, ·.~th three 

p."i.r of r:nnjurate items there arc, three sep::irate detcrmiID-Lions of b~ 

restr' ~ted tr-i 1".hotor,i~· c<msirlered hr-re -:m,ld yif1ld identicaJ v:,}· es of 

b1;:>~ b13 "!.rvi u23' b11t, in r"mPr.<'IJ t!,ese val1 1es ·i.1] ;lif"fer l:"};_rrl~tJy, 

tl1eir f!e,·rr•e of e,ra1itv ;_,eine: e ;-ort,i·'l m.easvre of t:e ;,rrH ·aL>ili_t_,y of 

the 1,1al e 1. 

'/he con 1it 10n tr;;:;,t b12 :ir.: b13 =-b23 is e~:si.ly red1.,ccd to i:)ie ,~on~ 

dition t}_:-lt 

~ 1 ~23 ~=- ~2 Cj.13 = S 3 ~12 

-~11 1;:-ion a:~) expres:::r,r; to 1,,..de,-c·ro:erd, r'.n.nditLons of reducibility, 



'l.'-·:o mo.,..e inde~n,4ent oonditions are obto.ined from e·1uation (12). 

i' .. tP.f'l- ~()T"lr-OsArl o~ th-Pe mirs of f'llDjup-ate items ·i]l yi.eld three values 

of k ,---hi_~h ··ill bee-11.nl only for perfectly reducible data, 

l fifth condition of rectuciliility derives fro!!! the fa.ct that a 

croflf:-rrod,.i~t of the form tii~ can ue compui,ed in t·.:o separate ·.:ays 

from the cross-prod·•ct matrix, i.e., there are ty.ro different zero-valued 

third order s 0iudeteI"!!l.inants of the cross-product matrix involvinf" only 

[ii•) as un.kno-.·n • 

For ex:imp}e, t:-~ r.ross-pro 1ur,t (11 1) is def·1.ned by tv:o determina.ntal 

eqPations: 

Lu~ [112] 6•2iJ [:11~ (12) [120 
(13] [23) e13J =- o, u·~ (23J [2•~ :::o. 

lI3j (21j @•3j (1 13j ~3 11 ~'3j 

8i.n,..e t 1 ·c~e e-,:uations rn11°·t yield the sa!'le v;:,lPe of [11 ,J , oo lvinr 

ea~h arv~ eq11atinrt :he expre~sions for[11J,, 

[_12] [1 121 ,33 1] - (12 1
] [1 1 2,33;) - (1 1 2) [12 1 ,331 +\J.•2~ [12,33Q-::o 

Si,.,il:i.r developments usi.nr: the cross-products (22 11 :-md (33 1
] lead to the 

S[lmC?. eqr·ation, so there is one independent condition of reducibility here, 

T ·o more independent red1.1 cibility ,::onditions c:1n Le derived frol"l the 

cross-nrod1!ct matrix, using the ~ondition th'J.t its r··nk LJc 2. Four 

diffe~nt ~ero-vnlueo third order determinants involvin~ only [ii] and~i 1] 

a~ non-m..1.nifest elements ca!1 be found.. . lim.inatinr- Lii]and [ii 1] among 

trese forT e1nations yields t 0 :o i 1-i.deren-lent ,....o:ndi tions. no, ·ever theGe 

rond-tt1_0·,s are too ~om Jir""1.\e1·1 to make procti ~n 1. t!JGir 1:se as a test of 

-le-



It has been shoYm th2t three trichotomous questions suffice f.:r 

the der.i.. vation of the equivalent latent stru~tt-re if the oon<litions of 

rerlucibility to this restricted three cl.'.lss model are sa.tisfi_ed. In 

general, hor.rever, the latent parameters - i.11 be co!'lputed f"ror.'t a test 

consistin•7 of more than three items. and hence it is necessary to oomnut,e 

the p-:rameter b and the computatto!,al units T1 usinrr data from all of 

the q_nes·l-;ions. 

It is evi.n.ent fro,!' eri,,ation (6) that a value of bij can be computed 

fro!!l arr;r rn ir of ite"':;. Thus for a test of m quor.stions, as many valuet, 

of bij r:ould be l"OMr ,. Le<l as i.:,herc are ~ombinations of m items taken tr:o 

at ~ ti"le. (For ex.r·- ,,-ile, for a test of' ten -1ne□t,ions i'~, · ould ue necess-
10 

ary to com ute aru1 
i. 1-en avcra~e c2 = 45 different vnlues of b) 

t good nnrro:ci·ria[;ion to t.hc :werar:e vake of u 1:->r l>e found 1Jy 

averaging separ;_, i:;,··ly the nnl'llcrator and denominator of 

b .. = 
1.,1 

, •ood aprroxima-tion to L is rd.ven by 

·:here m is tl1e nur.iber of qn<?t,tions in the test 

-13-



'i't,e tenn S ( A \ is the sum of /\ .J. over all pairs - . . ~j ~ i~ ~ 

i,j. '.i.'hi.s sum can be obtained fro1.1 the cross-' rod, 1 '.t ~.:i..trix, 

1 

1 

2 

3 

4 

ere-

lddini:,: alon~ the diagonals of the cross-product matrix, giving a. 

ne~ative si~ to the Stlll of the ele1:1ents in the first diagonal off the 

main diagonal, a positive to the next, etc., and adding these diagon,1 

sums ~-ri_th their proper sir:ns (l.ivcs the sm of ~j over all pairs i,j. 

2 
A rood a ,·,nroximation to the averarre volue of ·r. . defined by ,. , .~ 1, Jk 

equation (8), over c:.11 pairs j,k ,':,i is obtained by' a device completely 

• analogous to that m,11,d to est.i.mc1te the avera.p:e value of sf in the 

tFo-class case. ···n tin~ the P.Iatrix of tetrads of the form [ii 1 , jj 1] , 

and omi_ttinr. the diagonal elements ·:mich are of the fonn ~i 1 ,ii 0 : 
1 2 3 4 

1 ~l' ,221 ~1 1 ,J) ~ (n 1.44~ 
2 [11 1 ,22~ [?2 1 ,331 ~2i 1L4~ 
3 (11 1 ,33~ fl2 1 ,33 ~ [3.Jl,44~ 

h Gli ,L4~ fu2 1 ,443 ~3 1 ,hli) 



(21) 

Lettin~ T
1
_? be the average value of T.

2 
.k over nll. pairs j,k-¥-i, 

1,J 
th, follo:1 nrr equation is a p.oorl · ·ork-Lng ap:·roxi.r<1ation: 

c:-z.. .::::the st1111 of the elements of row i (excluding the diaponal tenn). 
1 

~ i 2 = the sum of the squares of the elements of ror:: i ( exch1ding the 

Iii rt~onnl tenn L 

~- = the s' . .'JTI of all the elements of the tetrad matrix (excludinµ: 

d 1 a ron:il tenns.) 

It bas b~e!1 pointed 011t that uny three itens are Sl'fficient to de­

fim, the cross-products (ii) and [i 1i ~ •:hich enter into equ .. '!.t-ic1n (12) 

exprr:ssing k..i_ in tenns of manifest data. A test consisting of more than 

thr,·e i-Ler.i.s penn;ts many det.enninations o:f ( il] arrl o.f[i 'i 1] and these 

w1 • 1 be equal only if the data is perfectJy reducible to the model used 

h,,re, It ~ .. ol'ld be possible to single out all of tl1e vaniehing third 

01-der s,.,bcietenninants of the cross-product matrix oont'1ining[ 11], say, 

and solve each for [1t] 1rhe average of thilse values ".'ould then be 

the valiie of (11] so11 1·1ht .. 2ut s. nee there are mnny s-..1ch detenninants 
I 

it is easier to fi.nd these diar,-on.:i.l elements using 'i'lmrstone Is centroid 

method on the tvro cross-product matrices: 



l 2 3 h m 

1 [12] (13) [ 14) [ 1m) 
2 [.i2J [23) L24] (2m) 

3 (13) [23) ----- [34) [Jm) 

4 (141 [2h] [34) (4m] 

• . . • 
• . . . . 

(1mJ [231 (3ml (um] m 

and 

11 21 31 4i -- m' 

1' -- 8'2~ [1133 [1 14~ --- [11m;J 
21 [1 120 [2131] ~,4,1 -- (2 1m1J 
31 [1•3~ [2•3~ [3 1h1

] {)tm~ 
41 (1 14~ [2 11, .: ~•4 1

] [4•m0 
• • . . C . • . 

m' [1 1m~ f21m~ [J•m0 [4 1m1] 

-16--



If the cross-prodt~ct mntru: is approxim.'.:l.tely of' rank 2, as is 

assll"ried in this model1 then the diagonal elements thus obtained will 

be very ,:;ood ap .... iroxiJ:tations to the values of (11) and G, 1i 1] • 

For p;1rposes o:t' illPstra.tion this model yj_ll be applied to d~ta 

from a comparative stwly of radio am. !!lB.gazine serials condt1cted ·about 

1939 by the Office of Radio 11.ese.-irch. 

were asked of 628 respondents. 

Table 1 

The mne questions in Table 1 

Quest~_on 1. Do you fneJ yoP kno• · the characters better in ma.pazine 

stori~s or radio serials? 

Question 2. ··.bich stories do you remember longer, magazine stories or 

radio stories? 

Question 3. ··111ch are more excitinr, ma.?azine s·i;ories or radio stories? 

Juestion 4. · "'..7hich arc more true to life, magazine or radio stories? 

Question 5. "bich help you more to for[>:et your troubles? 

Question 6. In 1,hich is tl1e content more interesting? 

Question 7. ··!hich is more relaxing? 

Question 8. Do you have more op,ortunity to listen to radio ser.;_als 

or to read ma~azine stories? 

Q,,esti.on 9. Do vou think it is easier t.o re;.id mn17azine stories, or 

list.en to rarlio S"ri.als? 

Fossible resronses: 

L rna~zines 

3. no difference -- eq-cal 

5~ no ans er 

2.. F..a.dio 

4 ,, Don't knc,n 

-:: This a· r,lfoation is taken fror1 a : '.aster I s thesis for the Depa.rtment 
o.f foliti,....al :.:dence, Col1mibia Univers~ty, by faula. Siegel 



The responsP. "m.arni",ine" vms arbitrarily rlesi~ted the affinnative 

resnonse; "radio", the ne!"ative response; and che last three possible 

responses •·rere ,,.rol~ed to~ther as a single "don 1t know' response. 

Table 2 

,.reakdorm of Responses to the !!ine Questions 

Response lJuestion 

1 2 .3 4 5 6 7 

ma1"Pazine 149 206 80 135 213 230 263 

don't know 139 151 16) 188 171 172 135 

8 

108 

183 

r~dio 340 271 385 305 244 226 230 331 

sample size:628 

ir-.,ro items, i and i,, ,-.erefomen. from tbe ith question as follows: 

item i by groupinp, togethe•· the ma~azine an:1. don 1t know responses as 

positive responses, and ii.~em i I by counting only th~.1.gazine responses 

as positive. 

·P .,.,.;1 i i i-~ 

61 =0,6959 

6 2 =- o.8965 

03 z 0.5143 

04-: o. 729.3 

05= 0.9506 

<f 6-::::- L0064 

J7;. 1,0526 

6 r ~ n.63Sh 

69= 0.5605 

(' 
01 -x. 0.2213 

&' 2 .. 0.2404 

~ 3 -= o.2596 

~4-= 0.2994 

&' 5 = 0.2723 

~ 6 =- 0~2739 

f 7: 0~2150 

J a -=-0.2914 

£" 9 ::::0~2325 

9 

10.) 

146 

379 



TABLE S th . 
Jil.niteet Joint Ooourronoe Jlltrix (Element in 1th row, j oolumn Pij) 

v 
1 p 2 2· s 3i ~ ,~ 6 5v 6 6i 7 1• 8 8' 9 9~ 

l 0420 e202 .320 0092 .319 ol4S .411 .199 0431 ,,213 0401 .202 a!44 .110 0333 Qll9 

1 ;, u20'7 ol89 0108 oOS, 0189 ol34 ol96 ol86 0218 .. 201 0191 cl88 ,.,142 clOO 0131 .108 

'Z 0336 .102 0424 .,167 c.479 0266 c60l .. 268 "470 .,28~ c313 ol27 0341 0132 

~ i ul.16 .,088 0199 ul66 0263 0232 0269 0240 0239 0236 _,161 ,,111 _,139 0116 

3 0326 0094 o~6'1 c,134 0366 .,uo c359 ul~'t oSOi ,.080 ,2ai .,076 

?P c096 0080 c,107 alOO 0116 ~107 .,102 .100 0081 0062 c067 0062 

,i c4SS "210 ,tiS2 "228 cfi28 .220 "358 .108 ~3~6 ,,113 

4· .. 162 0150 0191 .,178 ,166 .. 162 ~111 u078 0106 oOS-4 

6 0643 0290 c.508 0301 0393 0126 ,,363 0140 

6~ 0296 0268 0Z72 0266 ol10 oH6 .. 160 0124 ,1 
~ 
,-4 

d 0626 .. 516 ,,,us ,,142 o37l ,14'1 ti 

SJ ' ,282 ,,2'14 ,.194 .,129 .,168 0132 

1 0392 _,lSl .. 366 .,14·7 

1 - 0186 ol26 .110 ol46 

8 0331 cl21 

8•1 .. 100 a092 

9 

9{ 



TA'JLE 4 
(!ae•-,ent 1n 1th row. 3th ool\lJnr.. [1,jJ 

c1wr:~-PROO'.'CT 1!.l\'fRIT. 01" Ii t'IB ITB ~ A 1' CONJtlCJ,TRS 

1 l' 2 2' 3 3' 4 4' 6 6' 6 6' 7 
,,, 

8 8' 9 9' 

1 { .163) .160 .062 .143 .034 .143 .o,s .130 .. 044 .138 .046 .111 .010 .1s1 .o~u .161 .044 

. l' (~102) .072 .112 .016 ,.064 .045 .. oez .061 0104 0066 .114 0041 ~089 .,OS2 a060 0037 .069 

2 (.134) .. 116 .. 029 .. 131 .. 045 .132 0064 .138 .059 .109 .031 .109 .030 .122 .039 

