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PART III 

THE APPLICATION OF LATENT STRUCTURE ANALYSIS TO 
PROBLEMS OF RELIABILITY 

by 
Lee Wiggins 

In the summer of 1948 the Social Science Division of 
RAND contracted with Dr. Samuel A. Stouffer and associates 
at the Harvard Laboratory of Social Relations to conduct 
research on the measurement of attitudes. The purpose of 
this project was to develop methods for more exact descrip­
tion of the more complex characteristics of people. The 
morals of soldiers, the degree of tension between white and 
negro troops, the capacity of officers for leadership are 
topics on which information is ne~1ed for many purposes. 
While the j~~g:nents of intelligent observers arc useful, it 
is often desirable to have statistical measurements which 
can be applied to large numbers of people and do not require 
the presence of such skilled reporters. Methods for usch 
bookkeeping on psycholoeical and social factors are not 
sought by many social scientists, and this project explores 
one special approach to the problem. 

Some of the results of the first year's research were 
included in Volume IV of Studies .1.n 3ocial Psycholoi~l in 
World War II. As the authors of this volume stated n the 
preface, "experience on the (RAND) study has been of in­
estimable value in broadening the perspective of several 
of th~ authors of the present volume and leading them to 
make late revisions in their manuscripts -- in some cases, 
revisions which are quite fundamental in character." 

In 1949 it was decided to continue research on atti­
tude measurements, with emphasis being placed on the mathe­
matical basis of this approach and its application to 
empirical materials. The work was done under the direction 
of Dr. Paul F. Lazarsfeld of the Bureau of Applied Social 
Research at Columbia University, who had worked with 
Dr. Stouffer during the first year of the project. 

'rhe present Hesearch Memorandum 455 -- "The Use of 
r,Jathematical Models in t11 e Measurement of Attitudes" 
gives a detailed pre sen ta tio·n of the preliminary findings 
of this project. It will be followed by a RAND report which 
will summarize the data and state the conclusions of the 
study. 



Because of its length, this Research Memorandum is 
issued in six parts. The present paper is: 

Part III - "The Application of Latent Structure 
Analysis to Pfoblems df Reliability" 

The titles of the other five parts are: 

Part I - "A Simple i\Iodel for Attitude Tests" 

Part II - "Mathematical Developments in Latent 
Structure Analysis" 

Part IV "The Application of Latent Structure 
Analysis to Some Problems of Concept 
Formation in Sociology and Social Psychology" 

Part V - "Applications of the Mathematics of Multiple­
Factor Analysis to Problems of Latent 
Structure Analysi~" 

Part VI - "Probability Models for Analyzing Time 
Changes in Attitudes" 



TAl3I.;E OF CONTENTS 

l. Introduction. 

Ll. The reliability of dichotomous items.............................. 1 

1.2. Be liability and. time .................................. -. •.•.•••••••••• 7 

2. Cases where no true change oocurs........................ ... . . . . . . . 13 

2. 1. Two interviews, two true c lasse a . . • • . . . • • • • . . • • . . . • . • • • . . . . • . • • . . • 13 

2.2. Example of two interviews, two true classes assumed............... 19 

2.3. 'lhree interviews, two true classes................................ 22 

2. 4. Example of three interviews, two true classes assumed............. 25 

2.5. Three interviews, three true classes assumed...................... 31 

2.6. EXample of three interviews, three true classes assumed........... 32 

2. 7. 'lhe use of three interviews to check assumptions of the two-inter-
v iew mod el . • • • • • • • • • • • • • • • . • • • • • . • • . . . . . . . . . • • . . . . . . . . . • . . . . . . . . . • 34 

2. 8. Two mode la for four interviews . • • • • . . . . . . • . . . . • . . • . . • . . . . . • • . • . • • • 37 

2.9. Conditions for reducibility to the two-class case................. 42 

2.10. '!he use of more than four interviews.. . . . . . . . . . . . . . . . . . . . . • • . • . . . 44 

3. A case where true change in only one direction is assumed........ 45 

3 .1. An example com-pe.ring this mode 1 to an earlier one................ 49 

4. Models allowi:na true change among all clasees .... , ... ... .. .•••..• 52 

4.l. 'lhree interviews, two true classes, ter~in~l position indep-
endent of initia 1 poa it ion .•.• , , . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . • 53 

4.2. Examples of the two class, three inte:rvje,~ moc.12:l................ 69 

4.}. Four interviews, two tru13 classes, ·~0.".'rii.n-~l position 
independent of initial positicn................................. 78 

4.4. Example of the two clas<J, f0u:..· ir..r.i.;r·:'..8W :r.iodel..,............... 99 

4. 5. n interviews, two true o J.ase:iss; tG?~~.na l posit ion 
independent of initial :pvsj_~io:;, ..... ,........................... 102 

5. 'lhe effects of unre lia bill~y on manir'est data.... . . . . . . • • . . . . • . . 106 

5.1, Reliability and margiwl frequencies............................ 106 



TABLE OF CONTENTS 
- 2 -

5. 2. Reliability and cross-tabulations., ......•.••• , .••...•.•....••• 

5.~. Unreliability and transition probabilities •... , .............. ~. 

6. COilc luaion .. ............... ,, ................................... . 

APPE!N'Dll * , , •••••••• , , , , , , , , • , , , •• - • , " , • , •••••• ,. ••• , , • • ••••••• • 

110 

114 

123 

125 



* 
THE APPLICATION OF LATENT STRUC'rUBE ANALYSIS TO PROBIBIIS OF RELIABILITY 

i. Introduction 

lel The reliability ot dichotomous items. 

The literature ot reliability contains few discussions 

ot the reliability of a single question or item allowing a 

small number of categories or response; yet for cogent reasons 

such items are often used and will continue to be used iD the 

study ot at~itudes and behavior• and to obtain information ot 

a tactual nature about respondents. With respect to demographio 

am behavioral objects of inquiry it may be that a siqle item 

is thought sutfiatent or that a si~gle item taps the variable 

in question more accurately than a number ot items. The 

unamplified estimate by an interviewer of the sex or a reaponcl• 

dent is a more accurate indication of sex then three items 

referring to clothes• voice and hair. With respect te attitucl••• 

The method presented in this paper was conceived by the 
author in ignorance of the precedures oflatent structure 
analysi•• and was partially developed in matrix form. ½hen 
it was pointed out that the method was a special cue ot 
latent structure analysis, the notation and many of the 
equations of latent structure analysis were adopted, making 
possible the solution ot most ot the cases presented here. 
The writer is indebted to Professor Lazarsteld and to 
Professor Te w. Anderson tor advice, although many of their 
suggestions could not be incorporated into the present paper 
because ot time pressure. 
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the patienoe of respondents and considerations of cost are 

limiting factors which often preclude the use of several items 

to tap a single attitude. This is particularly likely when a 

panel of respondents are repeatedly interviewed. In panel 

studies. at the same time, the problem of reliability beoomes 

cruoial, because the principal value of' the panel, as cofft>ared 

with a sequence of different samples, lies in the analysis ot 

turnover or internal changes of opinion whether or not these 

are rei'leoted in net narginal shirts. If an item is unreliable• 

the turnover is affected much more than the distribution of 

opinions at any one time. 

Such considerations eeem to -warrant an investigation of 

the reliability of single items used in repeated interviews. 

Let us first limit the scope of this paper. We shall not be 

concerned with the validity of responses. but only v.i. th their 

reliability. There are two ty:,:,es of error which rrs.y affect 

the data which reaches the eye of the analyst. The first is 

systematic error~ such as interviewer bias. We shall deal 

only w.i. th the second type, which is variable error. An in­

complete list of errors of this ty~e would include suoh things 

as moods or whims of respondents, respondents misunderstanding 

the question, al.aostimates and nu.sunderstand:ings of the inter­

viewer, erroneous recording by the interviewer~ and errors oe 

coding, punching, and tabulating. In the present paper we shall 

further limit ourselves almost exclusively to items for which 



the responses are obtained or grouped into two categories, 

omitting consideration of multiple-choice and continuously dis• 

tribu:ted responses, which are being treated elsewhere by the 

author. Finally, we shall largely ignore the sanpling problem 

and all other statistical proble~s. and work on the assumption . ,, ,' 

that the data is 11 infallible"• 

I.et us consider first how we shall define the reliability 

of a dichotomous item. If we turn our attention to a particular 

individual in the panel, there is at aey given time a certain 

probability that if he is, say, a Republican, he will give the 

response nRepublican" to a question about his political inclina­

tion• There is also a definite probability that the interviev.ier 

will properly record the response. There are other probabilities 

that the response will be properly coded, punched, and tabulated• 

Since these probabilities are independent, the product of these 

and other relevant probabilities is the net probability trat the 

tabulated response of this indi~lidual is the same as his actual 

political inclination. In the case of a factual item, mutatis -·-
,l!lutand.~, a probe.bili°b'IJ that the reported category is correct 

will also obtain• 

For this particular individual, let us define the reliabi­

lit-J of the item as the probability that the individual is 

correctly olassif'ied. The question that we must now ask is 

whether and to what extent this probability is the same for 

different individuals in the sample. The possibility of com-



puting the reliability in a ,e;iven ce.se,as ?ell as the solution 

obtained, turns on the answer to this question. Ii' we consider 

the various sources of error which oQnbine to determine the 

reliability, it is evident that some of these errors are random 

with respect to the entire sal'll)le, and thus lead to the same 

probabilities for correct classification• while others are not• 

Abchanical errors, suoh as errors of coding, punching, and 

tabulating, are equally likely to occur for aey- individual in 

the sample• Errors caused by misunderstanding and moodiness 

on the part of the respondent, on the other hand, are more likely 

to occur among certain individuals than others. Whatever theae 

variations 1ra.y be, it seems reasonable to a.ssqme tliat the sanple 

is composed of an unspecii'ied number of groups or cl1. sses, 

within each of which every respondent has the same net probe.bi• 

lity of beine; correctly classified• 

But at this point the expression "beins correctly olassi­

i'ied" l«l.ds to a certain confusion• Whether a respondent is 

correctly classii'ied or not depends not only upon the variable 

errors. but also upon the i'o?"tD. of the distribution of' the 

sall{)le on the item eDJ?loyed, and upon the forms of response 

allowed. If the entire sanple is contained in two discrete 

classes, say nale and female• and if there are two possible 

response catezories which are clearly associated with these two 

classes• then there is no difficulty in talking of correct 

cla.ssii'ioation. But aupp-cse the eliq, le is contained in three 
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discrete points, and only two response categories are permitted• 

It nay no longer be rne2.ningful to speak of correct classifica­

tion with respect to all three classes. It is necessary to 

modify the definition of reliability. 

In order to arrive at a more serviceable definition, let 

us first arbitrarily designa·t;e one of the tv,10 possible response 

categories as i:;he positive response. (He are here restricting 

the analysis to items with dichotomous response categories.) 

!et us assume that tr.ere are a number of classes within the 

sample, such that within each class every respondent has the 

same probability of being finall~r tabulated in the positive 

response category. This probability vdll depend on the 

actual or "true" position of the respondent as well as the 

various types of error. If the two responses nDemocratic" and 

"Republican" are permitted in a question about party preference. 

and if "Democratic" is designated as the _positive response• then 

obviously a respondent who has no ~,reference will have a srraller 

probability of giving the positive response than a Democrat. 

Similarly, a Democrat who does not feel intensely about his 

party ::,reference rray have a smaller probability of t;iving the 

positive response than a Democrat who feels intensely about 

his preference. The "true 11 posit;ions to which we refer• there­

fore, are not merely positions on the dimension of favorableness• 

,mfavore. 'bleness of the item in question, but are rather joint 

positions on every dimension which is relevant to the probability 



of giving a positive response. 

!J3t us desi4nate these true classes by the symbol c1, c2 • 

••••• Cm• and the proportion of the sample falling into each 

of these classes by v1 , v2• .... , vm• For any given class, Ci• 

let us denote the probability that members of this cle- ss will 

be reported in the ?Ositive response catesory by a1• If we let 

Pi represent the proportion of the sam~le which is reported in 

the positive response catesoi;r, we have the relation 

or in vector notation 

If the probabili·by that members oi' a given true class c1 

will be reported in the positive response category is a1 , then 

the probability the.t the;! vvill be reported in the negative res­

ponse category isl - a 1• let us choose for each class the 

larger of the two probabilities ai and 1-ai, and call this the 

The word "true" is admittedly 'bad. I shall ell'[)loy it through­
out, however, follovdn~ the Jrecedent of the ~sychologists, 
who followed the physicists, and using it in the same Pickvdckian 
sense. It has been persuasively argued (by ?rofessor Ernest 
Nagel, among others; cf• his article "Logic without Ontology" 
in .N.~:t~lism~ an.e:.,.:C~.-~~?E..iF~, edited by Ye Krikorian) 
that the -,r-truetr :position or rna[pitude is nothinG more than 
what is defined by our observations and :mathematical postu­
le.tesi it is perhaps sufficient to state hei·e that no meta­
physical implications are intended. 
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reliability oi' the item for that class. Since a probability 

of .5o would be obtained b~r pure chance, i'l:; is meaninzle ss to 

speak of a reliability less than e50; hence we select the larger 

of the two probabilities• Clearly, two classes may have the 

same reliab~lity or different reliabilities• 

The discussion of reliability has made clear that ~eliabi• 

lity is inti]l'fl.tely connected with tllo truo diotribµtion no v.oll ae 

the manifest responses. In a given problem, we know the mani­

fest responses, but we do not know the reliability or the true 

distribution~ Any solution for reliability will also yield a 

solution for the true distribution. The method proposed in 

this paper thus leads to a determination of' the true distribu­

tion as v.-ell as the reliability of' a single iteme Although we 

shall deal largely with cases of limited information, where we 

ll't\ke assunwtions about the true distribution in order to deter• 

mine the reliability, the method bas perhaps even greater 

potentiality, in cases where more information is available• for 

determining the structure and ,1mensionality of responsee to a 

single item. 

le2• Reliability and time• 

We have postulated for a given item and sample a number of 

true classes, c1, c2, ••• • ., Cm, each with an associated probabi• 

lity, a 1• ~• ••••• ¾i of being reported in the positive response 

category. let us call the c1 with their associated e.1 the "true 
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structure" of the item for this sample. The true structure is 

very similar to the latent structure, formally. with one import­

ant difference which makes undesirable the use of the same term. 

The ltltent structure includes the pro_1?ortions of the sanple 

falling into each class c1, the rroportions we have called vi• 

whereas the true structure includes only the classes themselves• 

with their associated probabilities. It is the fundamental 

assumption of the 100thod proposed tw.t the true structure does 

not change throur;h time. The number of true cle.sses. their re­

lations, a11d their associated probabilities must rene.in constant. 

This means. for example• that for aey eiven class the 

various probabilities of error do not change. It IIBans that 

the form of the true distribution does not oro.nge. e.g., from 

three true classes to two true classes. It does not mean, 

however, that a respondent cannot cl:1ange from one true c~ss 

to another. If a respondent does change from, say, class c1 to 

class cj, the probability that he will be reported ae l"AIVing 

the positive response changes from a.i to aj• The probability 

is associated with the class, not with the respondent. It is 

even possible that a. given class may becorre vacuous, or that 

an enpty class may acquire membel"S; but once a given structure 

is assumed then the structure itself is assumed to remain the 

same. 

The inportant part of this assumption is that the pro­

babilities of ~ositive response are constant, for any given 

class. The assumption seems reasonable for most of the variable 
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errors of response1 but if for any reason it should seem 

doubtful, it must be remembered tl~t the classes are defined 

by theil" associated probabilities, and hence the assUJ!t)tion can 

always be made valid by admitting a larger number of -true 

classes. Enoueh cl.asses must be admitted so that the probabili• 

ty of positive response for agiven respondent depends only on 

the class to which he belongs at a given time, and not on the 

class to which he may have belonged at a 9revious time, since 

only in this way will every member of the class to which he 

now belonEs have the same probability of positive responsee 

Since the probabilities at different tiroos are independent, 

the multiplicative law will hold, and the probability that an 

individual in class c
1 

at time l and in class Cj at tirre 2 

will be reported in the positive response category both tines 

will be a1aj• 

let us call the changes from one true class to another 

the 0 true" changes. There are two v~ys in which Vi8 could repre­

sent these changes. We could set up a matrix of transition pro­

babilities, (~ ij), showing the probability that a respondent in 

any given true class c1 at ti~ 1 cha.uses to any given true 

class Cj at time 2.. It is more convenient for our present pur• 

pose, however, to consider all those respondents in class c1 

at tine l and in class Cj at time 2 as constituting a true 

class Cij• and to designate the ~roportion of the total sanple 

falling into the class Cij by vij• Iv'.embers of class c1j then 



have the probability a 1aj of being reported in the positive 

response oa.te:,;ory at both time 1 and tima 2• 

If ,ve lat.-;11 be the proportion of the ss.mple which 

accordinr..; to the manifest data. gives the ~ositive response at 

both time 1 and time 2• we ge·b the relation 

P11 : a1v1181. f a.1v12a2 f •••• ,a. e.1vJ.m8-m 

f· a.2v21a1 -' ¾V22a2 1' •• • • f a-.2.v2m6m ........ 
or in matrix notation 

(le4) 

The equations we have derived are evidently similar to 

the accounting eg_uations of la tent strudmre analysis. The 

procedure we are advancing• orir;inated independently for the 

analysis of reliability, turns out in fact to be in one sense 

a special case of latent structure analysis -- a S1Jecial case 

in the sense thEi.t we assume tlw.t the ~)robabilities oi' a ,:;iosi­

tive response remain constant throur:hout time, and hence we have 

only one set of probe.bilities to deal with• 

Vie e.re now in a _position to see wha:b the resul-1:; of our 

analysis will be. If we have sufficient information, we can 

detennine the follovrinr; thinr:s• I<'or any given time we can de­

termine the number of true classes, the proportion of the sample 
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fallinr: into each true class, and the :?robability the.t a member 

of any true class will give ·the )Ositive response •. He can 

separate the chan~es from one time to another into a ro.ndom 

component, vrhich in the case of attitude items we ascribe to 

unreliability, e.nd a non-rc.ndom component of changes from one 

true class to another, which -we ce.11 -1:;rue changes. 

