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PART III

THE APPLICATION OF LATENT STRUCTURE ANALYSIS TO
PROBLEMS OF RELIABILITY

by
Lee Wiggins

In the summer of 1948 the Social Science Division of
RAND contracted with Dr. Samuel A. Stouffer and associates
at the llarvard Laboratory of Social Relations to conduct
regearch on the measurement of attitudes. The purpose of
this project was to develop methods for more exact descrip-
tion of the more complex characteristics of people. The
morals of soldiers, the degree of tension between white and
negro troops, the capacity of officers for leadership are
topics on which information is neerded for many purposes.
While the judgments of intelligent observers are useful, it
is often desirable to have statistical measurements which
can be applied to large numbers of people and do not require
the presence of such skilled reporters. Methods for usch
bookkeeping on psycholopgical and social factors are not
sought by many social scientists, and this project explores
one special approach to the problem.

Some of the results of the first year's research were
included in Volume IV of Studies in 3ocial Psychology in
World War JI. As the authors of this volume stated in the
preface, Wexperience on the (RAND) study has been of in-
estimable value in broadening the perspective of several
of the authors of the present volume and leading tnem to
make late revisions in their manuscripts -- in some cases,
revisions which are quite fundamental in character."

In 1949 it was decided to continue research on atti-
tude measurements, with emphasis being placed on the mathe-
matical basis of this approach and its application to
empirical materials. The work was done under the direction
of Dr. Paul F. Lazarsfeld of the Bureau of Applied Social
Research at Columbia University, who had worked with
Dr. Stouffer during the first year of the project.

The present Research lemorandum 455 -- "The Use of
Mathematical Models in the [leasurement of Attitudes" --
fives a detailed presentation of the preliminary findings
of this project. It will be followed by a RAND report which
wilé summarize the data and state the conclusions of the
study. ' :



Because of its length, this Research Memorandum is
issued in six parts. The present paper is:

Part III - "The Application of Latent Structure
Analysis to Problems of Reliability"

The titles of the other five parts are:
Part I - "A Simple Model for Attitude Tests™

Part II - *"Mathematical Developments in Latent
Structure Analysis"

Part 1V "The Application of Latent Structure
Analysis to Some Problems of Concept
Formation in Socioclogy and Social Psychology™

Part V - "Applications of the Mathematics of Multiple=-
Factor Analysis to Problems of Latent
Structure Analysiz"

Part VI - 1'"Probability Models for Analyzing Time
Changes in Attitudes™”
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*
THE APPLICATION OF LATENT STRUCTURE ANALYSIS TO PROBLEMS OF RELIABILITY

1, Introduction

1,1 The reliebility of dichotomous itemse

The literature of reliability contains few discussions
of the reliability of a single question or item allowing a
small number of categories of response; yet for cogent reasons
such items are often used and will continue to be used in the
study of attitudes and behaviore end to obtain information of
a factual nature about respondentse With respect to demographio
and behavioral objects of inquiry it may be that a simgle item
is thought sufficient or that a single item taps the variable
in question more accurately than a number of items. The
unamplified estimate by an interviewer of the sex of a responde
dent is a more acocurate indication of sex than three items

referring to clothes, voice and hair, With respect to attitudes,

The method presented in this paper was conceived by the
author in ignorance of the precedures of latent structure
analysis, and was pertially developed in matrix forme UThen
it was pointed out that the method was a special case of
latent structure analysis, the notation and many of the
equations of latent structure enalysis were adopted, making
possible the solution of most of the cases presented here,
The writer is indebted to Professor lLagzarsfeld and to
Professor T, We Anderson for advice, although meny of their
suggestions could not be incorporated into the present paper
because of time pressure,



the patience of respondents and considerations of cost are
limiting factors which often preclude the use of several items
to tap & single attitudes This is particularly likely when a
panel of respondents are repeatedly intervieweds 1In panel
studies, at the same time, the problem of reliability beocomes
crucial, because the principal value of the panel, as compared
with e sequence of different samples, lies in the analysis of
turnover or internal chenges of opinion whether or not these
are reflected in net marginal shiftse If an item is unreliable,
the turnover is affected much more than the distribution of
opinions at any one times

Such considerations geem to warrant an investigation of
the reliability of single items used in repeated interviewss
Iet us first limit the scope of this papere We shall not be
concerned with the velidibty of responses, but only with their
reliabilitye There are two types of error which may affect
the dete which reaches the eye of the analyste The first is
systematic error, such as inbterviewer biase e sghall deal
only with the second type, which is veriable errore An ine
complete list of errors of this tyre would include such things
as moods or whims of respondents, respondents misunderstanding
the question, rfsostimates end misumderstendings of the inter-
viewer, erroneous recording by the interviewer, and errors of
coding, punching, and tebulatinge In the present paper we shall

further limit ourselves almost exclusively to items for which



the responses are obtained or grouped into two categories,
omitting consideration of multiple-choice and continuous;y dis=
tributed responses, which are being treated elsewhere by the
authors Finally, we shall largely ignore the sampling problem
and all other statistical problggs, and work on the assumption
that the dete is "nfellible",

Iet us consider ‘f’irs’c how we shall define the relisbility
of & dichotomous itemse ‘If we turn our attention to a particular
individual in the panel, there is at any given time a certain
probability thaet if he is, say, & Republican, he will give the
response “Republican“ to a question ebout his political inclinf=
tions There is also & definite probebility that the interviewer
ﬁill properly record the responsee There are other probabiiities
thet the response will be properly coded, punched,‘and tabulatede
Since these probebilities are independent, the product ofkthese |
and other relevant probebilities is the net probability tiat the
tebulated response of this individual is the same as his actual
political inclinatione In the case of a factual item, mutatis
mutandis, & probability that the reported category is correoct
will also obtaine

For this particular individual, let us define the reliabie
lity of the item as the probebility that the individual is
correctly classifiede The question that we must now ask is
whether and to what extent this probability is the same for

different individuals in the samplee The possibility of com=



puting the reliability in a given casesas well as the solution
obteined, turns on the answer to this questioﬁ. If we consider
the various sources of error vwhich combine to determine the
reliebility, it is evidén'b that some of these errors are random
with respeoct to the entire sample, and thus 1ead; to the seme
probébilities for correct classification, while ‘o"chers ere noﬁ.
lbohanical errors, such as errors of coding, p\mohing, and
tebulating, are equally likely %o ococur for any individuael in
the aamp_jfe.. Errors ceused by misunderstanding end moodiness‘ |
on the paﬁ of the respondent, on the other hand, are more 1ik$iy
'Eo ooccur among certeain indi_iriduals then otherse Whetever these
variations may be, it seems reasonable to assume tlat the sanple
is composed of an unspecified number of groups or ch‘sseé'.
within eéch of which every respondent has the same net probabie
1ity of being correctly clessified,

But at this point the expression "being correctly classi-
fied" leads to a certain confusione Whether & respondent is
co&‘rectiy classified or not depends not only upon the variable
errors, but also upon the form of the distribution of the
sample on the item employed, and upon the forms of respounse
alloweds If the entire sanple is conteined in two discrete
classes, sey mele and femalos and if there are two possible
response categories which are clearly associated with these two
classes, then there is no diffioculty in talking of correct

classifications But suppose the eirple is contained in three



disorete points, and only two response categories are permittede
It my no longer be mezningful to speak of correct classifice-
‘tion with respect to all three classess It is necessary to
modifly the definition of reliabilitye

In order to arrive at o more serviceable definition, let
us first arbitrarily designate one of the two possible response
categories as the positive responsee (We are here restricting
the anmlysis to items with dichotomous response categoriese)
Iet us assume that there are a number of classes within the
sample, such that within each class every respondent has the
same probability of being finally tabul&ted in the positive
response categorye This probability will depend on the
actual or "brue" position of the respondent as well as the
various types of errore If the two responses "Democratic" and
"Republican" are permitbted in a question about party preference,
and if “Demooratic" is designated as the positive response, then
obviously & respondent who hes no preference will heve & smaller
probaebility of giving the posibive response than a Democrate
Similerly, a Democrat who does not feel intensely about his
party preference mey have a smaller probabiliby of giving the
positive response than a Democrat who feels intensely about
his preferences The "true" positions to which we refer, there=-
fore, are not merely nositions on the dimension of favorablenessw
mfavorebleness of the item in question, but are rather joint

positions on every dimension which is relevant to the probability



E 3
of giving a posibive responses

Iet us desiznate these true classes by the symbol Cl’ Cz,
eese, Cm’ and the proportion of the sample falling into each
of these classes by Vi, V5, eceey Tpe For any given classy Cia
let us denote the probability that members of this class will
be reported in the positive response category by aje If we let
Py represent the proportion of the sample which is reported in

the positive response category, we have the relation
(lol) pl - a..lvl ¢ aoVo 4 ssess " amvm

or in vector notation

(102) Py = aty

If the probability that members of a given true class Cs
will be reported in the nositive response category is &ys then
the probability thet they will be reported in the negative res=
ponse category is 1 = &;e Iel us choose for each class the

larger of the two probabilities ay and l-ai, and call this the

E 3
The word ™true" is admittedly bade I shall employ it throughe
out, however, following the precedent of the nsychologists,
who followed the physicists, and using it in the same Pickwickian
senses It has been persuvasively argued (by Professor Ernest
Nagel, among others; cfe his article "Logic without Onbology™
in Naturallsm and the Huren Spirib, edited by Ye Krikorian)
the®t the True" position or megnitude is nothing more then
what is defined by our observations and mathematical postue
lates; it is perhaps sufficient to state here that no metaw
physical implications are intendede



reliability of the item for that classe Since a probabiliby
of 50 would be obtained by pure chance, it is meaningle ss fo
speék of a reliability less than ¢503 hénce we select the larger
of the two probabilitiese Clearly, two classes may have the
seme reliability or different reliabilitiese

The discussion of reliability has made clear that relisbie
lity is intimately comnected with tho truc distribption as woll as
the manifest responsese In a given problem, we know the mani- |
fest responses, but we.do not know the reliebility or the true
distributions Any solubion for reliability will also yield a
solubion for the true distributiones The method proposed in
this paper thus leads to a debermination of the true distribue
tion as well as the reliability of a single iteme Although we
shall deal Rrgely with cases of limited information, where we
reke assumptions about the true distribution in order to deteff
mine the reliability, the method has perhaps even greater
potentiality, in cases where more informetion is available , for
determining the structure and dimensionality of responses to &

single itemse
le2e Roliability and timee

We have postulated for a given item and sample & number of
true classes, Cys Cpy eevey Cpy obch with an associated probabie
litys 8435 Bpp eeesy &, of being reported in the positive response

cetegorye Iet us call the C; with their associated 8y the "true



structure™ of the item for this samples The true structure is
very similar to the latent structurey formally, with one importe
ant difference which makes undesirable the use of the same terme
The letent structure includes the proportions of the sample
falling into each class Ci’ the proportions we have called Vi
wherees the true structure includes only the classes themselves,
with their associated probatilitiese It is the fundamental
assumption of the method proposed that the true structure does
not change through timee The number of true classes, their rew
lations, and their associated probabilities must remein constante

This means, for example, that for any given class the
~various probabilities of error do not changes It means that
the form of the true distribwbion does not change, eegs, from
three true classes to two true classese It does not mean,
however, that a respondent cannot change from one true class
to anothere If a respondent does change from, say, class Ci to
class Cj, the probability that he will be reported as lawing
the positive response changes from ey to a..j. The probebility
is associated with the class, not with the respondente It is
even possible that a given class may become vacuous, or that
an empty class may acquire members; but once a given structure
is assumed then the structure itself is assumed to remain the
sames

The important pert of this assumption is that the proe-
bebilities of positive response are constant, for any given

classe The assumption seems reasonabls for most of the variable



errors of response; but if for any reason it should seem
doubtful, it must be remembered that the classes are defined

by their associated probabilities, and hence the assumption can
always be made valid by admitting a larger number of true
classese Enough classes must be admitted so that the probabilie
ty of positive response for agiven respondent depends only on
the class to which he belongs at & given time, and not on the
class to which he may heve belonged et & nrevious time, since
only in this wey will every member of the class to which he
now belongs have the same probability of positive responses
Since the probabilities &t different times are independent,

the multiplicative law will hold, and the probability thet an
individual in class Ci et time 1 and in class CJ. at time 2
will be reported in the positive response category both tims

will be a:a.e

d

Iet us call the changes from one true class to another
the "true" clengese There are two weys in which we could repre=-
sent these changese Ve could set up & matrix of transition pro-
babilities, OZ ij)_. showing the probebility that e respondent in
any given true class C; at time 1 changes to any given true
class Cj at time 24 It is more convenient for our present purwe
pose, however, to consider all those respondents in class Ci
at tire ] and in class C 3 at time 2 as constituting a true

cless cijl end to designate the nroportion of the total sample

falling into the class Cij by i4 lembers of class cij then



- 1) -

have the probability 848 4 of being reported in the positive
response cotegzory at both time 1 and bime 24

If we ]et:pll be the preoportion of the sample which
accordin; to the manifest date gives the nositive response ab

both time 1 and time 2, we get the relation

(1:3) P11 3 2371221 + 82V12%2 # eeee By
t egv2181 4 87082 4 ecee § Spva Py
" [ X X2 X ]

or in mebrix notation

(1e4) P s® Wa

The equations we heve derived are evidently similar to
the accounting equations of latent structure analysise The
procedure we are advancing, originated independently for the
analysis of reliabiliby, turns out in fact to be in one sense
& special case of latent structure analysis -- a snecial cese
in the sense thet we assume thet the probabilities of & posi=
tive response remein constant throushout time, and hence we heve
only one set of probabilities to deal withe

Vie are now in & position to see what the result of our
analysis will bee If we hewve sufficient information, we cen
deternine the following thinrse For eny given time we con dew

termine the number of true classes, the proportion of the sample
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falling into each true class, and the nrobability that & member
of any true class will give the positive responses Tie can
soparate the chonges from one time to another into a random
component, vhich in the case of abbitude items we ascribe to
unreliability, and a non-random commonent of chenges from one
true class to another, which we call true changeSQ

I% turns out, however, that we can never solve the equaw
tions we shall develop without making additionel assumptionse
lie have to limit the number of true classes we admit, and we
also have to make some kind of assumption either about the
probavilities of siving nositive responses or about the true
changese If our informetion is meager, we shall have Lo meke
very stronc assumptions, but with more informabion we con weaken
the assumptions to & point where they are scarcely more risky
than those ordinarily employed in estimoting the reliabilities
of tests in the continuous cesee Vith additional information,
also, we may have more equations than unlmowms, which enables
us to test our assumntionss

Before proceeding to the actval analysis, two further
points should be notede 1In the first place, another factor
which we have not considered may enter into the changes that
occur through time, namely, memory and the motive to e cona
sistentes The nresent method takes no account of this factor,
and in this respect is like the test-retest method often employed

for continuous measurementse The importonce of memory depends
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on the constitution of the sample, the content of the item,
and the time interval between interviewss There seems to be
no olear-cut way to incorporate such effects into the present
modelss In general, memory will decrease both the true chenges
and the rendom changes obtained, the latter more than the former,
but these effects nay differ for different groups within the
semp les

In the seoond plaece, the use of the word "reliability"
in the present connection may be questioneds Our method will
not enable us to distinguish between random variability caused
by errors of response end classification and rendom variability
in the attitude or behavior under investigations There are,
howevez, tE1y csgce whore such substantive veriebility is
either impossible or extremely unlikely, prime faciee
There are many instances where rendom variations are useless
for theoretical and practiceal purposes, and are most profitably
classed with errors of classification and measurements To the
extent that attitudes amnd behevior vary randomly, they ere
unpredictable and unrelated to enything else; hence their
measurement and classification is of no interests The existe=
ence of such variation, however, may be of interest in itself,
end may be a property of certain classess We postpons further
discussion of this point for the analysis of actual exampless