2' (.119)-.011 .046 .030 .087 .053 .121 .,069 .120 .031 0098 ,.,.001 .0ti6 0008 .062 

3 ( 0125) .127 .. 011 .,120 .003 .ll 7 - .. 002 .,094 -"'0026 0122 .. 013 .,128 0031 

3' (.037) .030 .052 .029 .o:;1 .035 .. 060 002]. 0047 .. 022 .040 o0l6 0041 

4 { .128) .122 .036 Ql33 0039 .102 .004 .120 .020 .,123 .029 

4' ( 0074) c03l ,.077 .. 063 ol.00 0029 0072 0012 .041 0020 .069 

5 ( .149) .162 0066 .120 .046 .110 .021 .121 .040 

5' (0121) 0077 .1:54 · o0b7 0124 .013 .066 0016 .069 
0 

0 
N 

' 6 (el48) ol20 0060 .111 .,032 .,117 .042 

6' ( .. 134) 0050 ol2l .026 .066 .,012 0072 

7 (.,108) a098 e022 all5 ~043 

7' ( .101) =0006 .054 .004 0076 

8 ( .126) .147 0046 

8' ( .064) .. 032 .064 

9 (.140) 

9' ( 0070) 



The elements ( ii] and ~ 'i ~J in table 4 y;ere obtained by applyinr.r 

'T.'hnrstone 's r.entro4.d fa·"torino: lJlethod to the t-r10 cross-produr.t matri,..es 

foJ"l'led from unprimed an--i prirnAd items• respectively.~~ 

b (2.JOt;8)2 - 0.~981 - --· ....... ~------------------
(2~3058)2 - 0-.5981 2(4.9095) 

b 0.32103 

Hnvin:" obtained the value of b, ~ i is found using 

< r 
L- ~i 

i 2b 

2= 0.2£596 ---.3 0.6h21 - 0.1~04 

~ 4:::::. 0.299!.~ _ 0.466 -----
0.6421 

~ 
~ - 0.2723 - 0~424 

- o.6u21 -

-,. 0 ,,e f;olzinger end :::r.'..'.:rman, "Faetor Lnalysis", ap· end.ix iZ. 

I",~] 
... c. ·~·-· 



i6 = 0,2739 -- 0.6421 o.427 

~ 0.2150 7_ 
= 0.335 - 0,6421 

~8= 0,2914 
0.6421 ::;:. o.454 

Z9_ 0.2325 
=-0.362. -- 0,6421 

The value o i· T/ is found by form.in.~ the matrix of tetrads of 

the !om [ ii 1 , j j J and arnlyinrr equation 21. 



TAiJLJ: 6 

. MA TR IX OP TETRJ\DS IJP THE 1<'t1F:M 11 I &JJ. t 

1 2 3 4 6 e 7 8 9 

L l .014094 .00'1168 .009824 .. 011385 .012684 .009381 0006838 0008869 

2 001'°94 .006628 .010066 ~012621 .. 013069 c,009800 .. 006084 .,007271 

3 .007168 .005628 .006332 .,006786 c007076 .. 004944 0004699 .006080 

4 .00982, .010066 .006332 0008246 .011099 .007284 .004690 ,,006620 

6 .011385 .012~1 0006786 .008245 .015167 .012345 .,005921 .007666 

6 0012684 0015069 .007076 .. 011099 .. -016187 0011929 0006971 0007936 

7 .009361 .009600 0004944 .007284 0012346 0011929 .006406 .,ooao·r.;; 
' I') 

8 ~006838 .0060S4 .004699 .004690 .,006921 .. 006971 .,006406 ,.008016 
, 

9 .008869 0007271 .006080 .. 006620 000'7666 e0079:S6 "008676 .ooeo1e 

2: 1==- .. oeo233 .078672 .Ofi761S Q06frl69 .. 0801~6 .. 085920 .,069666 .,048476 .060022 

~..=. a6l4'794 

• 



Usini7, t!iese vulues o:f T1 , ~ is oomputed by equation ( 12) : 

k ~ 1,0226. 

t, the siuare re:,.;; of t1ie ratio of a to c, is found us the positive 

root of l"he qt'Jldratic eqmtion 

t -

t=-0.6118. 

us;_nP' eqnati(')Y!S (14) and (15), 

a -;s O .18', 

~ :.O.J.iAi 



Ar".')]yinp e'}1 1ation (16), 

, 

Using equation ( 17b), 

The Gomputed latent s:-,ructrre is suinmari~ed below, 

caass Item 
Class Pronortion 1 2 . .l ~ 2. 6 l 8 2. -

I "105 ~963 ,9)9 .549 .716 .973 1.041 1.063 .582 u701 

II ~321 ,,838 ,9S2 , 730 ,,914 L017 1.057 ,938 ~834 .. 742 

III .494 .023 ,157 .103 .H3o ,213 .219 .2h3 ~178 .059 

Item 
1!... g_~ l2.. LL_ £ 6!_ 1..!.. fi!.. 2.!. 

I .18~ .963 ,9}9 .~h9 .716 .973 1.0\l 1.063 .532 .701 

It .321 .ll/l ,204 -,078 -.018 .1(,~ .203 .318 -.074 .018 

III ,u9!i .023 ,157 .lOJ ,1'30 .213 .21.1 .243 .178 .05:1' 

Hs4n1: tflis ~omputed 11.tent ::;'.:,T1.Tt.ure, 1,he 114 joint positive fre­

quen-·ies Pij ( P12, P1, 2 ll Pi2, , p1 1 2, , etc.) ,-rere c01:1pt'ted <!nd co:np:. red 



• 

with u,· 

frPp1e,, ,h~ i,, f',r(' 1 from t.he observed frequen~ics by less than lS>,;, 

the Cl'T'f>:• £,e•·t pcr,·entar-e difference beinp- 42 .Ji. The distribntion of the 

percentage differences beti_-:ecn the computed and actl'al joint pos:ttive 

fre1uenr.ics appears in Tnble 6. 

o--'. 

c' 
) 

1orA 

1 r,·A 

20'"'. 

2~;,-· 

30-· 

3S,.., 

4<Y' 

Table 6 

2!sf-,.£2:E.~2!:20n .<?£ ferr·entap-e Di:fferer1ces l>et-,.,een Computed ~ 

~!~.~~:·;~~!- _<:i~~~:E.~~ Positive Frequenc-ies 

h 'l' 

j. 9·· 

1J1 ty 
.J 

JS .J 

2), . ':1 

29. g:;. 

- 34.r 
-.. 39 .. 9"' 

l1h.s••c 

55 
28 

20 

18 

10 

J 

3 

', 

2 

,lh4 



Paper Xumber 5 

CO~PLETE SOLUTION 
OF THE THREE CLASS LATENT STRUCTURE 



TI-IE .~OI'.FU:TE SOLU,:'IOIJ or 'l'Illi 71::R.:.:;:.: CI.Ls;_; Ll.TiXT ::;/Et G.i.'U,_: 

I, Introduction 

Tht- model of athree~cL..,.ss latent. structure is described comrletely 

by the three> ch ss proportions and by the rrobability that an individual 

in a certain chss •·'iJ1 respond positively to a given item. The notation 

1'9hich ~·rill be ui:;ed for these latent parameters is as foJ.lo,·rs ~ 

Class Class lroportion I;;i.tent :.:arginal ith item -- -----
I a 11. 

II b Yi 

III C zi 

The manifest data obtQined from a test consisting of m dichotomous 

items ran beexpressed entirely in tenns of tho poGitive frequencies: 

pi, pij' pijk' ,, ., Pijk .. , .. m 

,:.ben a given set of m.c.stnifcst data satis.fiesthe ro nditions d: reduci-

bility to three latent classes the relr:tion bet1·:cen thern positive frequen­

cies and the latent paraI!teters is expressed by t.hc accountinR equations: 

II. Solution of' the 'i'hree Clase Latent Structure 

The three class-proportions a, b and c can be exp:- essed in terms 

of the 1l tent marpinals ann manifest data by applying Cramer's ri..:J.e to 

the three simultaneous linear equ.•3.tions: 



(?.l) :I 

(2. 2) ,· 

(2 ~ ) 

(
:] :+ b -t c s 1 

ax1 + 
'.-rhere ~l is yet to be defined i.n ternsof maniL•st d;:ita. 

'~onsider 'the · rodl'ct of t..10 (-:!.P.ten:il.nant,s 

\ X] •J>i Y1·P1 •rPll nx1 ~ 2. pL,-P1P5 ,'.l,Xlt axs 1-I-\ P14-P1P4 

x2-P2 Y2--P2 z2-P2 .. b.n byli by5 - Pu-P1P2 P21J.-P2P4 P25•¥P2P5 -
X·rP.3 Y~-P:J Z3-P3 cz1 CZ1 CZ5 P:t.3-PJ..f-'J ~1/i··P3P4 P35-P3P5 4 

expressed t?"•r'lir:itcly in tPmn of 1:-i:mifest .lata by tla.· eqt;ation 

..., p1-P1" PUi-I>:I.P4 PJ.54'11'5 

P12-PiP2 P?u-P2Ph P25-P2P5 - 0 

PJ.3-Pi_ P3 P23-P2P3 P35-P3P5 

Defini1:•· Bl by the eqt'i.rtion 

1 l l l 
vi-· xl Yi 

•1 I •' --
2 2 z 2 xl Y1 l 

:1 I ;l I 1 l 

r 
1 1 11 l 

l 
P1 Y-1 X]_ Pl z1 Xl Y1 

a= 01_ 2 
zl~ 

2 e1 2 2 2 y b=.... xl · zl •' C=. xl Y1 ~l 1 1 
j, 

.L,1 1,1 u1 

Thusj tf x
1 

~ y
1 

and 21 :>),n be e~::pn::.:sed in tern.::; of :.1a.ni.fc::it 

dat.J." ins~1"'t,in:·' their num<:,r'i_(•.J1 v:.::l cs in (c.1)~ (2.2:, and ,:2·,3) ..ill 

canplet,e 1 r Jq;.o·:a:1 



The val1:es of Xj_, Yi and zi can be tbo1Jg:ht of as the roots of a 

third deqree polynomial in a general variaole u, 

• .f ( u) :: ( u - Xj_) ( u - Yl ) ( u - zi ) = 0 

f(u)= u3 - (Xj_ +Yi -tz1)u2-t- (~_Yi +-~zi -tYizi)u-xi_yizi 

The coefficients of this third def!l'ee polynomial of rhich Xj_, yi 

and zi are the roots are the elementary synnnetric fun0,tions of X:i., Yi 

and z1 . (l) It ''!ill be shown that a detenninant D exists, t'ie exr& nsion 

of "'hich ~enerates these elementary s-jl!Ulletric func;tions in terms of 

manifest data. 

!.P.t D1 be dei"ined by the equation 

1 +-- P1 

1= P2 t Ii2 

r; -1-P:J.3 

PL, + PJ.4 
P24 -;-l'l24 

P34 +P:i.34 

P5 -t- Pi.$ \ 
P25+P125 

P35 +PJ._;5 \ 

Th8 determinant D1 can be expressed as the sum of eight determinants 

whi,~h ,·ill be grouped as follo1.1s: 
I I I I . 

D1 =- O(.l + 6"1 -t Ji + 11; , 
·,,here 

l P4 ~ I I 

o<.1 ::::. ~ P24 J'2r.' p;; ' P3 P31.t. 'f 

1 % I\5 

+ 1:2 
P1u P5 

r 
P4 p t 

P:51 
/ 

ti= P2 P2u PJ.25 P124 P25 t- P12 P24 
i, 

P.3 P34 P13.5 P3 P134 P35 P13 P:34 P35 

----------- -----
c ) Van der rraerden, nnodern 1~1gebra 11 ~ p ~ 78 

-J·--



( ;1 (~) 

C-' 7' C. ) 

·1 P1J~ 

~5 J P1 PLt P15 P_1 P J li P5 
, 

P" P124 Pi25 + P12 P2h P125 P12 PJ.24 P25 j, 

~ == 
C. -1-

P3 P13L. P13 P13 P34 P1.35 P13 P134 P35 

r 
Pib Pi5 

I 

'fT'l:. P12 P124 P125 

P13 1\34 P:t.35, 

If •.·re think of Das a determinant ,·6.th ~olumns A+A, E:·1-B, C+C, then 

o{1 • 6~ ,. £,_ and 111' have been fonned in the folloYrino- systematic way: 

I 

A! ct; :::\A /1 

th=:: \ti A DI -t l1i ~ A\+ l D A A\ 

J/=v~ L L\+ \s J.. DI ·tlL il Al LJ 

-rr;:: lB B Bl . 

I:on the r:1-...1.nifcst p:i.r~meters O".P' Ci , ; J. and 11\ , y;ill be expressed 

in t(~rms of la tent p:i.rru:ieters. using the accountinc: equ::itions (1): 

I I It P5 l 2.. a la.xL ia..'½ 
I 

:iax2Xc P24 P25 
i i_sx2 ~a.x2x4 - I :,;, 

P3h ltll) ~ a:x:3 ~ ruc3x·4 '5ax3X,, •••· . I 

a b ~ 1. x4 ~1 by2 c2, 2 .. l Y4 Y5 
by3 C2',) l '2',4 Z5 

l l 1 l xii x5 

I 
abc X2 Y-2 z2 1 Y4 Y5 

X3 Y3 z.3 1 z4 z5 



(2 8a) 

(2 13b) 

1 

Y. 
l 

be the mi_nor of the element in the o<. th rcr.r and fith 

r.ohmm in the cletennin:mt Aij. For example 

1 1 

In this notation, 

/i-~:2 
~ax4 ~ax1x5 I 

~x2 
fax1xh :!ax5 

~axr ~ax1xr5'+ ~ax1x~4 ~a.x2~ h 
ax3 ~aX3:X4 :E_ax1x3x~ ax3 fax1x3xh ~ax3x5 

,~axl zaxh ~axs l 
+ rXJ:"2 ~ax2x4 Z ax2xs1 

~ax1x3 ~ax3xh L.,_ax3:x~ 

(1 a b ,... 