It turns out, however, that vA3 can never solve the eq_ua­

tions we shall develop vr.i. thou-!; makinr.~ additional assumptions. 

rn~ have to limit the number of true classes we admit,. and we 

also bave to make some kind of assumption either about the 

probabilities of :::;ivinr; positive responses or e,bont the true 

changes. If our information is measer, we sw.11 have to make 

very stron::: assumptions• but ·with more information we oo.n weaken 

the assunptions to a point where the~r are scarcely more risky 

than those ordinarily employed in estimo.tins the reliabilitios 

of tests in the continuous ce.se. Tlith additional information, 

also,. we roay have more equations than unl:::J.101,-ins J v1hich enables 

us to test our assu.'11"~tionse 

Before proceed inc to -the actual analysis• two further 

points should be noted. In the first 2lace, another factor 

which we have not considered may enter into the chan;·:es that 

occur throu~h time., namely., memory and the rrtoJi:;ive to be con­

sistent. The _present method takes no account of this factor,. 

and in this respect is like the test-retest method often eJl!)loyed 

for continuous measurements. The importc,.nce of memory depends 
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on the constitution of the sample, the content of the iteJ11J1, 

and the time interval between interviews. There seems to be 

no clear-out way to incorporate such effects into the present 

models.. In general. memory will decrease both the true changes 

and the random changes obtained, the latter more than the former, 

but these effects rrAy differ for different groups tithin the 

se.q,le.. 

In the second place, the use of the word 11reliability" 

in the present connection may be questioned. Our method will 

not enable us to distinguish between random variability caused 

by errors of response and classification and random variability 

in the attitude or behavior under investigation. There ar~., 

honvei• . ., •r.w 0M1oe where auob substantive ve.rie.b:Uity is 

either illlJ?ossible or extremely unlikely, prime. facie .• 

. There are r:llny instances where random variations are useless 

for theoretic.al and practical purposes, and a.re most profitably 

classed with errors of classification and measurement. To the 

extent that attitudes am behavior .vary randomly, they are 

unpredictable and unrelated to anything else; hence their 

measurement and classification is of no interest, The exist­

ence of such variation, however, may be of interest in itself, 

and may be a property of' certain classes. We postpone further 

discussion of' this ,l?Oint for the analysis of actual examples. 

It is sufficient to conclude here that in a great many oases 
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the term 1t:rolicbility0 is applicable vrithout strain to the pro­

babilities we determine• 

2. Cases where no true cho.nge occurs 

There are many items included in Janel studies such 

that the contents of the items themselves virtually or wholly 

preclude true change. This is most often true of factual itemse 

Certain of these items, such as ase, sex, and education, wholly 

preclude true chance over a short time interval, or restrict 

true change to very narrow limits. O·l:iher items, such as socio• 

economic status, are likely to change very little over a short 

interval. There are also attitude questions where no marginal 

shift is observed in the responses, and where, in the absence 

of sufficient information to use a more complex model, it seems 

justifiable to assume that no true change has occurred in order 

to obtain an estimate of reliability. Such items, of course, 

must be approached with caution. We shall consider in this 

section only cases where the assumption that there is no change 

from one true class to another seems viarranted. 

2.1. Two interviews, two true classes• 

wt us first establish a notation to which we shall ad­

here with slight modificatiorsthroug;hout this pe.per. The 

proportions giving various responses in the manifest data will 
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be denoted by the letter "p n with n subscripts, where n is the 

number of time points or interviews involved in the case under 

consideration. The position of a subscript will indicate the 

time to which it ref'erse The subscript 111" will refer to the 

positive response, the subscript "211 to the negc,tive response, 

and the subscript "•" to all responses. If, as in the :?resem; 

case.a there are tirJO interviews, the proportion of the sample 

giving the positive response at time 1 will be Pi•• The pro• 

portion giving the positive response at time 2 is p el' and 

the proportion givine; Jche :iositive response a·t; both ·times is Pii• 

Similo.:rly., the pror,ortion of the sample in true ola.ss 

c1 at time l will be denoted by vi., the proportion in class 

c1 at time 2 will be denoted by v.1, and the pro,ortion in 

class c1 at both times by v11• Since there may be more than 

two true classes, we r;;eneralize this notation so that the pro­

portion of the sample in class c1 at time l is v1., and the 

proportion in class c1 at time 1 and class Cj at time 2 is 

Vij• 

We shall change the notation for the probabilities 

that members of the true ole.sses zive the positive response to 

the follovdng: the 11..vtter 11a" will represent the probability 

that members of class Cm (where there are m classes) give the 

positive response I the sum ''a ♦ b" will rerireserrli the probe.bi• 

lity that members of class Cm-l give the ['Ositive response; and 
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so on. as indioa.ted in the i'ollowin,:; scheme 1 

Class Proportion in class Probability of 
at time l positive response 

c· vl e. f m 
cl 
2 V2_ a fl 
• • • •• 
• • • •• 
• • • •• 
cm-1 Vm-1 a f·b 
c~ Vlll a 

If we have only t'WQ interviews at our disposal, ve must 

make very strong assumptions. We have already assumed that 

there is no true ohanie • As a conse(!uence of this, the mani­

fest marginals rray be expeoted to remain unchanged. The mani­

fest data, in fact, will have the following form: 

time 2 

,· + 
time l 

-

Si».oe p 1 • p1 , the:re are only two useful pieces of . - . 
'\- iii,' ' \.I 

inforIW.tio~ available., pl• .a.;id Pii• We must make a.ssUnptions 

which reduce our unlmowns to three, since we alvays have the 

additional equation 
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Let us assu.rne that there are only two true classes at 

time l., v1• and v2• • Since there is no true chanr~e, ·we have 

11e further assume that the reliability of the item is the sam 

for both true classes. This means tmt 

Schematically, ~ hE.ve tbe following structure: 

True 
class 

cl 

Cz 

(2.4) 

Proportion Probability of 
in true class positive res• 

By (1.1), 

ponse, time l 

v.i.. a+b:l•a 

va. a 

we have 

p1• : (a .J b) v1• + av2• 

: a(v1• + v2.) + bv1• 

: a ,J bv1• 

similarly, we eet 

p l • a + bv l • a t bv1 . - . - . 

Probability of 
positive res-
ponse,. time 2 

a½b• -l-a 

a 
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By (1.2) ~ we have 

I.et us introduce the notation 

2. 2 2 
pl p l • a f 2abv1 • b v1 .. - . . 

(2.e) r ..., 2 2 2 
l2l .,. b vl • b vl 

·- .,;J - • • 

• bvl •b {l • v1 ) - . . 
I.et 

and 

Then 

By {2o3 )., 



By (2.4 ). 
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l • 2p1• ; l • 2a • 2bv4 

: l. (1. b) • 2bv1• 

• b • 2bv1 - . 
• b(l • v1 ) • bv1 - . . 
:x•y 

Solving for x and y, we get 

Since i,ve have arbitrarily designated the true classes in such 

a way that class c1 has a greater probability of positive res­

ponse than c2, ,ive !w.ve 

and 

Hence 

a ,f b 7a 

b70 

v{? O 

l • v17 O 

x : b(l •Vl)/ 0 

y :bV170 

Since in general l~J 7 o, we shall have 

. /c½ • P1.l2-+ ~11 /I(½• P1.>] 
Therefore. in order to make x and y positive, we r;mst use the 

positive root of the expression under radicals in both x and Y• 



From (2e4) i."18 have 

Also f'rom (2.4 )a 

, 
aa.2• 
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a ,t b :: pl• • bv le + b 

: pl• + b(l - v1,_) 

= P1. + X 

Finally, from (2.4), we have 

- P1 ~ a - . __,_,_ __ --· 

2e2e ExeJ1111le of' tvro interviews, two true classes assumed. 

No panel data is at hand for which the assumption that 

there are only two true classes seems entirely reasonable. In 

order to illustrate the method, we shall apply it to an example 

where the ass~tion will be ma.de nonetheless. The example is 

taken from the 1948 votinr. study done in Elmira, New York; the 

item refers to the education oi' respondents. The two interviews 

were conducted in June and October, 1948e If we dichotomize the 

sample into respondents who did not graduate from high school 
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and those who did; we have the followint;; data s 

October 

Net HSG HSG Total 

Not RSG 358 53 411 

June IJSG 69 31'1 386 

Total 42-'l 370 797 

Observe ·chat there is r. net decrease of 16 in the number 

of those v1ho are reported e.s hir~h school graduates. Since it 

is irrpossible for a person's education to decrease, this de• 

* crement is probably co.used by sanpling variation• In such 

oases the best procedure is to take for plt the mean of pl• and 

P.1• We get 

•.so"" -416 • 
• e084 -

There nre two .:'°'-rent )O!:JUlc.tions involved in a panel. The 
first is the vniverse of persons from whom the panel respond• 
ents are dravm• The se.mple from this universe does not vary 
fl-om one interview ~i:;o e.noth~r·. '£he second universe consists 
of all nossible ,,D.nifesl; distributions which i;ro 11ld be nro• 
duoed by variable ei~ror affectinc ·l;hc true distributioi1 of 
the respondents in the panel. The manifest distribu-bion at 
aey- one time is a sample from this universe• From one inter• 
view to another there will be sampling va.i·ia.tion, even if the 
true distribution remains unchangede 
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a + b : l • I : e916 

And by (2.11). we have 

Notice that the truo prol)ortion v1.s.o alightlly l«:i.rgor than 

the rr.c.nit'est proportion Pl• We shall wa.lrli to comment on this 

in Section 5 ~l. 

We find in this exaII1p le that there is a probability of 

.916 that a person will be correctly classified as a high school 

graduate or not (assund.nc; always the absence of s;rstematio or 

biasing error), Although we shall adhere to the use of proba­

bilities as measures of reliabili"C"J, it is perhaps instructive 

to keep in mind the approximate relation that exists in the 

present case between these probabilities and some more conunonly 

used measure of reliability, such asthe point correlation {re• 

membering; that by dichotomizing i:ihe responses we have reduced the 

correlation)• In (2.s) we had 

which gives 

Since in general v1• will not differ much from Pi.• v2• will not 

differ much from P2.•• Since there is no true chanr;e, and very 
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little change in the manifest marginals, we have the following 

set of' approximations 1 

Hence we have the f'olloitling rough approximations 

The expression on the right, however. is nothing but the point 

correlation between the responses at time 1 and time 2. In 

order to get an approximation of this correlation, it is merely 

necessary to square be For the exaII{)le we have given• the 

actual point correlation is e692• while b2. is also e692. Of 

course. the approximation will not always be this good. 

2.3. Three interviews, t,w true classes. 

We next consider a case where three interviews are taken, 

and where it is reasonable to assume that no true change has 

occurred and that at any given time there are only two true 

classes. Since there is no true change, we have the following 

relations: 

For convenience, let us call this proportion Ve 
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1fe have also the relations 

In the present. oase, we have one more item of information 

than we had in the previous oase, namely, plll' hence we do not 

need to nake any assum:;tion about the reliabilities. We have 

the following structure: 

True Proportion in Probability or positive responee 
CJ.ass true class time l time 2 time 3 

cl V a ,I b a ♦ b a ♦ b 

c2 l - V a a a 

·,re have the £ollowi:1e; relations: 

{2.15) o : p l : p l ;; (a ,l b )v ,i a (1 • v) .. 1.. . . .. ' 
: a .J_bv 

letting {1.2] ::; Pii. - n1 p 1 , etc., we have, by (2.8), (2.13),. . .. . . ' 

letting 

y: bv 

x ■ b(l-v) 

as before• this becomes 
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We have in addition• 

{2.18) P111 : (a .J b)3vlll ,a. e.
3
v222 

:· a.3 (v + l - v) ,I, 3e.2bv .a._ 3ab2v f b3v 

: a.3 f 3e.~v f 3ab2v +.b3v 

We stall now use an expression Q.2s] , which we define a.a 

follows, 

{2.19) 

If we make use of (2.18), (2.16), and {2.15)., this expression 

becomes 

(2.20) 

Since 

(2.21) 

~23) 11 b3v(l • v)2 • b3v2 (l • v) 

: ~y - r./2 

Q.2) : xy, we divide (2.19) by ~1 , getting 

U23) - X - y 
(i2J -

Solving {2.17) and (2.21) for x and y gives 

Since we have arbitrarily designated the true classes in suoh a 

v.ay that class c1 r.as a. greater probability of ,ositive response 

than C2• we have 

b70 



Also, 

and 

ilenoe 

Since in ~eneral 

' 
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V / 0 

l • v ·-;, 0 

X : b (l - V) ~:>Q 

ya bv 70 

[1~--;, o, we shall have 

+··~j \7\r, 
I , 

Therefore, in order to make x and y positive, we must use tr.a 

positive root of the expression under radicals in both x and Y• 

By (2el5) 

Also from (2.15 )., 

a ;. Pl • y •• 

a ,J b : Pl ,f x •• 

Finv.lly, from (2.l6 ), 

v: P1 - a •• ...... . ..-.. ........ 
b 

2.4 Example of' three intervie1,vs, two true classes assumed 

The paucity of panel de.tu colle oted for three waves forces 

us to use examples in which the assumption that there is no 
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true change is un•rrantede These examples will be included 

here for their heuristic value. and also because two other 

models ,vill later be postulated of the same data, for conpara­

tive r,urpos~s • We can then gauge the effect of usin.-; the present 

inadequate model. It should be noted that the sa:::1e data has 

been used by Peter Rossi in the paper entitled "A Simple ibdel 

tor Attitude Testing• 11 where a procedure sir.,ilar to that or 

this section was enployede 

The fi~st set of data refers to the readership of various 

magazines, from which ti.vo have been selected which we shall call 

magazines ".A.11 and "B"• The raw data for magazine "A" is as 

follows: 

time l reader non-reader 

time 2 reader non-reader reader non-reader 

reader 30 11 17 64 

time 3 

non-reader 14 60 56 734 

The pattern foi .. magazine "B 11 is very similar. The pro­

portions givinp; the posH;ive response, i.e., reading the maga­

zines, are as follows: 
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Ivtl.gazine "A" l.!agazine 11B11 

p 
1 •• 

.124 .121 

p '· .119 .11s .1. 
p••l • .111 .107 ' 

plle ~ e048 .047 

P1.1 .042 e042 

p•ll e045 .049 

plll .oso .026 

Since for each magazine the first order marginals are ap9roxi­

mately eq,ual at all three times• a.s are also the seoond order 

marginals• the assumption of no true. chanee seems to be justified 

in the absence of other evidence. The simple st procedure for 

apJ,Jlying the formulas of the _)revious section to these data is 

to averae;e the first order mart;inals for all three times• and to 

average the second order marginals for all three tirr£s• for each 

magazine• Hhen this is done, and the equations are solved, we 

get the followins results: 

True Pro,ortion in true ?robability of 
class class positive response 

cl .o57 .745 
:Wagazine "A 11 

c2 .943 .oa2 

cl ell9 e606 
l!ae,azine 11Bu 

02 e9Ol e048 
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Inspection of the data :.:i.p~,o.rent~r reveals that 1·.ai:.;azine 

"B" has more true readers than Hie;az:ine "A.0 , •. 119 as against 

e057• while the reliabilit;.r of the item for the class of true 

readers is greater for lllf;l.gazine "A." tho.n for ma~az :!ne "B" • 

.746 at"S.inst .605• It happens, however, that we know from the 

wa:,r in w~1ich this study v~s 0011d1.1cted that the reliabilities of 

these qµestions are extremely highe Respondents were required 

to identif? a certain proportion of the contents of the current 

issue of each rre.si:-,zine before beinr, classified as readers, the 

interviewers were hizhly experienced, and the coding procedures 

were carefully checked. The question of' usin0 the word 

"reliability" in this connection, referred to before, must be 

raisede V{hat we actually have is undoubtedly a case of' random 

variability in the behavior of reading the magazine, rather 

than unreliabilit:r in determining the readership, Our conpu .. 

tations have not ::iven us the probabilH:;~' that a person who 

has actually read a ~~iven issue of the r.'tl.,:_:azine will be correctly 

classified as a reader, but a probahilit~,r which is the product 

of that probabili·b;;' and the r,:irobability that the r,erson who in 

some sense is a re[;ular reader of' the rrD-p;azine will read a.ey 

particular issueo 

lihen we speak of a 11reiular 11 reader I there are two re­

levant ;:)Oin:ts to be notede F'irst, the ,Nord has reference to 

somethin.-:: thc:.t occurs thro1.\gh time. Regularity of' readership 

would have no meaninc if' avplied to a single event. Yet the 
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word has meaning as ap;?lied to a re rson at a 0iven time •.. If ·we 

say tl:w.t a person is a regular reader of a magazine. we do not 

necessarily mean that he has always been a regular reader, nor 

that he will be a regular reader i'orevere He meo.n tha"c Rt the 

present time he is a ~erson whose pattern of dispositions is 

such that it includes a high probability that he will read any 

given issue of the magazine• Hha.t is behavior• occurring through 

time• rests on the basis of an attitude, remaining relatively 

stable throuehout tl:w.t time. If the attitude varied as :randomly 

as the behavior• it v.ould make no sense to talk of a "regular" 

reader, in the present context. lf there is no stable factor 

in the respondent,_ no meaning can be t;iven to t;he staten:ent 

that at a given time 11he has a certain probability of reading 

the magazine•" In this sense his behavior through time can be 

collapsed into a moment. Respondents may then be said to fall 

into various classes at a given time. classes which are homogeneous 

in the sense that eo.ch person in a class has the same probabi• 

lity or reading not merely a sinGle issue but any one of several 

issues of the rrll.gaz::.ne-1 Such a probability, while it applies 

to the respondent at any particular time. refers to his behavior 

over a 9eriod of time,. Any account of the readership o.f res• 

pendents which purpr-rtB to be adequate must classify ·chem, not 

accordinz to their beh.Jsior at u six1r,le time.a but according to 

the dis:;?osi tions which cause their habitual behavior to differ• 

It is such differences between (inferred) dispositio~s which 
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form the basis of the true classes ·which we determine by 

the procedures advanced in this pa.per. 