It is sufficient to conclude here that in a great meny cases



the term “roliebility" is epplicable without strain to the prow

babilities we determines
2e¢ Cases where no true chonge occurs

There are many items included in panel studies such
that the contents of the items themselves virtually or wholly
preclude true changees This is most often true of factusl itemse
Certain of these items, such as age, sex, and education, wholly
preclude true change over & short time intervel, or restrict
true change to very narrow limitse Other items, such as soociow
economic status, are likely to chenge very little over a short
intervale There are also attitude questions where no marginel
shift‘is observed in the responses, end where, in the absence
of sufficient information to use a more complex model, it seems
Jjustifiable to assume that no true change hes occurred in order
to obtein an estimaete of reliabilitye Such items, of course,
must be approached with caubione Ve shall consider in this
section only cases where the assumption thalt there is no change

from one true class to another seems vearranteds

2ele Two interviews, two true classese

Iet us first esteblish a notation to which we shall ade
here with slight modificatiorsthroughout this pepere The

proporbions giving various responses in the menifest dete will
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be denoted by the letter "p" with n subseripits, where n is the
number of time points or interviews involfred in the case umder
consideratione The position of & subsoript will indicate the
time to which it referse The subseript "1" will refer to the
positive response, the subsoript "2" to the negitive response,
and the subscript "e" to all responsese If, as in the present
case, there are two interviews, the proportion of the sample
giving the positive response at time 1 will de P1,® The prom
portion giving the positive response at time 2 is 'p'l, and
the proportion giving the nositive response at bothlfimes is P13®

Similarly, the pronortion of the sample in true olass
Cy at time 1 will be denoted by V1,0 the proportion in class
Cq et time 2 will be denoted by v,q, 8nd the proportion in
class Cy ot both times by Type Since there mey be more then
‘two true‘classes, we generaliie this notation so that the pro-
portion of the sample in class Cj et time 1 is vy , end the
proportion in class C; at time 1 and class C;j at time 2 is
vije

We shall change the notation for the probebilities
that members of the true clesses give the positive response to
the followings +the letter "a" will represemt the probability
thot members of class C (where there are m’ clesses) give the
positive responses the sum e 4 b" will renresent the probabiw

give the rositive response; and

lity thet members of cless Cm-l g
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s0 on, as indicated in the following schemes

Class Proportion in cless Probability of
at time 1 positive response

Cq o v ‘ & ¢n

1

2 V% a * 1

L [ L 24/

® L ese

] . » c;o

C v, adb

mel R X § v

°n3 ~ L : .8

If we have only two interviews &t our disposal, we must
make very strong assumptionse We have already essumed that
there is no true chéngee As & consequence of this, the moni=
fest marginals mRy be expected to remein unchangede The mani-

fest data, in fact, will have the following forms:

time 2

,- Pyy | P | P
time 1 11 12 1o
. P.-*"‘a._sm ho.
- le
P.lgﬁl1 1 ‘g

% v

Simce p ol =P, there are only two useful p:.eces of
1n.f‘ormauon ava:n.lable, Ple a.nd Pyq0 We must mele. assuxm'blons
which reduce our unknowns to three, since we alweys have the

additional equation

2e1) S .



Iet us assume that there are only two true classes at

time 1, Vi, and V24® Since there is no true changse, we have

(242) TR T RS |

Ve further assume thet the reliability of the item is the same

for both true classese This means that
(ng) & ‘» b = lesg
Schematicelly, ve heve the following structures

True Proportion Probebility of
class in true class positive resm
ponse, time 1

Cl vl‘.‘ a@b:l-a

Cz Vz. &

By (lel), we have

(242) Py, = (& 40) vy, +amy,
:a(vl. " Vz.) bvl.
: a 4- bvl'

Similerly, we get

(245) Pay=® 3 by z e by,

Probability of
positive rese
ponse, time 2

a-}b:l-a

a



By (1e2), we have

(248) Pyq = (& ¢ ‘b) v 4 a? Voo
= & (vll } vzz) ¢ 2abv11 } b Vi3
- a? + Za'bvl + ’o R

Ist us inbroduce the notation

‘-
(2e7) ‘_12 | sP11 =Py P

o

Mulbiplying (2¢4) by (245), we get

2 2
pl.p.l - a. -l' Zabvl +0b 'V'l.
Honce
o 2 2 2
(248) 132) 2 d%vy, = b vy,
: bvl. "b (1 - VI')
Iet
N : bvl.
and
x = bl vl.)
Then
‘Y_ j s W

By (2‘5 )’
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By (244),
l1e2py zl=28=2bmy,
-1la= (1-b)~2hv1.
=b - 2bv1.
= (1 - vl.) - bvy,

- X -y

Solving for x and y, we get

sz Gepg)t [ Gap P42
TV

Yyz=(G=p,)# / (G - 5’1.)2 1 \;i?‘}

Since we have arbitrarily designated the true classes in such
& way that class Cl has a greater probability of positive rese=

pouse than Cp, we have

a4db e
b 70

Alsog 'V‘17 0

and lew v17 0

Hence x 2 b(1 =vy)70
y :b'?170

Since in generel l:lZ] 7 0y we shall have

J G -0 4 @z‘jl 7*’(—%— - p1,) ‘

Therefore, in order to make x and y positive, we rnust use the

positive root of the expression under radicals in both x and ye



From (244) we have

- Pl. - bvl‘

=Py =V

/

29 B.-;F'S*é (":"'" -
(.’) =2 ‘\/e“Pll Pl’

Also from (24 ),

a*bgpl’obvl.’}b

(2¢10) a%’ﬂa%*’\/é-?*911'-‘1’1,

Finelly, from (2e4), we have

(2411) Ty, =P1, "% 5 Py e

2e2¢ Example of two interviews, two true classes assumede

No panel data is at hend for which the assumption thet
‘there are only two true classes scems entirely reasoneblees In
order to illustrate the method, we shall apply it to an example
where the assumption will be made nonethelesse The example is
taken from the 1948 voting study done in Elmira, New Yorks; the
item refers to the educa'bion'of respondentse The two interviews
were conducted in June and October, 1948e If we dichotomize the

semple into respondents who did not graduete from high school
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and those who did, we have the following dates

of

is

October
Neb HSG HSG Total
Not HsG - 358 83 411
June ISG 69 317 386

Total 4217 370 797

Observe that there is a net deorease of 16 in the number
those who are reported es hirh school gradustess Since it

impossible for a person's education to decrease, this do=
¥

crement is probebly ceused by sampling veriationg In such

cases the best procedure is to take for pl' the meen of pl and
L]

P, Ve get

By

P, =411 § 427 = ¢526
Lo "“7i'fz. o

Pyy = 338 = +449
17 o7
(2492 &gk =/ V05 “oL,

At

2 50 = o173

000 = 4416

«084

1 1

b b < e e m e e VG PTG U VDA PN SRR S

There cre two porent sopulotions involved in & penele The
first is the vniverse of persons from whom the panel responde
ents are drawne The sample from this universe does not vary
from one interview o anothere. The second wmiverse consists
of all possible renifest distributions which would be prow
duced by variable error affecting the true distribution of
the respondents in the paneles The menifest distribubion at
any one time is & sample from this universes From one intere
view to another there will be sampling variation, even if the
true distribubion remains unchengede



By (203)’
a.-}'b - lwg = 2916
And by (2e11), we have

vy, % pi_ -2: = “.gs_i_gg“:__:ogé u 531

Notice that the truo proportion vl.its slighbdy lergor than
the menifest proportion py, We shell want to comment on this
in Section 9el.

We find in this example that there is a probability of
916 thet a person will be correctly classified as & high school
graduate or not (assuming always the absence of systematic or
biasing error)e Although we shall adhere to the use of probaw
bilities as measures of reliability, it is perheps instructive
Yo leep in mind the approximete relation that exists in the
present case between These probebilities and some more commonly
used measure of reliability, such asthe point correlation (rew
menmbering thet by dichotomizing the responses we have reduced the

correletion)s In (248) we had

EIZ] = 'bzvl'(l - vl‘),

which gives

2
PY = Py vPylP 3 Puy tPLP,
Tyl = Ty,) V1472,

Since in gemeral v, will not differ much from s Vo, will not
le P14* V24

differ much from py e Since there is no true chenge, and very
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little chenge in the manifest merginals, we have the following

set of approximatibnsz

2o 3V TR0 =V PR R

Hence we have the following rough sporoximetions

V1P P,

The expression on the right, however, is nothing but the point
correlation between the responses at timé 1l and time 2, In
order to get an approximetion of ﬁhis correlation, it is merely
necessary tq_gqpére be For the 9xgmple ﬁa have given; the
actual poiht correlation is .692, while‘ﬁ?\ig aléo ;692; of

ocourse, the epproximation will not always be this goods

2¢3s Three interviews, two true classes.

VWle next éonsider a case where three interviews are‘taken,
and where it is reasonable to assume That no trué change has
oceurred and thet at any given time there ére only two true
classese Since there is no true change,_wé have the following
relationsg:

(202)  Tlee 3 V.1, % Vel 3 V11, * V1,1 F V115 Tan)

For convenience, let us call this proportion ve



We hove also the relations

(2013) Ples 2 Pylq = Pesl

(2414) P11, ¥ P1,1 2P,

In the present case, we have one more item of information
than we had in the previous cese, nemely, Py11e hence we do not
need to reke any assumption ebout the reliabilitiess Ve have

the following structures

True Proportion in Probebility of positive response
Class true class time 1 time 2 time 3
Cl v adb a 4bd a4bd
Cz l wvwy a a a

Wle have the following relationss

(2415) Plee P10 3P,1 8 (& 4 p)v$a(l -v)
ze by

Letting {:12} =’p11‘. = P3P ele? etc.f we have, by (248), (2413),.
and (2414),
(2e6) (18] & %3} = 118] = vPv(lew)
Ietting |

vabv
and

X & b(lev)

as before, this becomes

(2.17) ‘{12:‘ = @3] s @.3} = Xy



We have in addition, .
3
(2418) (& +0)%,,, 4o L

ad(v }4l-v)d 3a2bv:4usab2v- $ \bsv

Pyin =

&3 § 32%bv ¢ 3abev ¢ biv

We slall now use an expression [}2%] s which we define as
followss

9). 3 - Dao 23] - - -
(,2119) ‘:123J,.p111 'ploc LZS] P.l' (13] ‘“pool(]‘z} pl','pultpool

:.;,plll - 5p1“[%3] - plops

If we make use of (2418), (2418), and {2415), this expression

becomes
(2420) {228} 2 b3v(1 « ¥)2 = ¥%2 (1 = ¥)
I~
Since 22} = xy, we divide (2419) by {12} » zetbing
(2421) Qo3 s x -y
12

-

Solving (2417) end (2421) for x and y gives
2 -
x w 12 ! 123 + |12}
&[_14]

27 4f12 I

Since we heve arbitrarily d951gnated the true classes in such a
way thet class C, has a greater probability of positive response

then Cy, we have
addb>a

b7 0



Also, v 20
and lwv 20
dence

xgb{l=v) >0
Y g bv 70

Since in general [12:\ > 04 we shall have

VT

Therefore, in order to make x and y posi’bive, we must use the

positive root of the expression under radicals in both x and ye
By (2415)

8 S Plee ™V

e apy,, + uzs; \22223 4+ [a2]

a*bzpl""x

a4bapy, + zs] Qm%j + {12]
L

Finelly, from (2.15),

(2e22)

Also from (2415),

(2.25)

VRDPl,, "¢
b

294 Example of three interviews, two true classes assumed

The paucity of panel data collected for three weves forces

us to use exemples in which the assumption thet tihere is no
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true change is unwarrantede These examples will be included
here for their heuristic valus, and also because two other
models will later be postulated of the same data, for compara=
tive purposess We can Then gauge the effect of usinj; the present
inadequate models It should be noted that the same data hes
been used by Peter Rossi in the peper entitled “"A Simple ibdel
for Attitude Testing," where o procedure sinilar to that of
this section was ermployeds

The first set of data refers to the readership of wvarious
magezines, from which two have been selected which we shall call

magazines A" and "B", The raw date for magazine "A" is as

followss
Readershis of imgazine "A"
time 1 reader non-reader
time 2  reader nonereader reader non~reader
reader 30 1l 17 64
time 3
non-reader 14 €0 56 734

The pattern for magazine "B™ is very similare The pro-
portions giving the nositive response, ises, reading the maghe

zines, are as follows:
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Ibgazine “A" Ibgezine "B"
0124 121
lee
P, ‘ «119 o116
[ 2T ] .
r ool z o117 107
Pi3, ° 0048 0047
pl.l 0042 0042
Pa1 2045 «049
plll 030 «026

Since for each magazine the first order merginals are approxi=
metely equal at all three times, as are also the second order
mrginals, the assumption of no true change seems to be Justified
in the absence of other evidences The simplest procedure for
apnlying the formulas of the previous section to these data is

to average the first order marginals for ell three times, and to
average the second order marginels for all three times, for each
magazinee When this is done, and the equations are solved, we

got the following resultss

True Proportion in +true Probability of
class class positive response
Cq «067 e74b
Ibgazine MAY
Ca 943 0082
Cq o119 #6056

lagazine "B
Cp #901 $048
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Inspection of the data aprarently reveals thet lb;azine
"B" has more true readers than iagezine "A", 119 &s against
0057, while the reliability of the item for the class of true
readers is greater for magazine “"AY than for magazine "BY,
o746 azainst «+605e It hapnens, nowever, that we know from the
way in which this study wes conducted that the reliabilities of
these cuestions are extremely highe Respondents were required
to identify a certain provnortion of the contents of the current
issue of each maoazine before being classified as readers, the
interviewers were highly experienced, and the coding procedures
wore cearefully checkede The question of using the word
freliability" in this connection, referred to before, must be
raiseds Vhat we actually heve is undoubtedly a case of random
variability in the behavior of reading the mageziney rather
then unreliability in debermining the rcadershipe Our compuw
tations hwve not ;iven us bhe probability thet a person who
hes actuelly read a :siven issue of the re;azine will be correctly
classified as a reader, but a probability which is the product
of that probability and the probability thet the nerson who in
some sense is a resular reader of the magzazine will read any
particular issuee

Vhen we speak of & "regular' reader, there are two re=
levent noints to be notede IFirst, the word has reference to
something that occurs through times Regularity of readership

would heve no meening if applisd to & singlec events Yet the
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word has meaning as epplied to a rerson at & ;iven timee If we
say thet a person is & regular reader of & magezine, we do not
necessarily mean that he has always been a regular reader, nor
that he will be 2 regular reader forevere ile mean that at the
present time he is a person whose pattern of dispositions is
such that it includes a high probebility that he vill read any
given issue of the magazinee What is behavior, occurring through
time, rests on the basis of an attitude, remaining relatively
steble throughout thet timees If the attitude vuried as randomly
as the behavior, it would make no sense to talk of a “regular"
reader, in the present contexte If there is no stable factor

in the respondent, no meaning can be given to the statement

that at & given time "he has a certain probability of reading
the megazines” In this sense his behevior through time can be
collapsed into & momente Respondents mey then be said to fall
into various clesses at a given time, classes which are homogeneous
in the semse that ecch person in a class has the seme probabim
lity of reading not merely & single issue but any one of several
issues of the magezines Such a probability, while it applies

to the respondent at any particular time, refers to his behavior
over a period of time. Any account of the readership of rese
pondents which purperts to be adequete must classify them, not
according to their behavior at a single time, but according to
the dispositions which cause their habitual behavior to differe

It is such differences between (inferred) dispositiocas which



form the basis of the true classes which we determine by
the procedures advanced in this papere

In the light of this, the question of using the word
Yroliability" as applied to the probabilities we determine
becores cleare If the term is meant in the ordinary sense as
the probability that a person who is clessified in some more
or less arbitrary manifest class will be classified in the
same way under identical conditions, then the word is misused
heres But if by reliability is meant the probebility thet a
persont's relatively stable habits or dispositions will be ade=
quetely clessified by a single application of an ltom wikh more
or less crude and arbitrary response categories, then the term
is properly used in this papers

The second point to be menbioned, which follows from the
first, is trat the assumption in the examples given tlat there
are only two true classes is highly dubiouse ithile at any
given time there are readers ard non-readers, it is prima facie
plausible that the habits and attitudes of the respondents
divide them into soveval classese There are probably some rese
pondents who alweys read a given periodical, some who never
read it, others who reed it frequently, others who read it
seldem, and so one If we had meny interviews, we could detere

" classes there ares In the absence

mine how meny such “tcuvs
of further informadtion, we can only apply several models and
coniectures We shall ses later how the results from +two other

models compare with those obtained heree



2¢5e¢ Three interviews, tlhree true classes assumede

There may be cases where three interviews are available
with no epparent true chanre, when for scme reason the assump-
tion that there are only two true clesses seems unreasonablee
A solution then may be obbtained for three true classes if
severe restrictions are placed on the reliabilitiese Cne model
of this type mey be briefly included heree This model is based
on the assumption that the reliability of class €y is the same
as that of class Czs ond thet the middle cless Cyp is totally
wmreliable or "neutrzl" with respect to the two possible rese

ponsese This gives the following schems:

True class Proportion in Probability of nositive response
true class
time 1 tine 2 tire 3
Cq vy 5 4o S ta o 42
CZ Vo oD «b o5
03 v3 D w o oD = 2 eD wm &

e have the reletions

(2424) Py,, = (25 3 2)vy § 57, 4 (&5 - 2)v,
= 5 +eavy - vz)
’ - L
aLVl - {73) - Plo‘ s
(2'25} Pllu - i\ﬁ 4 a)zvl 4 .5217‘2 + (.5 - a)2v3

n25 4 e.(vl - 3) $ az(vl 4 va)

[1]
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By (224) and (2.25) we get

(2426) az(vl 4 v3) 2 P11, =Py, * 2

We have also

(2427) Pyy; = (e 4 a)5v1 + -53v2 + (o5 = a)SV3

el125 4 .75a(v1 - vs) + lasaa'(vl + v3) +

as(vl - vs)

Substituting (2424) and (2.26) in (2427),

(2428) a2 = Pyyp = Lo,y 4 o78py, = 4126

- e

Plo; - 95

The reliabilities are easily determined from as Also, from

(2e24) and (2426),

1
‘V‘l—'VS:f)&.‘-z
&
v, 4V, = -
1Y V3 RP, P, T
ac

The sum of these gives 2v1, and their difference gives -2v3.