- by2 - ax2 cz2 

ax byJ c1-,
1 3 -: 

Ixj-andi.ng the thrc•e tracketed dete:rm:i.nants by the 3rd , 2nd and 1 !5t 

columns respectively, an·1 using (2, &-i.) and (2 .8b) ~ 



(2.10) 

( 31 3.2 )J 0' 1.::.. al)c: A23 \:>:tx5 A45 - Y1Y5 A45 + zlz'5 A45 

21 22 23 
-x1x4 1\.5 + YlYh A45 - zlz4 A45 

T xl f,4f - Y1 A4~2 -t zl t4~J) 

Collecttnr: in tcms involvinr,• xv Y1 and z1 , 

Siner• the terms in parentheses arc TOP.rely e:,q:ansions of AJ.iS by the minors 

of elements in a,,propriate cohimns ·,m can ,vrite, 

~2a 
~ax1x4 ~axi:xr:'. ·:a:xi ~ax4 :fax1x, . I .. 

) 

~ax1xr5 \ ti :z.ax2 -2'..axlx~h ~rucix2x5 + ;:nx1x2 ~ax~4 

rax3 ?_ ax1 x3x;, i a:x1x3x5 : ~.ax1X3 :Z ax,:x1, 2ax1x3½ l 
✓ .. 

laxJ 5-ax1x4 ~axs 

-t ~ax1x2 .f ax1x2xh ~ax2x5 

1'2.ax1xr.; ,fax1x3x4 '2_ax3x5 

a L ,. 1 xi:x4 xi:xs xl X)i :X-1X5 J: x1x1.~ ½ 
I I 

J' 1:::. axq by·2 cz
2 

1 Y1Y4 Y1Y.5 ;- Y1 Y!i YlY,5 Y1Y4 Y5 I ,,_ 1~: ax.., by3 C7'J , l z1z4 zlz51 zl z4 z1z.5 zlz4 z5 
.J 



( 2. lJ ) 

LXV ndin"' the three brocketcd determim.nts uy the minors of elements in 

the 1st, 2nd o.nd Jrtl coltMns respectively, and 1.~s:'n:: ~2 .. &.) and (2,8b ), 

t.~ain the terms in p.1:rcnt!!eses .:ire expansions d: A45 by the minors of 

tlie elements in o.p!Jropri:rt.e col11mns, so lie can ;·;rite, 

-7-



~ax1 ~nx1"4 ~ax1xr: 
:> 1(:: ax1 x 2 ';.a.,"'Cl?t~4 ~ax1x~5 

lax1x3 ~ax~ x3x1~ ~ax1X3X5 

a b C Xl X1X4 .x1x5 

11: =- ax.2 ay2 az2 Yl Y1Y4 Y1Y5 

ax3 ayJ az3 z1 z1z4 z1z5, 

1 1 1 1 x4 ½ 
rr:=- abc X1Y1Z1 x2 Y2 z2 • 1 Yu Y5 

X3 Y3 Z3 1 z4 z5 

TJsin~ eq1; ntion ( 2 . 8) , 

11'' - l ' 1, - a)('; .en Atic, X1Y1Z1, 

; I I 
~:ince c,(

1 
, defined liy eqt·ation ( 2, 4) is a cor'11llon f::i.c:tor of a,_ , ch 

I 

and 1T1 1 -,.-e c1.efine 6i, J
1 

and 1Ti uy the equations: 

~: 
P4 P15 1 PJ.h P5 Pi P4 

P5 I 
(2,]2) P24 P'.125 + P2 P:l.24 P25 -t- P12 P24 P25 

P34 P135 P3 P]J4 P35 P13 P34 P35 
ai==- --- . 

1 P4 P5 
P2 P24 P25 

P3 P.34 P35 

1 Pll1 P15 Pl P4 Plj P1 PJ-4 P5 

(2.JJ) 
P2 P124 P:1.25 + P12 P24 P12 ;-, P12 PJ.24 P25 

P3 P13h Pi:;5 r13 P34 Pi.JS P13 P134 f)5 
,f,. =-~ 

1 P4 P5 
pr, 

C. P24 P25 

P3 P34 P35 

--8-~ 



(2.14) 

P1 PJ1 P1.5 

"Pl2 P124 P125 

P13 P134 P13.5 
11'1 --

1 % P5 
2 P24 P25 

PjJ. P35 

It has been shorm that 

Oi -::: X:i. t- Yi T zi 

{a::. ~.Yit- Xj_Z{ 1-YiZi 

'",·::::;.. xyl9 " i i"i 

Therefore it fo11ows that the latent m.arr,inals x}., Y1 and z1 are 

the t!1roe roots of the cubic eqr..ation 

• 

The three roots of e··1ration (2"15), o.rbitrorily L'1beled llj_, v1 and 
-

w1 and inserted in equations (2,1)~ (2.2) nnd(2.3), give the vabee of 

the class-proportions a, b and c. 'I'hus the latent structure is completely 

known, 



( 3 .. l) 

( ) '2) 

It h.Js been shown ~lsewhere that the nuntfr:st data o.f a dichotom-

01)~-; syst.em i:' de~ cribeo r:omr,1f'tel:y by t110 lik:'1nifC'st mcirf'·, n':l1s (pi. i:l,. 

m. ':,l,en mis the mnnlwir of ii,cms) and by thP. synnnetric pa.rameters (lj.j,. 

(ijkJ> etc"). Thus 'lhen a given set of JT13m.fest. data satisfie!'-l the condi­

tions of r·educibiJi ty to three ]a tent classes, the prob 1em of the detenni­

na tion of -t.he 1.,tent structure is solved if the three ch ~s-proportions and 

the 3m latent marr.-inaJs ran oe. expressed as fun~tions of the manifest 

marginals and the s-ymrnetri.". para.meters. 

If '7e desi~'ltc thr latent 1:!8.rr;;_y-i..als of the i th item by Xi. , Yi arid 

zi ., and introduce the followtng transfonnat ion 

then Ui, v-. o.r:d wi denote the ,JP.viattons of thP 12.tent nurg:LnA ls :from the 
1 

mnifest m.::irr:hials. :rt has been sho;;m that thP hip-her o,'der covarian-;es 

of thP prcbribi.Hty 5cquen~es of any 1~ombin~tion of itei;rn eq_11·-:1.l the symmet .. 

ric ·ia rameters fomed from the same items in the mnni fest. data, Therefore 

we ran imrr:Pdiately write 

au-; -t bvi -t CtV;_ == 0 

a'½yj--r- bvivj+ C'iitWj :ac [ii} 

au, UjU:r+ tn,1.. V .,,v,. +cwiw .wk =rl 1kl 
l, o.. ""' t\. J (.: •.J ,., 

IL is 8'1Tident th;:tt a complete d 1 l&.1:i.t:r exists Let::e<:m th:: notation 

~md eq 11atlons of Part II and of the 1,resent ·section: 



:::iements r.m~'! eri_l:atior.s of II Du,3.J.s in rTesent notation 

pi 0 

Pij' Pijk'. • • 

pi 

The '"'.lass-proportions, a, b and c, ,,an 1Je found c.sthc solPtion 

of \hree cii..>nultanem1s l·i.near eqt:ations: 

b .,.- c :::. 1 

bvi -r c.-ri ¥ 0 

2 . 2 bv, ~;1. -.J. 
l -, "' l --0-.1 

whereo(.i is yet to be defined, 

Consider the product of the t,~o zero-val1:ed deterr.ti.nants 

ui vi '\Ti Sl½_ a'i au o(.i (ii] (im) m 

uj V. w. 0 bvi bv( bvm [ijJ (jl) [jm/ 
J J - 0. 

11<: vk wk cw1 CWJ cwm lik) (klj lkm] 

Thus d,.i is defined by tlt1) equation 

( ii] 0 (imJ 
(j{] (ijJ [jmJ 

d.--1.-
( kf) (ik) rkml 

(jk, J m) 

Lettinr:- l 1 1 
if.===-

l 
l½_ vi W'i 

11:i.2 2 
y[.2 vi J. 

-11-



,. 
t.1) 

(h.,2) 

(4,.)) 

1 1 

a -=:::,. y. wi 1. 

2 2 ~- v. "i l vi 

1 1 1 

'½. 0 \Vi 

b =- u1 17 2 d-. 
1. i 

i 

1 1 1 

1½. vi 0 

2 2 
oe.i C l½. vi 

vi 

The synnnetric marginaJ s, '½. • v1 arrl wi, uill be fOlmd as the roots 

of trG third dePTee polynomial 

·nhere the coeff i_cients are the elem.ento.ry- symmetric functions of 

Di ::::: '½.. --t vi +-- wi 

&. =-- '-11. Vi +- '½_Tv'i + V{Wi 

'f(. -=. U, V. 1'. 
1. 7.. 1. 1. 

The defini.tions in terms of I!!Z.nifcnt data of Di, ~ i and 11 i 

are obtn.ined in a manner canpletely ar1-:.logous to th.:it cf. part II . The 

d11..al of the detcrm-i.,ymt Di, the exp1 nsion of Which generat.ed Oj_, ~i and 

1( i, is obtained by repfac;_nr: each of · he elements of Di by its dml in 

terms of s,,1.,.!lr"etric parameters, 

-12-



L11i) ( "• l 4- 0 () + 0 "\'" 15Jt 

D1=- 0 i- (1?] [21i)t (121] t?iJ+[12iJ\ 
0 i~ \?-~i] (34] +03tJ [:is)-{~~ .. r.;11 . ) ; Jl 

T'nir1.1<:iw( of D1 as a detennino.nt \".ri.th col1nnns of tl,c• form A+ L,. 

D1 cflr, '..e exnressed as t.l 1e sum of right third ardor determin.3.nts: 

It is ms:: Jf shmm oy methods eX!l.ctly an:1logol1S to tllosc of part II 

t.hnt. :u· ·.;e dt'fine (i, f anc. Tfi by the follarrinr, eqmtions-.: 

l 0 [15)~ 
., LY-ii G ' 

t2l 
0 

~511 
.!.. \ 

l 
0 [21;1 [L2~ + 0 (12,~) [2sJ1 + [2l1 

5;_ ;:_ 0 f 31tl __1}1L. f 11i.i1 hs]I 31 fJ1i) 
( . 

0 1J2-i __ _..::.;,;:; ____ c:_,, 

1: 
0 0\ 

[2!J (2~1 
{ > [35)1 341 

1 c11i·1 L1:f1 o c r 1:D : o , JlJ 
o [12i.i] [12~] + t12J [21.iJ L 12~1· -1--f(12J [121iJ 
0 JI-JW_J1~5l_ ____ --1l,iL f 141 l.J)51 If ~:.11. ( lJhl 

0 

r 2c; 1 l .. 

{35J 

l 0 
. ! o, 

0 (?hl ~~\ 0 f}h] 



;- (Jr;] ~,2~ - (lli) \_1S.2ll 
; 

0 [1h] 
(1~) l 

(12] [12g (12~ 
111 - b~l (13!] (135) -

[?3 ,)1~) 

then ()p ~l anci i( 1 are the eler:!entnry symnctr:i..c functions of u1, 

v1 and \7p and hence are the coefficients of the cubic equation 

t3 - (lt2T~it - l'h = 0 

of ,·,hich l.1i_, vi and w1 are the roots, 

'1_'l1erefore the trree roots ·of (4 .. 7), aruitrarily Ja,~eled '½._, vi 

anr! wi and inserted in equntions (4 .1) ~ (4 .. 2) and (4, 3); yield the 

r- hss-pronortions and· the latent structiire is cornpletelf detennined. 

The T1r0nf o-f thts is ,..0.,..,1)1etel:,r an.1.lo.,:r,01·s to tbe r-o,resronding al~ebra 
in !',rt II, :1w1 1->enr·e has b0en om·ic~terl. 11cre. 



(5 .1) 

v. 

,·-orkinr.: nry·r i.n tems of tl·e symmetric parai-net.ersf the latent 

str <"'.t··re o±' a set of l"'anifest data red"c-ible to t•,;0 classes may ue 

sU1J11T1,..,ri",ed as fo] lO'rs: 

I 

II 

Class-proportion 

a. 

b 

Latent I:~1rr,inal ... i th Item 

T!1ere exist t,;;o linear equ.'.ltions in .'.l arn1 b for each L~em i: 

These are easily solved for a nnd b, givi..ng 

Th~ determ7-nant Di, ,t_ i.ch ,Ias used to generate the comb:rnations 

of manifest d·0 ta - bif!:~ eq·1:a.l tlie elementary symmetric ftmrtions of u. , 
:L 

vi and wi in l'art, IV, nrn1 becomes 

o+(ikll 
(jk)+(_ijaj 

;":xpressinp: Dt as the sum of fm'r cletenninants, 

1 0 1 (ik)i ~ ~k1\+ b~ (11d I Di: 
(.ikj 

-t 
(ijk + . j) (ijlrj 0 0 

:11 =(11) + [ijk) - (i.j) lik) 



1Jk LiJ Lik 
By ~nalogy u-1~'; k~'•he :sol'.')t; fl' the three-cl.ass case • re • ·ould 

e:x,,ect the terms · J and to be the elementary symmetric 

functiors Uj_ 1' v 1 and '½..vi, rcspecti vely. 'l'ha.t this is the case is easily 

shO"m. 

Consi.<ler ":.l~e prod',,~t (t½_ 1-v1 ) (jk] : 

(11j_-tV1) (jk]:::: ( l1j_1"Vi) (auj'-1k -rbv jvk) 

{t½_-r,1 ) LikJ :au.i_ UJ'Jtc+bvi v jvk1-aujukvi ;-bUj_V jvk 

Usinp the relations 

C:ons1 der the produ.c~t (ij) (ik] : 

(ii/ ( ikl :.(allj_ uj +bvi v j) (a'½_ U}c-t-"bv1 vk) 

(i.i) likj ::. a 
2

Uj_ 
2
ujuici·abu1 l\:vi v j f'ab1½_ ujvivk-rb

2
vi2v jvk 

Usinp; allj_ +bv1 :s O, 

fijl \ikJ :=.u1v1(-abuj~ 1-abukvjf-abuj~'k - abvjvk) 

[ij) ~ik) :::: Uj_Vi (...abujUk - b
2
vjvk - a 2Uj'UJ.c - abvj"lc) 

(ij) \,ik):: -'½_vi (a (a-tb)ujuk + b(a-rb)vjvJ 

(ij) [ikl;: ... '½ v.i ljkJ 

'½. V• == _ r1f1 r ik) 
• • 1 (jK) 

Therefore 11:1.. ancl v. are fot~nd asthe roots of the qm.dratic equation 
l. 