In the lisht of this, the question of usinr; the word 

"reliabili~-" as a.pp lied to the ,:,robe.b ilities we determine 

becorres clear. If the term is meant in the ordinary sense as 

the probability that a person who is c.lz.ssified in some more 

or less arbitrary manifest class will be classified in the 

same way tm.der identical conditions, tben the word is misused 

here. But if by reliability is meant the probabilit~, that a 

person's relatively stable habits or dispositions v:ill be ade• 

que.tely classified by a single application of an itoo w±bh more 

or less crude and arbitrary response categories, then the term 

is properly used in this paper. 

The second point to be mentioned, which follows from the 

first, is tl"At the assumption in the exe.nples c;iven tmt there 

are only two true classes is highly dubious. Hhi~ at any 

given time there are readers ar:d non-readers., it is 9rima facie 

plausible tbi.t the habits and attitudes of the respondents 

divide tr.em into ssve,-al classes. There are probably some res­

pondents who always read a given periodical~ some who never 

read it, others who read it frequently_,_ otr.ers who read it 

seldom., and so on. If vre had :nany intervie,vs., we could deter­

mine how marzy such "t.i·us II classes there are. In the absence 

of further inforrr.at:ion. we can onl0
,· anoiv several models and .. w ~---,.; 

conjecture. We she.11 see later how the resuH;s from two other 

models compare with those obtained heree 
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2.s. Tr..ree interviews, three true classes assumed. 

There rrfiy be cases where three interviev,s are a1.mil.able 

with no e.J?parent true chan_r~e, when for some reason the assump­

tion that there are only two true clttsses seems unreasonable. 

A solution then may be obtained for tl-iree true classes if 

severe restrictions are pltt ced on the reliabilities. One model 

of this type may be briefly included here. This r.1odel is based 

on the assUirq?tion that the reliability of class c1 is the same 

as that of class c3• am th.at the middle class c2 is totally 

unreliable or 11neutrc.l11 with respect to the two possible res• 

ponses. This sives the followini; schema: 

True class Proportion in 
true class 

Probability of ;:,ositive response 

tin:e l 

.s ,la 

.s 

.s .a 

lie have the rektions 

(2.24) 

~ 1.6 i e.(v1 - v3) 

a(v.l. ,,, ·;r3): Pi •• •~ 

time 2 

e6 ,I, a 

.s 

e5 - a 

, )2 2 2 , )2 p11• ~ l,,5 ¼ a -r-1 ~ .s v ,I, le5 •. a v3 

~ ~25 t a{v1 - v3) • a2 (v1 4 v3) 

tin:e 3 

e5 .,_ a 

.5 

.5 • a 
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By (2.24) and (2.25) we get 

(2.26) a2(vl ♦ v3) : P11. • P1 •• + ~} 
We have also 

{2.27) P111: (-5 ~ a)3vl + .ssv2 f (.S - a)3v3 

: .125 -l .75a{v1 - v
3

) 4 l.6a2·(v1 + v3) f 

a3(vl • v3) 

Substi't;uting (2.24) and (2.26) in {2.27). 

~-~~·•p----·••::. ·;5•-· ................ , ... - ........... .-.-...-
l •• 

The reliabilities are easily determined from a. Also. from 

(2.24) und (2.26). 

...... ........ ... 
a. 

The sum of these gives 2v1• and their difference gives -2v3e 

2.6. Exaiti)le of three interviews. three true classes assumed• 

Let us briefly consider the result of applying the present 

model to the magazine data used in section 2.4. The following 

table presents the 01.,1tcome, 
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True class Proportion in Probability of 
true cl.ass positive response 

Cl .026 .934 
M1.gazine "A" C2 .012 .soo 

C3 .902 •066 

cl .010 e959 
1/a."~azine ''B" c2 el40 .600 

C3 .aso e04l 

With the third class included, the probabilities of 

positive response are much more similar for the tv.o matazines 

than they were in the two cl.ass case. There they differed by 

.140 for cl.ass c
1 

and .034 for class c2 ; here they differ by 

e025 for both c~ss c
1 

and class c3• Class c2 has the ?robe.bi• 

lity •5 by assumption in both cases, of course. If we call the 

members of class c1 re~Jar readers, and the members of cltss 

c2 occasional readers, we see that ma.::;azine "A" has about two 

and one half tines as uaey regulei.r readers as magazine "B", 
while magazine "B" has about twice as ma~ occasional readers 

as ma~azine "A"• }tl.s_,razine "A" would thus be a much better 

medium for a continuinc e.dvertisin~ campaign in which it was 

desired to have the same persons read a number of advertise• 

ments ap~earins in successive issues. In support of the results 

we llf).y mention that mas'0.zine 1•A II carries novels in seric.l form. 

while magazine '1B0 does not, a fact which 11ro~-:_ld make £or more 

regular readership of' mfl. !"B.zine ''.P. 11 
• 



- 34 -

2.7. The use of three interviev..-s to check assumptions of the 

two-interview model• 

It is desirable to or.eek assumptions if possible. and one 

priirAry value of additional data is that when ap;:ilied to 

models requiring less data for a determinate solution the appli• 

oability of the model may be tested. Either the model rray be 

applied to a part of' the data. and an atteIT.pt nade to extra• 

polate the remaining data from the pare.rr..eters of the model• or 

else the conditions of reducibility of the more complex data 

to the simpler model may be f'ounde In either case, the 

statistical problem remains• since without tests of sie,nifi• 

canoe there are no precise means for determining how close a 

given fit should be in order to be considered 11good0 e. Since 

this paper does not deal with statistical problems• the ques• 

tion must in every case remain open. There still remains an 

heuristic value in disooverin[; conditions of reducibility• 

Ii' three interviews are e.vailable.- the applicability of 

the model of section 2.1 Ir.tty be tested• The.t model assumes 

that there are two true classes, each of which has the same 

reliability. If it is now assureed tr.at the same model holds 

over three interviews.- the necessar;.r condition for this to be 

true may be found• 
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let 
•5 -l 8: : probability of positive response f'or class c1 

e6 - a. probability of positive response for olnss c2 

t ;;, vi • v2 : difference between proportions of 
sample in the two true classes 

Then 

Pi •• :a p •l• : p ••l : (.S + a)v1 -1- {.5 - a)v2 

: .s(v1 -l v~) + a(v1 - v2) 

(2.29) 

Similarly• 

: e6 + at 

2 
P11. : P1.1 : p .11 c .25(vl ¼ v2) -1- a(vl • v2) + a. (vl -1- v2) 

(2.30) : .25 4 at+ a2 

(2.31) 

From (2.29) and (2.30). 

(2.32) 

2 
• P11. : .25 • a 

a.2 : ·P1 .. ,J, P11. + e25 

Subtracting (2.29) multiplied by (a2 + e75) from (2.31), 

plll • a2p1•• - e75p1••: -.25 ~ a
2 

or 

(2.33) 

Equatinz (2e32) and (2.33), 

•Pi •• i Pn. -1- e26 : Pin • .75plu ,I, .25 
----.--...... -·•-...----................. 
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This reduces to 

{2 •. 34) P1 ... : P11. - P111 ~-·-------........ _ ..... 
P1 •• • P11. 

In determinantal form, it is 

l P11. l Pi •• I (2.35) --P1 •• P111 p 
- 1 •• P11. 

In practice, we m.ay apply to three-interview data the 

more complex model which puts no restrictions on the reliabili• 

ties• and observe whether they are the same or different for 

the two classes, or we m.a:,r first note whether the equation 

(2.34) holds for the data. If it does not hold to some (here 

unspecified) degree of O.!)proxirnation, vm cannot use the simpler 

model. If' we axe.mine the mar;azine da.tr:. used previously, vie 

find t~t for mar.;azine "Au the left band side of (2.34)., for 

which it is preferable to use the mean oi' the manifest nargi­

nals rather than pl alone, is .12.,. while the risht hand side 
•• 

is .is. a difference of .04. For marnzine "B" the left hand 

side is .11. and the ri::ht hand side is e29• a difference of 

el6e Thus the model fits ·the data of ma.:;azine 0A11 dubiously., 

while it seems to fit r,1ar;azi11e "B" ver:r badly. 1'fuen we remember 

that the tv,o reliabilities obtained without restriction for 

the same data were muoh more similar for the two classes f'or 

magazine "A" than for "B", the rest1lt seems reasonable. 
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2.s. Two models for four interviews. 

With four interviews we can determine three true classes 

by putting one restriction on the reliabilities. For example, 

we could assume that the reliabilities of the extreme classes 

are the same• with the middle o lass having an unknown re lia• 

bility. We oould also solve for four true classes if we put 

such restrictions on the reliabilities as to limit the unknowns 

to one. One model of ea.oh type will be outlined• The three• 

class model has the following structure: 

True Proportion in Probability of positive response 
class true class 

time l time 2 time 3 time 4 

cl Vl .s ,4 a e5 ,&. a .s ... e. .s + a 

C2 V2 k k k k 

C3 V3 e5 - a e5 - a t6 • a e6 - a 

We have assumed here that there are three true classes, 

and that the reliability is related to the class in such a 

manner that extreme positions have the same reliability. 

while the middle position has an unspecified reliability, 

which we will e:xpect to be lower. There is a great deal of 

evidence that this kind of assumption often is better warranted 

than such an assumption as linearity of the trace line• 

Let us make temporarily the following substitutions: 

ya .s -1- a 

z • .s - a 
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T.hen consider the product 

V va\ 01 ,y(l•y.) 
2 

{2.36) p - v2k V3~ \ 1 k(l•k~ -
2 vs1 ~-

z(l-z) v2k 

0 

If we multiply these rratrices and substitute manifest 

data, we get 

{2.37) p : 

P1 •P11 :~ P11 ·P111 

V P111 •P1111 

This may be seen easily as follows• Consider for example the 

. 2. ·'- 2 
p1-p11 • v1:, ,I, v2k + v3z • v1y • v2r • v3z 

• v1y(l-y) 4 v2k{l-k) ¼ v3z{l•z) 

Also 

and so on.. Since the determinc.nt of' a product of' non-singular 

matrices equals the product of their determinants, we have the 

determinant of the matrix in (2.37) equal to the product of 

the determinants of the two matrices on the right hand side of 

(2.36) •. Consider the determinant of the second matrix on the 

right hand side of (2.36). It may be expanded by elements of 

the last column, and equals 

-l/v2 
l 

l 

y(l-y) 

z(l-z) 
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Since y: e5 ~ a and z a .s • a, this is 

Hence 

--
l 

l 

l 

{.6 + a.){.5 • a) 

(.5 - a)(e5 4 a) 

pl • P11 

P11• P111 

P111• P1111 

: 0 

- 0 -
Expanding b;/ the last column, we get 

{2 .38) 
l P1•P11 

P1 P11•P111 

l P1•P11 k.. pl p 11•P 111 

p ll p 111 •P 1111 P ll P 111 •P 1111 

The determinants are easily computed from the data,_ and 

k is found by the quadratic formulae It is necessary to turn 

to the accounting equations in order to find the other unknowns,. 

vhioh rre.y easily be done now that k is known. We get, for 

example, 

(2.39) a :: + ·. r;;;;. P11 + (pl - P11)k "' -~s(pl - k) 

~ -=- .... _ ·-·-------- ----....... 
p • k 

1 

= 0 
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The second model we want to outline for four interviews 

has the following structure: 

Probability of positive response 
True Proportion in 
class true class time l time 2 time 3 time 4 

Cl vl l l l l 

c2 v2 a a e. 8. 

cs V3 b - l-a. b - la& - -
C4 V4 0 0 0 0 

What is the logic for proposing this model? It has 

four true classes., two of them with perfect reliability.· the 
. 

other two with complementary reliabilities. There are cer-

tain cases where mechanical errors and errors made by the inter­

viewer are known to be virtually zero. because of the procedures 

employed. The magazine data we cited was such a case~ In 

these ca.se_s virtually the etl\iire variability is ca.used by the 

respondent. Some of these items refer to issues on which it 

is kno,m that there a.re extremists and moderates on both sides 

of the issue• The classes a.re tho11ght to be ordered• in other 

words. It is sometimes a reasonable conjecture that the 

range of error on the pa.rt of the extremists is not sufficiently 

great for their responses to cross the cutting point of the 

manifest dichotomy• from which it r:r11y bo inforrcd pl.o.uaibly that 

their responses do not differ from their true position by 

more than one class. If for example attitudes towards war are 

considered• it may be thought that respondents who are extremely 
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belligerent, while their manifest responses mi~ht indicate a 

greater or lesser degree of pro-VJ8.r sentiment, would never go 

so far as to take an anti-war position. Respondents who are 

only mildly belligcn:t:.t, on the other hand, might on occasion 

give anti-viar responses. If five interviews are available, it 

is of course not necessary to assume that the reliability of 

the extreme positions is perfect, but with only four inter• 

views for analysis, the assumption of perfect reliability for 

these positions may be considered e. sufficiently close appro­

ximation to make the use of the present model worth while. 

The following equations result from the present assumpti0Da1 

Hence 

Pl - Pll : a(l-a)v2 .. b(l-b)v3 

: a.(l-a)v2 + a{l-a)v3 

a2(pl • P11) : a.3(1.e.)v2 + a3(l-a)v3 

Similarly, a(p11 • p
111

) : a 3(1-a)v2 + e.2(l-a)2v
3 
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Dividing the difference of the second and third of these equa­

tions by the difference of the first and second, 

-P1111 ½ P111 • ap 11 .. e.p 111 (l - a 
2 - e. )a ( l - a) v 3 

2 ? 
apll • aplll - a P1 4 a P11 

Clearing and collecting terms, 

--

--

----------·-

l • e. 
a 

(2.46) a : ½ +-j ¼ • pi-;_-:2plll ~ P1111 

P1 • P11 

b : l - a 

2.9. Conditions for reducibility to the two-class case, 

If there are four interviews or more available, we may 

test the assumption that there are only two true classes with 

no restrictions placed on the reliabilities, the model of 

section 2.3. In addition to the assumed condition that the 

manifest frequencies of any given order must all be the same, 

we now have additional conditions on the data. Consider the 

following; sequences of proportions: 

l P111 

pllll 

••••••• 

••••••• 
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We may form determinants by selecting any square set of four 

of these proportions which are adjacent in these sequences. 

Selecting the first of such determinants, and assuming tha.t 

there are only two true classes, we ha.ve the following rel.a:-

tions: 

l pl ;t.- V ~ 8. V V V 1 a 

- i i i i i 1 2 l - .. 
i--· a V 6, e..2v ·- a V 8. V l a P1 P11 i i i i i i l l 2 2 

2 I 

l l l l 

' 
- vv - 1 2 

\/ I 
a l 

l 

Applying the same analysis to successive determinants 

of the sequence, we find tha.t 

p 
l 

p 
11 

p p 
ll 111 

p p 
ll 111 

p p 
111 1111 

and so on. 