269 IExample of three interviews, three true classes assumede

Let us briefly consider the result of applying the present

model to the magazine data used in section 2e4e The following

table presents the outcome:
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True class Proportion in Probebility of

true class positive response
Cq 026 .934
Ibgazine "A" Co 072 #5600
Cs .902 .066
Cl 010 0959
lagezine “B" Cy 0140 500
Cz 860 0041

With the third class included, the probebilities of
positive response are much more similar for the two mepazines
than they were in the two class cases There they differed by

8140 for class C, and 4034 for class Cys here they differ by

1

#025 for both class C, and class 63. Class Cp les the probabie

1
lity «5 by assumption in both cases, of coursee If we call the
members of class Cl regular readers, and the members of clss

C, occasional readers, we see that macnzine YAY has about two
and one half times as neny regular readers as magazine "BY,
while magezine "B" has about twice &s meny occasional readers

es magazine YA"e Imgazine "AY would thus be a much better
medium for a continuing advertising campaign in which it wes
desired to have the same persons read a number of advertise=
ments appearing in successive issuess In support of the results
we mey mention that magezine MAM carries novels in serial form,
while magazine "B" does not, 2 fack which wo:ld male for more

regular readership of maeazine "AYe
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2¢7e¢ The use of three interviews to check assumptions of the

two=-interview modele

It is desirable to cleck essumptions if possible, end one
primery value of additional date is that when apnlied to
models requiring less data for a deberminete solution the applie
cability of the model may be testede Either the model may be
apolied to & part of the datz, and an attempt made to extrew
polate the remaining data from the peremebters of the model, or
else the conditions of reducibility of the more complex data
to the simpler model may be founde In either case, the
statistical problem remains, since without tests of signifie
cence there are no precise means for determining how close &
given fit should be in order to be considered “good"e Since
this paper does not deal with statistical problems, the quesw
tion must in every case remein opene There still remains an
heuristic value in discovering conditions of reducibilitye

If three interviews are available, the applicabiliby of
the model of section 2el1 may be testede Thet model assumes
that there are two true classes, each of which has the same
relicbilitye If it is now assumed that the same model holds
over three interviews, the necessary condition for this to be

true mey be founde



Let
o5 4 a g probability of positive response for class Cq

eb - & 3 probebility of positive response for oless C,

t 2 vy = Vg 3 difference between proportions of
sample in the two true classes

Then

Plye 3P,14 3P, 5 (5 48)vy 4 (o5 - 2)vy

s o5(vy 4 %) ¥ a(vy = v,)

(2429) = o5 4 8t
Similerly,

Py3, 5 P1,1 3Py = +25(vy ¥ 7p) talvy - vp) 4 e(vy + vp)
(2430) = o25 & at 4 a?
(2.51) Pyqy 3 o126 4 o76t 4 1o5a? 4 o%

From (2429) and (2.30),

.25 - a2

P14e = P11,

2
(2032) a -pl" ‘!' Pll' + 25

Subtracting (2429) multiplied by (a2 } o75) from (2431),
plll - azpl.. - .75?1'. o -025 "' a-z

or

(2433) ¥ 2pyqy - TEp,  # +26

1 Ploo
Equeting (2432) and (2433),

Pro, FPu, F B8 2 Puy - TRy, ¥ 026

g

1¥py,,
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This reduces to

(2.54) pl.‘ ='Pll.. - P11l

= SR

pl.o - plll
In determinentel form, it is

1 p
(2435) 1le

IP:L.. Py11 P1ee P11,1}

In practice, we may apply to three-interview date the
more oomplex model which puts no restrictions on the relisbilie
ties, and observe whether they are the same or different for
the two classes, or we may first note whether the equation
(2434) holds for the datae If it does not hold to some (here
unspecified) degree of approximation, we cannot use the simpler
modele If we examine the magezine datsc used previously, we
find tiet for magazine “A™ the left hand side of (2434), for
which it is preferable to use the mean of the menifest margie

nals rather than p alone, is €12, while the right hand side

leo
is e164 a difference of ¢04e For mapazine "B"™ the left hend
side is ell, and the richt hend side is ¢29, & difference of
e1l6s Thus the model fits the data of magazine "A" dubiously,
while it seems to fit magazine "B" very badlye Vhen we remember
that the two reliebilities obtained without restriction for

the same date were much more similar for the two classes for

megezine “A" then for "B", the result seems reasonables



2¢8¢ Two models for four interviewse

With four interviews we can determine three true classes

by putting one restriction on the reliebilitiese For example,

we could assume that the reliabilities of the extreme classes

are the seme, with the middle class having &n unknown reliae

bilitye

We could also solve for four true classes if we put

such restrictions on the reliabilities as to limit the unknowns

to ones

One model of each type will be outlinede

class model has the following structure:

Irue Proportion in
olass true class
Cy vy

Probability of positive

time 1 time 2
o da o5 ¢ 2
k k k
5 - & 5 -2

time 3

oS ta

b « 2

The threew=

response
time 4
o5 toa
k

b = 8

We have assumed here that there are three true classes,

and that the reliability is related to the class in such a

menner that extreme positions have the same reliability,

while the middle position has an unspecified reliability,

which we will expect to be lowers

There is a great deal of

evidence that this kind of assumpbion often is better warranted

than such an assumption as linearity of the trace lines

ILet us make temporarily the following substitutions:

Yae ta

Z m o5 = 8



Then consider the product

v, v&\\ (1 y(y)
Tk vgz | 1 k(lek)

ok vsf \&  2(1-2)
If we multiply these matrices and substitute menifest

deta, we get
1 pp -py
(2e37) Pz {2y Py Pin

P12 Pinx “Puan

-

QWI—'

This may be seen easily as followse Consider for exemple the
term.plapllb We have

. — 2
Py=Py1 ® V¥ + vk ¥ Va2 = vlyz - v2k2 - V32

s vy (3ay) & vok(lek) 4 v5z(16z)

Also 2 o, . P

P11*P111 3 VY (l'ZY) + ok (k) + Vg2 (1=2)
end so one Since the determinent of & product of nonesingular
metrices equals the product of their determinents, we have the
determinent of the matrix in (2437) equal to the product of
the determinants of the two matr‘}ces on the right hand side of
(2436)e. Congider the determinant of the second metrix on the
right hand side of (2.36)s¢ It may be expanded by elements of
the last column, and equals | ‘ ‘
1 Q)
1 z2(l-z)

-1/v2



Since y = ¢S + & and z 5 ¢6 = &, this is

1 (o6 42)(e5=a)
’ 1l (95 ‘a)(o5-"9«)4 ’
Hence
1 Pr= Py 1
|p] = Jr Pymryy; Bz O
‘ E
Pip Pinr”Puan
Expanding by the last column, we gebt
1 p,-p 1 p,=p Py Pqq=P
(2438) 1Pun f2 | 17?11 K4 }1 117%111
Py Pyi~Pan P11 P33Py 11 P1137Fy1m

The determinants are éasily computed from the data, and
k is found by the quadratic formule, It is necessary to turn
to the accounting equations in order to find the other unknowns,.
vhich mey easily be done now that k is knowne We get, for

example,

(2439) &= "‘ P111 = Pyy + (py - pll)k 4 025(91 - k)

-k
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The second model we want to outline for four interviews

has the following structure:

. ' Probability of positive response
True Proportion in

class true class time 1 time 2  time 3 ‘time 4

Cl 3 1l l l» 1

sz v2 a a & -%

Co vy beldth bzl bamlet bgled
04 v4 (0] 0 0 0

What is the logic for proposing this modei'z' It hes
four true classés,.two of them with.perfectvreliability;‘the
other two with complementary reliabilities;. There are cér;
tain cases whefe mechanical errors and errors made by the interw
viewer are known to be virtually zero,'because of the procedures
emplﬁyed. The magezine data we cited wes such & cases It
these cases virtually the embtire variability is caused by the
respondents Some of these items refer to issues on which it
is known that there are extremists end moderétes on Both sides
of the issue; The classes are thought %o be ordered, in other
words; 1t is sometimes a reasonable conjecture that the
renge of error on the part of the extremists is not sufficiently
great for their responses to cross the cutting point of the
menifest dichotomy, from which it mey bo inforred plausibly that
their responses do not differ from their true position by
more then one classe If for example attitudes towards war are

considered, it may be thought that respondents who are extremely
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belligerent, while their manifest responses might indicate a
greater or lesser degree of pro-war sen‘bimen‘b s Would never go
so far as to take an anti<war positione Respondents who are
only mildly belligexert, on the other hand, might on ocoasion
give antiw-war responsess If five interviews are available, it
is of course not necessary to assume that the reliability of
the extreme positions is perfect, but with only four interw
views for analysis, the assumption of perfect reliability for
these positions may be considered a sufficiently close appro=
ximation to make the use of the present model worth whiles

The following equations result from the present assumptionss

PV t av, ¢ by,
3 3
v o va-{'b Vs

Pig ® \ \
Pllll =V -}avz + Db v3
Hence
pl - pll = a.(l-a.)vz + 'b(l-b)vs

e(l-a)v, § a(l-e vy

2 3 3
a (pl - pll) = 8°(lea)v, ¢ 2" (l-a)v,
Similarly, a.(pll - pln) - as(l-a)vz E e.z(:!.-a,)‘?-sr3

and a5 (l-a)va 4 a(lea )sz5

Pi11 = P33y =
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Dividing the difference of the second and third of these eque=

tions by the difference of the first and second,

2
“Py111 ¥ Pyy1 = 2P13 + 8Py13 (1 «a -a)a(l -a) Vg

2 2 2
81y = @pyy; - 8Py +8°pyy (1L «a «a)“(l - a)v5

‘..

Clearing and collecting terms,

2 |
2(py = pyy) =alpy - pyy) 4 pyy = %y Ry 2 O

1
(2.4:6) &z3 4_\/% =Py =%y Py
Py = P13
A
(2447) b:l-a.-.z-‘/%-P11'29111"91111
Py " Pn

2¢9¢ Conditions for reducibility bto the twowclass case.

If there are four interviews or more available, we may
test the assumption that there are only two true classes with
no restrictions placed on the reliabilities, the model of
section 2e3¢ In addition to the assumed condition that the
manifest freqﬁencies of any given order must all be the same,
we now have additiorel conditions on the datae Consider the

following sequences of proportions:

1l Pl pll plll eossece
D

1 Pua Pin Py



We may form determinants by selecting any square set of four
*

of these proportions which are adjacent in these sequencess

Selecting the first of such determinants, and assuming that

‘there are only two true classes, we have the following rela=-

tions:
' f
l p ‘f; v f;fa v v v l =a
L T 1 2 1
Py Ppy ‘éi av % aly “levy av 1 a
| 13111 141 11 22 2

12

Applying the same analysis %o successive determinants

of the sequence, we find that

P P 1l 1 1l e
1l 11 1
= a. . 8,.v.,v
P P 127172 a a 1 a
11 111 1l 2 2
]
P P 1l 1 1l 2
11 111 2 2 1
- a., &, v.v
P p - 172 12 e a 1 e
111 1111 1 2 2

and s0 One

R e 00

*

The method of analysis employed here is & simple case of the
more general method suggested by lazarsfeld and Dudmen for
latent structure analysise
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From these equations the relations between the determi-

nants may be obtained:

1 P P P
1 1 11
(2448)

P P p p

1 1) = ! 11 1111
p P p p

1 11 11 111
p p P P

11 111 111 1111

(13

P P

11 111
P p

111 1111
P P

111 1111
P P

1111 11111

These are necessary conditions for the reduction of the date

to the twoeclass case,

20104

No models will be proposed here for the analysis of date
based on more then four interviewse

such data is available for an item such that the assumption of

no true change is reasonables

The use of more than four interviewss

It will be seldom that

If such data is available, eny

model mey be used which has fewer unknowns then the number of

interviews, or the same number.,.

Since the sum of the propor=

tions in all true classes is always one, there are m = 1

unknown true proportions to be determinede.

are m probabilitiese

it

2m - 1 g;

n

In addition, there

Hence & solution can always be obtained

If no restrictions are put on the true classes and the relia=

Séhseseds
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bilities, the maximum number of true classes that can be

obtained is consequently

If there is some reason to assume that the reliabilities
have relations emong themselves which can be specified in
advance, then in general one additional class may be found for
every two such relations assumede Of course, the existence
of a certain number of true classes is in itself an assumptions:
It is usually preferable, if possible, to employ models
siﬁpler than the data will permit, in order to have some dew=
grees of freedom left for testing the applicability of the
modele In the absence of such testing, considerable caution
must be exercised in epplying the models which have been pro=

posed in this sections We turn now to more generally eappli=-

cable models where true change is alloweds

3¢ A case where true change in only one direction is assumede

If there are only two interviews available, it is impossi=-
ble to obtein a solution if true change is assumed to occur in
both directions between the two classes that can be obtained
on the basis of two interviewse In such cases, it is some=
times plausible to assume that true change occurs only in one
directions Such cases might arise where an experimental effect

has been induced, or where because of some striking event or



cireumstance there is a marked shift of opinion in one direcw
tions Again, certain factual items such as age and education
can shift only in one direction, and if a long time interval
elapses between interviews this shift might be significante.