2 ~~JJ f1jlfµcJ _ 
t - J t - ----cwJ ;- 0 

-16 



T!•e roots of ( 5. 5), arbi tr-rarily labnled '1i and.vi m d inserted in 

equations (~,l) an-1 (5.2)> give the ~lass-proportions a and bJ and the 

latent structPre is <~or1pleLely detcrminDd. 

-17-



(6,.1) 

VI. Solution of t11e General L'ltent Sc.ructun: 

The latent str.,~tl're for a general n11mber (A ) of' cfas:::;es and m 

itel"ls may be. sunnnariz.ed as follmrs: 

CJ.ass Ckss-proportion 
th 

lc'.ltent F:1r~'1.nal, i .J;r,em (i=l., .. . m) 

I 

II 

The 18.tent para.meters are reld:.ed to the manifest data, as e.x:_:0ressed 

in terns of thJ symmetric parameters, by- the accountinrr. equations: 

+ 'hI + .- · 1'" YA :.. 2.. VcJ..- ::::. 1 

--Jrxii + 'VlixIIi -r · · • ·+ ~f }d ::i~&<: x~ =- O 

V Ixri xrjt ~IIXIIi xrI.j + .. ·+ YA xt\i x/\j ~ ~ v~ ~ x~j = ~j J 
YrxiixijX:rk + •· ·-+ ~xAiXAfx:)._k -'l Y:r.x,;.ix~jxoek -==- [i~k] 

The ~1ass-pror1ortions t_ (t.f-.. =-I,II,.,., ,A ) can be fonld in teIT:?.s 

of "t,tl(; symmcl:,rir, mar~nals ~i c~=-I ,II, •.. A ; i== 1, 2, ...• ,m.) by obtaining 

Cramer' r- sol,·:~ i.on of J,0 equation 

~ I -r- \iII + • .. ,r y '11 ::: l 

and any .,... -1 of ·she ecp1L'1.tio11s · 

V I~i 1""Yrr1rri -t •. ➔ -t-~ x,\i = 0 J i-: 1, ••. ,m. 

·Jhoosinr: .for purposes of i1.ltistration tho first /l -1 of the equations 

1-~~xo<.::L -=- o, let A112 ~ •• ·•A _1 be defined uy 



(6.2) 

l 1 • -1,1 ~ - t. ... 
1 

x:tl Xrr1 "' 'Z" " • ·,, ,; 

r. - XI2 1!12 '-1,2, .. ,, ~-1-
3' ti' • ., .... 

• 
• 

xI,A-1 XiI.A-1 ' 
\... 

a· ·:J let J:.1 2 l>e the s~.- •r, det.cminnnt lmt rith the o'--th column , , .. . ,Jt-l;ol 
repkv~ed by tbP vector (l.0,0, •.• ,0). 

Then, 

m1he 5vrn·11,-.+,r1.·n fil",.-airv·•ls X ..... _..- r·, \) ·.·.,_•l.l ~'.'-" fom· . .;i a~ tl .. '., .,-~ .•.•.. , _. .. ,_, ... n~ Oli .. v---.1., ___ ,, .. ," -"-' :u ~ 

roots of ::t poJvnomial of de"ree A: 

..-'here (A) 

} 
-t- (-1) 

Ou ~ xri+xIIi +· •:--t~i 

02t):. XI;_ xIIi -+-· · .-t- XJ:i.x,\i -t-· · · +xj\-1,i x)li · 

·:•1,0 coeff-i.ci.ents of e1ut.1.tion ((1/3) c1re the elenentary symmetric 

f,:rictions of xJi X-rr •.. t x . • '" hese 1;oeffic :_cnt.s o..rc rcnerated in 
• I ___ J.., !11 

terms of n;-,nifest data by ·:.:10 •1ei:;c:r--· 'rant :)i (l\), ~.-here tl:e superscript /\ 

inr1.i.~;itco th_(> or•.for of -tLc ,Jeteminc.mt nnd. ~.he su'uscript i indi--;n.tes the 



( 
' (6 .. 4) 

item about , •hi~h it is formed. 2 ~ -2 items other thRn the central 

item i are neen.ed to fom D1 ( #\); if vie number these items 1, 2, •.. ,, J\ .,.1, 

1', ... , 2 ;\ -2, T)i (A) is defined by the equation 

1 ..... 0 

Ot~~1 
Ot~2) 

o-,. fi,"l 
(1,1)1- (il~ 

(2n) -t (i2A) 

Of (i,~~JJ 

U-• ~+ ~-t [i,l,f\'t-1) 

w, hrl) -t-l_i,2,)+1) 

. • . . O + (i,2i\-2) 

... ~,2)-2)...- (i,l,2~-2] 

... l2,2j\-2J +~,2.2"-2) 

Di(;,) may be. thour,ht of as a determi.nant of order A vr.t.th each column the 
, ~ . 

sum of tuo vectors, A an.1 B. Thus D1 · may be expressed as the stm1 of 2A 

detenninants of order h Yh i_ch my be grouped in the follor;ing manner: 

oli ()I.) ::. the determinant formed from the first (A) vectors of Di ( 1') 

Qli (A) 
1
::::. the sum of the C~ ( :..;.. ) detenninants composed of >-. -1 A 

vectors of °:i_ (Ii) and one D ve~t.or of Di(}\) 

(2i (,\) 1
-:=. the sum of the ci determinants com"·osed of A .2 A vectors 

and t-r,o 1.: vec·'.~ors of D. ( ~ ) 
l. 

• (1\)1 (\) 
~ :::; the detenllinant conposcd of the B vectors of n1 /\ 

If we define Oli (>i) , 02i ( 1') , •.. , ~i ( )\) by the equations 
(~)' i 

/.. '" L oii (,y Qli - (j... 
l. 

02· (,.\) 62i (~)t 
J. -= ~(i\) 

i 

... (A) 62 (A) I 

(.1 =- 2i ~} 
o{i , 
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then 1t ean ,,e shm.11 by a proof exactly ,1.nc.1l0gous to that of Part IT that 

().) 
!)li =- Xri + Xrit + •' . , . -t X ~i 

()2/~) = xiixIIi + · · +xn:x.Ai + · · · + xJi-1,i x,\i 

'l'herofore the S)'l!l!'1etrtc uarametcrs are the roots of the polynomial of 

de,..ree )., 

where the coeffi.cients are defined by (6.3) and (6.4). 

The roots of !;his polynomial, arbi trorily ln.beled XIi, ~Ii,.,. ,x,\i 

and insert,3d in eqmt ions ( 6. 2), gi. ve the class-proportions 'b,, '°"=:.I, •.. , ~ ) . 
Thus the latent stn1 :ture is completely detennined, 
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Tho general solution as dasoribed in part IV •,d.ll be 1.llua ... 

tro.ted fr001 a sot ot fictitious data eoneratod from the following 

latent structures 

Item 

Claes Class ?ro,eort1on 1 2 a 4 6 

I 0080 o.,so OcAO 0080 Oo70 Oo60 

II 0.40 Oo60 Oo?O Oo20 0060 0.20 

III OoSO Oo20 0.10 OolO o.,:so OolO 

A test of five items •aciminist~d to a panel vrhioh rospondod 

w:i. th exactly the probabilities assign.ad by this le.tent structure 

,vould yield the 1'ollom.ng m.enitest data, 

pl :: Oo5'00 

P2 : Ot,4300 

Ps - 003500 ... 
P4 ... 0.,6000 ... 
P5 - 0.2900 -
p 123 : OolllO 

P1.24 11 o.1530 

p 125 : 000918 

1 

1 --
2 

s 

4 

6 

plM : Ool.602 

Piss : 001254 

p 145 a 001266 

P1j ;,~tr1x 

2 s 

Oo2700 002460 

- Oel550 

-

p 234 111 Oe096l 

p236 : 0006 91 

p245 : 0.0793 

.... 22"" 

4 6 

003000 Ool·J80 

Oe2330 Ool310 

002170 Ool.S30 

- 0.1100 

-
p 345 1r1 Oel09'1 



'.i.'h1, symmetric pa.rnmet,c.rs a.re fonrred u::-.:i nr; the equatto.ns 

ti J) = Pij - P1Pj 

Lijl~ = pijk - Pi(jk)- Pj(ik)- Pklij)- PiPjJ\ 

Thus ue obtain 

[121 = 0.03784 

f 13] = 0.05704 

l14J = o .03610 

[ 15] = 0.04143 

[21] :: o Jx_,4r.;o 

(24) = 0a01804 

~5] ~ O ,006'30 

(3/.J :: o . Oh20h 

[3s] = 0.06150 

(45) = 0,0.3003 

rhe tetrads [;rP. fo.i:,ned t:.si.i1g 

(21)-is_] :: o 0008LL6 

L1hJ51) :::: 0.000507? 

\~lJ') l l~J -·· .. (]. (' 1 )1:' .i \'..i 

(s112i] = -o.on1w:,8 

[12 • 3~ = O .0008666 

[345] = 0.00552 

(?45] ::-(),00432 

fr3s) =-0~00450 
f234) ~.00577 

[11.is] :: o 000;;1.i 
[135) = o ,00636 

~)aj;;: O ,.0()189 

f?.2s]::: .. o .00110 

(12~ ::-0 ,.00724 

(123] ;:: ..(),01045 

[ui, 23] '-;:, o 0005618 

~2S p 311] ~ -o .. 00091J.J:3 

; H ,ii··J1 ·-:: 0. 'YiOh'!i.14 ,. 

(2h,Sl] ~~ --0.0009009 

~S~ 12] := o. 0001729 

It ~hould be noted th..'lt each of the elanentary symmetric 

i'unctions, 1 ;, i and p can be c-,omputed in three ,,d.ys. f.'or 

ex~mplt-~ 



61 = 
t_:u~24] 

__ 135 [1Jh) 

[2s11 
[3s] 

(23;45] 

[2.3] l12sJ (1n] (25] 
+ 

- 4 145 134 4 -
21..- .,35 

\

[nJ l!24J 
1
\ \ L121 J C 24] 

- -i[.itl_ J 14:J + fo......,_5 l_f 4 .......... 2 J~ 
25,..34 

·:i th FmpiriC'.31 data these three methods of computing 61 (:say) will 

diff€-r slightly, their di i'ferenc13 decreasing ni.th increasing satis­

i·action of the rech:r:ibility cond:itions implied by the model, ·;i.th 

perff'ct data s 0 ch cH that t(S<'!d in this exaP.1ple~ the three determina­

tions w:ill be axa.ctly E':(l"'al. Hence only one will be computed. 

IO 
Ol"r:•. , CJC 

• O . 04.?0J_. 

--0 ,007.70 I 
f 

Q,()()6J6 I . 0,00189 

-0,00724 0.00630 

0.06150 
o.ooo8hh6 



6 2 ::: 

ibsJ r- -~ 
~351 G.JJ LJ2JJ :..: 

I 

\.,h5) 
., f 

-4. 745 )S 10-5 

5,072 X 10-4 

14] 
.. 

L14) [23h] Ll-34] (24) 

ill]_ [ns] 
1 

~Js l 2 l 
(45,lzj 

f5: -2 ,622 ~ 10-·5 
3 = 4 = 0,0504 -s .. 200 i. 10-

\(25) (34s] I ~4s J [:is J 
6°4 cc \fo i fo4l I" Ll241 hJl 

(s1~23J 

~ ,-0 .000955 

[1J J [ills] I I fos J (141\ 
~ = foJ fahsl ! t I fo~l fo4JI 

,:,, 12,34 



[12s] I 

(135) .J. (1, 7 _[11+r-2Jl-il!JJ~?iL 

-7. 926 )( 10-5 

8 .446 'K 10-1.i 

7 Ji23 )( Yi -5 

fr..3j45J 

- --~;. 200 X 10.::r;- -

~IJs] [34s] 

~Ii ~ [124) fu1 ,,L (}4) (42i5i]. (24](h3,5i:) 
. (?1~23] . 



e"l --1U16!)7'1 .~ ··----~ 

14 

l ::: 

l::;; a-0.{)()l;;Cj 
• ~ ... _, __ ¥ 

0 12 

? :: .~·L --~-- 2~_ ... 1; ___ ?2l* 
)l.i,,ii;l 

·1 1) ;,3 

31..i lJJ.i. 2.31.i 

:1 :::::_J.2 1J!2 _l.JL. 
ii5.~12 



1\~ = 

0 l24J 
(45) ~45) 
~- 124 

51i123J 

._.'j 
-1.330 ~ lC 

-1 .. 968 r. 10 
-) 

l34) ,. . 

-~45] 
~ 

14 

•• o.000000676 

H"lVJ.nP, obta'lned <1;., 81 and 111, the synmetric marginals UJ.• Yi 

and w1 are found as the roots of the cubic equation 

Since tJ,<.., rootF ore lro<mn t;o be oet\':rf'en -1 and / l, one root is eas:U.y 
il:-

.foun:l bv llorm:'lr 1::: rr1,~t,hrd II an.:J t!•f,: ot,he:r tno as rootf• oi the remain-

ing 1jllad:r-ntic ,, 1' 

The three roots found :for each item are.-. 

* See l)iokson, l!en Nrst ~~Ol'rse in the Theory of ~u...-:itioris. 
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Itoo noota -
l o.oo. o.26. ...OoS4 

2 -o.os. 0.21. -o.ss 

3 -o.15. Oo45• -Oo26 

4' o.oo. 0.20. -0.20 

5 -0.09. o.s1. -Ool9 

~l~ ·Jttluoo of the r.nnif'ost uni ta o'- 1 cnn be oU;L,inod o.s t1-int. 

purt oi' tho coi.:ptd;ution of )- 1 ,"Jh::.ch conto.ined onl;i,~ aecoud-ordcr 

rroquoncion" 

o< 
2 

... 5 
4.776 X 10 ------
Oo4'1G X 10-4 

0 .. 06656 

-- -5 
Sol~l X 10 a ----
60072 X 10-4 

r;: 

- --4o60S X 10-..> - --·- . --
..s.200 x 10-4 

-5 
: ~e7S6 X 10 

-l.008 X 10-3 

18 O.OGU52 -·-~--

.. 
""' 0.02.f:0'l 



. f4~J f 53,121-f;,5 l fs4,12J 
cl5 = . (12,34) . 