--

--

1 

a 
1 

1 

a 
l 

l 

a 
2 

l 

a 
2 

l 

l 

a 
l 

a 
2 

I 
8. I 

1' 

a 
2, 

I 

a 

a 

____________ __,.., __ ".,.._... _____ ---- •·----•-·-·-----·-·-
* The method of analysis erq:iloyed here is a simple case of the 
more general method suggested by La.zarsfeld and Dudman for 
latent structure analysis. 

l 

a 
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From these equations the relations between the determi• 

nants may be obtained: 

·I 
l p p p F p 

l l 11 11 111 
(2.48) 

p p p p p p 
l 11 - .ll. 111 .. 111 1111 ... .. 

p p p p p p 
l 11 11 111 111 1111 

p p p p p p 
11 111 111 1111 1111 11111 

These are necessary conditions for the reduction of the data 

to the two-class case. 

2.10. The use of more than four interviews. 

No models will be proposed here for the analysis of data 

based on more than four interviews. It will be seldom that 

such data is available for an item such that the assumption of 

no true change is reasonable. If such data is available• any 

model may be used which has fewer unknowns than the number of 

interviews, or the same number •. Since the sum of the propor­

tions 1n all true classes is alviays one, there are m - l 

unknown true proportions to be determined. In addition, there 

are mprobabilities. Hence a solution can always be obtained 

if 
2m - l ~ n -

If no restrictions are put on the true classes and the relia-

Ji,iilah• ••; 
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bilities, the maximum number of true classes that can be 

obtained is consequently 

m L - n ,I, l 
2 

If there is some reason to assume that the reliabilities 

have relations among themselves which can be specified in 

advance, than in general one additional class may be found for 

every two such relations assumede Of course, the existence 

of a certain number of true classes is in itself an assumption•,, 

It is usually preferable, if possible, to employ models 

simpler than the data will permit, in order to have some de­

grees of freedom left for testing the applicability of the 

model• In the absence of such testing, considerable caution 

must be exercised in applying the models which have been pro• 

posed in this section. We turn now to more generally app li-

cab le models where true change is allowed• 

3. A case where true change in only one direction is assumede 

If there are only two interviews available, it is impossi­

ble to obtain a solution if true change is assumed to occur in 

both directions between the two classes that can be obtained 

on the basis of two interviews. In such cases, it is some­

times plausible to assume that true change occurs only in one 

direction. Such oases might arise where an experimental effect 

has been induced• or where because of some striking event or 
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circumstance there is a ~Arked shift of opinion in one direc­

tion. Again, certain factual items such as age and education 

can shift only in one direction, and if a long time interval 

elapses between interviews this shift might be significant. 

For such cases the following model is proposeds 

True Proportion in Probability of positive 
class true c:la ss response 

time l time 2 

ell vll .s ,&, a .s .J, a-

012. Vl2 .s fa .5 • a 

021 0 e6 - a .s .. a 

022 v22. .6 • a .s • a 

At each given time, there are only two true classes. 

But if' both times are considered together, there are three 

classes -- those who are in position 1 at both tina s, those 

who shift from position l to position 2, and those who are 

in position 2 at both times. The probability of positive 

response is that of the class to which a respondent belongs 

at the given time, and the reliabilities are assumed to be 

the same for both classes. 

What equations result from this model? Since we no 

longer assume that there is no true change, the marginals and 

joint frequencies of any given order will no longer be the 

same• Hence we must return to our original notation, in 

which the position of' a given subscript denotes the time to 
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which it applies, while its value denotest:le position at that 

time. The manifest probability oi' positive response at time 11 

pl! will be the _sum of the products of the true proportions at 

time 1 and the respective probc.bilities of giving the positive 

response of the classes having these proportions. 

By time 2 the respondents in class c12 have shifted to posi­

tion 2, so for p•l we have 

For the joint positive frequency, p
11

, those who gave 

the positive response both tirr~s, we need the product of the 

reliability at time l and at time 2 for e@.ch class, multi­

plied by the proportion in that class, 

(3.3) 

Now 

and p1 - p - 2av 
• .• 1 • 12:. 

Hence 
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Therefore 

2 
p

11 
• e5(p t p ) + e25 : a (l - 2v12 ) 

- .1. ,1 . 

a a2 - a{pl - p ) • . .1 
' " 

Colle ot ing terms , we get 
2 . 

a +_ e.{p .1. P1.> - P11 ,. .s(p;i.. ,. P .1> - ,25 : o 

I.et us call the reliability k• where we have 

k: e5 ,I, a 

Substituting k - .5 for a, and collecting terms. we get 

(3e4) k"- • k(l - p i p ) ,I, p - p : 0 
.1 . 1. 1. 11 -

from which 0 
(3 .5) k : ½ l -t p l + p + re;: pl - p )2 + 4 - • 11 --,.; ~- - • ,l ' . . .' . , 
For the true proportion& we have 

or 

·- . 
2k - l 



Similarly, 

Now 
{3.6) 
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p •l ,I, k - l 
v.1: -,-~y ... 

V - V - V l - Pi ... p 11 12 • 1. • • 
_ .... 2~k,- :_ i--

bJ the above, and 

vll • vl• • vl2. 

v22: l • vll • vl2. 

3tl• An example comparing this model to an earlier ori:e• 

This exanple is based on data taken from E,2S)erJ.pien~_! 

on Miss Coltll1lJJ1ice.tion by Hovland, Lumsdaine, and Sheffield, 

published by Princeton, 1949; the data will be found in 

Appendix B, page 299e Two groups of soldiers were selected for 

an experiment on the effects of a radio program on their optimism 

about the war with Japan. The transcription we.s designed to 

reduce what ~as thought to be over-optimism, One group of 

soldiers heard the experine ntal transcription.; the other did 

note Both groups were asked to estimate the rerraining length 

~f the war both before and after the period v.hen the program 

was given. The time interval between the interviews 1·c.s a.bout 

one week. 
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Since the time interval was short. it is fairly 

reasonable to assume that the control group experienced 

no true change during the interval •. With the experimental 

group, it seems reasonable to think that there was true 

change only in the direction induced by the transcription, 

1., e •.• in the. direction ot longer estimates of the 

remaining duration of the war •. This gives us an opportu­

nity to compare the two-class model assuming no true 

change with the present model. 

The estimates given by the men were coded in half­

year intervals •. Their distribution is therefore not a 

d:lohotomy·,, but for illustratiiTe purposes we shall divide 

the estimates into two groups, those from one to three half• 

years, and those of four or more half-years. 

The manifest data, translated into percentages, is as 

follows:. 

Estimates of Length of War Before and af~~r a· Radio Transcription 

Experimental Group Control Group 
Estimates in Half-years E•t!rnatee in Halt-years 

time 2 time 2 

1-3 4~ Total 1-3 4,1. Total 

1-3 .,39 .23 .62 1-3 .59 .05 .6.4 
Time Time 

l 4-f .03 e35 e38 1 4i e07 e29 e36 

Total e42 .se 1.00 Total .ss .34 1.00 
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The data accords prima facie with our expectations. 

When we apply the model of this section to the experimental 

group data., and the model of section 2"1 to the data for the 

control group~ we get the following pioture of what would 

have been obtained had the item been perfectly reliable: 

True Distribution of Estimates of l.en&th of War 

Expe rimental Group Control Group 
EstlJllates in Half-years Estimates·in Half-years 

time 2 time 2 

1-:; 4+ Total 1-3 4t-

1-3 .41 · .22 .63 1-3 .67 .oo 
time time 

l l 
4f .oo .37 · .37 4+ .oo .33 

Total .41 .59 1.00 Total .67 .33 

Reliability = 097 Reliability : .94 

The two reliabilities are both high and strikingly 

similar. We may take the initial true distribution of the 

experimental group and its reliability and generate the data 

that would be expected if there had been no true change in 

that group, getting the following table: 

time 2 

1-3 4-1- Total 

time 1 1-3 .59 .03 .62 
4f. .03 .35 .38 

Total .62 .3a 1.00 

Total 

.• 67 

.33 

.. 1.00 
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If this table is compared with the manifest data from the 

control group, it will be observed that it is fairly 

similar. This increases our confid,ence, in the use of the 

present model in such situations. It does not,. -of course, 

eliminate the necessity for using a control group if it 

is desired to measure an experimental effect, since a 

control group might in some cases also show a trend• 

4, Models allowing true change among all classes. 

Most of the items that will be usefully subjected 

to the kind of analysis presented in this paper are such that 

respondents can and do change to a certain extent from any 

true class to any other true class, in the course of' time. 

The present section treats some of the models which are 

based on the assumption that respondents do change their 

true positions. This will introduce a larger number of 

unknowns into the models, but it also adds new items of 

information, for we no longer assume that the manifest 

frequencies of any given order are all the same. No 

solutions can be obtained with fewer than three interviews 9 

but on the other hand items allowing free change are more 

apt to be repeated a number of times than items where the 

change is restricted, for in panel studies it is usually 

the change which is the object of study. 
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_4,1 •. Three interviews., two true classes. terminal position 

independent cf initial position 

If we have the responses on a dichotomous item for 

three interviews, we have eight pieces of information-• 

p , p , •••• , p • If there.are two true classes at 
111 112 222 

any one time end we allow free movement between these 

classes, we have over the entire time eight .true classes•• 

v , v •••••, v222• In addition, we must find the two 111 112 · · · 

probabilities of positive respons~, which we shall now call 

a
1 

and a
2

, referring to true classes c1 and c2 respectively. 

Evidently we must make further assumptions which will reduce 

the number of unknowns by two. We might think or placing 

restrictions on the reliabilities, but this would reduce 

the unknowns by only one. 

It seems profitable to think in somewhat different 

terms. We are dealing with a time sequence, end we may 

consider assumptions which apply to the process through 

time. It is a reasonable first approximation to assume 

that the true changes from time 2 to time 3 are independent 

of the true changes from time 1 to time 2. Another way or 

stating this is that if we want to predict the positions 

or respondents at time 3, and we know the positions at time 

2. our prediction is not improved by knowing also the posi­

tions at time 1. In other words" the conditional distribu­

tion at time; given time 2 is the same as the conditional 
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distribution at time 3 given time 2 and timo 1. 

Let us see what restrictions this assumption pl:aoes upon 

our true classes v ijk• It will be recalled tha:t the position 

of a subscript indicates the time to which it refers.•while 

the subscript "l" refers to class c1 • the subscript 11 2 11 

refers to class c
2

, and the subscript ".'' refers to both 

true classes. Thus v means the pl"oportion in true class 
• 1. 

c
1 

at time 2, summed over all true classes at time 1 and 3; 

in other words, the marginal proportion in class c
1 

at time 

2., Now of those in class c1 at time 2, a certain number 

will remain in c
1 

at time 3. Expressed as a proportion of 

the total sample, this number will be v .• Expressed as a 
.l.L 

proportion of those who were in class c1 at time 2. this 

number will be 

V 
.11 

This ratio shows the probability of going from c
1 

at time 2 

to c1 at time 3. Now consider those who are in c
1 

at both 

times 1 and 2. The probability that they will remain in c1 

at time 3 is 

V 
Ul 
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Similarly, the probability that those who are in class c2 at 

time land class c
1 

at time 2 will remain in c
1 

at time 3 is 

V 
211 

Now what does our assumption mean? It says that the 

probability of going from any given olass at time 2 to any 

given class at time 3 is independent of the position at 

time 1. This means, e.g., that 

V 
111 

vll. 

That is, the probability of going from class c1 at time 2 to 

class c1 at time 3 is the same, regardless what the position 

at time l is •. The left hand side of the equation above shows 

the probability of going from c
1 

at time 2 to c
1 

at time 3 

when the respondents were in c1 at time 1. The right hand side 

of the equation shows the probability of going from c
1 

at time 

2 to C1 at time 3 when the respondents were in c
2 

at time le 

By our assumption, these probabilities are the same, S1milarly, 

--
That is, the probability of going from c1 at time 2 to c2 

at time 3 is the same, regardless of the position at time 1 •. 



Now if we look at these two equations, Wf.: ,ue that they have the 

same der.•,minator on the left hand side. and the same denomina­

tor on the right hand side. We can therefore derive from them 

the equation 

or 

In d eterminantal form., this is 

vlll vll2 

v211 v212 
-- 0 

Notice the form of this determinant. The second sub• 

script is the same for all four elements. The first and third 

subscripts are arranged in the customary manner for determi• 

nants. The form is important. for by our assumption, all 

determinants of this form must vanish. 

We have considered only persons in class c
1 

at time 2e 

If we consider those in class C at time 2, then by the same 
2 

reasoning used before. our assumption implies that 

------ ---
v122 v222 
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Tl:iis says that of those in class c2 at time 2. the ratio of 

those going to c1 at time 3 to those remaining in c
2 

at time 

3 is the same for both classes to which they might have be­

longed at time 1. In determine.ntal form, it is 

I V 
121 

I v221 
- 0 

I 

This determinant is exactly like the previous one, except that 

the middle subscript of e.11 four elements is 2 instead of le 

We thus have two relations, each involving four of the 

eight ultimate true class frequencies. There are other re­

lations also implied by our assumption, but they are not in• 

dependent of those we have already established. Thus our 

assumption implies two independent restrictions on the un­

knowns, which enables us to solve the equations from the 

manifest data. 

Now let us consider the following array of manifest 

datai 

1 p 
•• 1 

p .1. P .11 
.. 

P11. plll 



This array contains all the information in the data. Cer­

tain symmetries in the array mEliY be noted. The square at 

the top does not contain any reference to time 2, while 

every element of the bottom square does refer to time 2. 

With that one difference, the two squares are alike. Let 

us call the first interview the "initial'' interview and the 

third interview the "terminal" interview. The top square 

contains all the information about this pair of interviews 

alone, includipg the marginal frequency at each time and 

the joint frequency at both times. The bottom square is the 

same thing but stratified, so to speak, by the positive 

response at time 2, 

Now let us express the matrix of the top square in 

terms of' the true structure. The first element, 1, will 

equal the sum of all eight ultimate true frequencies. We 

also have 

In other words., only the position at time 3 matters., so every 

ultimate true frequency with the subscript 1 in the third 

position is multiplied by a and every ultimate true frequen• 
l 

cy with the subscript 2 in the third position is multiplied 

by a2• We have set the equation up in its present form for 

a reason which will become apparent. In terms of vectors and 

matrices, the equation would be 
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p •• 1 - (l l) (lll Vll2 Vl2l Vl2) al -
v2ll v212 v221 v222 a2 

al 

a 
2 

Call the matrix in vijk V. Then V premultiplied by the vector 

(1 l) becomes a row vector with each element the sum of the 

elements of the correspondinc column of v. The final vector 

then takes care of the probabilities for time 3, as seen in 

the previous equation. 

Setting up p1 in matrix notation, 
•• 

P1 •• : (al a.2) (:lll Vll2 Vl2l :122 \ l 

V V l 
211 212 221 222 /' l 

l 

1/ 

For p • the only subscript of v we have to v,:orry about 
l.. ijk 

is the first. The vector (a
1 

a 2) takes care of this sub-

script for each column of v. The final vector merely sums the 

result. 

Finally, 

P1.1 : {al a2l (:lll vll2 vl21 vl22) ::~ V v221 v222 . 211 212 

a) 
a2 
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That is., in order to get p , we have to muitiply any 
1.1 

given true ultimate frequency v .. by a . ., the probability 
ijk 1 . . 

referring to time la and by ak., the probability referring 

to time 3• 

Combining the equations, we get 

We thus have the matrix of the top square of manifest data 

expressed as the product of a square matrix and two rec­

tangular matrices~ The product of the two rectangular 

matrices alone will be a square matrix of order 2.· By a 

well known theorem of determinants we have 

"-111 vll2 vl21 vl22) 
l p a 1 1 

v211 v212 v221 •• 1 v22;) 
(4~3) 

Pl.~. Pl.l al a2 \ 

l 

1 

\ l 
\ 

The determinant on the right hand side of this equation 
• I 

is the determinant of a product of rectangular matrices. By 

the theorem of multiplication of determinantal arrays, this 

62 

al I 

I a , 
2/ 
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determinant is equal tq the sum of six products mQ.de by 

pairing ea.oh minor of order 2 from 2 colUIQns of the first 

rectangular matrix. V, witll the minor of orde.r 2 from tn.e 

corresponding rows of the second rectangular matrix. which 

we shall call A. This theorem is essential to the solution 

which follows. 

We pext consider the determinant of the matrix which is 

the 1::ottolll. square of the array with which we begaµ, It b 

fv-111 vl12 Vl21 vm) k1 
p. 

P.11 :11 
1 v211 (4.4) .~ .. v212 v22l v223/ al 

Pll. P111 I al a2 a.2 

a.2 

Now compare (4.4) with (4.3). The introduction of time 2 as 

a stratifier has had the effect of multiplying the first row 

of the A matrix by a.
1

• the second row by a
1 

• the third row 

by a
2

• and the fourth row by a.
2

• Consider why this is so. 