For such cases the following model is proposeds

True Proportion in Probability of positive
class true clhss response

time 1- time 2
C12 V12 5 ta 5 -8
czl 0 .5 - 8 .5 4 8
sz ‘V’za e = 8 ‘5 - 8

At each given time, there are only two true classese
But if both times are considered together, there are three
oclasses == those who ere in position 1 at both times, those
who shift from position 1 to position 2, and those who are
in position 2 at both timese The probability of positive
response is that of the class to which a respondent belongs
et the given time, and the reliabilities are assumed to be
the same for both classese

What equations result from this model? Since we no
longer assume that there is no true change, the marginals and
Jjoint frequencies of any given order will no longer be the
sames Hence we must return to our original notationy in

which the position of a given subscript denotes the time to
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which it applies, while its value denotes the position at that
times The manifest probabilify of positive response at time 1,
91: will be the(sum of the products of the true proportions at
time 1 and the respective probobilities of giving the positive
response of the classes having tﬁese proportionse

(31) Py, = (o5 % a)vll t (o5 % a)vlz } (o6 - a)vzz
= o5 } a(vll + Vg = vza)

By time 2 the respondents in class C., have shifted to posie

12

tion 2, so for p 1 we have
L

(3e2) ' 9.1 = {«6 & a)v11,+ (ﬁﬁ 7-a)v12 $ (¢6 ~ ta.)wrza
z o8 ¥e (v = vy = V)

For the joint positive frequency, s those who gave

n
‘the positive response both times, we need the product of the
reliability at time 1 and at time 2 for each class, multie

plied by the proportion in that classt
2, 2
(3e3) Py = (o5 ¢ &) Vyq b (65 4}&)(f5 - a)vlz } (o5 = 2) Vo

| 2
z 026 ¥ alvyy = vpp) 4 6%(vyy = vy, 4 9yp)

Now 05(}91’ +p o5 ¢ a(vl]_ - Vggg)

ol)

and Py, "~ P.l. - 2avla

K

| 2
Hence I .s(pl. + p'l) 4 25 = & (vll -V, ¥ vzz)
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N
b

Therefore

by - e5ley 4B ) et 1 12
a a?:- 3(91. - P.l)
Collecting terms, we get
£ 48,y py) mpyy + Bl dp ) - 2820
Let us call the reliability ky where we ha§e

k=e54a
Substituting k « ¢5 for a, and collecting terms, we get

SRR R A R FELAE L

from which

(345) kzd (1 “p 42, +ﬁ1 -py, -2 2 4e O )
N o .

For the true proportions we have
P,z kv 4 (1 -x)(1-v )

or

P, '*: k-1

Vi, =

2k -1
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Similarly,
Vel 3 =31
Now L
( [ ) 12 - vl. v.l - pl’ p.l
Tk .1

by the above, and
11 8 Ny, V12

Va2 1V vy

3ele An example comparing this model to an earlier ones

This exanple is based on data taken from &erlments

on }hss Commnication by Hovland, Lumsdaine, end Sheffield,

publ:.shed by Prlnceton, 1949: the data will be found in

Appendix B, page 299 Two groups of soldiers were selected for
an experixﬁen'b oﬁ thé effects of a radio program on their optimism
about the war with Japans The transcription was designed to
reduce what was thought Ttvo be over-optimisme One group of
soldiers heard the experimental transcription; the other did
note Bobth groups were asked to estlmate the remaining length

of the war both before and efter the period when the program

was givens The time interval between the interviews wvos about

one weeks
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Since the time interval was short, it is fairly
reasonable to assume that the control group experienced
no true change during the interval,. With the experimental
group, it seems reasonable to think that there was true
change only in the direction induced by the transcription,
ie ©e., in the direction of longer estimates of the
remaining duration of the wars. This gives us an opportu-
nity to compare the twoe=class model assuming no- true
change with the present model,

The estimates given by the men were coded in half=-
year intervals.. Their distribution is therefore not a
dichotomy, but for illustrative purposes we shall divide
the estimates into two groups, those from one to three half-
years, and those of four or more half-years.

The manifest data, translated into percentages, is as

follows:.

Bgtimates of length of War Before and after a Radio Transcription

Experimental Group Control Group
Estimates in Half-years Egtinatés in Halfeyears
time 2 time 2

1-3 L& Total 13 L4 Total
1-3 «39 423 .62 1-3 459 05 o6&

Time Tinme
1 44 o03 ¢35 &38 1 44 007 29 436

Total '42 .58 1.00 Total .66 034 1400
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The data accords prima facie with our expectationse
When we apply the model of this section to the experimental
group data, and the model of section 2.1 to the data for the
control group, we get the following picture of what would

have been obtained had the item been perfectly reliable:

True Distribution of Estimates of Length of War

Bxpe rimental Group
Estimates in Half-years

Control Group
Estimates in Halfeyears

time 2 time 2
1-3 L  Total 1-3 L$ Total
13 L1 22 - L63 1«3 467 400 - ,67
time time
1 1
Lt .00 37 - 37 L W00 o33 . .33
Total <41 o459 1,00 Total «67 ¢33 -1.00

Reliability = .97 Reliability = o9k

The two reliabilities are both high and strikingly
gimilar, Ve mayvtake the initial true distribution of the
experimental group and its reliability and generate the data

“that would be expected if there had been no true change in

that group, getting the following table:

time 2
-3 Lt

time 1 173 #5903 €2
Lk 03 W35 .38

Total 62

Total

«38 1,00
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If this table is compared with the menifest deta from the
eontrol group, it will be observed that it is fairly
similars This increases our confidence in the use of the
present model in such situationse It does not, of course,
eliminate the necessity for using a control group if it

is desired to measure an experimental effect, since a

control group might in some cases also show a trende

Li; Models allowing true change among all classes,

Mogt of the items that will bYe usefully subjected
to the kind of analysis. presented in this paper are such that
respondents can and do change to a certain extent from any
true class to any other true class, in the course of time,
The present section treats some of the models which are
based on the assumption that respondents do change their
true positionse. This will introduce a larger number of
unknowns into the models, but it also adds new items of
information, for we no longer assume that the manifest
frequencies of any given order are all the same, No
solutions can be obteained with fewer than three interviewsyg
but on the other hand items allowing free change are more
apt to be repeated a number of times than items where the
change is restricted, for in penel studies it is usually

the change which is the object of studye.



- 5% =

L1, Three interviews, two true classes, terminal position

ind ependent cf initial position

If we heve the responses on a dichotomous item for
three interviews, we have eight pieces of informationee

P o+ P seeves P o If there are two true classes at
111 112 222

any one time and we allow free movement between these
classes, we have over the entire time eight true classesee

T111® Tuiettten? Yozt

In additiqn. we must find the two
probabilities of positive response, which we shall now call

al and aé,‘referring to true classes Cl and'Ca-respectively.

Evidently we must make further assumptions which will reduce
the number of unknowns by twoe, We might think of placing
rostrictions on the reliabilities, but this would reduce
the unknowns by only one,

It seems profitable to think in somewhat diffeérent
termse Wo are dealing with a time sequence, and we may
consider assumptions which apply to the process through
time, It is a reasonable first approximation to assume
that the true changes from time 2 to time 3 are independent
of the true chenges from time 1 to time 2, JAnother way of
stating this is that if we want to predict the positions
of respendents at time 3, and we know the pogitions at time
2, our prediction is not improved by knowing also the posie
tions at time l. In other words, the conditional distribu-

tion at time 3 given time 2 is the same as the conditional



digtribution at time 3 given time 2 and timo 1.

Let us see what restrictions this assumption places upon

our true classes vijk'

of a subscript indicates the time to which it refers, while

It will be recalled that the position

the subscript "1" refers to class C,s the subscript wat

refers to class 02, and the subscript "." refers to both

true classess Thus v means the proportion in true class
LR

C1 et time 2, summed over all true classes at time 1 and 3;

in other words, the marginal proportion in class Cl at time

2. Now of those in class C. at time 2, a certain number

1
will remain in Cl et time 34 Expressed as a proportion of
" the total sample, this number will be v'll‘ Expressed as a
*

proportion of those who were in class C1 at time 2; this
number will be

v.'11

v

ele

This ratio shows the probebility of going from Cl at time 2
to C, at time 3, Now consider those who ere in C, at both
times 1 and 2, The probability that they will remain in C1
at time 3 is

111
Vil.



Similarly, the probability that those who are in class.C, at

2
time 1 and olass Cl at time 2 will remain in Cl at time 3 is
v
211
V1.

Now what does our assumption mean? It says that the
probability of going from any given claess at time 2 to any
given class at time 3 is independ ent of the position at

time le¢ This means, e.ge, that

v
w2
vl]_. ' v21-‘

That is, the probability of going from class C1 at time 2 to
class C; at time 3 is the seme, regardless what the position
at time 1 is. The loft hand side of the equation above shows

the probability of going from C. at time 2 to C. at time 3

1 1

when the respondents were in C. at time 14 The right hand side

1l
of the equation shows the probability of going from Cl at time
2 to Cl at time 3 when the respondents were in C2 at time 1,

By our assumption, these probabilities are the same. Similarly,

Vi1 - S
V11, Vo1,

Thaet is, the probability of going from Cl et time 2 to Cp

et time % is the same, regardless of the position at time 1,
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Now if we look at these two equations, w: ¢ue that they have the
same den-minator on the left hand side, and the same denomina=
tor on the right hend sides, We can therefore derive from them

the equation

111 V211
=—-—-———-

v
112 v212

or

V1117212 ® 2117112
In determinantal form, this is

Y111 Vi

(Le1) = 0

v

211 Ter2

Notice the form of this determinante The second sube
soript is the same for all four elementse The first and third
subsofipts are arranged in the customary manner for determie
nantse The form is important, for by our assumption, all
determinants of this form must vanish.

We have considered only persons in class C1 at time 2,

If we consider those in class 02 at time 2, then by the same

reasoning used before, our assumption implies that

Vier _ Ye:a

enavEi——— o

Viee V222
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This says that of those in class 02 at time 2, the ratio of
those going to C; at time 3 to those remaining in C, at time
%3 is the same for both classes to which they might have be-

longed at time les In determinantal form, it is

v v

121 122

1]
o

(Le2)

 Teo1 7

]

222

This d eterminant is exactly like the previous one, except that
the middle subscript of all four elements is 2 instead of 1l

We thus have two relations, each involving four of the
eight ultimate true class frequencies, There are other ree- -
lations also implied by our assumption, but they are not ine
depend ent of those we have already esteblishede Thus. our
assumption implies two independent restrictions on the un-
knowns, which enables us to solve the equations from the
manifest data..

Now let us consider the following array of manifest

datas

..1
pl.. pl.l

Pli, Pal2

Py, Pama



This array ocontains all the information in the datas, Cere
tain symmetries in the array mey be noteds The square at
the top does not contain any reference to time 2, while
every element of the btottom square does refer to time 2,
With that one difference, the two squares are alike, lLet
us call the first interview the "initial" interview and the
third interview the "terminal” interview, The top square
contains all the information about this pair of interviews
alone, including the marginal frequency at each time and
the joint frequency at both times, The tottom square is the
same thing but stratified, so to speak, by the positive
response at time 2,

Now let us express the matrix of the top square in
terms of the true structure, The first element, 1, will
equal the sum of all eight ultimate true frequencies, We
also have

Pzt

L X J

)al v + (v

Y011 112% Vor0)ap F (vt vondeg b (vt e,

In other words, only the position at time 3 matters, so every
ultimete true frequency with the subscript 1 in the third
position is multiplied by al and every ultimate true frequene
oy with the subscript 2 in the third position is multiplied
by 850 We have set the equatiom up in its present form for

a reason which will become apparent., In terms of vectors and

matrices, the equation would te
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f V111 Y12 Vi1 Mize2

V211 Y212 Vaz1 Vaze

Call the matrix in vijk V. Then V premultiplied by the vector
(1 1) becomes a row vector with each element the sum of the
elements of the corresponding column of Ve The final vector
then takes care of the probabilities for time 3, as seen in

the previous equatione

Setting up P in metrix notation,

Py, = (&g @) v Tuz iz vlzz‘§ 1y
v 1 '
211 21z e2l 222, |
1

1/

For P, s the only subscript of v we have to worry about
. iJk
is the firste The vector (al az) takes care of this sube

seript for each column of Ve The final vector merely sums the

resulte

Finally,

- .
Prg = {8y 22) /vy Vip iz iz 1)

v a
Vo1 21z ‘221 222/ 2



That is, in order to get pl .’ we have to muitiply éhy
given true ultimate fi‘équen;y 'vijk by 8, s 'bhe pbbﬁab;;ity
referring to time 1, end by ak; the probability ieféfring
to time 3,

Combining the equations, we get

1 1\ v 1
Pial N 111 ‘112 V121 122

a .
Pra 1 %2/\T2u1 Teiz Teer Vee ( 1

We thus have the matrix of the top square of manifest data
expressed as the product of a square matrix and twovréc;
tangular matrices,  The product of the two rectangular
matrices alone will be & square matrix of order 2. By a

well known theorem of determinants we have

f‘éln V112 Vio1  Vizel [t
1 p _lsfl 1 lv | 1
y el \211 Vo120 Vop1 Voo
(La3) S/
ProPral 1 % 1
.“\l
\

The determinant on the right hend side of this equation
is the determinant of a product of réctangular matrices.s By

the theorem of multiplication of determinantal arrays,'this
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determinant is equal to the sum of six products made by
pairing each minor of order 2 from 2 columns of the first
rectangular matrix, V, with the minor of order 2 from the
correspond ing rows of the second rectengular matrix, which
we shall call A, This theorem is essential to the solution
which follows.

We next consider the determinant of the matrix whioch is

the tottom square of the array with which we began, It is
/4 11 T112 Vi1 Yiee /*‘:\1 aval\(

p- .
L) | oY P11 ‘l LIR"211 Y210 Voo "zeg/ 8) 838,

P Pual |®1 % 8  8pe8y
&  8v8p
\ /

Now compare (L.l) with (4e3)s The introduction of time 2 ag
a styratifier has had the effect of multiplying the first row
of the A matrix by '9‘1’ the second row by al, the third row
by e, end the fourth row ty a,e Consider why this is so,
The composition of the V matrix is such that all the elements
of any given column of V refer to the same true classes at
times 2 and 3, while all the elements of the first row refer

to true class C. at time 1, and all the elements of the

1
second row refer to true class 02 at time l, The columns
are arranged in lexical order with respect to times2 and 3,
In the matrix equation which corresponds to the determi=-

nantal equation of (Lie3), the first matrix on the right




hend side takes care of time 1 and the last matrix on the
right hand side takes care of time 3« The equation (L.L)
merely edds the stratifier, time 2. Now whereever. a oolumn
of V refers to the true class Gzquﬂtino 2, the. correspond=
ing row of A is multiplied by al;kand‘wherever_g oolum@ of V

refors to the trus class C_ at time 2, the corresponding row

2
of A is multiplied bty a,e Let us caLl the resulting matrix
A‘lo

To evaluate the determinant on the right hand side of
(Loh) which is the preduct of V and Ay, we must take the sum
of the products of all the minors of order 2 from columns of
the V matrix with the minors of order 2 from the correspond=
ing rows of A, But our hypothesis, expressed in (L.1) aend

(Le2), is that all minors of the true proportions of ore

Vi
der 2 which refer to the same true class at time 2 and which
for times 1 and 3 are arranged in the customary manner for
matrices vanish. This means that in evaluating‘the‘ﬁetefmi-
nent of VA;, all the terms of the sum which contain determi-
nents chosen from two rows of A, which are actually two rows
of A both multiplied by ﬁhe same unknown, either él or aa,
will venish. Furthermore, since V is the same in both (Lalt)
-and(Le3), the corresponding terms in the sum whichuiq_tﬁo,
evaluated determinant of VA will also veanishe The onviy

terms ofﬂAlrwhich will not vaenish for this reason are those

which contain determinants chosen from two rows which are
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rows of A one of which is multiplied by a, and ope of which
is multiplied by 8

Hence every term in the evaluated determinant of VAl
will be identical with the corresponding term in the evalue
ated determinent of VA, except that every determinant from
A, will be a determinant of A with one row multiplied by a,
and the other row multiplied bty aa{' But this is the same as
multiplying every determinent by a;lae." Hence, finally, the
evaluated product on the right hand side of (h.hsvwill be
identical with the evaluated product on the right hand side

of (L4e3) multiplied by 8,8,, or

p , P 1 .
(b05) .l. .11 - ala2 pool

Pli,  Piu | Pl P11

We next oonsider the determinents of the two matrices
which can be formed by substituting one column of the‘arrqy
in the bottom square of the initial arraey for the corresponde

¢

ing column of the array in the top square, namely,

1 P . L -
oll and : Po 1. pcol
P, P P P

For these determinants we get the following equatibns:“'