3. 717 )( 10-5 __ 
- .......... ___ ...,;__--!'· 0 .. 04289 

--·4 ---
8.666 '110 

Lrbitrarlly labelin~ t,he roots of the cubic eqw.tion for iter.i 1, 
I , 

u1 :. 0,06 

•1 = 0.26 

Wl ::::-.: . ..() ,)/.i~ 

we find the elass•proportions usinr, equations (4., 1)., (4o2) aid (4.J), 

1.95 ~ 10·~2 
-·----- - o.4o 

al= 4.84 )( 10-2 - --

For item 2,, 

~ ~ --0,03 

V2:;: 0.27 

·w2 =· '.-0.33 

For ite!!l. 3, 

11J = -0,lS 

v3 := O ,.45 

"3 = . .() .25 

a 2 -::; 0.,J0 

b 2 ~ 0.40 

c2 ::.;: Os30 

a3 ~ o.40 

bJ ::: 0"30 

. C.3 :: 0,_30 



For item 4. 

U4 = 0 ah :: OJiO 

vh ::: 0.20 ~= o. 30 

W4 ·-0 ... 20 '11 -.. I), 10 

Por item 5» 

Ur: ::: -0.09 a c· = 0.,40 
:,) 

_, 

v5 :: O.,Jl b -5 ·-
0,30 

w5 = ·-0 .. 19 c5 = 0.30 

Since for each item i. the lnueli.ng of the roots 1-½.~ Vt and w1 

was arbitrary, the desi~tion of the r> ot.s must nar.rbe rearranged to 

give consistent valur:s of the cli.Jsz3··,Jroporti.ons of <l» b and c for 

In the p.1·esc.nt. e:xni:1ple, dince t·co of the cbsses are of 

the same si,·.e this re.;:1rn: '"i"'er1ent caru,ot be done simply by matching 

. the class--proportions aI!l.onr: the items.. This is sufficient to deter­

mine tlle J::itent marr:ina} s 1~orresponding to the class o.f size 0.40 11 

but not for t!'e t,:ro rem:1 inin~ clesses .. The proper la.1Jeline; of the 

two remnin:inr'. clns~:~s can be decided by reference to the second-order 

equations 

a1u1u_3 ,- b1v1vj +c1w1wj :::~J ), 

where u1 , "t and w1 rema:i.n as initially labeled and uj~ v·j and wj 

are so labeled as to satisfy this equation,. 

Fhvinr done thts for ,:..l 1 of t:,e itc . .1t, 2. J, 4 and S,, and having 

cornn:~rted the sy17D:letric Marrtinnls w btent raargL?lB.ls Pri~ Prii am 

PIIIi., r,t:, obtain tiie follovi.ng ]at,ent. stru.cture: 



Item -
Class Class Pronortion 1 2 _,L 4· $ -

I o.4o OJ:,O o. 70 0.20 o.;o 0.20 

II O.JO o.8o o.4o o.80 0.70 o.60 
II1 Q.)O 0.20 0.10 0.10 0.30 0.10 

It sl!,ul.d be noted that the ordering of the three classes I, II 

and III remains arbitrary. These classes cannot be properly ordered 

by re:erence tot.he manifest data alone. but instead can be ordered 

only by reference to the substantive nature of the items,, For example, 

tf it scen1s 11.kozy t.hat the trace1 •line of the fourth item should be 

downward sloping an:l ~ prox:i.l!lately lineal", then an interchange of 

elaf'ses I and II i.s indicated, 



Paper Number 6 

GENERAL SOLUTION OF THE LATENT CLASS CASE 



la) 

INW!ODUC!rI ON 

In ordor to sco tho ma.in problem in its context, first tho ■olution 

of a simplor problem m.11 be roportod.* 

Givan throe classes of pooplc: I, II and III. All people &1'Q 

asked five questions which thoy can anawcr with yes or no. Tho throo 

class froquoncics and tho proportion ot positive answors in oach clua 

oa.n be summarized as follows: 

Class Number Frequency 
l 2 3 4 5 

I VI 
PII PI2 Pz5 

II Vu 
PIII PII2 PII5 

'))III I 
III PIIII PIII2 t :exus 

•----•----· --·-

Tho proportion of posi ti vo roplio a for our i tom i by tho whole 

sample is obviously 

X 

whore 

\ ) 
\Ix• 

will al.ways moan summation over tho classes. 

It is assumed that within ca.ch class tho joint positive anawora 

to sovoral. i toms aro cha.nee combinations: 

-~----~---~------------------------
* This introduction is a summary of another memorandum writton 'b7 
Lazarafold a.nd Dudman, but givoa a mu.oh moro 4.iroct proof ot what 
will appear horo as equation 4:, ). Thia simplified proof ha.a boon 
suggested by Profeasor T. w. Anderson. 



lb.) 

2.) 

3.) 

- 2 .. 

fhon tho joint positive froquoncios for tho wholo sample aro 

Equations 1.) will bo cal.led accoun·ting equations. Tho paramotore 

of tho initial schomo will bo called 11 laton" parameters. !rho froquoncioa 

for tho whole sample will be called "manifest" data.. · It manifest elate. 

do not como from ampiricaJ. tests but aro computed from a given latent 

structure, they will bo called 8psoudo-manifost 11 • 

If a sot of psoudo-manifo st froquoncic s !J, Pi.j, .ll,Jk ., • aro 

givon, tho task: can dovclop to compute tho latont paramotor1 from wbipb 
I 

they wore goner~. ~is problem· can bo solvod by considoring tho 

following two matrices: 

1 P4 P5 

A = P2 P24 P25 

P3 P34 P35 

pl pl4 
0 

pl5 

D = Pi2 P124 P125 

P13 pl34 Pl35 

In ordor to c.b,.-prcss A and D in terms of latent para.motors, tho 

following further matrices aro introduced: 

(:Ii 
1 1 

jj'ij = PIIi PIIIi 

\Pij PIIj PIII' 

0 0 P11 0 

N - 0 - \/II 0 = 0 

0 

0 
\ 

I pl PIIl 
I 

PIUl) 0 0 Vzu 0 0 



4e..) 

4b.) 

6.) 

7a.) 

- 3 -

:tt can thon bo oasily aeon from oquations 1.) that 

and 

Now consider tho Dotorminantal equation 

lxA - n/ = 0 

With tho holp of 4.) it booomos 

IF23 N 
... 

(xI - P1 ) / / 123/ I 145/ VI 
\.,/II ~/III l(xI -0 = 145 - • -

!rho roots of 5.) 'thoroforo a.re p11 , pIIl' and pIIIl as l~ as 

F
23 

and 145 aro non•singular. 

Wo can thorof'oro compute the 11 latont probabilities" of itom ! b7 

solving tho following cubio equation: 

r3 f A/ j D / • 0 

Hero IA/ and. /DI a.re tho determinants ot tho matrices A and D 

as do fined abovo. I :e I and \o/ have tho following meaning: 

l P14 P15 pl P4 P15 Pl P14 

C - P2 pl24 P125 + P12 P24 P125 + P12 P124 

p3 Pl34 Pl35 Pl3 p34 pl35 Pl3 pl34 

In other words, C is formed by substituting in D, whcro ovory olomont 

is stratified by item 1, suocossivoly ono column by tho unatrat1t1o4 

olcmonts and than adding tho three l):)torminants so obtained. 

In turn, ):Bl is formed by starting with tho unstratified A 

and substituting succossivoly ono atr~tificd column; 

P1 

p 

p 



I :s I = P1 P4 P5 l pl4 P5 l •• »11 

p12 p24 P25 + P2 P134 P25 + p2 P34 p»I 

P13 P34 P35 P3 P134 P35 P3 Pa _· »ta& 

To mako tho ooofficionts ot equation 6.) more vivid. tho foJlo.,. 

ing considerations arc helpful. Tho term 

l 
= [ iJ] 

is what is usually called tho croespro~ of a fourfold tablo. , »7 

pivotal oondonsation JAi can be writton as 

-... --
This is tho totrad of a crossproduct matrix ( [iJ] ) , wh.icb ~­

about by- croestabulating tho answers to all pairs of question-a U a 

test.. [23, 45] is formed with tho holp of itoms 2, 3, 4 Mcl & 

for tho wholo population. Wo ca.n pick part ot the population b7 

oonsidoring only those poople who give a positive roply to quo..,._ 
l. For this 11 stratificd11 group tho crossproducts can bo a;,mlaoli•o4 . 

by 
[ iJ;l] = 

D thon is a totrad for tho strat.if'icd population 

j DJ 
[ 24;1] 

[ 34;1] 

Tho coefficients I Bl and IC ( have no such diroct iatorprotaUoa. 

But it is oasy to soo how they _come about by s7stcmat1c into · · _,. 

stratitiod dhd ,msttatifiod columns bOtWOcn I A I and ! DI , 1\t 
roots of equation 6.) arc tho latont probabilities of tho •!PtltrtM 



itom, With portoct data it maltos no difforcnco which other tour itoma 

aro usod as a 11 baso 11 • 

Doforo proceeding to tho moro goneral problem tho notion of 

11 continuous tracol1nos11 ha.s to be introduced,. 

Tho Continuous Linear Tracolino 

Assume that pooplo arc distributed over tho x - a.xis with a tro­

quoncy of y • ¢(x). Tho distribution function ¢(x) ha.a its moan at 

zoro, a unit standard deviation and a unit area. At each point tboro 

is a given probability to give a positive ·ropl7 to item 1. Those 

probabilities will be callod tracelines and will bo assumed pol7nomials. 

In the present section wo 1$hall restrict oursolvca to linear traool1nes, 

tho oqua.ti ons of which will bo 

J'or tho sak:o of subsequent gonora.lization, tho following 1J71Dbola 

aro introduced: 

Tho row vector ' ) 
l A,,~ - { a.io 

·1 

~lf 

Tho column vcct·or [Ai] = f aiol 
I ( 
Lail: 

Tho row vector 
.. l u i l X l t x.i -

Tho column vector [ xJ = [11 
I I - L xJ 

Tho square matrix (X) - ,. l 
X l - I - I 

l X i2; 



10.) 

!l!bo polynomial 41 = '\9 + ailx .. 

Tho polynomiel A.ix• - ~OXS + -
Obviously 

A:1. - { ~) [x) = { x} I 1 - ._AL J 

Tho accounting equations in tao continuous caso booomo 

, .... 
-- c/ f 1 (x) ¢(x) dx 

,,,. 
Pijk... = j f1 (x) fj (x) :rk (x) ~ (x) dx 

) 
(•) 

a simplo g<;,noralization of equations 1. 

For linoa.r tracolinos they would be: 

P1· J ••• 

a11x s 

• 

Equations 10.) can bo rcwri tten in terms of a.) a.nd a.n 

Operator ¢ which will now be introduced: 

+- l 

If tho olomonts of a matrix contain powors of tho variablo x, 

then tho operator ¢ in front of tho matrix changes x8 into tho 

S "." th moment of tho distribution function (J(x). Matrix operations 

betwoon sovoral matrices, especially multiplication procodo tho oponr 

tion ¢) • If tho Dotorminant of a aqua.re matrix is to bo formed, than 

@ precedes tho dctermina.ntal. computation. Tho operator ~ is not to 

bo applied to matrices which contain only coefficients a1j. !'hon 

~r---------------------------------
For a moro detailed discussion soo M:lasuromcnt and Prediction, 

Volume IV, Chapter X, Sect. 1. ' 



11.) 

12a.) 

12b.) 

13a.) 

13b.) 

- 7 -

insto~d of oquations lO.) \'VO havo 

r ) 
¢ f X 1 pi :; i .A.is 

pij :; ( i 

t '¾r ¢ ,- 1 
1..X; {:a:} , A.1] = {¾J ¢ (x) [ AJ 1 

a { Aj} ¢ (x) r A·] - J 

Tho triple froquoncy pijk cannot be put in symmetric form, but 

this doos not matter bocauso ono item will always bo usod as stratifior. 

Tho product 

= (X) 

--

Thoroforc, if wo call the middle matrix (AicX) 

We shall now sot up l):)t;crminants corresponding to equations 2~) 

but of second instead of third order. 

l P2 l 0 1 X 

-1: ~1 = ·¢ 
P3 P23 a30 a31 X ~ s.Jl 

, 
= F3 ¢ (:~) F2 

pl pl2 l ~I ~ A,_ ¾x ·I: :: I = Ai x2 
P13 P123 a30 41.x 

= F3 ¢ (A:i_X) 
, 

12 



14.) 

15,) 

- 8 -

'l'hoso equations dorivo d1roctly from our proco(ling discussion ancl 

can easily be vorifi~d. 

Romomboring that ~(x) = O and ~(x-2) = 1 wo ea.n uao 

equations 13.) tG compute tho eoofficionts of tho linear traoolinoe. 

13a.) bocomos 

= :: 

Adding similar oque.tions for [ 12] and [13] wo find 

• 

-
• 

We notice that s1 Sj = [ iJ] . 

From 9.) we know that 

Pi = ~ (Ai ) = a.i o 

Tho equation of tho tra.cclino is thoroforo 

y = Pi + Six 

whore tho two coofficionts consist of empirically known data. 

1'his loaves equation 13b,) which can bo evaluated to 

pl pl2 123°11 
8 10 &:11 

= = 831 821 ... ' :..J 

P13 pl.23 ~l 81.o + ~l 

= 6s ~ ( pl2 - s 2 
1 + Pi 61 Ma ) 

~ 
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From 15.) WO can compute tho third moment of tho distribution 

function p (x) 
[23;1] P1 1-~ = + 
[23] pl Si S1 pl 

\lhilo 16.) is formod around i tom l.) it can oasily bo shown 

that it could bo formed around any i tom 

~ = + 

Wo have thus answcrod tho following question: Givon a sot ot 

psoudomanifost data which woro &Qnoratod from a continuous modol with 

linear tracolinos: how can wo compute back from such data tho pa.r&­

motors of tho latent modal? Equations 14.) and 15.) give tho 

answer. In addition equations 16.) show wo al.10 can compute tho 

third moment of tho distribution function P(x), (In Chapter II of 

tho Columbia-Rand Boport it is shown that with ovory added i tom wo 

can computo one moro moment of ~(x).) 