The composition or the V matrix is such that all the elements 

of any given column of V refer to the same true classes at 

times 2 and 3. while a.11 the elements of the first row refer 

to true class c1 at time 1. and all the elements of the 

second row refer to true class c
2 

at time 1. The columns 

are arranged in lexical order with respect to times 2 and 3. 

In the matrix eq~ation whioh corresponds to th.a determi­

nantal equation of (4.3). the first matrix on the right 
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hand side takes care of time l .and the la.at_ matrix on the 

right hand side takes ca.re of- time 3._ The equation (4.~) 

merely adds the str-atif'ier-.. time 2., Now wher.eever a column 

of V refers to the true class OS_U. thle 2, the.correspond~ 

ing row of A is multiplied by a
1

, and_ wherever a column of V 

refers to the true ol11ss c
2 

at time 2, the oorrespon:ding rpw 

of A is multiplied cw a2• Let us cal.l the resulting matrix 

Al• 

To evaluate the determinant on the right hand s_ide of 

(4.4) which is the product of V and A1,. we must take the sum 

or the products of all the minoi-s of order 2 from columns of' 

the V matrix with the minors of order 2 from the correspond~ 

ing rows of A1• .But our hypothesis, expressed in (4.1) and 

(4.2), is that a~l minors of the true proportions vijk of or­

der 2 which refer to the same true class at time 2 and which 

for times 1 and 3 are arranged in the customary manner for 

matrices vanish. TM,s means that in evaluating the determi• 

nant of VA1, a.11 the terms or the sum which contain determi­

nants ohos en from two rows of A1 which are actually two rows 

of A both multiplied by the same unknown, eith~r a
1 

or a
2

., 

will vanish. Furthermore, since V is t_he same in both (4.4) 

. and(4.3), the c_orresponding terms in the sum which_ is tho 
'· 

evaluated. determinant of VA will also vanish. The only 

terms of. A
1 

v,hioh will not vanish for this reason are those 

which oontain determinants cnosen from two rows which are 



rows of A one of whioh is multiplied by a
1 

and one of which 

is multiplied by a
2

• 

Hence every term in the evaluated determinant of' VA1 

will be identical with the corresponding term in the evalu­

ated determinant of VA, except that every determinant from 

A1 will be a determinant of A with one row multiplied by a
1 

and the other row multiplied tr, a •'· But this is the same as 
2 

multiplying every determinant by a
1
92• Henoe. finally, the 

evaluated product on the right hand side of (4.4) will be 

identical with the evaluated product on the right hand side 

p 1 ' P.11 1 p 
• • •• 1 - al~ -

Pll. P111 P1.~ P1.1 

We next consider the determinants of the two matrices 

which can be formed by substitutill,g one column of the arr8¥ 

in the bottom square of the initial array for the correspond­

ing column of the array in the top square• namely• 

1 
P.11 p .. p . . 

and .1. ..1 

p 
P111 Pn. p . 1 •• lel I 

For these determinants we get the following equations: 



lll vll2 vl2l v:)/1 
I 

1 

~J:l 
p 1 \211 v212 v221 v2 / l Clh6) .11 

p 
P111 1 •• i l 

~ 1 

111 vll2 vl21 vl22 al 

p p 1 1 v211 v212 v221 v222· al 
(4. 7) 

.1. ..1 
;; \ .. 

Pll. P1.1 al 82 ~ 

~ 

On the right hand side of these equations, the first 

determinant and the first rectangular matrix V are the same 

as before. In (4.6), the second rectangular matrix is the 

matrix A with the rows of the second column multiplied by 

al.al\ 

al•~ 

a2.al 

a .a 
2 2 

al 

82 

a1 

82 

a1 or a
2 

accordingly as the corresponding column of V refers 

to class C or class C at time 2. The second rectangular 
l 2 

matrix of (4.7) is the matrix A with the rows of the first 

column multiplied by a
1 

or a in the same manner. In .both 
. 2 

cases ,. when evaluating the determinant of the product matrix, 

the terms of the respective summations which have determi­

nants which involve two rows from A with either the first 

(in the case of (4. 7)) or last· (in the case of (4.6)) element 

or both rows multiplied by the same unknown, a1 or 92, will 



vanish, because these determinants from A will be multiplied 

by determinants from V which vanish by hypothesis. The aum 

of the determinants on the left hand side of (4.6) and (4.7) 

will therefore be equal to the product of 1 

and a sum of products of the following types 

I 
V t I l ai.am ai allJ. 1· ljn r ) 

v2:: I- it j 
v2jn I l a .• a a a 

\ J n j n 

Evaluating the sum of two determinants in a, 

a.a - a a f, a a - a a :: (a. + a.) (a - a } J n i m i n j m l J n m 

(a1 f. aj) t: 
a - m -
an 

Since i 'I j, 

for any i and j. Thus this term can be factored out of 

each term in the expansion, and what remains is simply the 

expansion of VA. Therefore 

(4.8) 
l p 

•• 1 
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In order to find a1 and a2 •. we merely have to solve the 

equation 

1 
P.ll P.1 •. p •• 1 P•,1• -P.11 (4.9) ... 

p 
P111, tn. P1.1 x2 • 

1 ••. P11 P11'1. .o I _.x ... 

l p 
11 p 

•• •• 1 

p 
P1.1 1 P1 •• P1.1 1 •• 

When the two.roots are found. the larger root is desig• 

nated a1 and _the smaller root a2• Now we wish to find the 

relative frequencies in the true classes. ~Ve have oquations 

of the following types: 

p 
1 •• 

From the first type we oan derive v1 •• _eto. as follows: 

p 
1 •• -- av +av 

1 1.. 2 2 ••. 

- av ... a2(1 - v ) - 1 1. •. 1 •• 

:a a2 r (a1 • a2 )v1 ••. 

(4. lOa) V : pl • a2 1 ••. •• 
. (a1 -, ~) 
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Similarly, 

(4.lOb) V - P.1 •• a2 • 1. -
• (al - 92) 

and 

(4. 10c) V 
•• 1 - p 

•• 1 - ~ -
(al - 92) 

From equations of the second type we can derive v11• 

etc. as follows$ 

P11. = al2vll~J a182Cv12. ~ v21.) ~ 82_
2
V22. 

2 
: al vll. ,_ a1a2(v1 •• • vll. + v.1. • v11) ,I. a22(1 -v1 ... ~.l.wll" 

: (al2 - 2ala2 ~ ~2)v11. ~ ~(al - 92)(v1 •• ~ v.1.) ~ a22 

(al • 92)2v11. 111 P11. - a2(a·1 • ~)(vl •• + V..1) - 822 

Substituting for v1 and v 1 from (4.lOa) and (4. lOb), 
•• • • 

or 

(pl •• • 0 2 ~ ~.1.·• 92) 
(ul • o2) 

(4.10d) vll.: P11. - a2(P1 •• t P.1.) + 922 

(al• 92)2 
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Similarly, 

(4.l0e) v
1

•
1 

= P1.1 • a2CP1.~ 4 P.,1) 4 a2
2 

and 

(4.l0f) p ll • e.2(p f p_ 1·) 4 a 2 • .1. •• 2 
v.ll : ____________ _ 

In order to find v1111 we go back to the restriction imposed on 

the true frequencies by tl"e assumption that the true position 

at time 3 is independent of the true position e.t time 1. This 

gave us equation (4.1), whioh we.s 

V V 
lll 112 

V 
212 

= 0 

Adding the first row of this determinant to the second, and then 

adding the new f1 rst column to the second, 

vlll vll2 vlll vll2 vlll vu. 

= • = 
v2ll v2l2 v.11 v.12 V V 

.11 .1. 
Expanding the last of these determinants, 

V V -v V • 0 
111 ~1. 11 •• 11 • 
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or 

(4.l0g) 
V V 

v : ll •• 11 
111 

The term on the right hand side can be computed from 

(4.l0d) 6 {4.lOf'), and (4.l0b). From tha set (4.l0a)-(4.l0g) 

all eight ultiimte true relative f'reqµenoies vijk can be 

computed, if desired, as well as all the probabilities of 

true change• 

4.2. Examples of the two class, three interview model. 

We shall recur once more to the iw.gazine data we have 

used before• Even though there is reason to think that a 

two class model does not fit the data well, we shall use 

the present model f'or comparison with previous oases where 

the same data were used. We shall then introduce a new 

example, with which we shall later compare another model 

to the present one• 

The magazine data has been previously reported, 

and will not be repeated here. When the present; model 

is applied to the date., t~e following values are obtained 

for the true class proportions and rolio.bilitios; 



True 
ltagazine Class --

reader 
"A" 

non-reader 

reader 
uBn 

non-reader 
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,Ez:oportion in true olass 

time l time 2 tima 3 

.075 .068 .065 

_.925 ,932 .935 

,128 .120 .106 

.872 •. 880 .894 

Reliability 
of truo olass 

.829 

.933 

.669 

The results, previously quoted, of applying the two-olass 

model assuming no true change to the sane data, were as follows: 

True Reliability 
Ma§azine Clas as Proportion in true class of truo class 

reader .057 .• 745 
"A." 

non~reader .943 .918 

reader .119 .605 
'1BU 

non-reader .881 ,952 

Comparing the reliabilities, we see that the assumption 

that there was no true change, which was undoubtedly false, 

had the effect of reducing the reliabilities obtained, espe• 

cially for the true readers. Both magazines, but especially 

ma.gaz ine 11 B", suffered a steady decline in the number of true 

readers during the period covered by the interviews. In the 

earlier model the true changes were included in the error 

turnover, hence the reliability seemed lower than it actually 

is. 

The second example we shall give is ta.ken from the 
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voting study conducted in Erie County, Ohio, in 1940. A ran• 

dom sample of some six hundred adults was selected, and this 

sample was interviewed seven times at intervals of about a 

month, beginning in May. The following question was repeat• 

ed on all six interviews taken before the e leoti ons "Regard­

less of which man or party you would like to see elected, 

which party do you think actually wi 11 be elected?" Our 

data refers to four hundred and thirty respondents who an­

swered this question on all six interviews. Most of the 

responses fell into the categories "Democratic", "Republican", 

and "Don't Know.11 For present purposes respondents have been 

grouped into "Democratic" and "Not Democratic." 

The advantage of having six interviews, during which con~ 

siderable net changes of opinion occurred, is that son:e inferen­

ces can be made about the applicability of the model. If the 

assumption that the true structure remains the same over every 

successive period of three interviews is valid, then the relia­

bilities should remain constant over the entire period of six 

interviews. In addition, from each successive set of three 

interviews the true zmrginal s for each ti me involved oan be 

computed, and since the sets of three overlap, some of the 

true marginals should be the same• 

When the computations for the present model are made for 

each suooe ssive set of three interviews, the following relia­

bilities are obtained; 
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Reliabilities for nwinner Expectation",. Erie County. 1940 

Interviews used May-June 
-July 

Democrats 

Not Democrats 

.97 

.97 

June-July July-Aug.. Aug •. -Sept • 
-Aug. -Sept.. -Oct. 

.96 

.99 

.95 

.95 

With the exception of the second set of interviews,. the 

reliabilities show considerable stability. They are,. in fact,. 

very high--suspioiously high•-ranging from .95 to .99 for both 

classes and for all successive sets, with two exceptions. The 

reliability for true Democrats computed from June-July-August 

interviews fell to .as,. and the reliability for true non-Democrats 

computed from July-•uguat-September fell to .91. 

analysis of the reason for these drops helps to clarify 

the quest ion of the applicability of the model,. and al so gives 

some insight into the substantive situation. The Republican 

convention occurred between the June a rxl July interviews. A. 

strong candidate,. Willkie,. was nominated,. and the manifest 

data shows at this time a strong trend in expectations away 

from the Democrats. It must be kept in mind that for the 

present analysis the "Don't Know" or doubtful respondents are 

classified with the Republicans. It is reasonable to think 

that many respondents who previously had truly expected the 

Democrats to win now shifted their true opinions to the "Don't 

Know•' or t1Republioan11 categories1 on the basis of the Republi• 

oan nomination of a strong candidate. The Democratic convention 
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then took place between the July and August interviews, and 

Roosevelt, a very strong candidate, was nominated. With this 

event, the balance. returned in a sense to the status quo ante, 

and many respondents changed to Democratic expectations. It is 

reasonable to suppose that under the impact of this event those 

respondents who had previously shifted from a Democratic expec­

tation to a Republican or doubtful expectation were more likely 

to shift baok to Demooratio than were those who rad entertained 

a Republican or doubtful expectation from.the first. Let us 

call this process "reve.rsion, 11 bywhiohwe mean that respondents 

who have held a position and shifted away from it are more 

likely to change baok to the. t position than respondents who 

have never held the position before are to ohange to it. 

This process of reversion has a definite relation to the 

kind of mathematical model we have employed.. Suppose we rave 

three interview_s of a panel on an item suoh that no true 

change has occurred, with m true classes., v 1; v2, •·•• ., vm, 

and their associated probabilities a
1

, a
2

_, ·••• , ant For the 

first two interviews, the manifest data can show change in two 

ways, as revealed in p and p • Taking the third interview 
12. 21. 

into account also, we have 

and 

Now our fundamental assumptions give us the following 
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equationss 

pl2l: al2(1 • al)vl 4 a22(1 • a2)v2 i •••• ~ am2(l • am)vm 

: p211 : P112 

pl2e ~· P21. • P121 4 P122 ~Pall~ P212 

: 2P121 ,I 2P212 

or 

••• 
2 

.f, a (1 - a ) v m m m 

This means that on the basis of unreliability alotie half 

of the respondents who according to rmnifest data change their 

position from the first interview to the second wi 11 on t ra 

third interview revert to their original positions. If we 

oonsi der those who do not show change between the fir st two 

interviews. we have 

and 

But since. if the item has any reliability at all, p
111

')tP
112 

and p
222

/ P221• less than half of those who do not show 
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manifest ohange between the first two interviews will show 

ohange from the second to the third interview. In oth3r words,. 

in the manifest data, the changers have a greater chance of 

reverting than the non-changers have of changing on the third 

interview, on the basis of unreliability alone. 

This fact ms a double implication. The implication for 

manifest data is that with items of less than perfect reliabi• 

lity (which includes virtually all i terns used) the manifest 

data from a panel study will always show that changers are more 

likely to revert than non-changers are to change to~ giv...-11 

position at a given time. This. is a statistical arti£aot6 

oaused by unreliability, and does not necessarily mean that 

there is a process 0£ true reversion. v'ihetl:a r there is su oh 

a prooess can only be determined by 0o111puting tho ~IS-Ability 

-of the item and making the kind of analysis we have made hb2'Q .. 

The otl:ar implication, 'Whioh concerns us at present, is 

that a process of true reversion oan a £'feet our estimates of 

reliability. Since on the basis of' unreliabilitv Alone h.alf 

the rranifest changers wi 11 revert, our models use the amount 

of manifest reversion to estimate the amount of random oha:nge • 

Now if there is a true process of' reversion, these models will 

necessarily overestimate the amount of random change, 'Which 

means that they wi 11 underestimate the reliability of the item. 

This is p reoisely wm t he. s happened to t ha re lis.M li ty :4:'~r 
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the true Democrats in our computations for the June-July-August 

data• The reason we know this is that we are able to make a 

substantive analysis whioh supports the hypothesis of true 

reversion, and al so beoause the reliability for the same ola ss 

is stable and consisted; ly highe::- for all the other three sets 

of interviews. But the ooourrenoe of' true reversion implies 

that our model does not apply in this situation, for true 

reversion means that ohanges from time 2 to ti me 3 are not 

independent of changes from time ::. to time 2, and our model 

assumes that there is such independence. If', however, the 

assumption fails for the June-July-August set -of interviews, 

there is no reason to regard it as valid for any of the other 

sets, sinoe the same item is involved. We need to weaken our 

assumptions. 

There are two lines we might follow in doing this. We 

might continue to a ssuioo that there are only two true ol asses 

at any given time, and that the true changes over a given 

interval are independent~ not of the true cl:-.anges over the 

previous interval, but of the true changes over some earlier 

interval. Thus ifwe rave four interviews we oc.•·1"! e.sl'lume 

that to predict the true positions at time 4 only timer and 
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time 2 are required, a knowledge of time 1 adding nothing to 

the prediction. This is the case we shall take up in the 

next section. Ont he other hand., we could assume that there 

are more than two classes in the structure. This might take 

care of the different; probabilit~.tis of true change for the 

previous ol1angers an:1 non•ohanger.n, or it might not, depend­

ing on tl:s si "Ill at ion. 

Speaking practically, the second line of development 

mentioned has little utility, whon dichotomous items are 

being used, because too many interviews would be required 

to find more than two true classes when true change is 

e.llowed. If items with multiple response categories e.re 

used., however,. it is feasible to compute a larger number 

of true classes with a given number of interviews. 
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4e3e Four interviews, two true classes, terminal position 

independent of initial position. 