/
1 P v v, / 1l 8. e
(0.6) A1) o201 Y2 / 1%
. . g
‘P‘loc plll ‘ A i 1l az.a
\\ l a
. A
_F'lu iz V121 Vaze 8 8
(4a7) P, Paat ! lQ’an 212 Vear Vazof/ %1 %
E I \ |
o Pua, Pra] (81 egff S 8 8y
8 ay

On the right hand side of these equations, the first
determinant and the first rectangular matrix V are the same
as beforss In (L46), the second rectangular matrix is the
matrix A with the rows of the second column multiplied by
a, or gavgccondingly as the corresponding column of V rofers
to cléss Cl or class 02 at time 2, The second rectangular
matrix of (L4e7) is the matrix A with the rows of the first
qolumn mgifiplied‘hy a, or 8, in the seme manner, In both
céses. ﬁhen evaluating the determinant of the product matrix,
the“terms of the respective summations which have determie
nanté which involve two rows from A with either the first
{in the césé of (L.7)) or last {in the case of (L.6)) element

of both rows multiplied by the same unknown, a8, or a5, will

Vier i\ ayeay\
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vanish, because these determinants from A will be multiplied
by determinants from V which venish by hypothesis. The sum
of the determinants on the left hand side of (L.6) and (Le7)
will therefore be equal to the product of {1 1

81 %

and a sum of products of the following type:

v v t
lim 1in } 1 &4 *%n & 8n
¥ '} t
J
v v,.. 1l 8. e8 a a

Bvaluating the sum of two determinants in a,

a.a = a - -
3% aiam ¢ i%n ajam 2 (9':1’F aj) (an am)
- (aii-aj) 1 ey
1 &

Sincei;fj.
ai{-aj-al&az

for any i and je Thus this term can be factored out of

each term in the expansion, and what remains is simply the

expension of VA, Therefore

0—1-8) $ = (al + 9‘2) sel

Plee P111 P11, P11
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In order to find 2, and a,s Wo merely have to solve the

equation
1 P | p
(149 gl e P Pe Pon
P P
les. P ’
2. uL Pu, Pl Py, Puit .o
1 1
p.. P..l
Py, P11 |P1ee P22

When the two .roots are found, the larger root is desige

neted &, and the smaller root &,e Now we wish to find the

relative frequencies in the true oclasses, We have oquations

of the following types:

Plee = 87y, %7,
2 2
Pri.. = ey7vn, Fegmp(vy b o) b ey vy,
From the first type we can-derive vi eto, as follows:
oW -
P

lee T %M., Y&,

aivl..,* ae(l -V, )

as § (al - az)vl.._

10a) .
(Lh a-) vl'.. o pl.. - ae

. (al - 3-2)
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Similarly,
(L1e 10b) Vi, = P, -e
) (al - 8p)
and
(b—‘loc) v..l - pool - 9‘2
(al - 9-2)

From equations of the second type we cen derive Y1
L ]

otce as follows:

2
P11, alevll;* ay80(vyo, ¢ Vo1,) + 8 Voo,

2
a 3. . - -
1 vy, + e18a(vy | V11, ¥ V.1, 7 Vi) b a22(1 11,500,

(a'le - 2313'2& 9.22)1711. + 52(9‘1 - 3'2)(‘,1.0& v.‘olo) *‘ 8.22

(2) = a)®vyy, = 2y), = apla) - ap)(vy, 4 1) - et

Substituting for v and v , from (Lel0a) and (L.1lOD),

10.

(3.1"' a2)2vll. k Pll. - a2(9'1 - 52) (Pl.. - CL2 4 P.l.'- 6.2) -n 2

P11, = 8(py,, # Pi.) 4 8,2

or

(Lo10d)

<

11, = P11, = 8Py b p 1)+ a2

(al - 32)2
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Similarly,
(4.206) v, , = P11 =Py, 4p,,1) 46,2
(81 - 82)2
and .
(4.108) Py =8Py 4P, y) a2
V1=

(al - 32)2
In order to find v1i1» We go back to the restriction imposed on
the true frequencies by the assumption that the true position
at time 3 is independeht of the true position at time les This

gave us equation (4.1), which was

v v
111 112

Y211 Vo1

Adding the first row of this determinant to the second, and then

- adding the new first eolumn to the second,

Y111 "1z Y111 Y112 111 V11

-
= ] -

v v

211 ‘212f V.11 Va2 | {1 V..
Expanding the last of these determinants,

v - -
ma, " "y 20
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or

(4.10g) "11.7.11

v
111 *©

Vole

The term on the right hand side cen be computed from
(4410d), (4.10f), and (4.10b). PFromtle set (4.10a)-(4+10g)
“all eight ultimate true relative frequencies vijk can be
computed, if desired, as well as all the probabilities of

true changse.

4,2, Examples of the two class, three interview models

We shall recur once more to the magazine data we have
used befores Even though there is reason to think that a
two class model does not fit the data well, we shall use
the present model for comparison with previous cases where
the same data were used,s We shall then introduce a new
example, with which we shall later compare another model
to the present one.

The magazine data has been previously reported,
and will not be repeated heres When the presert model
is applied to the date, the following values are obtained

for the true class proportions and roliabilitioss
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True Reliability
Magazine Class Proportion in true oclass of truc class
time 1 time 2 time 3

reader o075 +068 «085 «829
"‘A“

nonsreader o925 2932 +935 933

reader 2128 +120 0106 +669
“B"

non=reader ,872 +880 +» 894 +960

The results, previously quoted, of applying the twowclass

model assuming no true change to the sam date, were as follows:

Irue Reliability-
Magazine Class Proportion in true class of true class
reader +057 . #7145
n A“
nons=reader «943 +918
reader «119 + 605
L] B“
non=-reader «881 +952

Comparing the reliabilities, we see that the assumption
that there was no true change, which was undoubtedly false,
had the effect of reducing the reliabilities obtained, espe=.
cially for the true readers. Both magazines, but especially
magazine "BY, suffered a steady decline in the number of true
readers during the period covered by the interviews. In the
earlier model the true changes were included in the error
turnover, hence the reliability seemed lower than it actually
ise

The second example we shall give is taken from the



voting study conducted in Erie County, Ohio, in 1940, A rane
dom sample of some six hundred adults was selected, and this
sample was interviewed seven times at intervalsg of about a
month, beginning in Maye The following question was repeate
ed on all six interviews taken before the elections "Regarde
less of which man or party you would like t o see elected,
which party do you think actually will be elected?" OQur

data refers to four hundred and thirty respondents who ane
swered this question on all six interviewss Most of the
responses fell into the categories "Demooratic", "Republican",
and "Don't Know." For present purposes respondents have been
grouped into "Democratic" and "Not Democratio,"

The adventage of having six interviews, during which oon=
siderable net changes of opinion occurred, is that some inferen=-
ces ocan be made about the applicability of the model. If the
assumption that the true structure remains the same over every
successive period of three interviews is velid, then the relia=-
bilities should remain oonstant over the entire period of six
interviews. In addition, from each successive set of three
interviews the true marginals for each time involved can be
computed, and sinoce the sets of three overlap, some of the
true marginals should be the same,

When the computations for the present model are made for
each successive set of three interviews, the following relia=

bilities are obtained:
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Reliabilities for "Winner Expectation", Erie County, 1940

Interviews used May-June June=July July-Auge Auge.=-Septe

=July =Auge - =Septe - =Octe
Demoorats - «97 «80 . «96 35
Not Democrats «97 «99 «91 «95

With the exception of tﬁe second set of interviews, the
reliabilities show considerable stebility. They are, in fact,
very highe=suspiciously highe=ranging from 95 to «99 for both
classes and for all successive sets, with two exceptions. The
reliability for true Democrats computed from June=July=August
interviews fell to «85, and the reliability for true non-Democrats
computed from July-AugusteSeptember fell teo .91.

Analysis of the reason for these drops helps to clarify
the question of the applicability of the model, and also gives
some insight into the substantive situation. The Republican
convention occurred between the June ard July interviews. A
strong candidate, Willkie, was nominated, and the manifest
datae shows at this time a strong trend in expectations away
from the Democratse It must be kept in mind that for the
present analysis the "Don't Know" or doubtful respondents are
‘clagsified with the Republicanse It is reasonable to think
that many respondents who previously had truly expected the
Demoorats to win now shifted their true opinions to the "Don't
Know" or “"Republican" categories, on the basis of the Republi=

can nomination of & strong candidates The Democratic convention
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then took place between the July and August interviews, and
Roosevelt, a very strong candidate, was nominateds With this
event, the balance returned in a sense to the status quo ante,
and many respondents changed to Democratic expectationse It is
reasonable to suppose that under the impact of this event those
respondents who had previously shifted from a Democratic expec-
tation to a Republican or doubtful expectation were more likely
to shift baok to Democratic than were those who md entertained
a Republican or doubtful expectation from the firste Let us
call this process "reversion," by which we mean that respondents
who heave held a pbsition and shifted away from it are more
likely to change back to that position than respondents who
have never held the position before are to change to ite.

This process of reversion hkas a definite relation to the
kind of mathematical model we have employede Suppose we tave
three interviews of a panel on an item such that no true
change has ocourred, with m true classes, Vs Vos eee .y Vo
and their associated probebilities B2 Bos wee s gm. ‘For the
first two interviews, the manifest data cen show change in two
ways, as revealed in p12 and p21.. Taking the third interview

.

into account also, we have

P = Pigy t P
and

Poy, =Py 4 Poio

Now our fundamental assumptions give us the following
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equationss

2 2 2
Pioy = 2,°(1 - al)vl 4 8, (1 - e.z)v2 $eeee 4850 - am)vm

= Pan * Py
Pgyio = al(l - al)zvl 4 a2(1 - az)zvz teeede (- am)zv
m
= Prap = Pagi
Henoce
p

120+ P21, = Py23 4 Prap 4+ payy 4 poypo

]

2pyg1 + 2Pgy0

or

Pre1 * Payp ‘JfQ(Piz. + P50

This means that on the basis of unreliability alone half
of the respondents who according to mnifest data change their
position from the first interview to the second will on tle
third interview revert to their original positions. If we
consider those who do not show change between the first two

interviews, we have

P

11.- = Pu1 4+ Piyp

"

and
Pooxr + Pagp

Pos,

But since, if the item has any reliability at all, P13177P112

and p222> 9221, less than half of those who do not show
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manifest chenge between the first two interviews will show
change from the second to the third interviewe In otlesr words,
in the manifest data, the changers have a greater chance of
:everting than thé nonechangers have of changing on the third
interview, on the basis of unreliability alones

This fact las a double implicatione The implication for
Vmanif‘est date is that with items of less than perfect reliabi-
1lity (which includeg virtual ly ®&ll items used) the manifest
data from a pranelg s&:udy will always show that ohangers are more
likely to revert thaﬁ non-changers are to change to a giwa
position at a ‘give‘n“ tiﬁe. Thi; is a sﬁatis‘tical artifact,
caused by unreliability, and does n§t’ necessarily mean that
there iga procvess of true reﬁersion. Whethe r there is such
a prooess can only be detérmin§d by computing the »eliability
of the item and meking the kind of analysis we have made hexra,

The other implicetion, which concerns us at present, is
that & process of true reversion can affect our estimates of
reliabilitys Sinee on the basis of unreliabilitv alone half
the manifest changers will revert, our models use the amount
of manifest reversion to estimate the amount of random change .
Now if there is & true process of reversion, these models will
necessarily overestimate the amount of random change, which
means that they will underestimate the reliability of the iteme

This is precisely wiat hes happened to the reliability far
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the true Democrats in our computations for the June=duly~-August
datae The reason we know this is that we are able to make a
substantive analysis which supports the hypothesis of true
reversion, and also because the reliability for the same class
is svtable and consistertly higher for all the other three sets
of interviewss But the ooccurrems of true reversion implies
that our model does not apply in this situation, for true
reversion means that changes frowm time 2 to time 3 are not
independent of changes from time 1 to time 2, and our model
assumes that there is such independence. If, however, the
assumption fails for the June=July=August set of interviews,
there is no reason to regard it as valid for any of the other
sets, since the same item is involved, We need to weaken our
assumptions.

There are two lines we might follow in doing thise. We
might continue to assume that there are only two true classes
et any given time, and that the true changes over a given
interval are independcrt, not of the true clanges nver the
previous interval, but of the true changes over some earlier
interval. Thus if we lave four interviews we ccw1? assume

that to predict the true positions at time 4 only time ? and
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time 2 are required, a knowledge of time 1 adding nothing %o
the predictions This is the case we shall teke up in the
next sectionsa On the other hand, we ocould assume that there
are more then two classes in the stiructures This might take
care of the differemt probabilities of true change for the
previous changers ard nonechangers, or it might not, depend-
ing on tl® situation.

Speaking practically, the sccond line of development
mentioned has little utility, whon dichotomous items are
being used, because too many interviews would be required
to find more than two true oclasses when true change is
allowed, If items with multiple response categories are
used, however, it is feasible to compute a larger number

of true classes with a given nunber of interviews.
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443¢ Four interviews, two true classes, terminal position

independent of initial positions

The notation is the same as before, except that we now
have four subscriptse We heve 24 = 16 pieces. of information
and 2% 216ultinate true relative frequencies vhi’jk' We are
assuming thet if the true class at time 2 and time 3 is given,,
the true poéition at time 4 is independent of the true position
at time le. Another wey of expressing this is to say thet
the probability of going to a given class at time 4 depends

only on times 2 and Z,.and not on time ls. This means that

0"
(%]
[ &)
P
"
=
[
[ &)
vl

Ells hije
and
v v
i gije - hijz
Vzije Vhije

L &
Combining these equations, and letting g s 1 and h 3 2, we get

1131 Y2ij1
Viige Voij2

for all i and je- In determinental form, this yields the
following four independent restrictions on the ultimate true

frequencies:
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(4.11) V1111 V112
- 0

V2111 Vel

4412

(4.22) V1121 V1122
= 0

V2121 Vo300

(2013) V1211 V1212
= 0

t V2211 Vos12

(4¢14) V221 V1022
= 0

Vose1 2222

Now consider the following array of manifest datas

(1) (2) (3) (¢)

1 P p

sesl polcc polcl poolt P.oll lela olll

Plove Prea P, Puma Prae P P Pun

The numbers in parentheses are merely for identification of
the squere arrayse The first square contains all the informe-
tion sbout the pair of initial and terminel interviews, with
no information about the intervening interviewss Iet us call
the determinent of this squere the "2-positive" determinents
This name expresses the fact thaet each term in the ekpan;ion
of this determinent will be & product having in its subscripts

a reference to the positive response, or response 1, at two
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interviews, namely, the first and laste The second square
is the first stratified by time 2; the third square is the
first stretified by time 3; end the fourth squere is the first
stratified by times 2 and 34 The whole array contains all the
information available.

Now let us set up an eguation for the matrix of (1)
in terms of the true structure, in exactly the same menner as
we did for the 2«positive matrix in the previous models We
get
(4.15)

/

R 4 }
3 Pooor } [ %\ /1111 1112 V121 V1122 V21l V1212 Tazz) V1zz§\

pl.“ ‘Plntl

&1 %2/ \Vz113 V2112 V2121 V2122 V2211 Veen2 Veze1 V2ezz/

~

I D R R I TR PR S
-
s

Iet us c¢all the first matrix on the richt hand side of
(2415) B*, the second matrix V, end the third matrix Ae
Notice how the elements of V are arrangeds Every element of

the first row of V refers to position 1 at time 1; every
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element of the second ffow refers to position 2 at time 1.