Tho main problem now is to find a similar solution for quadratic 

tracolinos. To clarify the problem somc~hat a comparison bctwoon tho 

throo-class model and tho continuous model with parabolic tracolino 

is holpful. 

Throo-classos and parabolic tracolincs. 

Thora aro cortain similaritios and d.ifforcncos botwoon tho two 

modols which can bo inferred from tho preceding two sections. First, 

oquations 13.) can immodiatoly bo extended to a polynomial with 3 

coofficionts: 



l7a.) 

:.7b.) 

- 10 -

1 P4 Pe; [24] [as] 
I; 

P25 
= [23,45] ! c34J [35] P2 P24 -

P3 P34 P35 

1 0 0 1 z ,; 1 ~ ~ 

820 821 822 .¢ X -z?, x3 • 0 ~l ~ 

830 a31 a32 x2 x!3 x4 0 842 66a 

• ~ (x) 
. ,; 

= F23 • 145 

This is an obvious analogon to 4a.) 

In tho same w~ wo find tho stratified dotCJ.'lllinant 

c· l - ~ (A:i_ ::c) 
/ 

L23,45;lj - F23 145 

Whoro 

Al .Aix Ai~ 

~ (A1X) - ¢ A.ix ¾X2 A.ix3 .. 
J,_x2 A:i_x3 Aix4 

Equations 4.) and 17.) indicate incidentally, that any tou.'-"h 

ordor determinant of tho form [123,45~] and [123,456; ?J would have 

to vanish for throe classes as woll as for polynomial tracolinos. !'h~• 

can oasily be shown by pivotal condensation a.round tho upper loft 

clement. 

A difference botwoen tho two models oidsts in regard to two doto► 

minants which can bo formed from all the froquoncios available troa 

tour ltome aa o.g. 

r 



18.) 

G: 

- 11 -

l P3 P4 P34 

pl P13 P14 P134 
= G (12,34) 

p2 P23 P24 P234 

pl2 Pl23 pl24 PJ.234 

ln tho throe-class G vanishes, as can bo soon from its account­

ing equation: 

1 1 1 0 VI O O 

0 0 VII 0 

O l P13 J>i4 P1:f14 

O l PII3 PII4 PII:fII~ 

pl2 pll2 plll2 O 0 0 

0 0 

vIII 0 

0 0 

l PIII3 PIII4 PIII3PI~ 
0 0 0 0 0 (Pz1P12> (pII1P1x2) (pIII1Prr12> O ! 

A second vanishing determinant of this kind can be formod by intor­

cha.nging a row and a column. thus wo obtain e.g. 

G (13,24) = 0 and G (12 934) = 0 

By isolating p1234 from tho two oqua.tions 19~) and equating 

tho value we obtain one restriction on tho 4 triplo order froquoncioa 

(assuming tho lower order froquonQios dotorminod.) Tho same oquatione 

also show that PJ.234 is ciotormincd if' tho lower order froquoncioa 

aro known. 

A similar rola.tionship docs not exist in tho continuous paraboli(C 

ca.so. If wo substi tutc accounting equations in 18.) it can oaail;y 

bo soon that tho la.st row and column contain M6 and !4a, momenta of 

¢(x) which don I t a,ppoar in another. Tho first row end column in'fOraol;y 

contains M4 only; a.nd tho aocond and third row ha.vo difforont cootfi­

cients a.ij. ~oroforo G will not id.onticall;y vanish. 

All this has the following oonsoquoncoa for tho solution ot Vie 
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wbolo problem. ffl. th four i toms 110 havo 24 ... l = 15 known ~top 

de.ta and 3.4 + 2 ::; 14 unknown la.tent para.motors in tho tbreo-claae 

oaso. :But bocauso thoro exist two nocossa.:ry conditions the problom i■ 

undordctorminod. With tivo itoms wo aooa to have 25 - 1 = 31 

manifest data; but octually wo havo onJ.t 

5 piocos of Pi 

9 piocos of Pij 

3 piooos of Pijk 
( soc no::;::t so cti on) 

17 piocos of information 

For wo just saw that throo triple occurroncos d.otormino all tho otho-n 

and that no quadruple oocurronco is f'roo. Wo also havo 5 x 3 + 2 = 17 

latent para.motors. Thus a solution can oxist and tho introducation has 

shown that it docs exist. 

In tho parabolic case 5 1 toms load to 5 x 3 + 8 = 23 latoat 

parameters -3 oooffioionts of ca.ch item and tho 8 moments ~ to 

M10• Thero aro certainly more indopcndont manifest data available aa 

ha.s just boon shomi. :But a.ro thoro enough? Moro specifically tho 

following question can bo raised: Do tho manifest data up to tho 

triple occurroncos permit tho compution of tho cocfficionts of tho 

traoolinos together with M3. M4t M5 and M5 of f)(x) tho distribution 

function? Tho answer seams to be affirmative along tho argument of the 

following soction. 

Tho Indopond.ont Manifest Data of. tho Parabolic Modol 

Tho double oocurronco of 5 i toms oa.n bo put into a croaaprod:uol 

matrix, Tlhoro tho definition has to be rou1omborod [ijJ • PiJ - P1 PJ 
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I 

J,. 2 3 4 5 

l [ 12 j [ 13] [14 J [15] 
., ... ·-

2 [ 12] [23] ,-24] '- . 
125 i 
·- -I -

3 [ 13] =.12] ,-34 j ,_ [35 ]_ -· 
4 [ 14] [a4] r 34 l 

'- - i-45] 

5 i [ 15] [ 25] [ 35] [45]. 
·-··-.. --. --

Assume that wo ontor into the diagonals values dofincd by 

whoro 

!lhan according to l ?a..) 

ing to Aitken,(*) for an 

this matrix would havo rank 2. Now, accord,-

n x n matrix to ha.vo rank r, (n - r)1, + 1,\ 2 ,.,. - r "/ 
minors of a cortain typo havo to vanish. !this would in our case 

gi vo 6 conditions. The fi vo diagonal 1 toms aro undo to rmi nod. 'l'hi a 
. (") 

loaves one oondi tion to oxist among tho manifest data of 20.) 

(Therefore it we.a mentioned in tho previous sootion that only 9 of 

tho 10 joint occu.rroncos aro indopond.ont.) 

Ncm we tako as an oxamplo of a matrix of triple occurroncos the 

ono stratified by item 1. 

2 

3 

4 

5 

2 

!~23;1 J 
i-24;1 ·1 

! : -
1 L 2s:1 J l 

3 

[23;1} 

[34;1·} 

[35;1 J 

4 5 ! 
-·-·- j 

1~24;1] ,- 25;1 l . ,. 

[34;1] [ 35;1 J 
[ 45;1] 
----

C 34:iJ 

(•) - Doto~;n;.nts-~d-M~t~;o;,- ;~ -72,-o~p~o- ;- - - - - - - -

(**) Another proof for this fact wae givon in Moa.suromont and 
Prediction. chapter 11. 
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Onco tho joint occurronce niatrix 20,) is dotorminod tho tot~ 

in matrix 21,) all ha.vo to havo tho aamo vaJ.uo, dependent only- upon 

tho stratifior. Wo cans~ 21.) is to have tho psoudo-rOJlk l, indi­

cating that tho minors of second ordor will not have tho valuo zoro, 

but a fixed value which is obtained by dividing equation 7b,) by-

7a. ). Tho division shows that 

[23.45:iJ 
[23,4g] • 

Tho right sido of 22.) d.oponds only- upon i tom 1 o.nd will thoro­

foro ha.vo tho same value• who.tovor 11baao 11 of 4 other i toms wo uao 

on tho loft. In gonorru. then wo know that 

[iJ, kl; m] --
whore 'bm will be tho same for any totrad in a matrix like 21.) 

and [ iJ,kl] contains only joint occurroncos of lower ordor than 

triplets. 

According to tho procoding formula thia gives 4 2 ,1 (4 - 1 + 1) = 6 

conditions. Hore tho four diagonal olcmonts a.re undotcrminod as wall 

o.s tho 11 fixod11 value of tho totrads. This loaves one condition to 

exist batwcon all triple occurroncos with suffix l. By analogy thoro 

will be one such condition existing for each of tho five suf'fixoa; or 

altogether five conditions for tho (g): 10 triple occurroncos. 

Wo thoroforo have tho following sot of indopondont manifest dat~: 

6 first order froquoncio s 

9 second order froquoncios 

5 third order froqu.oncios 

19 
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This, howovor, is just noodod to compute tho 15 coofficicnta of 5 

parabolic tracolinos and tho 4 moments Ms to M6 of tho distribu­

tion function ~(x). (*) 

Tho real problem now is to put tho ava.ilablo 19 accounting 

equations in such a form that thoy oa.n bo solved. 

Tho Main Problem. 

Wo thus wish to solve tho following sot of equation: 

i -- 1, 2. • • 5 

, .. 
pij : j A1 Aj ¢ (x) dx i#J -- 1, 2 •. • 5 

pijk = f );_ ij ~ ¢ (x) dx --
On the left sido thorc arc pseudo-manifest data which implies that 

tho equations arc compatible; there arc 6 + 10 + 10 = ~5 

oqu.o.tions botwoon which wo know there exist 6 conditions. On tho 

right sido tho symbols A stand for 

The unknowns on tho right consist of 3 x 5 = 15 coefficients 

of Aj_ 

that 

and tho moments of ,,,, 
~/ ¢(x) = Mo C 1 

¢(x) 

' 

from ~ to Ms• It is assumed 

,,/ ... x ¢(x) = Yi = l and 
,,,. ,y 

j .;c, ¢(x) = M.,a : 1. Instead. of ./ J (x) ¢(x) dx we shall 

whenever desirable uso tho opera.tor '/JZ (x). 

Tho whole problem can bo brought into sha.rpor focus by roca.ating 

it in terms of sviimetric ;para.motors,. As has been shown olscwhoro (•) 

T•T - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -
Tho preceding argument was worked out in cooperation with Dr. Joo 

Keller, N.Y. University. Ho fools that it lacks rigor. Still it 11Pl"V'08 

as a plausible basis to raise the main question of tho subeequo11t eoction. 

{**) Ob.apter IV of tho Oolumbia--lt4t1d project. 
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1 t is often useful ~o gonora+ii~ ~he notion ot cross product introd.uood 

on pa.go 4. of tho prosont mQmorandwn. The crossproduct of thil!Cl .. 

order [ ijk] e.g. will bo defined implicitly .l>y 

It can be shown that the cross-products aro the covariances of the 

tracelines. 

[ ij] • J{t1 (x) - pi )(fj (x) - pJ) f (x) dx 

[ ijk] : /(t1 (x) - pi )(t/x) - pj)(:tk(x) - Pie) y} (:r.) dz 

This is true for any- kind of tracolines; with parabolic tracolinos 

it leads to a considerable simplification of the a.ccounting.equatiou•. 

For 

= 
Therefore 

The term 81.o has been eliminated on tho right side of 2~.). To 

fa.cilitate tho dualism with the previous approach wo sha.ll sot 

z = (r'3 - 1) and 

( *) 
~o symb9l ,A! 

determinant IA*I. 
drafts. 

(•) 
• 

used hore should not be oon:t'usod with tho 
A different notation will be used in rovieod 
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We define 

x* 
X 

xz 

0 

~l 

z 

xz 

z2 

0 

Now we have equations oomplotoly parallel to l?a.) and 17b.) 

[ 23,46;1] • : / F;3 ¢ <A!x*) :r:s I ;; I ~3 I ~ I A._i_t'/ -,r:sl 
Therefore(*) 

= 
@3,45;iJ * 
(_23,45] * 

At this point it is helpful to introduce special symbols for 

certain linear combinations of moments. Wo let 

0( .. ¢ (r3) • ¢ (xz) = M3 

~ :: ¢ (x2z) = ¢ ( ,.2) - M4 - l -

r = ~ (xz2) = M5 - 2M3 

J= ~ (z3) - M6 - 3M4 + 2 -
~y-----------~---------------------

Tho symbol [23.451:Y * if a.storized pertains not to joint 
froq_uencics but to symmetric parameters. Therof?ro it has tho value 

0 lj.4] [15] 
(12) l).2i] [125J 
[1~ [134] [135] 

llut [2:!,45] • • [2!3,4ij , as oa.n ea.sil:y 'be ver!t'iod from tho d.otiattion, 
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In this not~tion, 

1 X I 1 0 0 

\..4 .. , - 11211 • IFJ\ fJ X x2 xz • lra~1• 11JI 0 l ex. .. 
2 0 c( (3 I XI s 

l cl.. I 27.) : . \12il•1 14&I ol. ~ .. 

~ ~x ~-
I D*I • I 12;1 • 1145 / ,, • A:a,x ~; ~u 

• Aj_ s ~D ~s2 

a._11x+~• 8i1~+l\2xs 8:J.1X.+8:J.2s2 

In*! ·• l1ail•IY45f ¢ 8:i.1 x,A + l\2n Bi.113+~s 8:i.1x2•+~ -

8:i_1 XS t 8)_3.j 811.,,_2• +&:1.2xs2 811 u2 + 9ias3 

- 1 J'2a1. 1:ri 1• 0 + O 811 + &i2 811 + a:t2 -
8l1 + 8ia all+ 8:J.2 8:1.1 + 812 

8 11 + 812 8:i.1 + 812 811 + 'i.2 

i?X 
Tho dotcmina.nt on tho right can bo _,,eprosaod as the sum of o,lht 

detc rminants, two of which a.re zero val uo d. !Lb.us• 
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0 l 0(. .0 l .p 0 0( C( 0 1 °' ~ 
l»-1 •/1~1-11~\ ·3 2 r p (~ 

~ 

811 1 0( <3· + 8i18ia. 1 0( + l + Q( 0( r ) 

28.) 

a (3 0. \ ~ (3 ,{ (X r a. (3 (3 (. 
I 

\ 

0 °' p 
1 r r 

o cl. 