The notation is the same as before, except that we now 

have four subscripts. We have 24 : 16 pieces of information 

and 24 :J.6~te true relative frequencies vhijk• We are 

assuming that if the true class at time 2 and time 3 is given,., 

the true position at time 4 is independent of the true position 

at time 1.. Another W8]{ of expressing this is to say that 

the probability of going to a given class at time 4 depends 

only on times 2 and 3'.1 and not on time le, This means that 

vgijl -· vhijl. -· 
V • • glJt vhij• 

and 

V V 
gija ., hij2. - •• -

V gij. vhij• 

• 
Combining these equations, and lotting g a l and h : 2, we get 

vlijl v2ijl --
vlij2. v21j& 

for 1:1.l l i and j •, In determinantal form, this yields the 

following four independent restrictions on the ultimate true 

frequencies: 
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(4.11) vllll v1112 I 
-.. 0 

V2lll V2ll2. 

(4.12) vll21 vll221 
--

V212l v2122 I 
0 

(4.13) vl2ll vl212 

-- 0 
v22ll v2212 

(4.14) vl22l vl222 

-- 0 
V v2222 2221 

Now oonsider the following array of manifest datas 

(1) (2) {3) {4) 

l 
p ••• 1 p 

.1 •• 
p 

.1.1 
p 

•• 1. 
p 

..11 
p .11. p 

..111 
p 

1 ••• p 
1 .. 1 

p 
11 .. pllel p 

1.1. plell pllle pllll 

The numbers in parentheses are merely for identification of 

the square arrays. The first square contains all the informa­

tion about the pair of initial and terminal interviews., with 

no information about the intervening interviews, Let us call 

the determinant of this square the 112-positive" determinant. 

This name expresses the fact that each term in the expansion 

of this determinant will be a product having in its subscripts 

a reference to the positive response, or response l, at two 
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interviews, namel1., the first and last.. The second square 

is the i' irst stratified by time .2; the third square is the 

first stratified by time 3; and the fourth square is the first 

stratified by times 2 e.nd 3a The whole array contains all the 

information available. 

Now let us set up an equation for the matrix of (1) 

in terms of the true structure, in exactly the same ma.nper as 

we did for the 2-positive matrix in the previous model. We 

get 

(4.15) 

<1. p ")~.'. ···""' p~••• J?J.••l a.l 
./ 

• 

i ) /~ 1111 vlll2- V1121 vn2. 2 V1211 V1212 v.12~1 V122~ 

a2. ~lll V2112.. v2121 V2122 V2211 V2212 v2221 V2222} 

/~ 
I l 

1 al 

1 i\'& 

1 fJ.1 

l e.a 

al 

e.a.1 

Let us Qall the first matrix on the ri,e;ht hand side of 

(4.15) A', the second matrix V, and the third matrix A. 

Notice how the elements of V are arranged. Every element of 

the first row of V refers to position l at time l'J every 
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element of the second row ~efers to position 2 at time le 

The columns are arranged in lexical order with respect to the 

second, third, and fourth subscripts• ~ This has the effect 

of alternating positions land 2 at time 4 in the successive 

columns •. T};le matrix I• takes care of time 1. while A takes 

care of time 4• as regards the probabilities of positive res- .. 

ponse for the true classes. The positions at times 2 and 3 

do not matter in the 2-positive matrix. Equation (4.15). can 

be put in determinantal form• as follows: 

l 

(4.16) 

p ••• J. .. 

p 
lul. 

V and A are rectangular matrices, and the determinant 

of their product can be evaluated by the theorem of multipli­

cation of determinantal arrays as the sum of (8.7)/2 ::: · 2B 

products of minors of order 2 chosen from 2 columns of V and 

minors of order 2 chosen from the corresponding ro";s of Ae 

By (4.-11)•(4.14)/ each term of this e:xpansion which contains 

a minor of V with the same second and third subscripts in both 

columns will vanish. In particu]J:}. r, the terms containing 



and 

.. 82 -

V 
1111 

v2.lll 

V 
1112 

v2112. 

vl222. 

v2222 

will vanishe The remaining terms will have the following 

vlhir 

v2hir 

l 

l 

where h, i, j, and k cannot all be either 1 or 2. (There are 

other limitations on the subscripts, but they are omitted as 

irrelevant for present purposes.) Considering the second and 

third subscripts only, these remaining terms will be of the 

three following types: 

(l) h, i., j• k is some permutation of l, 1, l, 2. 

(2) h, i, j, k is some permutation of 1, l, 2, 2 

(3) h, i,. j, k is some permutation of 1, 2, 2, 2 

I.et us call the sum of the terms of each of these types oL , 

f , and 0, respectively. We therefore have 
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: ~ ~ ·lvlhir 
r,s h;i;!;k v2hir 

Using these symbols, 

l. 

l 

h,i.j1k a 
perJ11Utation 
of 1,1,1.,2 

h,i,j,k a 
permute,.tion 
of 1,1,2,2 

h1 i,j1k a 
permutatioJl 
of 1,2,2,2, 

By (4.16), 

(4.17) 2-positive determinant : l jttj (a-( -1-/ ♦ '(" ) 

Now let us choose matrices of order 2 from our initial 

array in the following manner. The first column of each new 

matrix will be the first column of one of the squares in the 

array. The second column of each new matrix will be the second 

column of one of the squares in the array. The tioo columns 

will be chosen such that, in the determinant of the new matrix, 

each term of the expansion of this determinant will have in its 

subscripts the number l appearing three times. An example of 

such a determinant is 

--
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Notice on the right hand side that the number l appears three 

times in the subscripts of each term. The left hand oolunin 

of this determinant is the left hand oolumn of square (2), and 

the right hand column is the right hand column of square (1). 

There are three other determinants which can be formed in 

this manner, namely• 

p •• 11 t 
I 

P1.11 I 
We shall call determinants of this type 113-positive0 

determinants. 

Putting these determinants in terms of the true 

structure, we get the following equationss 

(4.18) l :1 ... 
p l:r,J Iv .1.1 - ., l .al.al - I Pu~J. l al.e.2 

I l al.al 

l al ,a.2 

l e.2,al 

1 e.2.a.2-

l a2•a1 

l a.2,e.2 
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(4.19) 
p ~-·•· p ••• 1 = \A°•f· V 

pllee;· 
p 

1 ... 1 

I 
1 

P .. u, . = I a1J v ! pl:••• . P1.11 

(4.21) / _P •• 1. P ... 1/' = f a•I v 

P1.1. · P1 •• 1 

/o.l al\ I \ , 
I a2 \ al I 

\ 
I al al 
I 

al a2.. I / \ I , 
! a.2 al 

I I 
i 

a2 \ 

\ 
\ aa :: / 
\ a. 
\2 

l 

l 

l 

a 
2 

a.a, 

al.al\ 
a1•a_2 ·1· 

a.2•a1 

a.2.a.2. 

al .al·:. 

al •e:2 

a.2.el. 

a.2..e.2 

8.2 8.2 

al al 

a2 

a.2 al 

e.2 8.2 / 
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Let us be clear how these equations were derived. 

The right hand column of the second rectangular matrix affects 

the right he.nd column of the determinant of manifest data• and 

similarly for the left hand column. Now the data determinants 

o~ (4.18) and (4.20) have left hand columns which aro the same 

as that of the 2-positive determinant. hence the left hand 

columns of the second rectangular matrices in these equations 

are the same as the le ft hand column of A. Similarly, the 

right hand columns of the manifest data in (4.19) and {4.21) 

are the same as that of the 2-positive determinant. so the 

right hand columns of the second rectangular·matrices are the 

same as the right hand column of A. 

Uow the first and fourth subscripts are the same for 

all determinants, and we do not need to worry about them• 

sincefA•f takes care of tre first subscript and A takes care 

of the fourth. Recall that the V matrix was arranged so that 

its columns are in lexical order with respect to the second 

and third subscripts• Since a given row of A corresponds to 

the same column of V, any probabilities which are put into A 

which refer to the second or third interviews will have to 

take account of that lexical order. In (4.18) the risht hand 

column of manifest data is the right hand column of the 2-posi­

tive determinant stratified by time 2. The lexical order 

means that the first four columns of V have the subscript 1 

in the second place., and the last four columns have the sub-
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script 2 in the second placee Hence the f;irst four rows of 

the right hand column of A must be multiplied by a 1, and the 

last four rows of the right he.nd column of A by a.2 • Compari-, 

son of (4.18) with (4.15) will showthe.t this is in fact what 

has happened, 

In (4.19) the first column of' manifest data is the 

first column of the 2-positive determinant stratified by 

time 2, while the second column is the same as that of the 

2-positive determinant. Hence the first column of A is 

multiplied. the first four rows by a 1, the la st £our rows by 

(4.20) has as its first column the first column of 

the 2-positive determinant. while the second column is 

stratified by time 3. Hence the first column of A is 

unaffected• while the second column has its rows multiplied 

by a 1 or a2• The lexical order of second and third subscripts 

mans the.t for time 31 the first two rows multiply columns of 

V which he.ve the subscript l in the third pl.ace, the second 

two rows multiply columns of V which have the subscript 2 in 

the third place. the third two rov,s refer to the subscript l 

in the third place, and the fourth two rows refer to the 

subscript 2 in the third place, Hence the first two rows of 

the second column of A are multiplied by a 1, the second two 

rows by a 2, etc~ In (4.21) the same procedure is follovied 

for the first column of' A instead of the second, since the 
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manifest determinant in (4,21) has as its first column the 

first column of the 2-positive determinant stratified by 

time 3, the second column being the same as that of the 2-

positive determinant. 

Since Vis the same in all four equations, it is 

evident that in all four expansions of the determinant which 

is the product of Vanda modified A matrix, there will be 

terms involving the same minors of V• Hence if we add the 

four 3-positive determinants, the sum 'Will be the product of 

and a sum of terms which can be collected in sets of 

four with respect to a minor of' v. These collected terms 

will be of the following type, 

vlhir vlj, [I: ah.ar ah ar l ·a ,a . la1 
a. ·1 

t + i r 

*h 
r r 

v2hir v2jks a .• a aj a l a ,a a ) J s G k s i s 

The sum of the first two bracketed determinants; ~s 

was shown in section 4el, is equal to 

l e. 
(ah+ a) 

r 
l a 

s 

Similarly, the sum of the last two determinants is 

j 

:: 1 
(ai + ak) 11 

Ji 
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Hence the sum of all four bracketed determinants is 

Therefore the sum of the 3-positive determinants is 

lx-•IL >"' -· rl~ vljka l a 
(ah¼ ai + aj + ak) 

r - h,i,j 1k l r 1s v2hir v2jks as 

Now consider the subscripts h, i, j, and k. When 

these are all either l or 21 the determinant in v vanishes~ 

as vns shown above, and therefore the whole product vanishes• 

When h, i, j~ and k are some permutation of 1, l, l~ and 2, 

~h ~ ai ~ aj +~:al+ ~l ~al+ a2 

: 3al t a2 

Hence the sum of terms of this t;ype is 

By the notation introduced above,. this is 

h,.:,_,j,k 
some· permu­
tation of 
1,1,1,2 

When h• i, j, and k are some permutation of 1~ 1, 2, and 2 1 
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Hence the sum of terms of this type is equal to 

Finally, when h, i,· j; and k are some permutation of 1;, 2,, 21 and 2,,, 

so that the sum of terms of this type is equal to 

ttff (a1 ,I, 3a2 ) ''( 

Thus the sum of all the 3-positive determinants is as 

follows: 

{4.22) 

:;£_ 3~ ositive determinants :IA•I [ (3"1 + a 2 lo<+ {2a1 ~2a2 )/ Ha;t~) Y] 
If we divide this by (4.17) we get 

(4.23) 

_ 3- ositive determinants : {3al'Ja2}':'<+ (2a142a2¥1 + {arJ3a2_) '( 
2-riosi ti ve determinan: ___ --~·------ ______ _ 

,:;<+/ ;y 
But notice that we can take (a1 t a2 ) out of the numerator of 

the right hand side, getting 

Thus we can express (4.23) as 

(4.24) 

~ 3-positive determinants :: 2a1o<-4-(a 1 "' a2)/ ~ 2a2 '( 
·-•~ t r.. ,._ ........... - a .fa.24 .. 

2•positive determinant • l ----c.,<.-. ---+-·r+-t' •• 
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We now define the 4-positive determinants as follows, 

The first column of each is the first column of one square of 

the initial array. The second colUlllll of each is the secon4 

column of one square of the initial array. The columns are 

chosen so that in the expansion of every 4-positive determinant 

each term will have the subscript l appearing four times• 

There are six determinants which can be formed in this manner, 

of which the fo llowine; are examples: 

1 

P1••• 

p .111 

plllll 

and P,1.1 

P11.;t 

Each of these determinants is expressible as the pro­

duct of f A' f and the determinant of the product of two 

rectangular matrices, the first of which is V, and the second 

of which is A vdth certain rows and columns multiplied by 

a1, aa, or powers or products of a1 and a2• The expansions of 

these determinants of the product of ma.trices will all have 

terms involving the same minors of V, hence the sum of all the 

4-positive determinants can be expressed as the product off A•f 
and a sum of terms, each of which is a product of some minor 

of V and the sum of six other determinants_,. These products 

will be of the following type t 

I "lhir "ljkal r~ l ai ah.a l ahai.e.r ai.a.r· 

~-
½ 

. r .. 
v2hir v2jks a.k.a.S ak a .• a l aj8.k•a.s . J J s 

.. aha.i E1r J. I ah ah•ar I .. I:: a1,ar 15 • I I 
aj8.k a I a. a .• a i ak.ae s J. J s I 
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The sum of the first two bracketed determinants is 

The sum of the second two braoketed determinants is 

{a .a + aha.) 
J k i 

l 

l 

The sum or the third two bracketed determinants is 

Therefore the sum of the 4-positive determinants is 

When h, i, j, and k are a permutation of l, 1, 1, and 2, 

there are three ways in which the 2 can pair with a l and 

three ways in which a l can pair with another 1. 

Therefore 
2-

ahe.i • ahaj ¼ e.ha.k -1- e.ie.j ¼ aiak I e.lk :. 381. + 38.la.a 

VJhen_h, i, j, and k are some permutation of 1, l, 2, and 21 

there is one way in which a l can po. ir with a l, there are 

four ways in which a 1 can pair with a 2, and there is one way 

in which a 2 can pair with a 2e Hence the expression in 
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parentheses above equals · 

When h, i, j, and k are some permut~tion of l, 2, .2, ~nd 2 •... 

there are three ways in which a l can pair with a 2 and three 

ways in which a 2 can pair with a 2 •. Then the expression in 

parentheses above is 

Therefore the sum of all 4-positive determinants is· as :follows 1 

L_ 4-positive determinants : 

I ~'t [, 2 J { 2 . 2>/ ( . 2)v·1 A 1 _ 3a1 + 3a1a 2)QII. + a.1 + ~a1a2 f a 2 ,&. 3e.1a2 ,I, 3a2 . O .J 
Dividing by (4.17) gives 

(4.25) 

Z::. 4-positive determinants : 
• 2-positive determinan\i-

I to 
The 5-positive determinants are defined and expanded and 

summed in similar fashion. There are four such determinants; 

tmd their sum is equal to 



- 94 • 

When h, i, j, k is a permutation of' l, 1, l, 2, there is one 

triplet with subscripts all 1, and there are three triplets 

with two subscripts 1 and one subscript 2, which makes the 

expression in parentheses 

When h1 i, j 1 k is a permutation of' 1, 1, 2, 2, the expression 

in parentheses becomes 

and when h, i, j, k is a permutation of' 1, 2, 2, 21 the 

expression in parentheses becomes 

Hence the sum of 6-positive determinants is 

Dividing this sum by the 2-positive determinant, {4.17), gives 

(4.26) 

t y 
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Evaluatini the 6-positive determinant (there is only 

one) in the same manner gives as its sum 

Dividing by (4.17)• 

{4.27) 
6-positive determinant 

2-positive determinant 

Now let 

and 

We shall prove that a
1

, a2, x, and y are the roots of the equa • 

tion 

(4e28)z 4 - L 3-positive determinants 3 
.. - ·-· - -Z... 1-

~ 4-positive determinants 2 
-----------2 

2-positive determinant 2-positive determinant 

• Z- 6-positive determinants 6-nositive determinant o 
J;' --

2-positive determinant 2•positive determinant 
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Consider the elementary sy1r.rnetric functions of a1, a2, 

x, and Y• We note by inspection of (4.24) and by definition 

of {x + y) that 

a
1 

+ a
2 

4 x 4 y : a
1 

4 a 2 .. 141 i:J-·,f (a
1 

,f a 2 ) ;f + 2a2 / ____ ..................... ,. ............ . -
c .. ,( i ~- i 

, 

- 3-positive determinants -
2-positive determinant 

The next elementary symmetric function is 

a
1
a

2 
+ a

1
x J a

1
y ~ a2x 4 a2y i xy = a1a2 + a1(x ~ y) 4 a2 (x i y) ~ xy 

: a 1a2 f {a1 + a2){x 4 y) + xy 

~ a1a2fr<,4/ .. oH{al I a2)(2a.J0,.Y.{al .. a2}f' 2a2 i) 
I I o • ...,.. ••·• 1, • ._, ......... _________________ _ 

o<+ I" ¼ a 
:: (3al 2 ,f 3ala.2)v'. i (a/ + 4a/12 + a.2 2) / + (3ala2 + 3a/) '( 

+ t 
4-positive determinants 

-·-· -·--------·--$---·-· -· --- by (4-.25) 
2-positive determinant 

The next elementary symmetric function is 
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--·-·-· --------. 