The columns are arrang,ékl in lexical order with respect to the
second, third, and fourth subscriptse.This has the effect .
of alternating positions 1 and 2 at time 4 in the successive
columnse - The matrix K! tekes care of time 1, while A tekes
care of time 4, as regards the probabilities of positive‘r‘e‘s-;:.
ponse for the true classese The positions at times 2 and &

do not metter in the 2-positive matrixe Equation (4;15):, can

be put in determinentel form, as follows:

1 p...l S » ‘
(4016) | - |74 |
. Fleee Pl ‘ ‘t ‘ ‘

V and A are rectangular matrices, and the determinant
of their product can be evaluated by the theorem of multipli-
cation of determinantal arrays as the sum of (847)/2 = 28
products of minors of order 2 chosen from 2 columns of V and
minors of order 2 chosen from the corresponding rows of Ae
By (4.’11)-(4.14).,’,;each term of this expansion which contains
& minor of V with the seme second and third suvbscripts in both

colums will vanishe In particular, the terms conteining
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v v
1111 1112
Y2111 Ven12

and

Viz2s Vazez
Vo221 Vono2

will vanishe The remaining terms will have the following
forms

Vihir Vis| |2 G

Venir “2jxe | [* %8
where h, i, j, and k camot all be either 1 or 24 (There are
other limitations on the subscripts, but they are omitted as
irrelevant for present purposess) Considering the second end

third subscripts only, these remaining terms will be of the

three following types:

(L . hy iy Js k is some permutation of 1, 1, 1, 2
(2) hy i, js k is some permutetion of 1, 1, 2, 2
(3) hy i, jg k is some permutation of 1, 2, 2, 2

Let us oall the sum of the terms of each of these types of o

ﬁ? s 8nd : ?{, respectivelye Ve therefore heve

14
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6;" - v V.. 1 a hyiajek &
Z Z Lhiy 1k r permutetion

- k‘::""" v Ve s i g h,i'j’k a
/ B Z el 1hix l']k# T permutation

1

= v v, . 1 e hyi,jek &
\{ - E_M ; ) ihir ljke *l permutation
hslyJsk

f,s v2hir véjkﬁ 'l a&' Of 1’2’2‘2’

Using these symbols,
‘VA‘ =z A i/ 4
By (4¢16),
(4417) 2-positive determinent g {E (ax 4/ +Y)

Now let us choose matrices of order 2 from our initial
array in the following mannere The first column of each new
mebrix will be the first column of one of the squeares in the
arraye The second column of each new matrix will be the second
column of one of the squeares in the arraye The two columns
will be chosen such that, in the determinant of the new metrix,
each term of the expansion of this determinant will have in its
subscripts the number 1 appearing three timese An exemple of

such a determinant is

P P

.10' .‘.l

S Polee Pleek " Pueel Pllse
Pllee P10



Nobice on the right hand side that the number 1 appears three
times in the subscripts of each terme The left hend column
of this determinant is the left hand column of square (2), and
the right hend column is the right hand column of square (1)e
There are three other determinants which cen be formed in

this menner, namely,

i P‘Qlcl 11 p'oo'il ‘ and P'Q'ti". Pccil

le Pua !Pl-... P1.11;% Pla1e Pleal
We shall call determinents of this type "3-positive

determinantse
Putting these determinants in terms of the true

:stru;c'bure, we get the following equations:

(4e18) |12 P g :li"i. v

p o
l... ll.l a1‘a2

Bqe8y

18

Boe8q

Bye8g

2%y

- : 4

R T T I R W SR ¥




(4419)

(4020) |

(421) ’

—85-

9 .10-‘6'- Potu‘l
P

= o]

1lee P leel

3 P..lllf:}xt)

Praail

i.‘.. :

-poo"lt pocbl

: ] s ’K"
91.1. Tplocl

<}

T —

e R N I e

]

T
e o
=

o o
BN A~ TR AV}

ai"aa T
az .a’l'
298

8qe8q°

2

1'%

8008y
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Let us be clear how these equations were deriveds
The right hend column of the second rectanguler matrix affects
the right hend column of the determinant of manifest data, end
similarly for the left hand columne Now the data determinants
of (4418) and (4420) have left hend columns which arc the same
es that of the 2-positive determinent, hence the left hand
columns of the second rectangular matrices in these equations
are the same as rthe le £t hand column of As Similarly, the
right hand columns of the menifest deta in (4.19) and (4e21)
are the same 88 that of the 2-positive determinent, so the
right hand columns of the second rectangular matrices are the
same as the right hand column of A.

Now the fifst and foﬁf%h subscripts are the same for
all determinents, and we do not need to wdrry about them,
since'i'" takes care of the first subscript and A tekes care
of the fourthe Recall that the V matrix was arranged so that
its colwms are in lexical order with respect to the second
end third subscriptse Since a given row of A corresponds to
the same columﬁ of V, any probebilities which are put into A
which refer to the second or third interviews will have to
take account of that lexical ordere In (4.18) the right hand
column of manifest data is the right hand column of the 2=posi=
tive determinant stratified by time 2+ The lexical order
means that the first four columns of V have the subscript 1

in the second place, and the last four columns have the sube
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script 2 in the second placee Hence the first four rows of
the right hand column of A must be multiplied by &ys end the
last four rows of the right hend column of A by egs Compéri-
son of (4618) with (4415) will show that this is in fact what
has heppeneds

In (4419) the first column of manifest date is the
first column of the 2-positive determinent stratified by
time 2, while the second column is the same as that of the
2-positive determinante Hence the first column of A is
multiplied, the first four rows by &4y the I st four rows by
ﬂg.

(4420) hes as its first column the first column of
the 2-positive determinant, while the second column is
stratified by time 3. Hénce the first column of A is
unaffected, while the second column has its rows multiplied
by 84 Or 8,6 The lexical order of second and third subscripts
means that for time 3, the first two rows multiply columns of
V which have the subscript 1 in the third place, the second
two rows multiply columns of V which have the subscript 2 in
the third place, the third two rows refer to the subscript 1
in the third place, and the fourth two rows refer to the
subscript 2 in the third places Hence the first two rows of
the second column of A are multiplied by 8qs the second two
rows by 85, etce In (4e21) the same procedure is followed

for the first column of A instead of the second, since the
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menifest determinent in (4+21) hes as its first column the
first column of the 2-positive determinant stratified by
time 3, the second column being the same as that of the 2-
‘p051’cive detefminant.

Since V is the same in all four equations, it is
evident that in all four expansions of the determinant which
is the product of V and a modified A matrix, there will be
terms involving the same minors of V¢ Hence if we add the

~four .3-posi'bive determinants, the sum will be the product of
‘K" and & sum of terms which can be collected in sets of
four with respect to a minor of Ve These collected bterms

will be of the following type:

Vihir "1jks 1 a‘h'a'z‘,‘ ®h Br ‘ 1 ey ,’-‘ai ®r
Vonir v2;jks ( 1 aj.,a.s aj aSv 1 "ak.asi 8, &g

The sum of the first two bracketed determinants, 6s

was shown in section 4e), is equal to

o, # 8y)

Similarly, the sum of the last two determinents is

(a‘i ¥ a‘k) il el



Hence the sum of all four bracketed determinants is
|
!

1 a
Lo

(ah tay {aj{, ak) r
5

Therefore the sum of the 3=positive determinants is

e — v . l a
'Kt} Z > (ah ‘e, ¢ aj $ ak) lhir Vijks r

res8  hylydsk Vonir V2jks| * %s

1

Now consider the subscripts h, i, j, and ke When
these are all either 1 or 2, the determinant in v vanishes,
as was shown above, and therefore the whole product venishese

When h, i, j, and k are some permutation of 1, 1, 1, and 2,

"

Sal .} ta.‘2

&h-}ai-§aj-}ak

Hence the sum of terms of this type is

Ko § Vo . . 1 a | hi,j,k
{K" (39‘1 $e,) Z ? mir Ljke |© Cr soméqéermug-

res hyipyj,k v2hir Vijs- 1 aS. ’;:-%:g::i?zof

By the notation introduced sbove, this is

fK." (Sal tay) 0/\

When hy i, j, and k are same permutation of 1. 1, 2, and 2,

ah-}ai-}aj-}ak_-_ 29.1429,a



Hence the sum of terms of this tyne is equal to

|z} (2o, 4 2s,) /

Finelly, when h, i,  j, and k are some permutation of 1l 2, 24 end 2,
. ) -
ah%ai{-aj&ak_alizaz
so that the sum of terms of this type is equal to
o . . AN
tl\" (al 4 59«2) K

Thus the sum of all the 3=-positive determinents is as
follows:
(4422)
Z Z«positive determinants J‘A‘ﬁl [(:sau_l 4 az)akuzalwaz)/f 4(&143%)\{]

If we divide this by (4417) we get

(4423)

<. B=positive determinants = (39.149.2)6?(4 (2a1$2a2)/5§ (a]_{Saz)\(
2-positive determinan : -
= + /A? +Y

But notice that we can take (a.l ¥ a.z) out of the numerator of

the right hand side, getting

(ay + o) e<tf +)) 4 2t 4 oy 4 az)/f b2ay
Thus we can express (4e23) &s

(4424)

S~ 3-positive determinants - ZaIL;( ey 4 az)/g 4 2a2 Y
2-positive determinant 1 2 -3 + / b/
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We now define the 4-positive determinants as followse
The first column of each is the first column of one square of
the initial arrays. The second column of each is the second
column of one square of the initial arraye The columns are
chosen so that in the expansion of every 4-positive determinant
each term will have the subscript 1 appearing four timese
There are six determinents which can be formed in this manner ’

of which the following are exampless

1

Plia Poole Polal

and
Plese Pr111| P11, Puia

Each of these determinants is expressible as the pro=
duct of | K'| and the determinant of the product of two
rectangular matrices, the first of which is V, and the second
of which is A with certain rows and columns multiplied by
&.s 8By OF poWers or products of &, end a,e The expansions of
these de‘berminants of the product of matrices will all have
terms involving the same minors of V, hence the sum of all the
4-positive determinents can be expressed as the product of ‘i‘"
and a sum of terms, each of which is a product of some minor
of V and the sum of six other determinantse These products

will be of the following types

i

! . .
. vlhir vljksf ;ah ai'a’r * al ‘ah_.a.r * ; 1 ahal.ari
V2hir V2jks ‘aa BieoBg B Bye8g ‘ 1 ajape8g
' ®fi ®r %i R I ai-‘ar\
ajak a } aj a.j.a.s ‘ !ak a8 ‘
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The sum of the first two bracketed determinants is
11 8,
r

(aha.k ) aiaj) . .

s’ ‘|

The sum of the second two bracketed determinants is
(ajak % ahgi)

The sum of the third two bracketed determinants is
a .
1 . ko

g

a, e a.8
Therefore the sum of the 4-positive determinants is

!K" ‘ 2 (e. 0. fe,0.:de g o8 fo..0. e .8
, A—‘h.. 11 R ok Rk s R et Rl Mk R S
T48 hi,j,k V2hir “2jke

When h, i, j, and k are a permutation of 1, 1, 1, and 2,
there are three ways in which the 2 cen pair with a 1 and
three ways in which a 1 can pair with another l,

Therefore

2
88 + ahﬁj‘*‘ahgk + aiaj } aiak } ajak :_3&1' $ Salga

When h, i, j, and k are some permutetion of 1, 1, 2, and 2,
there is one wey in which & 1 can pair with a 1, there are
four ways in which & 1 can pair with a 2, and there is one way

in which a 2 can pair with a 24 Hence the expression in

o] Tnir Vags|
»
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perentheses above equals"
2 2
&y + 4eq8, te,

VWhen h, i, j, and k are some permutation of 1, 2,‘ 2, and 2, ..
there are three ways in which & 1 can pair with a 2 and three
weys in which a 2 can pair with a 2+ .Then the expression in

perentheses above is
2
39’16’24 { Sa.‘z

Therefore the sum of all 4-positive determinants is as followst

E‘ A-posi‘bive determinants = -
- . o A
| 9| ‘-(&12. t 3eq8,)ck 4 (o) #4838, 4 9‘2‘)/ }(3eqay + 38, )b/.i

Dividing by (4.17) gives
(4025)

Z'_ 4-positive determinants =
2-positive determinant

2 : . ‘ 2. ' 2
(Sal + 39.19.2)0({. (a.l2 4 4e.8, + &, )/b’ ¥ .(Sal‘az + 3e, )X'

R

< 3 /f( v o
The bS=positive determinants are defined and expaxided and

summed in similar fashions There are four such determinants,

and their sum is equal to

' E: Vo Vaio )
lA'l Z ) (e.haiaj + 8,88, $ ahajak *aiajak)] lhir "ljks L
re8 hyi,jek - Vopir vzjks .
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Vhen h, i, j, k is & permutation of 1,1, 1, 2, there is one
triplet with subscripts all 1, and there are three triplets
with two subscripts 1 and one subscript 2, which makes the

expression in parentheses
2
(a13 + 38y &)

When h, i, j, k is a permutation of 1, 1, 2, 2, the expression

in parentheses becomes

2 2
(Zal &, 4 2a.1a2 )

end when h, i, j, k is a permutation of 1, 2, 2, 2, the

expression in parentheses becomes
3
(Salazz tay")
Hence the sum of B«positive determinents is
- 3 2 2 2 2 3
M'! [(al i %, 8, ) X4 (2&1 e, + 2aj8, )/5 Y (3ala2 t e )X:'

Dividing this sum by the 2-positive determinent, (4.17), gives
(4426)

2. S5-positive determinants =
2-positive determinant

2 2 2
(a13 + 38, a2)¢74-& (Zalzaz + 2848, )/ﬂ + (5a1a2 ) azs)f

AR / Y




- 95 =

Evaluating the 6=positive determinent (there is only

one) in the same manner gives as its sum

- lx" [3‘139'2 0"& alzazz/ 4 ala25 K}
a’.laz can be factored out, giving
2
By 8q8,(8, 2.4 4 ala-z/'l' &y ¥

Dividing by (4e17),

(4427) % 2 2
6wpositive determinent ay oK § 246, ﬁ 4 8, X
= 8.0
. - “178
wpositive determinant
T AR
Now let . X
2a 4 (&, ¢ =) /é 4 2a
x4Y s 1 - 2 2
and

2 2
- ,"‘12<:><' ey Ot Y
< +/ X

We shall prove that 819 85 X, end y ere the roots of the equa =

tion

(4.28)24 -E: 3wpogitive determinants 3 . ?:4-positive determinants o
a—— - =

2wpositive determinant 2=positive determinant

- 2 B=positive determinants 4 6-positive determinant _ o
2«-positive determinant 2wpositive determinant
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Consider the elementary symmetric functions of B1s B8

xy and yo We note by inspection of (4+24) and by definition

of (x 4 y) thet

s tnd BTy G i)y By
C‘?/-\{ /f’ $ \;ﬁ/

Z d=positive determinants

2=positive determinant
The next elementary symmetric function is
a2, $2.x 4 aly $ a,x 4 8,y txy g 848y e (xty) 4 az(x +y) 4=y

a8, 4 (al te,)(x 4 y) &=y

;'_-a,lazwiﬁa& X)l(al 3 az)(zalcj}(al 1 az)/_{4 28, %) 'alg( 3 alaz/f*azz ¥
A /a“ vy ‘

2
(3o, 2 4 Bap8, A 4 ()% 4 480, 4 aﬁ/% (32,8, + 3,°) ¥

=<3 £ 4/

?» A=positive determinants
2 4 by (4+25)

2epositive determinant

The next elementary symmetric function is

8,8,% § 88,7 § & 2% = apa, (x4 y) ¥ (o 48,y
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aje, (28,044 (2 4 az>/g+ 20, X ) 4 (e, 4 e,) (e 2t 4 alazﬁ * azz b’.)
Yy A+ 0 2 '
(al?" $ %8, za'z)%.;. (Zalzaz ! Zalazz)/?-} (38,2, ’f'&zs) ¥
A § /f iy

_ 7 b5=positive determinants by (4426)

2«-positive determinant

The next elementery symmetric function is
' 2. a2

ey A e

6wpositive determinant

27
. 2-positive determinant by (4427)

Since the elementary symmetric functions, properly signed

and placed, are the coefficients of (4.28), a8,

are the roots of the ecuation (4.28).* In order to find &,

and 8, it is merely necessary to solve this quartic approxi-

mately by BHorner's method or some other method, keeping in

s X andy

mind that the desired roots will usually be in neighborhood
of ¢10 and «90, as an approximation with which to start the

solubion,

% An alternative and simpler proof that ay and &, are roots
of (4428) is given in the Appendix., The present approach
stresses the method of formation of the coefficients and is
oriented towards generalitye
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Unfortunately, two other roots are also present, and
the question arises which roots are ay and ags. It may be thet
‘there are only two real roots between 0 and 1, in which case
these are the correct rootse There may be two double roots of
the proper sort, which poses no probleme If there are four
real roots between O and 1, the best that can be offered at
this writing is to choose the smallest root for 8, and the

largest root for a The selection will have to be a matter

1*
of judgments
Once &y and &, are determined, it is easy to find the
! -

true proportions from the following egquationss:

(4.28) plovv - 32
1010‘: a a ’ » olce
1772
2
n Pug, = %2®ie bR Vo2
1ee = . “
(9‘1 - ag)
Pllle = az(Plloa + ploio oll.) ¥ a (Pl oo olq.+ poOIO)-a
v = e o e e = e
111. - - — - —————. —-—— M}

3

etce

11117 TaueTel1d
Velle
From this set can be determined all sixteen patterns of
membership in the true classes over the entire time, if they

are required.