0 l r O Q(o<, 0 0( (1 

+(X 0( r -to<(-? (J 
ppcr, (3Yo_ 

I 
I 

~ {? r 
~ r s. 

Dividing b,- IA*I , wo have en oquation ot third dcgroo in 8il 

and 812 

whore 

D1 

D3 = 

0 

111 
[23,45;1] * 
[23,46] • 

1 o(. 

1 rx. (3 
' (1.. (3 ¥. .D.-a --

1 o/.. 

(>( (3 

0 ex (1- 0 1 

l (.3 0 C( 0( 

~ o f ~ ~ 

1; ; I 

• 

,., 
0 1 (.; 0 1 o(. 

l o( 0 o( d (3 . 
&< (l ~ ~ ~ 0. 

~; I 
(? 

/') 

0 ot fl· 
a" 0( (J 1 
.f (3 t r. 

, D4 : 

l~ ; I 
Tho E;P:i;-ession of ~aco~ino Cootficionts as Functions of Uomonts. 

In tho procoding section a cubic equation in 8i.l and 812 

,vi th combinations ot moments of cf} (x) as cootticionts was dorivocl. 
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~n tbia aoction it will be shown tllat there e.i-o oombinationa of amfe•t 

de.to. which eqUtU two quad.re.Uc equations in 8:ll i,nd ~ and one such 

linea.- oqu.?.tion. Jzrr pair of these oq~tioa will allow us to expi-e•• 

the COf)tficiellte of ~Q linear tro.co lino ot an 1 tem u function■ et 

the momen\s of the unQOrlying distribution. 

Two oqUc'.'.tiona of ,econd dogree in 811 and 812 can be fowi4. Let 

1 0 0 

{: 
X 

A;a] 124 125 J'2; ~ ~x2 •' - 0 • J'45 -
0 134 131 Aixz ~.a 

1 :x z 

I E*I - I F2il • ll'~I ¢ X Ei x3+ ~ 2
z 8:l.lx2z+a.i~2 . - 1.1 

z a.i.1xfz·f8i;r-~ 811 xz2+ a.J.2;Xtf 

1 0 0 

• \F23)• IF4;1 0 D.i1°' +212(1 all~ + a:t.2 0 

0 ~1(3+ 812 0 °'l.1Y+81.2i 

'\1o<+ 812(3 "up + ":J.2 ¥ I 
= I F23I • I F45\ °'l.1r+~a 811 Y +°'l.~ 

Writing the dotorminnnt on 1;he right :i.s the sum of four dotoi'min,nta. 
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J'actoring 8:J..l and 8:1..a out of tl).csc dotorminants, 

--
!!.'his can be wri ttcn as tho d.etcrminental equation 

2 2 
8:1.2 -8:1.1812 811 

\:m*I - ci (3 0 -
[.? ¥ J 

Dividing by IA*\ oo obtain tho first scoondi-dogl'Oo equation in 
, 

a:i.1 and a.12 : 

a.f2 ·8:J.1812 a.f1 

ci p '( 

30.) I :m*I ::; ~ 'o s· IA., 
J cX 

I ol. (3 

A socond equation of the same order as 30.) can bo obtained by 

lotting 

0 [14} [15]) 

31.) c• ... - [12J (24] [251 j -
i 

[13] [34} 
I 

l'95~) 
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Tho matrix -0"' can bo oxpreasod a.s tho product of threo me.trices 

- ~ 

1 

:,* 
45 

O{ 

Dividing by IA*I wo obtain tho socond qua,dratic equation in 

811 and '°J.2 : 

I c•I 
IA*I --

A. linear equation in 8:i.i and 8:1.2 is obtained from a coofflciont 

I 13* j analogou.s to tho coefficient /13 I used in tho discroto el•• 

ca.ao. Let 

1 

0 

0 

(34] 

(15] 

(125] 

[135] 

0 

[14] 

[124] 

[134] 

0 

[as] 
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Expressing llf I in torms of la.tont paromotcrs, 

z 0 0 1 X s 1 0 0 

{: ~ J: I!•/. IF2;1, ·fF2;/ ~ X f' 0 • xz 8.41 xz -..i-'i 
lo 2 ~ 0 a42"i z a42 Z D 

l A* 
- ~ Ji~ 1 ~A: .ti 

- l12il • Ai~x +~ Ai.L:x * - A4X X 

• ~~- ~A:• .,;. z A4 z I 

Sinco ,ex) : ~z) = 0 , it \10 lot ¢ oporatc on tho elements of 

these dotormina.nts and expand oach by the minors of the elements in 

1 ts first column wo obtain 

:a 

i'o con interchange corrcs~nding minor diagonals in sums of eooond 

order determinants. Doing· this 

t :a*I 

( 8sJ.-t" 852°' ) 

\ 

I 

/ 

( 

Ca.41+ a.42e1) 

• I 12~ a.i.1 (a41.@+a42 J) +8:L2(a41a-'+a.425') a.:i.i <~~+852 r >+ 8:J.aC8sJ. r + 8526 

8:i._1 ( a51o<. +a 42 r ) + ff ( a.r,(3 -+ &12 2r 8:i.1 (a41cx+a42~ >+8:i,2(8 41r+a42 ¥) 

+ 
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ieoh o.t t~eao '"'° eto$1nanta oan bo oxproa•d aa tho aua ot two 

dotQrininante. :Doing this and ta.ctoring t'.11 or °'12 f'rom o::i.eh., 

( 1~+ n~« ~+~J lau+~ aa+::I 
1:a•t = ,,~, °'.ll ,1~+a42'K Ds1@+Gsa + a,_a l¼J. ¥+'¼a£ Dslt°+ 

\ . 

+ 
! '¼J.~+'\aY 

&;ia au~+a..a<3 
~+J 
85J.o(+ . 

Sinco oech ot tboso detonnino.ta conta1ne tho toctor 

Dividing bT IA*I wo obto.in o. lino~ equation 1n 8:J:l ttQ4 -ia : 

We now h'.'.1.W two quadratic oquationa 30.) end 32.) ad aae 

linea.r oqua.tion 34.) in ~ oncl. 8:La the coeff'id.onta of lbloh 



36.) 

37.) 
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a.l'C :tunct1ona of tho momonta ~ only. Equation 32.) conttdn1 onll' 

socond order manifest &,to. and honco for to.1.liblo data ia pra~nJd• 

to 30.) From 32.) ruid 34.) ml can express tho coof'ficionta ot a 

givon trooolino e.s. functions of tho moJilonts of efJ (x) md tho P,!OU!lt:· 

manifest d.a.tlil.. (*) 

An :AJ>p11cn.tion ot tho Modol 

In this section n. special case ot tho present modal will bo uaftd 

to analyze do.ta. tc"'lkon from c. Crossley s. E. s. survey mru:lo uPCID ~ 

urban sample of 1500. Since ~lico.tion of tho modol involves ltncm­

lodgo of tho first six moments of tho distribution function cf (x), 

tho follooing oxtromoly restrictive assumption was made: cf (x) we.a 

assumed to be t1. normn.l distribution m.th mom zero ond vnrtn.ncoa ono. 

Undor this assumption tho higher moments of {f(x) a.re given 'b7 

(2r) ! 
2rr! Mar+:. = 0 

Given those values for tho first aix moments, equ~.tions 32.) 

Qrld 34. ) reduce to 

= 2 2 
~l + 2a:t.2 

end 

--

Thoao oquations 8.1'0 easily solved tor tho ve.luea of a11 end 812 • 

,~---------~-----------------------
*) from p1 • Bio + a,_2 we can compu.te 910 in torma ot &s.a• 



... 26 -

Fi~ itoma woro aeloctod ·tor thia oxompl-0 an"- the poaitho an4 

nogati vo rosponaoa to tho so 1 toma we~ defined in the following 113.DllGrt 

pl 

P2 

P3 

P4 

P5 

Itom l: Rant Posi~:tvc rof3Ponso - moro than $20 pe,r aanth 

N'l,'.~'.'.tivo rvsponso - less thDJ1 $20 i;,or IIODtb 

Item 2: Incomo Posi~ivo ro sponao - more tht"Jl $1250 per ,ea.r 

Nogc-.tive rosponae - less thtui $l2t50 per 701".l" 

Itom 3: F,duc!'!.tion Pos1t1vo re sponso - high school or moro 

Nogti.tivo rosponso - loss thri.n high achool 

Item 4: Vacuum clooner Positive rosponso - omiorship 

Negative reaponeo - non-ownorah1p 

Itom 5: Automobile , 

!lho manifest d~t~ is 

- o. 7647 -
= o.7827 

.. 0.6040 -
• o.5387 

• o.4567 

1ho vnlues of '
01 I 

I.All 

Positive response - ownership of one or more 

. Nog~.ti ve response - non-ownership . 

summnrizod belorr 

pl2 - o.7074 P123 - 0,496'1 - -
J>i3 - o.5239 P124 - o.4727 - -
pl4 :I o.4974 pl25 - 0.3978 -
P15 = o.4133 P134 - o.3?20 -
~3 - o.5314 PJ.35 - o.316'1 - -
P24 • 0.4920 pl45 = o.3213 

P25 - 0.4160 P234 - o.3698 - -
P34 - o.3973 P235 = 0.3233 -
P35 - 0.3947 P245 

.. o.aaaa - -
P45 - o.3393 P345 • O.a&80 -

!'.'lld 
\:ail 

c,:m each be computed 1n 
1Af1 
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th.No dittorent lffl¥•• 1f1. ring slightly- c11ttorent nl.uoe tor 1ai,ertoo, 

data. b 8.VOffl&O Ttll.uoa obt~d 110 Jill 

I ctf Item l Item 2 Item 3 Item 4 Itea 5 

141 0.1326 o.o~ o.~7 0.1~1 o.1568 

t :ai' 
I "ti -o.9721 -o.7043 -0.3908 •l1t290 -o.5354 

Using eq\U\tiona 36.) and. 37.) to compUto Bil end '\a , end 

4etezmining &.lo from tho equation 

--
the tra.celinoa of tho five 1 toms woro fQ'1J1d to be 

t1 (x) : 0~927 + o.283x - o.162i2 

t2<x> - 0.900 + o.254x - o.11~ -
f3(x) - o.669 + o.1eax - o.o65x2 -
t 4(x) - o.754 + o.140x- o.215x2 -
t5(x) - o.546 + o.375x - o.oa9x2 -

In the tollowtng tnble the mo.trix of tho obaorvod crosa-procll1c.,a 

and the croaa-producta regonorated from the computed tra.celinoa ia lhotm. • 

!1'ho computed crc>aa-products a.re shcnm in pe..rentheaea benoa.th the 01.taerved 

croa .. producta 



l a, 3. 4 I 
'. o.1oa9 0.0620 0.0854 · o.1m.a 

l - (0.1100) (0.0743) (0.1092) . (0.0641) 

0.0586 0..,0?04 o.0885 
2 (0.0630) (O.0816) (O.liQJ) 

o.on9 o.11ss 
3 - (0.0543) (0.0881)' 

o~ooaa. 
4 - (o.0909) 

5 -
Tho ni.ther large discrepancios between tho computed end ob•ne4 

croas-prodncts aeom to 1nd1ct>.to that tho :rostr:lctivo assumption ot a 

normal unde!'lying distribution was not completely Justified. 
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Solva.bility Conditions In I.P.tont Structuro Anagsia 

le Introduction 

Ill.tent Struoturo J\.n&lysia is e. pr ooodure tor determining 'the 

distribution of a population owr a docain on too basis of observa­

'tiona or toot results. Tho first assUtlption on which it is based 1a 

that thero is a dor.iain D to aach point 0£ t.1hich one or more individuals 

of the populo.tion oorresponde Tho density 0£ tl'K:! distribution is de­

noted by Q (x) • where x represents e. point in D. A test aooigns o~ 

or more numb tll"S • dasigtlll,'tod oolleoti vol¥ by y 8 to each indi viduale 

The seoond u.nd main ass1.Jlit)t1on is that tho test result y doper.ids only 

upon the point x to Tihich an inlividual corresponds» and that :Y<z) ia 

a ram.om function" The prol,e.bility tlnt an individual at x will have 

a test result y 1s donoted by f( )o Hith those aasur.iptiona,, th8 
x.y 

e:xpooted nuubar of individuals ,Ji.th test result Y• denoted by P(y)• 

is given by 

The problem of .IAtent Struature Axialysia 1s to deton:d.m D8 

Q _kt)• am f(x,y)a t~ lAtent struoture 9 frau the observed values of 

p (y f-1. tho renitest de.tao It seems cloar that sinco equo.tion (1) 1s 

tho only relatio11ah1.p bet\·~on 'bheao quantitiooa tl'M3 problou is umer­

deteminadJ tint is., there nro 6-enere.lly t'lrul¥ aolutionso Thia diffi­

culty ray be ovoroor:.:, by selecting tMt aolution which is,, 1n soma 

sense .. ail!'.plesto On the otbar mnd., if a particularly simple type et 

solution !.a roquil"~11 non.a roy c:ir.ist 'lu.--tleso the obaorvcd values ot 

p (y) ae.tisfy co~..ain ros·ii::t· .ic'i.i ve ocmdi tiona • ln this article _, mah 
W~.C,t,.,..,,.., ........ \::G.t:;rz"•·..:••..,:. .............. ~~:,d",::, )#<~ .~.....-,..:._ ... r:~ 

Aci.;us,lly p(y) i:: ;.:ft oheerved~ but tt is es-time.tad from observations 
on a acmpla or tho populationo 
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to investigate th8se- condi ·!.ions for p:irticular types of solution. 

Knowledge of these conditions is of considerable practical importance, 

since in applying the method to M.ven data it is necessary to knor; Trhe­

ther a solution of the type sourht exists. 