______ 4 ___ , ___________________ ..,,,_..., ______ _ 

o( f I 
~ 5-positive determinants = ~----.........,_.. ■11. • ......... by (4e26) 

2-positive determinant 

The next elementary symmetric function is 

a.1a2xy, I 

--

ala2 r~l::/. 
6-positive determinant 

2-positive determinant 

ala2/ ,f 
- , ■ - ..... 
I .. 

a/b'J 
¥· 

Since the elementary symmetric functions, properly signed 

and placed• are the coefficients of (4.28), a, a
2

, x, and y l , 

are the roots of the e~uation (4.28).* In order to find a. 1 

and a2 it is merely necessary to solve this ~uartic approxi• 

mately by Horner' s method or some other method, keeping in 

mind that the desired roots will usually be in neighborhood 

of elO and .901 as an approximation with which to start the 

solution• 

* An alternative and sinpler ;;roof that a1 and a2 are roots 
of. (4.28) is given in the Appendix. The presen:b approach 
stresses the method of formation of the coefficients and is 

oriented towards generality. 
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Unfortunately, two other roots are also present, and 

the question arises which roots are a 1 and a 2• It may be that 

there are only two real roots between O and l, in which case 

these are the correct roots. There ma~r be tv10 double roots of 

the proper sort, which poses no problem. If there are four 

real roots between O and l, the best that can be offered at 

this writing is to choose the smallest root for a 2 and the 

largest root for a 1• The selection will have to be a matter 

of judgment. 

Once a 1 and a2 are determined, it is easy to find the 

* true proportions from the followinG equations: 

(4.28) 
, etc. 

, etc. 

2 3 
P111. - e.2(pllu + P1.1. -1- p .11.) ,I, a2 (p_l • ., ... p el~-•+ p •-•~•)-e.2 =--------.-......---- ... ··--·-·--~---·•= ~-· ...... -~-- -·-- ---------) 

From this set can be determined all sixteen patterns of 

membership in the true classes over the entire time, if they 

are required. 

These equations are derived in the Appendix. 
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4.4. Exe.mp lo of the two class, four interview model. 

live shall apply the present model to the data on 

"winner expectations" from the 1940 voting study in Erie 

County, Ohio, which we used for the previous model. There 

we saw that the assumption, that when the true class at time 2 

was fixed the true position at time 3 was independent of the 

true position at time l, did not seem to be warranted. Now 

we are assuming that when the true position at time 3 and 

time 2 is fixed, ,the true position at time 4 is independent 

of the true position at time le Since we have eix interviews •. 

there are three successive sets of four interviews we can use 

to test the assumptions of this model. 

We rray first comment on a possible objection to the use 

of a model which involves computations based on quadruple 

occurrences, or fourth order frequencies.- It may be thought 

that such frequencies will be too small to be useful, but 

such is not the case. The situation is unlike that where 

latent structure analysis is applied to a number of different 

items, because an item with a fair degree of reliability is 

much more closely related to itself at another time than it 

is to most other items at the sc.me time. In the three sets of 

four interviews we are usin~ novr, for example, pllll is successive­

ly .21, .23, and .23. As a matter of fact, the probability of 

a "Democratic" response on all six interviews is .is. The use 

of higher order frequencies, therefore, is not a matter of 

concern• 
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When the proper coefficients of the 11winner expecta .. 

tions" data are computed for the successive sequences of 

interviews, the fol~wing equations results 

May-June-July-Aug. x4 3 
- l.870lx + 2 .9813x - .l050x ~ .01293: O 

June-July-Aug.-Sept. x4 - le8037x 3 ... 2 .9103x • •. 0392lx -I .003726 

July-Aug.-Sept.-Oat, x4 - 2,0212x 3 
~ 1.1888:x 2 

- .l538x ♦ .01060 

It turns out that none of these equations has any real roots. 

When they are e;raphed, however~ each equation has all three 

bends between the values O and l of the argument. All three 

curves reach a minim.um at a low positive value of x, a maximum 

at about x: .s, and another minimum between x: .5 and x: le 

In the absence of a statistical theory, we do not know how 

close these minima. must be to the x-axis for the discrepancy 

to be considered a chance error, The value of the function 

is less than ,01 at the first minimum for each equation, 

For the minimum which is between x: e5 and x: 1, the value 

of the function is less than .01 for the M:.y- June-July-August 

sequence, less than .02 for the July-August-September-October 

sequence, but greater than 004 for the June-July-August-September 

sequence, Since the maxim4 for all three curves are around 

.04 or .05, it seems reasonable to accept the minimums below 

.01, arid possibly the one between .ol and .02. as chance dis­

crepancies from the x-axis. On this basis we have t;o reject 

the model for the June-July-August-September sequence. For 

--
--

0 

0 
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the other seq_uences, we take the two minima as the pro­

babilities of positive response. This gives the following 

result: 

True class 

Democratic 

Not Democratic 

Re liabilities 
lv'.ay-June- July-Aug.-
July-Aug. Sept.-Oot • 

.91 

.94 

• 91 

The two sequences give very similar reliabilities• 

but the failure of the middle sequence to conform pe.rtially 

vitiates the confirmation. Notice also that the reliabilities 

obtained here are lower than those obtained for the same data 

using the previous model, where they averaGed about .95, 

omitting the June-July-August sequence where the model 

obviously did not apply. The reason for this drop is probably 

not that respondents reverted over the four waves. If the true 

position at time 3 is not independent of the true position at 

time l when the position at time 2 is fixed, the ~in 

effect of such a dependence would not be true reversion, whioh 

would s~uriously reduce the reliability, but rather a 

tendency to adhere to the original !_)Osi tion throuGhout the 

sequence, whioh would spuriously raise the reliability. The 

introduction of the present model would reduce that spurious 

element. 

This observation gives us a basis for a testing 

procedure for the independence assumptions, if we have a large 
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number of interviews availabl~. If the true position 

at a given time is independent of tho truo position m 

intervals previously, it must also bo independl;i,tlt of tho 

true position m + l intervals prc,,.iously. In tho.t case 

the reliabilities obto.inod en theso two differunt assumptions 

or independonoa should bo the same. The proper procedure 

to test such assumptions would be to take successively longer 

sequences, in each case assumine that the terminal true posi­

tion is independent of the initial true position, and compute 

the reliabilities. As long as the results differ substantially 

for successive computations, the assumption must be rejected 

for the shorter sequence• When the reliabilities obtained 

from a sequence of m interviews are the same as those for a 

sequence of m ... l interviews, the assumption may be held 

valide 

4.5. n interviews, two true classes, terminal position 

independent of initial position. 

The solution of the four interview case was stated 

in such a way as to be imraediately generalized, by analogy, 

to the case ofn interviews" Consider, for example, the five 

interview case. let us change the notation for the manifest 

data as follows. Since we use only the proportions giving the 

positive response, let the subscripts of prefer by number 
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to the time, so that p
145

, e.g., will mean the proportion 

giving the positive response on the first, fourth, and fifth 

interviews of' a sequence. Then arrance the manifest data in 

the following way: 

(2) (3) {4) (5) 

. P2 P25 P3 P35 P4 p45 p23 p235 

pl2 pl25 P13 P135 P14 P145 pl23 pl236 

{6) {7} (a) 

p24 P245 PM P345 P234 P2345 

p p 
124 1246 

p p 
134 1345 

p p 
1234 12346 

The numbers in parentheses are merely put in to identify 

the squares. The right hand column of' each square is stratified 

by the terminal interview• number 5e The bottom row of each 

square is stratified by the initial interview, number le The 

first square, which is the 2-positive matrix. contains only 

the stratifying elements. The next three squares refer to 

the marginal frequencies for each time between the initial 

and terminal interviews, properly stratified in the right 

hand column and bottom row11 The next three squares; (5). 

(6). and (7)# refer to the joint frequencies for all pairs 

of interviews between the first and last. properly stratified 

in the right hand column and bottom row. The final s4uare 

refers to the triple occurrence frequency for all three waves 

except the first and la st, properly stratified. The number of 
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squares of each type is simply the proper binomial coefficient 

for the power equal to the number of interviews between the 

first and last. 

The determinant of (1) is the 2-positive, by whioh 

all other coefficients are divided. Now every determinant 

we use will have as its le i't hand column the le ft hand column 

of one of the eight squares. and as its right hand column 

the right hand column of one of the eight squares. In order 

to form the 3-positive determinants, we take every pair of 

right and left columns which will form a determinant whose 

evaluated terms will consist of the product of two factors 

p, such that the total number of subscripts of both p •s in 

the product will be three. In the present case, such deter­

mixw.nts can only be formed by using the left hand column of 

(1) with the right hand column of (2), {3)• and (4). successively. 

and by using the right hand column of (l) with the left hand 

column of (2), (3), and (4)r successively. There will thus 

be six 3-positive determinants. 

To form the 4-posi tives, proceed in the same manner-. 

(1) can be combined with (5), (6) 1 and {7) to form six such 

determinants. (2), (3), antl (4) are 4-positives taken by 

themselves and combined with each other. Since there are 

three left hand columns and three right hand columns which 

can be 001i,1:i.ned in any ,vay, there are nine 4-vosi .. ~ivt> deter­

minants which can be formed from {2), (3)1 and {4), making a 
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total of 15 4-positive determinants· which can be form~d• 

Continuing in this manner. we get 20 5-positive determinants. 

15 6-positives. 6 7-positives, and finally one a-positive, 

which is the determinant of (8)e Since we have seven sets 

of determinants, running from 2-positive through 8-positive• 

it is evident that we will have an equation of the sixth 

degree. Notice that the_ number of determinants of each type 

is simply the binomial. coefficient of the expansion to the 

sixth power. 

The resulting equation takes the form 

(4.29) 

x6 
• L 6 3-J?gsitive de~~~~ x 

5 
• ~ lp 4-17ositive determinants. -~ 

2-positive deter'll:rlant 2 ... positive determinant 

'If!!"- 3 2 
- £, __ 20 5-posi~i ve determi.E;~!;.! x ,I, ~_!p_~ositi ve determinants x 

2-positive determlnant 2-positive determinant 

• r 6~ 7-positive determinants x t ~~~1t~Eerminant : 0 
2-positive determinant 2-positive determinant 

a.
1 

and a2. are roots of this equation; there are also 

four spurious roots. Again, judgment must be used in selecting 

the roots. However, it may often be unnecessary to bother with 

the spurious roots, since they may fall outside the reasonable 

range of reliabilities. Tte reliabilities computed for shorter 

sequences of the same data provide useful approx:imations with 

which to begin Horner•s method, which is not too difficult to 

apply when such approximations are available. 
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Once a
1 

and aa are known, the true proportions can 

be found from the fundamental equations, as in previous cases. 

From these the probabilities of true oha~ge can be found, if 

desired. 

5e The effects of unreliability on manifest data• 

So little attention has been paid to the effects 

of unreliability of single items that it seems appropriate 

here to discuss briefly some of the more important effects. 

Among these are the distortions introduced into marginal 

proportions and cross-tabulations by unreliability.· We shall 

also consider the effect of U."lreliability on transition pro­

babilities. 

6ele Reliability and marginal frequencies. 

Mirginal frequencies or percentages are often re­

ported by polling agencies-' research organizations, and 

sociologists, on the basis of responses to sin~le itemse 

If there is any awareness of the problem of reliability, it 

is usually assumed that w.i.·!;h samples of fair size the effects 

0 cancel out"• This assumption is not fatal if a low degree 

of precision is admissible, but if high precision is required, 

as in eleccion forecasts, it may cause serious erroj_•., Consider 

the simplest case~ where there are only two true classes. 
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Pi = allvl .\, a21v2 

: allvl ·~ az1(l • vl) 

: a21 '4 (all .. a2l)vl 

If we call a 11 the reliability of c
1 

and a 22 the reliability 

of c2 , denoting these by r 1 and r 2 respectively, we have 

If both reliabilities are perfect, we have 

The reliability puts a ceili::--g or. p 1, for if v1 : 1, 

It also puts a floor on p1, for if v1 : o, 

The general effect of unreliability, then, will be to 

depress hish froguencies a~Q raise low frequencies~ But the dis• 

tortion is asymmetrical whEn r- 1 and r 2 are different, as they 

often are in practice. The following table shows the value of 

p1 that w:t:..1 be obtained when v1; r
1

, and r
2 

have ~he indicated 

values: 
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Values of p1 when True Proportion in Class c1 and Reliabilities 

are Given 

vl r 1 • .90 r 1 • .95 r1 • .90 r 1 • .95 r1:: .95 r1 • .98 
r2 • .90 r2 • .95 r2 = .ea r2 = .90 r2: .85 r2 : .a2 

1.00 .90 .95 .90 .95 .95 .98 
... ' .. !Ill ■-

.90 ,82 ,86 .a:; .865 ,87 .90 

.ao ,74 ,77 .16 .78 ,79 .a2 

.70 .66 .68 .69 .6~5 ,.71 .74 

.60 ,58 .59 .62 ,61 .63 .66 
-·· , .. 

.50 .50 .50 .55 .525 .55 ,58 

,40 ,42 ,41 .48 .44 .4.7 .50 

.30 .,4 .32 •. 41 ,355 .39 .42 

,20 .26 .23 -;)J4 .27 .31 .34 

.10 ,18 ,¼ .27 .185 .23 ,26 

o.oo .10 .05 .20 .10 .15 .18 

The horizontal lines in these columns show the interval 

where Pi will approximately equal v1 in the given situation, 

Above the horizontal line (or the top horizontal line, if there 

are two) p1 will be an unde,:restimate of the true Yalue; below 

the horizo.:taJ. line (or thA ':)ot-tom horizontal line) r\ will be 

an overestimate of v1• 
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In the first two columns, where r
1 

: r 2 , the distortions 

are s~etrica.1 around the value v
1

: .so. But when r1 is 

greater than r
2

, p 1 overestimates v
1 

for higher values of 

v
1

, and the distortion depends upon the values of r
1 

and 

r
2 

and the difference between them. Thus in the last oolumn, 

where the difference between r
1 

and r
2 

is el6, v
1 

is over­

estimated by .oa when half the sample is in class C • When 
l 

e40 of the sample is in C 
1

, p 
1 

will be a50e 

.ao, p will overestimate v by .02. 
l l 

Even wlien v is 
l 

Now consider the inplications this has for political 

forecasts.. In general, the reliability of' an item will be 

lower for respondents who have little education, low interest• 

low saliency, etc., than fo~ +.h0se who have more education, 

more interest in the quest~_on, greater saliency for the item, 

and so on. We know that Democratic voters fall into the first 

of these groups much more often than Republican voters, so 

that Democrats probably giv9 less reliable responses than 

Republicans. Of course, the situation is much more compli• 

cated than that presented in the table., because there are 

,certainly more than two trt~e classes. Nonethe1'3ss.~ the effect 

of such a ciffer.~nce in r'"':1.::,'J.:i.lilities will be to car;s~ a 

systematic overestimation of the Republican vote ,Ii wlii0h of 

course is what occurs. It seems highly likely that unrelia­

bility can account for at least a part of the systematic 



• 110 • 

error in election forecasts made by polling agencies.* 

We shall not explore further the effects of unreliability 

on marginals, which of course are much more complex when more 

than two true classes are involved. It is sufficient here 

that we have demonstrated the in:portanoe of such effects for 

the analysis of marginal percentages. 

S.2. Reliability and cross-tabulations. 

Cross-tabulations of single items, while not reported 

so extensively as marginal percentaees, are often used as a 

basis for substantive analysis by sociologists_, research 

organizations, and gover:nmer..t agencies.. Obviously an item 

cannot be more closely relP.t?-:' to any other item than it is 

to itself, so the reliability puts a ceiling on the possible 

relations that can be obtained with a given itemci Since there 

are two items in a relation, both reliabilities o~o,~te mvhta 
llifllmQ'.. Since the reliabiJ.i•;:;y of most single items is fairly 

low. the constriction of range introduced is considerable,. 