Ay iy e o et e et = i —————-

*
These equations are derived in the Appendixe
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4.4 Exampic of the two class, four interview models

We shall apply the present model to the data on
"winner expectations” from the 1940 voting study in Erie
County, Ohio, which we used for the previous model., There
we saw that the essumption, that when the true class at time 2
wes fixed the true position at time 3 was independent of the
true position at time 1, did not seem to be warranteds Now
we are assuming that when the true position at time 3 and
time 2 is fixed, .the true position at time 4 is independent
of the true position at time le Since we have six interviews,
there are three successive sets of four interviews we can use
to test the assumptions of this model.

We nay first comment on a possible objection to the use
of a model which involves computations based on quadruple
occurrences, or fourth order frequenciess It may be thought
that such frequencies will be tco small to be useful, but
such is not the cesee The situation is unlike that where
latent structure analysis is applied to & number of different
items, because an item with a fair degree of reliability is
much more closely related to itself at another time than it
is to most other items at the scme timee In the three sets of
four interviews we are using now, for example, P1111 is successive=
ly «21, 23, and «23s As a matter of fact, the probability of
& "Democratic" response on all six interviews is +16e The use
of higher order frequencies, therefore, is not a matter of

concerne
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When the proper coefficients of the "winner expecta-
tions" date are computed for the successive sequences of

interviews, the following equations results

lay-Jdune-July-Auge X = 1.8701x° 4 o9813x° - o1060x % «01293 =
June=-July~Auge~Sept, x% - 1.8037xS + .9103x2 - ¢03921x ¥ 4003725

July-Auge-Septe-Octe x* = 2,0212x° 4 1,1888x° = +1538% + 01060

It turns out that none of these equations has any real rootse
When they are graphed, however, each equation has all three
bends between the values O and 1 of the arguments All three
curves reach & minimum at a low positive value of x, a maximum
at about x = 5, and another minimum between x z ¢5 and x = 1le
In the absence of a statistical theory, we do not know how
close these minima must be to the x-axis for tThe discrepancy
to be considered & chance errors The value of the function

is less than 40l at the first minimum for each equatione

For the minimum which is between x = 6 and x = 1, the value
of the function is less than o0l for the Miy-June-July-August
sequence, less then 02 for the July-August-September-October
sequence, but greater than (04 for the June-July-August-September
sequencee Since the maxima for all three curves are around
e04 or .05, it seems reasoneble to accept the minimums below
¢0l, ard possibly the one between 0l and .02, as chance dise-

crepancies from the x-axise On this basis we have to reject

the model for the June-July-August-September sequences For

"



- 101 -

the other sequences, we take the two minima as the pro-

babilities of positive responses This gives the following

result:
Reliabilities
True class lay=June= July-Auge=
July-Auge Septe-Octe
Democratic o9l 91

Not Democratic e 94 092

The two sequences give very similar reliabilities,
but the failure of the middle sequence to conform partially
vitiates the confirmations Notice also that the reliabilities
obtained here are lower than those obtained for the same data
using the previous model, where they averaged aboﬁt +95,
omitting the June-July-August sequence where the model
obviously did not epplye The reason for this drop is probably
not that respondents reverted over the four waves. If the true
position at time 3 is not independent of the ﬁrue position at
time 1 when the position at time 2 is fixed, the main
effect of such a dependence would not be true reversion, which
would spuriously reduce the reliability, but rather a
tendency to adhere to the original nosition throughout the
sequence; which would spuriously raise the reliability. The
introduction of the present model would reduce that spurious
element.

This observation gives us a basis for a testing

procedure for the independence assumptions, if we have a large
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nunbeyr of interviews available, If the true position

at a given time is independenf of the true position m
intervals previously, it must also be independent of tho

true position m & 1 intorvals proviouslyf In that casc

the reliabilities obtained on these two differont assumrtions
of independonce should bo the sames The proper procedure

to test such assumptions would be fo take successively longer
sequences, in each case assuming that the terminal true posi-
tion is independent of the initial true position, and compute
the reliabilitiess As long as the results differ substantially
for successive-computations, the assumption must be rejected
for the shorter sequences When the reliabilities obtained
from & sequence of m interviews are the same &s those for &
sequence of m = 1 interviews, the assumption mey be held

velide

4,5¢ n interviews, two true classes, terminal position

independent of initial position.

The solution of the four interview case was stated
in such & way as to be immediately generalized, by analogy,
to the case ofn interviews. Consider, for example, the five
interview cases lLet us change the notation for the manifest
dete as followse Since we use only the proportions giving the

positive response, let the subseripts of p refer by number
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to the time, so that Pyg5s ©°8es will mean the proportion
giving the positive response on thre first, fourth, and fifth
interviews of a sequences Then arrange the manifest data in
the following ways

(1) (2) ) (8) (5)

1 .
P P, Pps Py Pgg Py P P, P,

Py P15 Pyp Piag  Pyz Pazs Py Pues Piaz Paoss

6 (7) (8)
Pog P2a5  Pgg Paas  Paza  Poms

P P__ p P P p
124 X248 134 1345 1234 12346

The numbers in parentheses are merely put in to identify
the squarese The right hand column of each square is stratified
by the terminal interview, number S The bottom row of each
_square is stratified by the initial interview, number le The
first square, which is the 2-positive matrix, contains only
the stratifying elementss The next three squares refer to
the marginal frequencies for each time between the initial
and terminal interviews, properly stratified in the right
hand column and bottom rows The next three squares; (5),

(6), and (7), refer to the joint frequencies for all pairs
of interviews between the first and last, properly stratified
in the right hand column and bottom rows The final square
refers to the triple occurrence frequency for all three waves

except the first and last, properly stratifieds The number of
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squares of each type is simply the proper binomial coefficient
for the powar:equéllto the number of interviews between the
first and laste

The determinant of (1) is the 2=-positive, by which
all other coeffié&ents are divideds Now every determinant
‘we use will have as its Ieff hand column the le ft hand columm
of one of the eight squares, and as its right hand column

the right hand column of one of the eight squarese In order

~ to form the 3-positive determinants, we take every pair of

right and left colums which will form & determinant whose
evaluéted terms will consist of the product of two factors
ps such that the total number of subscripts of both p's in
the product will be three. In the present case, such deter=
minants can only be formed by using the left hend column of
(1) with the right hand column of (2), (3), and (4), successively,
end by using the right hend column of (1) with the left hand
column of (2), (3), and (4). successivelye There will thus
be six 3e~positive determinantse

To form the 4-positives, proceed in the same manners
(1) can be combined with (5), (6), and (7) to form six such
determinents.e (2), (3)s enc (4) are 4-positives taken by
themselves and combined with each othere Since there are
three left hand columns eand three right hand columns which
can be sordined in any way, there are nine 4~posiiive deter

minants which can be formed from (2), (3), and (4), meking e
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total of 16 4«positive determinents which can be formede
Continuing in this manner, we get 20 5S=positive determinants,
16 6-positives, 6 7-positives, and finally one 8-positive,
which is the determinant of (8)e Since we have seven sets
of determinents, running from 2-positive through 8-positive,
it is evident that we will have an equation of the sixth
degrees Notice that the number of determinants of each type
is simply the hinomial coefficient of the expansion to the
sixth powere

The resulting equation takes the form

(4¢29)
[ 5 . R 5 == s . 4
X = é 3=positive determinants x 4 - 15 4=-positive determinants «

2-positive determinant 2~positive determinent

- ;E; 20 5-positive determinanis xs 4 .15 6=-positive determinants z°
2-positive determinant 2-positive determinant

w ¥ 6 T-positive determinants x 4 _8=positive determinent < O
' 2-positive determinant ' 2epositive determinant

a.l and B, ere roots of this equation; there are also
four spurious rootse Again, judgment must be used in selecting
the rootse However, it may often be unnecessary to bother with
the spurious roots, since they may fall outside the reasonable
range of reliabilitiess The reliabilities computed for shorter
sequences of the same data provide useful approximations with

which to begin Hornert's methcd, which is not too difficult to

apply when such approximations are availebles
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Once al'and &, are known, the true proportions can
be found from the fundamental equations, as in previous casesas
From these the probabilities of true change can be found, if

desired,

5¢ The effects of unreliability on manifest datase

So little attention has been paid to the effects
of unreliability of single items that it seems appropriate
here to discuss briefly some of the more important effectse
Among these are the disforfidns introduced into marginal
proportions and cross-ﬁabulations by unreliebilitye We shall
also consider the effect of wwreliability on traensition pro-

babilitiese

Hele Reliability and marginal frequenciesi

Marginal frequencies or percentages are often re=
ported by polling agencies, research organizations, and
sociologists, on the basis of responses to single itemse
If there is any awareness of the problem of reliability, it
is usually assumed that with semples of fair size the effects
Yeancel out"s This assumption is not fatal if a low degree
of precision is admissible, but if high precision is rsquired,
as in election forecasts, it may cause serious error, Consider

the simplest case, where there are only two true classese



- 107 -

We have

o]
[
"

814Vy + 89372

8,y ¥ (8y = 8y)vy

If we call &,, the reliability of C, and a

11 1 22
of Cz, denoting these by ry and r, respectively, we have

the reliability

If both reliabilities are perfect, we have
pl =vl

The reliability puts & ceilirg or py, for if v, g 1,

Py = l- Ty + ry % r, = 1

=T

It also puts a floor on p,, for if vy = O,

The general effect of unreliability, then, will be to
depress high frequencies and raise low frequenciess Bubt the dise
tortion is asymmetrical when ry and r, are different, as they
often are in practices The following table shows the value of
Py thet wiil be obteined when v, rqy end 1, have *he indicated

values:



- 108 =

Values of p, when True Proportion in Class C; and Reliabilities

are Given
A4 r;»e90 r) 5695 Iy w90 Iy %95 r) 2695 r;m B
ro w90 rpo w95 r, = «60 rp = 90 ry= 85 rs = 82
1,00 «90 95 #50 »95 | 095 «98
«90 82 86 .83 865 .87 «90
«80 Tk 77 76 .78 79 82
0 W66 W8 W69 b5 1k
60 »58 59 &2 61 .63 66
«50 50 .50 e55 *525 55 58
ols0 oli2 Ll oli8 oLkt L7 50
«30 o3 e32 .hi .355 «39 L2
20 26 23 23k 27 31 3L
.10 .18 o | 27 185 23 «26
0,00 .10 .05 +20 .10 15 .18

The horizontal lines in these columns show the interval
where Py will approximately equal vy in the given situatione
Abo?e the horizontal line (or the top horizontal line, if there
are two) p; will be an underestimate of the true value; below
the horizoatal line (or the bottom horizontel line} p, will be

an overestimate of Vie
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In the first two columns, where r. = Tos the distortions

1
are symmetrical around the value v, g 50+ But when r, is

greater than r,, p, overestimates v, for higher values of

2 1
vl, and the distortion depends upon the values of rl and
r, and the difference between theme Thus in the last column,

where the difference between rl and r2 is 16, vy is over-
estimated by ¢08 when half the sample is in class Cl. When
+40 of the sample is in Cl, Pl will be «50e Even when v1 is
#80, Pl will overestimate v1 by «02.

Now consider the implications this has for political
forecastse In general, the reliability of an item will be
lower for respondents who have little education, low interest,
low saliency, etce, than for those who have more education,
more interest in the question, greater saliency for the item,
and so one We know that Democratic voters fall into the first
of these groups much more often than Republican voters, so
that Democrats probably give less relisble responses than
Republicanse Of course, the situation is much more complie
cated than that presented in the table, because there are
certainly more then two truve classess Nonethelsss, the effect
of such a differcnce in rosisnilities will be to cause a
systematic overestimation of the Republican vote, wlich of

course is what occurse It seems highly likely that unrelia-

bility can account for at least & part of the systematic
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error in election forecasts mede by polling agencies.*

We shall not explore further the effects of unreliability
on marginals, which of course are much more complex when more
than two true olasses are involvede 1t is sufficient here
that we have demonstrated the importance of such effects for

the analysis of marginal percentages.
542+ Reliability and crossetabulationse

Cross=tabulations of single items, while not reported
so extensively as marginal percentages, are often used as &
basis for substantive analysis by sociologists, research
orgenizations, and govermmert agenciess Obviously an item
cannot be more closely relet= to any other item than it is
to itself, so the reliability puts a ceiling on the possible
relations that cen be obtained with a given items Since there
are two items in a relation, both reliebilities oporedie in thds
oeaney¥e Einoo the reliebility of most single items is fairly
low, the constrioction of range introduced is considerables
Iet us consider the case where each of two dichotomous items
has only two true classesa

st us use the nota’ion pij for the proportior »Z <he

sanple reported in category i on item a and category j om

$ An empirical analysis of the problem has been undertaken
by the writer in order to test this hypothesise
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item bs vij will be the true proportion in the same cates
gories.s ars will be the probability that a respondent in
true class Cr on item a will be reported -in category 8 on
item a, brs will be the probability that a respondent in
true class cr on item b will be reported in category s on

item be We have the equation

Py @ g P17y ¥ 8y PpgTiz ¥ B2aPayT,; ¥ 8p P ar

Suppose we define a perfect true association between the two
items as a distribution in which V.. and N are both zero,

so that

vn + Voo @ 1

Then we have

b

Py ® 833Dy, 4851051759

28990337y 4 (1= 8,,)( = by )v,,

Now i
ow if vll‘ 1,

Py1% 81107y

Since a__ >l ~a andbd leb : £ N
11 22 11> ,,# This equation represents

the maximum Piq can reach, ises, Py can never be greater than
the product of the reliabilities of category 1 for both itemse

vall=o

= (l-a,)(1-b

Py 22)
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Since 1 =a < a _andl-b < b s this represents the
22 11 22 11
minimum that py; °8n be when the true association is pere

fecte In other words, when the true association is perfect,

(2 = 8551 = by ) 2yy L By3by3
Similarly,

(1 =830 =1;))< pyy L Bppbs0

More generally, define the menifest and true joint

ocourrence matrices as follows:

/ v v
p11 P 12 11 12\
vV -
Pap # P p ab® \v v
21 “22 \21 22
Also let
1n %12 / by Py
4 =2 B =
Va1 %2z \bz1 bz
Then
(51) Py, = A'V,.B

If A and B have been determined by the methods of this peper
or any other method, the true joint distribution can be found

by the equation

-
2 v - At P B
(56 ) sb * ab
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If one takes, say, the determinant of a 2 x 2 matrix as
a measure of association between items, (5.1) can be put into

the form

‘Pa.'b’ :'A" ’vab‘ ‘B‘

Since |AY and |B} must be less than 1 if the relisbilities
are not perfect, the effect of unreliability in reducing the
association is obvious from this equations If it is desired

to compute the true association directly, we have

(543) ’v ‘ - tpab!
ab ENIREL
A hypothetical example will make clear the importance of
the probleme The typical reliability of dichotomous items

employed in opinion research is in the neighborhood of +90e

Let all = a.zz = bll = b22 = ¢90
Then Jad B] = .80 ® 480 = 64
Therefore ‘P ‘ = 64 ‘V i

ab ab

In other words, the megnitude of the association obtained
between two dichotomous items of the kind ordinarily used in
opinion research will rarely be more than two-thirds of the
megnitude of the true association between the variabless

If more than two items are cross-tabulated, the associa=

tion is even more attenua'bed. If more then two true classes
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for each item or more than two response:cetegories are in-
volved, tﬁe:effegt iéymore complex,‘but in pringiplevthgzsamc‘
as in the case given. This should suffice to demonstrate that
if researchers hope .’co obtaiin high degrees of association in
the afea of opinions end attitudes, they will have to follow.
one of two coursess Either they will have to employ tests

and batteries which are much more reliable than single‘itgms,.
or they will have to determine the reliability of the ‘sir}glfe)
items used end correct for the attenuation caused by urrelie-
bilitye The Ilatter proeedufe is perfectly valid, but it must
be used with caution, since sampling errors mey lead to the
inference of degrees of association higher.than the true, or
even better than perfecte Furthermore, it should be rempmbered
thet item reliability will differ for different samples, even
though the classes within the various samples are nominally

coterminouse

5¢3¢ Unreliability and transition probabilitiess

Professor Te We Anderson has introduced, in another memo=-
randum of this report entitled "Probability Lbﬁels for Anelyzing
Time Changes in Attitudes," & model for panel data based on the
concept of & stationary processes Such & process means that
there is a certain prébability that a respondent holding any
given position on an item at some time t will hold any given

position at time t 4 u, and this probability depends on u but
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not on te In other words, the interval between the two

times is all that matterse Once the size of the interval

is fixed, the probability of going from one given position to
another over this interval is the seme regardless where this
interval falls in the series, hence the term "stationary |
processs" Probabilities of this type are called transition
probabilitiess.