De.fore proceeding, it is necessary to introduce several other 

ideas ,:hich ':Till be used. '::e define a test Yd.th m parts as one in 

w}1.ir.h m different numbers are assigned to each individt1al; that is, 

y represents m nunibP.rs Yp y 2, ••••. • , Ym· Such a test is called pure 

it the various parts are indeperrlent. Then the probability of the 

joint result Y:: (Yi, y2 , ...... ym) is given by a product of separate 

pl'()babilities: 

TI'e ,:rill consider only pure tests, nnd r,~,11 each part n test item. 

A test item is called discrete if there are only a finite number 

of different results ,;rhirh can be obtained uy an irnJ.ividu.aL For 

example, a question for ,,,rhich a choice of one out of three ansr:ers is 

offered is a. discrefe test item, i~ continuous test it~ is one for 

TI'hich the possible .'••c.;ults range over an intcs·val, such as weight or 

income, '":e Ylill co:-:sider only discrete test items, and in particular 

dichotomo'}S ones. (!', test iten is dir:hotono"s if it has only fa,o 

possible results!' oft.en referred to as positive and negative respec­

tively), 

II. Class I'odel 

'l'he simplest type of domain D is a finite s0t of )., points, say 

In this case the set of im.lividuals ',.·hich corresporxi 

to a pnrticu.la.r point is called a class,, 'l'hc distribution function 6j 
11 



then, consists of A numbers (i/1 , ~ 
2

, .• , ... ~A each representing the 

number of individuals in a particular c]ass. 

Consider a pi:tre test of m di~hotomot'.s test iter.1s. For each item 

tl:te nrolJabi 1 i_ty of positive respons"s consists of A numbers, one for 

eacL clnss, We denote these probabilities by fik where i designates 

the test item and ranr~s from 1 to m, and k designates the class and 

r:1n~es .from l to A . The probability for a negative res' onse is 1 - fik. 

The (e.xpected) numbc~r of joint positive responses to items i,j,. 

1.<1~' ---!0note hy p1 j ..• 

equation (2), 

Then equation (1) yields, tn!rinp- ,i' '!f>nnt. of 

There is one such eq1·,at l.on for each combination of test items, a total 

of ·/JJ. equat~_ons" (Thi.s incl1 1des one equation for the combination of no 

test iterns, \':hich expresses the equality of the total sample and the 

s~ of tlte Gk,) The number of unkn.m·m quantities is (w t 1) ~: there 

are m.A prob::1bili.tie9 fik and). class sizes ~ k• 

If the number of classes ~ is chosen larger than 2m (m f· 1)-·l 

there ,dll p.;enerall:y- be infinitely many solutions of the eq1.:ations 

and 1:,ecause of this none of these ,muld be considered a rotisfact.ory 

"explanation, 11 IIcn-vever* if )\ is chosen less than 2m(m -/ 1)-l there 

will r.enera.11y be no solution since the m-1mber of equations will then 
(2~ 

exceed the number of unknorms "" In this c.ase a solution may exist if 

the joint or.currence freqPencies p satisfy some restrictive condi--
ijeo J 

ti.ons. ''."e 7Iish to determine these conditions. One ,·rol'ld expect the 

number of conditions to eqt,al the difference betveen the numller of 

m l. equations and the number of unkncr.ns, mmely 2 ..... (m f l)n, 
-,--

"' lf ~(m.f 1) is an intef:er and if is equal to it~ there will gen­
erally be one (or a finite number of) solutionso This case is not of 
particular interest, since the number of classos re•uired is usually 
too Larr;e to constitute ~n a.de::iua~.: "'sxplanationo" -
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equations (3) are alp-ebraic equations of various degrees including 

one eq11ation of first dei:n-ee, m equations of second de:i:ree, a,,d one 

equati.on of (m /. 1) deirree.. There are mCr-i equations of degree r for 

r bet"-.-teen l nrrl m ./.L 'these equations may be rewrittE"n in matrix form 

ap) 

l.( 1 , j, • • • I ) t, ~-r F F F. L 
' '1'!I l 1 j"'J 

!.I ( i • j ~ · • · I ) is an m by m (square) matrix . The element in the posi. tior:. 

a.j b is pij . , b); i.t any t110 indices are eqll.al the co::Tespondinr; 
"'""""'I A 

element is undefined. L is a matrix of ). ro<.78 and mfl ;_.:>lumns, the 

element in position / ,b being fi,k-l an<l the first i::olumu consisting 

of ones. L I is the transpose of L, lT is the diagov.al matriX (~1 t q 2 •• 

, .• ~ .. ) and F. the diaRQnal matrix (f .
1

, f. 
2
,.,, .,f. 'Ii ) 

..,.~\ 1 1. 1. l.l\ 

There is one such matrix eq1!ation for each combirm.tion (i,j .... ,) 

containinP- at most m~-2 indices" These equations conta;_n all of eqm­

tions (3). The lei't, hand side consists of' the manifest data. except 

for the u.'1defined elements.. From these equations it is possible to 

ded . {\j" .I) 
uce conch.tions on the natrlces I.I and thus on the manifest 

data, These conclit.:.ons ,·Till be obtained in E8ction 4, 

III. C-1Jntinuous llodel 

Another simple doruin D is an interval of the real number c2Xis. 

'i'he distribution fun::tion !y and the probalJilitics of positive responses, 

for a p1're test o.f m dichotomous items» are then functions of a single 

real variable x. ..!e denote the probability of a positive response to 

item i by the function .t
1 

(:x) and call it a trace line., 11. simple assump­

tion about ri (x) is that it is a polynomial-nitho-··t some such assumption 
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(6) 

(7) 

the problem of detennining f. (x) arrl 'Si/ (x) from equation (1) would be 
1 

underdeterm·L11ed. Thus vre assume 

(i = 1, , .. , m) 

For the continuous model, talcing account o.f equation (2), equation 

(1) yields 

Here, as beforeio p. . is the (expected number of joint positive 
J.,J,,,.J 

responses to items i.,j, ... , / . If ue norr use equation (5) in equation 

(6) ue obtain 

Pi. ,j, . . . :: "-1_ a j, --"r If' f ~i a j .. •"J ,l a1 b j '.. ·"y ,l •. -1":1. a j .. ~ u1 

f I.f [bib r ... a,. -f .. ... ] f ~ ,. .. 

Here ur is the rth moment of the distribution function ~ q 

Just as in thE Glass Pod.el, the equations (7) f,.,:~ the coefficients 

ai, bi' c1 .. ~ and th~ moments Lr(), 1ir-~, .• are. algebraic equations of 

various dein-ces. T;,ere are in all ~ such equn.tions ,.rith mCr for joint 

occurences of r ite~..,s. ''Te suppose that all the fi are of degree ~ 6 

Then there are ( 2 A ./- 1 )m ./- 1 unknor.rns: A f l coefficients in each 

of' the m .functions fj_ a.nd m A /, 1 moments ur of the distribution f ~ 

If A is larger than 22fu ~ l.. - ~ the number of unlmo\'mc 1rill exceed 

the nuniber of equations anr1 there •.-r.i.11 generally 1Je infinitely many 

solutions of equ.."".tions (7). Consequently none of thene solutions wouli 

constitute a satisfactcry "explamtion," On the other hand, if ~ is 

r 
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mnaller than the number indic-.ated above~ there -iri.ll generally bt:. no 

solt1tion, 1'. solution may exist hO\'Tever, if the joint occurrence f:i:~­

quencies p. . l satisfy certain conditions, nhich we •.Ji.sh to deter-
i, J. '' 

mine, 

To this end l7e re\7l'i te equations ( 7) in the follcr·"i.nr. r.ntrix form 

/i.,j,".,()::: Cr 11 Xj •.• X\ X ~ dx C1 

D 

Here r/i,j. ·,I} b an 111 by• matrix defined as before, C is the 

m by A./- 1 ma~ri:x: of coefficients of the polynomials fi; the i,k 

element is the coefficient of _xk-l in f i. x1 is a ).. /. 1 by )\ 'fl 

mat.t"'i.x:; the element j k is x·k-l multiplied by the coefficient of .:z:j-l 

in f'1 ._ X is a A -f 1 by A f 1 matri.X; the element j k is x;Vk-2 

These eql'ations rn.11 ue considered further in the next "fiction". 

IV. Factorization c:' ~ '.atrices 

In the precedi w sections it has been sh•,xm that, for t·wo impor- · 

tant models., the eo;:.ations of latent structl.-re analysis may be written 

as a set of matr:Lx e•}'.lations of a particular type, The solution of 

each of t.hf~se equations a.mounts to factoring a eivon matrix into a 

product of a snecified number of factors of particular t,ynes. There 

a:re certain relations among the various factors -;;,-hich must also be 

satisfiec .. In addition, tho given matrices are incomplete (i ,e,, have 

certain elements unsr,ecified) and therefore the product of factors may 

yield any r~svit for the w1ssin~ elements. 
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11.s an initial attempt at tre.atine this problem, TTe 11u,.,,· r·;-oved 

the folloYri.ng theorems a'oout factorization of matrices,, Lv-.n L1-1ese 

prelim:irulry resnlts yield some information about the sol•.rtiun 0£' the 

above problem, 

Theorem I: The necessary and suffj c i ent condition that a 

matrix A of m rmn, and n columns be thP product of t,·10 

matrices (m.r) anci (r,n) is that t}ip rank of A b r, 

Proof: 

'l1he conrhtton is clp.,arly necessary :3j_nce the rank of a product 

is less thnn or eq:.1al to the rank of either factor {Aitken: Detenninants 

arrl '.'btricee!I pa"'e 95) and the rank of both factors is less than or 

equal tor. 

To prove tl!e s;1fficiency, ue suppose the rank of A = 3 ~ ~. We 

also assmne that· the sul>natrix A1 of s rous aml s columnst in the 

upper left hand ~orner of ·A• has rank S, (If this is not the case it 

may be nnde so by e.1-cmento.ry ro;: an:1 coh1J11I1 operations, Le., orthogo-

nal transformations,.) Then we -rrrite A in the form (nhere A1 is (s,s); 

A
2 

is (m-e1s); Di b1 (s, n-s), n2 is (m-s., n-s): 

Here I isthe (s_.a) unit matrix.. The equalities follor; upon expindi.ng 
-1 

the products and noting thci.t if fl is of rank S then B2 :::: A~1 Di_· (f'_itken;, 

Thus A has been factored into the product o.f t-::o matrices: 

(m,~) .:1nd (s.n), and in tr·;o different 11-a.ys if A
1 

i. L There are in· .. 

finitely many different factorizations since the first factor may be 
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(li) 

post~mu1tiplied by any non-singular (s»s) matru and Lhe second factor 

J: .-·t~ •mu'.ttiplied by its inverse, without chanr,-'i.ng the product, In 

case s ,-(_ ril' · ,re border the first factor ·nith r - s colrnnns of zeroi=; 

and the second · i.th r - s rorrs of zeros. This canpletes the proof. 

Theorem II: The necessary and sufficient conditions 

that a matrix A (m,n) be the prodl" .. ct of three matrices 

CD U where~ is the transpose of C and C is (m,r), D 

is (r,r) are: 

a) m = n i~e-, A is square 

b) rank of A "k. r 

c) it2 = A1AilBi 

Proof~ 

Condition a is obvim::.sly necessary since the product C D 'C' is (m,m) , 

Condition b is necessary uy theorem I auove. Condition c is necessary 

by the follo•.'!i.nrr y-,roof: 

Dy hypothesis 

C2] -~:,J lei D 1;J ( I t;:1rr2] 
... 

The last te1,n is seen to equal the preceding upon exransion; c
1 

is 

non-~ingular since A
1 

is assumed to be non-singular. !Tm: from theorem I 

we have: 

'l'he last te:nn equals the others ► as one eees l>y e.xi_:ansion (or premulti­

pl,yj..ng the second factor by A~
1 

and postmultiplying the first by A1 ; 
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(15) 

simi. J.rly vii.th the second and third far:tors), Upon cor.iparinr; the last 

tern:; in trie t,ro precedin~ equations r1e see that A1 :::: c1 D C\ and thus 

-1 
Thw i~ = Jr1 t..1 I;1 and condition c is proved necessary, 

The !,ni.fTiency or the conditions is proved by the construction in equa,­
ahove, 

tion / In cnse s <- r, it is again necessary to border the first ti."Io 
I 

factors ••:i th r - s columns of zeros anl the last two by r - s rO\"fs of 

zeros. This then completes tbe proof, 

CorolJary: Condi.tion c holds if A is symmetric. Then D is also 

tJYI!DY!etric ,. 

Theorem III: Ti'ro (mlln) matrices both of rank r have the form 

1,here 

A1 and x1 are (r,r) and non-singular. 'i'he necensa~J and su:f­

ficient con:lition that A and X have a common factor is 

a) Ai1n1 :::: xi½-1 
b) A2'\1l ;=: X~ll 

Proof: 

for conm1on second factor (r.n) 

.for comr.1on first factor (m, r) 

The facto:rizations in equation 9 ('illfll'.)rem I) s11mts at once 

that the conditions are sufficient, To prove their necessity, ~mppose 

r C1.I l 
A-:::.. C \ [J1 D2j I 2. . 

w .J 

Then since CiD1 • Ap neither c1 nor n1 is singular, Hence we may 

rewrite equation (12) as 

[ ein1} [ -1 
D2 ·1 =le \_J i ClDl cin2) A= 1 I D1 

C~l J 2vl J 

-9-
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(15) 

( 16) 

( XS) 

Comparinr, thi.s equation ( 15) i::ith equation ( 9) of the<1rem I. we see thac., 

Thus if [n1n2] is a common second factor of A arrl X, from equation ( 14) 

and the corresponding equation in X 

.... L -1 
Al731 = X1 y l 

'l'his completes the iroof of '.i'heorem III. 

Theorem IV: 'l\·10 square (n,n) matrices A and X can each be 

factored in the form A = C D C, X = E F E where C and E 

lire each (n,r) and D and Fare each (r,r). A necessary and 

sui'ficient oond·Ltion that E = C is either 

or 

Proof: 

By theorem III both conditions are necessary. Ly equation (11) 

of theora:i II 

-10-



X= 

Condition a) tmplles tlmt the last factors are equal. Since 

see that the first factors are also equal. In a similar way, condition 

b) may be sho0.·.n to be sufficient . This completes the proof. 