If there is a stationary process such that the position
held at a given interview depends only on the position held the
previous interview, the process is said to be of the first
orderes If the positioﬁ held depends on both the previous
position and the position held two times previously, the
process is of the second order, and so one

Vle want to investigate briefly the relationship between
the manifest data and true process when the item is unreliables
How will manifest data look if there is a true stationary pro-
cess?

Let us consider a first order stationary processe
Such a process implies two things eébout eny sequence of three
successive interviews from a panel where the interviews are
spaced at equal time intervals apart. It implies, first,
that the transition probabilities from time 1 to time 2 are the
same as the corresponding transition probabilities from time
2 to time 3s It implies, secondly, that the position held at

time 3 is independent of the position held at time l.
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Since the equality of the successive transition probabie
lities is not a sufficient condition for e stationary process,
let us introduce & terminologicel distinction and call such
equality “"stationary probabilties"s <Then in order to have a
first order stationary process, we need first order stationsry
probebilities and the independence of the position at time 3
from the position at time 1.

Now suppose we have true first order stationary probabi-
lities, with nothing said about the independence conditione

let vijl{ be the proportion of the total sample in class Ci at

time 1, in class C, at time 2, end in class C,_ at time 3, as

J k

befores Then Vi1, / Viee will be the probability of going

from C, at time 1 %o C, at time 2; and v . /v _ will be the
1 i o1l ole

probability of going from C, ot time 2 to Cl at time 3e By

assumption, these probabilities are ewual, or

v v

e _ "ol

dee Ve
Similarly,

V120 v.13

vl.o volo ‘
Combining these two relations,

1. _ V.1

v v

124 012
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or, in determinantal form,

f o
(5.4) i vll. v.ll g . o
| %12, 7 |

By the same reasoning, we get also

(545)

210 Te2l| .

| V22, V.22

Now consider the following erray of manifest datas

1 1 P

quo ole
pclo Pool pll. "poll
Lot us set up the determinant of the first square of this

array in terms of the true structure, as follows:

(506) |1 1 i _ (1 11 1\ ‘/vu._ 7,12\
BRI p..l% ) é\a1 %2 %1 az,} g"lz. \i

t “ T21e o2l }

| Vo, Vo2

This equation is based on our present restriction to two true
classes at any one time and two menifest response categoriese
It follows cleerly from our basic assumptionss

The expansior of the right hand side of (5e6), which we
shallcall [AV| , is the sum of six products of minors of order
2 from columns of A and minors from the corresponding rows of
Ve By (5e4) and (545), the first and last terms of the expansion
will vanishe

We next put the determinant of the second square of mani-

fest data in terms of the true structure:
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4
; 219731,
‘_ a? V21,
)

VL oY
"\'2. 224

algv.ll \
al.v' 12
Gpe7 21 i

"2V a2z |

Comparing (5e7) with (546), observe that on the ri:ht hand

side the only difference is that in (5.7) the first two rows of

V have been multiplied by &

1

and the last two rows by aye in

expanding the rizht hand side of (5s7), the first and last

product in the sum will vanisihi because the first minor of the

second rectangular matrix in (5.7) is the determinant of (5e4)

2
multiplied by & and the last minor of this matrix is the

2
determinant of (5¢5) multiplied by &, e

The remeining terms

of the expansion will all involve & minor of V with one row

multiplied by &y

and the other multiplied by &oe Hence & &

12

can be factored out, and what remains is the expansion of

fAvi, or

(548)

P p

ole

l..

fPu, Pona

Dividing (548) by (546),

(5.9)

ploo 9010

P11, Pou1
i & ot I

1 1

(P

i7" ele

onl.

%1%

152

v
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Now form two metrices by substitubing one column of
the second square of the initial arroy of manifest data for the
corresponding column of the first square of the arraye The
determinants of these two matrices mey be put in terms of the

true structure as follows:

(6s10) |1 2 , _ , (’1 11 1\\ /M11e ®17.0
- H [
1 Pa1e Ponn E;\_\al %2 %1 az/{ Y12, %1722
% !i v21.' a2°v¢21 /
, \ Vezo “2*Ta22
and ¢

(5221 lp t tll‘o oll

I
i lee $= { \
: . | .
P11, p.‘.lg 1 %2 M aZ/{ 171z, Tel2
' 1 oa_ev v
| 8297, 21

P .

\ /
222, a22/

In expanding the ri_ ht hend side of each of these
equetions, note that the first and last product will vanish,
because in each case the first and last product will involve
e vanishing minor of V with one column multiplied by al or az-,
which can be factored oute If we add the remoining terms of
(5010) and (5e11), collecbing for minors of A, we get bterms
of the following type:

{ ivli-. 1Mas| 4 [T T
|

8s & v & oV & oV v
ot JWZJ‘- 2"y | %22, "]
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By the seme reesonin; employed in Section 4, the bracketed

expression is equal o

(8, +2,) "1te Vol |

v v _ .
230 2§
!

Hence (e, + &,) can be factored out of the expansion, and

. : b b
whet remeins is the expansion of AV , or

(5412) 11 p lp 1 ‘
; olo' 3 % lee - (al ) az) !AVQ
fpolo Pollg \ %pllo pool‘

Dividing (5412) by (546),

i
J
Del3) 1 l

(5.13) ! polot $ gpln ;
‘P S Piq. P gl
ole “ell 1 Y11 sel

%1 1

| '

!pclo Poo].;

Finelly, therefore, al and &_ are the roots of the equation

2 .
| ; § !
5414 1 { ,
(' ) § .l‘lf ,l,‘ les : plo. Polc
- |
2. 'Pae Pl | P11, Paa x + P11 Ponl
1 1 i i1 1
|
| |
lpclo poclf 'polc pool

Once al and aa are obteined, it is easy to find the proportions

in the various true classese Note that (5.14) does not

"
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involve P1,1 °F Py13®

Whet we have obtained is a solution for the probabilities
of positive response on the assumption of true first order
stationary probabilitiese A true first order stationary proe
cess would require this essumption, and also the assumption thet
true position at time 3 is independent of the true position at
time le In section 4.1 we obtained & solution for al and az
on the basis of the independence assumption alone, where we had

i §
|

'§
oll 4 % pcl. ppolg
ploo Plll ipllo pIOl; - o, $8
o, . Y - 1 2
!
1 |
i Pooll
| P1,, Pral
and
Gel6
( * ) P_.l. poll
P el
1l. 111 -
- — 2 %%
1l
Peal
Plee P1a1!

If there is a true first order stationary process, the

solution for al and az

first order stationary probabilities and the solution on the

on the basis of the assumption of true

basis of the assumption of the independence of the true position

at time 3 from the true position at time 1 must be the same,
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because both of these assumptions must hold if there is a true
first order stationary processe Hence (5e13) must be equal
to (6415), and (549) must be equal to (5+16)e This gives us
the following two conditions which the manifest date must

fulfill if there is a true first order statiomary processs

(5417) A o
: i , i ! ;
{ 1 3. l ; 1 H v
l Ptlog $ }Ploo g ! pcll ; I f pnlo P"l
| , | ¥ |
Poe Pema]  [Pu1, Poad} _ [Pre Pamli | Pu, Praf
oo oora
! ‘
;pﬁlo Pool§ ,pl.., Plcli
(5.18) P,.. Po1! ?.1, p.llé
? 1
P11, Pai1: } Pii, Pinl
11 f
| to tooral
épclo poolé pl.. Pl,lg

If the monifest data fulfills these conditions for every set
of three successive interviews, the essumption of a true first
order stationary process is werranted, and the true structurs

may be obtained by (514} or by the eguations of section 4ele
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6e Conclusione.

A final word should be said about the relation betwsen
the application of latent structure analysis to the problem of
reliability, as presented in this paper, and the apnlica=
tion to the problem of determining a latent structure when &
number of different items are involvede The Two applicetions
are similar in certain respectse In both cases it is possible
to derive e number of "¢rue" classes which may exceed the
number of response categories used, and to speak of the proe
bability thet respondents belonging to these true classes will
give & certein responsee These classes are inferred from relae
tions within the deta,

On the other hand, two differences between the two cases
mey be notede In the first place, if one rejects the concept
of "latent" classes, he may still employ these procedures with
respect to the manifest categories in the analysis of reliabie
litye Instead of assuming that there are certain "“rue"
classes within which each respondent has the same probebility
of giving a certain response, he may merely assume that there
ere certain arbitrery menifest classes for each of which there
is an avera;e probability of giving a certain responsee The
reliabilities mey then be interpreted as averege probebilities
of giving the correct responsee The number of “true' classes
will always correspond to the number of response categories, in

this usagee Of course, certain difficulties will arise, in
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the analysis of actual deta, but these may be avoided by not
pushing the analysis too fare

In the second place, when letent structure enalysis is
epplied to the relation between different items the assumpbion
is made that there are cerbtain classes such that, within each
class, the items are unrelated to each othere The present
application assumes that thers are certain classes such that,
within each class, in the abééﬁee of change from one cléss to
another, the responses given at any one time are. unrelated to
the responses ziven at eny other timee

The important difference is thise The first assumption
is an hypothesis to be tested anew with each body of empirical
data, whereas the assumption of this paper is true by definition
of variable error, or error of measuremente When we speak of
unreliability, we ordinarily mean some variable element of res=-
ponse, which is uncorrelated with anything else and with itself.
It is a virtue of the method presented here that it does not
assume, as the customary methods of determining reliability co-
efficients for continuous measuirements do, that the error is
uncorrelated with the true positions Such an assumption is often
seriously incorrecte Other special assumptions of this paper
have, of course, to be tested in each casee But the fundamental
assumption on which the equations are based follows from the
definition of what we are trying to determine, Hence the

method is presented in confidence of its potential applicabilie

tye
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APPENDIX

4An Alternative Derivation of the Solution to a Special Case

The case to be solved is that involvingvfour interviews,
two true classos at ah& one time, with free movement between
them through time, end with the terminal position independent of
the initial position when the position at times 2 and 3 is fixed,
The notatidn is that of section L¢3,

We have equations of the following typess

plc.o alvlooo " a2v20l0

. . 2
Pl1.. ¥ 21 2"11.. ¢ ala2“’12 ¢ "21..) ¢ aa: V22,
P11, © 13 "1, ¢ &) ae("nz ¥ vie, *Veu.)*alae (v122,%7213, 221,
¥ a‘231_"222.
- 3
Piaz = # h"nn %1 % (Vaae # vipoy # Vi * v2111)

2 2
ey 8y (v ¥ V1212 F v * V2112 + V2121 ¥ voo11)
, L
¥ alag3(v1222 t o100 ¥ vaoin F vanpy) H ap V200

From equations of the first type we derive Vees eto. as

follows:
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*E§2(1 - vloo‘)

10.. alvloo.

az»% (a1 - 2)v

lees

.ae
(a; = a,)

v =D -
loes = das

From-equations of the second type we derive -

2
al vll.. + a

911.., 1%2 (vl... " Vi ¥ V,1L, ST I

2 .
"' 32 (l - vltoo =V eles * vllco)

(al - 2a1a2 “ 922)'711."" :(falae - a22) V(vl‘oo‘o + 'V.l;.) "' 322 |

2
(al - 9'2) vllo‘ + a2(a1 - 62) (vloo’n' "' _v.l....) + 322

Pu,. "~ ay(ay) = 8,) (7,0 b v,1,.) *taaaf

(al - 8'2)2

V1lee

Substitutingyfornvl ond v, - from cquaticons of tho first <typo
L XN ] P

.1.. .
givoes

2
=t -l B R ) b

V11, 4
(a; = aé)e;»

Continuing this procedure through equations of the third and

fourth types gives equations of the following kinds
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via, = P, 22(pyy, Aoy, nte n e (0, b0, e, 0,) - o)
s o lse ee
vllll,:{§;111" ae(plll.*911.1‘91.11*P,111)*522
(pyy,, ¥ P, * p1,.1""1’.1;. teoat o)
mepey by b, e )8 %;{i (o, = aa)h

Now the independence assumption implies the followings

Iy v
1111 1112

11 ]
o

V2111 Veiie

»

Adding the first column of this determinant to the second, then

adding the new first row to the second,

v !
1111 1112 Yau i, Viizr Vi,

[}
o

‘an 2ue) T2 vell.l Va1,

or

V.11, 1111 - V111, Vo111
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Looking at the equaticns in these unknowns on the previous

page, we observe that the denominator of v contains (a, - a2)2
011, 17
and the denominator of Vllll oontains (a az)h thus yielding
for the denominator of the left hend side of the equation above
ea)l., v on -a )l

(a1 32) © Va1, an@ v 133 °ech contain (a1 ‘az) in the
'denominator, thus yielding for the denominstor of the right
"hend side of the éqpation above (ai ‘.32?“ Multiplying the
equation through by this term clears the denominator, The re=
maining equetion has only one’unknéwn;'a2.' Multiplying out

and collecting terms,

| ag(Pl..l‘Pl.;;P.,;i)'az (013,171, . Pa102%P1.11°P1, P, 110, 0 P
°P;.;1Pi1;;*p..1.P1..i‘P..;1P1;1;)%°22(Pi1i1‘P1;..P.111

| *P.1.£911.1'P11..P.1;1*P;1..P1.11‘91;1.9.1;1*p..1;P11.1

“Pro1 P 1%, 1.P1. 117 P 1 P 1P 11,01, 1P, L 1P 1)

2(9.1..91111 P11..F .111*9..1.P1111 P1.1.2,111%0,11,P12.1

“P131.P,1.1%, 11, P1.117P111 P, 10)0%(P 11, P11 1aP11. P 111)F ©

In determinantal form, this is equation (L428) of section Ls3e

Now the equaﬁionstr plw 9 ©tce, with which we starﬁed,
.

os? pll.o

are symmetrical in 8y and v ,0tce on the one hand and a

leee® 1les 2
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» 6toe on the others If expressions were developed.

and*ve.""_ :

for v ;
20’0"0 b v22. -

vl..s‘”vll..’ etos , ©xcept that ey and azwould be interchanged,.

b
2249
s etce, they would be identical with those for

For example,

vaooo = Ploodi -‘-9.1

where we head

P1,.. " %

al-aa

lese

The ind ependence assumption implies that

v v
1221 1222

Vooo1  Vooo2

Adding the second row of this determinant to the first, then ade

ding the new second column to the first,

Vie2r "ize2| |[Vee2r V.eea| _[Vioe,  ,222] o

Voop1  Vooze! |Vooo1  Voson Voo, Voo
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or

¥ 22,2003 Vo22,% 222

When the derived expressions in p and a are substituted in this
equation, the denominator, containing as and a1s cancols out,

The remeining equation is identical with the one obtained pre=

viously, except that the argument is ay instead of ape

Hence a, end e, are roots of equation (Lo28) of section Le3e