I.et us consider the case where each of two dichotomous items 

has only t,:ro +.rue classes" 

fat ·..ts use the nota:';1,:1.1• p .. for the proport:.or. •J~ •:.;he 
1J 

sarrple reported in category ion item a and category j on 

• An en:pirical analysis of the problem has been U".ldertaken 
by the writer in order to test this hypothesise 
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item b• v ij will. be the true proportion in the same cate. 

gories-• a will .be the probability that a respondent in 
rs 

true class Cr on item a will be reported in category -e on 

item a. b will be the probability that a respondent in 
rs 

true class C on item b will be reported in category son 
r 

item b. We have the equation 

Suppose we define a perfect true association between the two 

items as a distribution in which v and v are both zero, 
12 21 

so that 

vll + v22 • 1 

Then we have 

P11 • allbllvll f a2lb2lv22 

: allbllvll' (l • a22)(l • b22)v22 

Now if' v
11

a l, 

Since a /' l • a and b ;> l • b , this equation represents 
11 22 ll 22 

the maximum p can reach• i.e., p oan never be greater than 
11 11 

the product of the reliabilities of category l for both items. 

-;rt vll: o, 
P11: (l • a22){l • b22) 
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Since 1 • a <.. a. and 1 - b <( b , this renresents the 
22 11 22 11 ~ 

minimum that p
11 

can be when the true association is per• 

feet. In other words, when the true association is perfect, 

Similarly, 

M>re generally, define tne manifest and true joint 

ooourrenoe matrices as follows: 

ell 
, 

v1~\ pl) ell Pab ;r V - v22) p21 p22 
ab• 

,.21 

Also let 

(1 al2) (bu bl) A - B - I ... -'{_21 8.22 ~21 b22 

Then 

If A and B have been determined by the methods of this paper 

or any other method, the true joint distribution can be found 

by the equation 

(5.2) 

/ 

V 
ab 
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If one takes, say. the determinant or a 2 x 2 matrix as 

a measure of association between items._ (5.1) can be put into 

the form 

Ip I : I A., 
. ab 

Since \Ai and jBt must be less than l if the reliabilities 

are not peri'ect, the effect of unreliability in reducing the 

association is obvious from this equation. If it is desired 

to compute the true association directly, we have 

A hypothetical example will make clear the importance of 

the problem. The typical reliability of dichotomous items 

enployed in opinion research is in the neichborhood of .9o •. 

let 

Then JA tf iBI = .ao • .ao : .s4 

Therefore 

In other words, the magnitude of the association obtained 

between two dichotomous items of the kind ordinarily used in 

opinion research will rarely be more than two-thirds of the 

magnitude of the true association between the variables. 

If more than two items are cross-tabulated, the associa­

tion is even more attenuated. If more than two true classes 
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for each item or more than two response~oategories are in­

volved, the .effect is more complex, but in principle the. same 

as in the case given. This should suffice to demonstrate that 

if researchers hope to obtain high degrees of association in 

the area of opinions and attitudes, they will have to follow 

one of two courses. Either they will have to employ teats .. 

and batteries which are much more reliable than sinEle items, 

or they will have to determine the reliability of the singl~. 

items used and correct for the attenuation caused by unrelia­

bility. The latter procedure is perfectly valid, but it must 

be used with caution, since sampling errors rrtJ.y lead to the 

inference of degrees of association hisher than the true, or 

even better than perfect. Furthermore, it should be remembered 

that item reliability will differ for different samples, even 

though the classes within the various samples are nominally 

coterminous. 

5.3. Unreliability and transition probabilities. 

Professor T. w. Anderson has introduced, in another memo­

randum of this report entitled "Probability liodels for Analyzing 

Time Changes in Attitudes.'' a model for panel data based on the 

concept of a stationary process. Such a process means that 

there is a certain probability that a respondent holding any 

given position on an item at some time twill hold any given 

position at time t ~ u, and this probability depends on u but 
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not on t. In other wo~ds ~ the interval between the two 

times is all that matters. Once the size of the interval 

is fixed, the probability of going from one given position to 

another over this interval is the same regardless where this 

interval falls in the series, hence the term "stationary 

process •. " Probabilities of this twe are called transition 

prob ab ili ties• 

If there is a stationary process such that the position 

held at a given interview depends only on the position held the 

previous interview, the process is said to be of the first 

order. If the position held depends on both the previous 

position and the position held two times previously, the 

process is of the second order, and so on. 

We want to investigate briefly the relationship between 

the manifest data and true process when the item is unreliable. 

How will manifest data look if there is a true stationary pro­

cess? 

Let us consider a first order stationary process. 

Such a process implies two things ab out any sequence of three 

successive interviews from a panel where the interviews are 

spaced at equal time intervals apart. It implies, first, 

that the transition probabilities from time l to time 2 are the 

same as the corresponding transition probabilities from time 

2 to time 3. It implies, secondly, that the position held at 

time 3 is independent of the position held at time le 
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Since the equality of the successive transition probabi­

lities is not a sufficient condition for a stationury process, 

let us introduce a terminoloe;ica.l distinction and call such 

equality "stationary probabilties"• Then in order to have o. 

first order stationary process, we need first order st~tionary 

probabilities and the independence of the position at time 3 

from the position at time l. 

Now su,pose we ha.ve true first order stationary probabi­

lities, with nothing said about tr~ independence condition. 

I.et vijk be the proportion of the total sample in class c1 at 

time l, in class Cj at time 2, and in class Ck at time 31 as 

before. Then v 11• / v1•• will be the probability of going 

from c1 at time l to c
1 

a.t time 2; and v / v will be the 
ell el• 

probability of going from c
1 

at time 2 to c1 at time 3e By 

assumption, these probabilities are et1ual, or 

vu. - V - .11 .......... - -
V V 

1 •• .1. 
Similarly• 

v12. V 

- .12 - --
V V 

1 .. .1. 
Combining these two relations, 

vlle v.11 -. --- -
vl2e v.12 



• 117 

or, in determinantal form, 

(5.4) 
- 0 -

v.12 ! 

By the same reasoning., we get also 

(5.5) 
0 

Now consider the following array of manifest data, 

l l 

p p .1. ..1 
pl•• p ele 

pll• ·pell 

let us set up the determinant of the first square of' this 

array in terms of the true structure, as follows: 

(5.6) 
. :e 1\ /vlle. v.11\ ' l l l l 

k1. ! 

"2) i - ' \ .. I 
p •• 1 \al a.2 al I v12 v.12 \ 

! r • 
v.21 } \ V 

\ 21. 
/ 

\v i 

'· 22. v.22 / 

This equation is based on our present restriction to two true 

classes at any one time and tvro manifest response categories. 

It follows clearly from our basic assumptions. 

The expansio:c of' the ri,:::ht hand side of (5.6), which we 

shallcall \AV! , is the sum or six products of minors of order 

2 from columns of A and minors from the corresponding rows of 

V • By (5.4) and (5.5), the first and last terms of' the expansion 

will vanish. 

We next put the determinant of the second square of mani­

fest data in terms of the true structure: 
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(5.7) p I t '· l 1 l l \ ! aleVlle al.vell 1 •• p .1. I= r \ I 
I 

p 
1 11. 

p f I :e, 
.11: t \ l 

a.2 al a.2 / I a.l.v12e 8.l •V•l2 

I \ ~•V2le a2•v.21 
i 
' ! I I, •V a2.ve22 ! \ 2 22. 

Comparing (5.7) with (5.6) • observe that on the ri t;ht hand 

side the only difference is that in (5.7) the first two rows of 

V have been multiplied by a.
1 

and the last two rows by a.
2

• In 

expand.inc; the ri ~ht hand side of (5. 7) • the first and last 

product in the sum will vanish because the first minor of the 

second rectungular matrix in (5.7) is the deterrnj,p,ant of {5,4) 
2 

multiplied by ~ and the last minor of this matrix is the 

2 
determinant of (5.5) multiplied by a

2 
• The remaining terms 

of the expansion will all involve e. minor of V with one row 

multiplied by a
1 

and the other multiplied by a.
2

, Hence a
1
a.

2 

can be factored out. and wr.at remains is the ex~ansion of 

I AV I • or 
' 

(s.a) I Pi •• p .1. , a.le.2 iAVf --
; pll• P.11 

Dividing (5.8) by (5,6). 

(5.9) 
!Pl,. 

p .1. 
!Pll, P,11 - ala2 -y-,--· -· l •~ .. 

kl. p • .1' 

\ 
! 
I 
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Now form two ma.trices by substituting one column of 

the second square of the initial arrc,y of manifest data for the 

corresponding column of the first square of the array. The 

determinants of these tvJO matrices may be put in terms of the 

true structure as follows: 

(5. 10) l p I 1(1 l l 1\ /Vll "1•v•ll\ .1. - \ I • - I 
p p l a e.2 al a2 j I v12. a1.v •12 .1. .11 • i \ l t 

I ! , I 
{ '-

I v21. "2•v•2l) l 

\ 
\ V22• 

\ 

a2•v.22. 
/ 

and 

(5~11) p l l /1 l l 1\ /al•V.J.'1•• v.11 I f ' 1 •• - ! I \ - 1 I a 
p11. 

p t • a al a2} { a ev V 
•• 1 l '. l 2 I l 12• .12 

I \ 

l \ a2,v2l• V 
.21 

\ e. .v I 
V 22' \ 2 22. . / 

In expanding the ri :;ht hand side of each of these 

equations, note that the first and la.st product vrill vanish, 

because in each case the first and last product will involve 

a vanishing minor of V with one column multiplied by a
1 

or a
2

• 

which can be fac-tored out. If we add the remaining terms of 

(5.10) and (5.11), collectine for minors of A, we get terms 

of the following type : 

,-

" , 

l l i wlio a •V a -- V 
v.11 1 eli -+ 1• lit 

ai aj j ~v2je 
a .v a .v V 

2 .2j 2 2je e2j 
I 
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By the same reasonin,s e~loyed in Section 4, the bracketed 

expression is equal to 

vlie v.11 I 
V V 

2
• i 2j. • J) 

I 
Hence (a1 + a

2
) can be factored out of the expansion, and 

I ' what remains is the expansion of 1 AV I • or 

{5.14) 

!1 
I 

p .1. 
Ip ' .1. p 

.11, 

Dividing (5.12) by (5.6) 6 

)l 
' ' , 
Ip l • • 

' i 
I I p p l .1. f + I i.. , 

p I P p 1 i 
.ll • I ll♦ •• 1 

' l ::. ! 
i 

Finally, therefore, a
1 

and a.
2 

are 

I 

11 p .1. I p 

Ip .. 1 •• 
I 

2 p .11 ! plle 
X - . .1. 

---.--. ..._.....,_.....,_._.__ 

11 1 

--

--

the roots 

l 
i 

P l 
•• 11 Xi 

of the equation 

jl l 
I 

IP .1. p •• 1 Ip .1. p .. 1
1 

Once a 1 and a
2 

are obtt,ined, it is eas~r to find the proportions 

in the various true classes. Note that (5.14) does not 
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involve p1• 1 or Pni• 

What we have obtained is a sol'l.1tion for the probabilities 

of positive response on the assumption of true first order 

stationary probabilities. A true first order stationary pro­

cess would require this assumption, and also the assumption that 

true position at time 3 is independent of the true position at 

time 1. In section 4.l we obtained a solution for a
1 

and a
2 

on the basis of the independence assumption alone, where we had 

j I 

(6.15) 
I 

l P P I .1. ..11 p 
.• 11 

i 

pl •• plll . p11. P1.1 I ........,,.~~----·-,.,....-·....-·-----_....,.,..,_._.....,. 
l 

and 

(5.16) p p . 
• 1. ..11 I 

plle P111 ( --

If there is a true first order stationary process, the 

solution for a
1 

and a2 on the basis of the asstunption of true 

first order stationary probabilities and the solution on the 

basis of the assumption of the independence of the true position 

at time 3 from the true position at time l must be the same• 
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because both or these assumptions must hold if there is a true 

first order stationary process. Hence (5.13) must be equal 

to (5.15), and (5.9) must be equal to (5.16)• This ~ives us 

the followine; two conditions which the manifest data must 

i'Ulfill if there is a true first order stationary process: 

(5.17) 

'l p f p 1 ! I • 1. i ... 1 •• I 

Ip .1. P.11 I P11. p l 
.. 1) 

I 

l p 
• 11 t p 

.1 • 
' .. ! IP I 1... • P111 I P11. -

i 

p •• 1 I 
P1.l-1 

- .....,_,....,i ... .., • .-.. - ... ,..__~------· .... .,........._-_...........,...,........ ................ 

(5.18) 

1 l 
f 
' P •• 1 i 

Ip p I 
1.. .1. '. 

f Pu. pell; ~--~ .......... 
1 

p ! 
••lj 

--

l I p 
•• 1 ! 

' 
p j 

' 1 ••. plelj 

' p .1. p 
.11 

Pll. P111 
~---...-.... . ......-..-....-. 

l 'O i ••• 1r 
l 

!p P1.1I I 1 •• I 

If the manifest data fulfills these conditions for every set 

of three successive interviews, the assUI!fltion of a true first 

order stationary process is warranted, end the true structure 

may be obtained b~r (5.14) or by the equations of section 4ele 
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s. Conclusion. 

A final word should be said about the relation bet·ween 

the a:pplication of le;tent structure analysis to the problem of 

reliability, as presented in this paper, and the a.p:.:ilica .. 

tion to the problem of determining a latent structure when e. 

number of different items are involved. The ·two applications 

are similar in certain respects. In both cases it is possible 

to derive a number of "true" classes which may exceed the 

number of response categories used. and to speak of the pro­

bability th.at respondents belonging to these true classes will 

give a certain response. These classes are inferred from rela• 

tions within the data. 

On the other hand., two differences betviTeen the two oases 

may be notede In the first place, if one rejects the concept 

of "latent" classes. he ma~, still employ these ;:irocedures with 

respect to the manifest categories in the analysis of reliabi• 

li ty. Instead of assuminz that there are certain "true" 

classes ~tlthin which each respondent has the same probability 

of giving a certain response,. he may merel~r assume Jc;hat there 

are certain arbitrary manifest clt\sses for each of which there 

is an avera:;e probability of givinr: a certain response. The 

reliabilities may then be interr,reted as averar,e probabilities 

of givin,:; the correct response. The number of "true" classes 

will alv.ays correspond to the number of response categories. in 

this usase• Of course, certain difficulties will arise,. in 
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the analysis of actual data., but these may be avoided by not 

pushing the analysis too far.. 

In the second place. when latent structure analysis is 

applied to the relation between different items the assumption 

is made that there are certain classes such that. within each 

class, the items are unrelated to each other. The pre$ent 

application assumes that there are certain classes such thata 

'Within each class, in the abaehce of ohlnge from one class to 

another, the responses given at any one time are unrelated to 

the responses 0iven at any other time. 

The important difference is thise The f:irst assumption 

is an hypothesis to be tested anew with each body of' empirical 

data, whereas the assumption of' this paper is true by definition 

of variable error, or error of measurement. Vihen we speak of 

unreliability, we ordinarily mean some variable. element of res­

ponse, which is uncorrelated with anythini else and vrl.th itself. 

It is a virtue of the method presented here that it does not 

assume, as the customary methods of determining reliability co­

efficients f'or continuous measurements do, that the error is 

uncorrelated with the true position. Such an assumption is often 

seriously incorrect. Other special assumptions of' this paper 

have, of course, to be tested in each case. But the fundamental 

assumption on which the equations are based follows from the 

definition of what -we are trying to determine. Hence the 

method is presented in confidence of its potential applicabili• 

ty. 
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.APPENDIX 

.An Alternative Derivation of the So·lution to a Special Case 

The case to be solved is that involving four interviews, 

two true classes at any one time, with free movement between 

them through time, and with the terminal position indepen9ent of 

the initial position when the position at times 2 and 3 is fixed• 

The notation is that of section 4.3. 
We have equations of the following types, 

2 2 
f al a2 (vll22 f. V12:i2 ,I- V1221 ,I. v~n12 j. V2121 + V2211> 

+ a1a23<v1222 + v2122 ~ v2212 ,I. v2221> + ~4v2222 

From equations of the first type we derive v1 etc. as 
••• 

follows, 
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p : a v J a2( 1 - v ·) 
1... 1-1 •••. : 1 ••• 

From ,equations of :the seoond type we derive •·· 

2 
,f. a2 ( l • vl • v ♦ v ) , 

••• . ,.1. • 11 •• · 

V 
11 •• 

Substituting· :for v l. • • a~ ~l. • r.rom oquatione of tho first typo 

giVliS 

Continuing this procedure through equations of the third and 

fourth types gives equations of the following kind: 
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vlll.: P111. - a2(P11.e'h>~.l•·"'P.11.),1,a22(pleu,l,p•l••"P,.1,) • a23 

(al • e.2)3 

Now the independence assumption implies the followings 

iv 

l 
1111 

i v2lll 

vlll2 
: 0 

Adding the first column of this determinant to the second, then 

adding the new first row to the second• 

vllll vlll2 
I 

vllll vlll• I vllll vllle - - - 0 - - -
V V v2lll v211. l V V 

2111 21121 .111 .11 • 
. • 

or 
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looking at the equations in these unknowns on the previous . . 

page. we observe that the denominator of v. contains Cai - 82)2 
.11. . 

al'ld the denominat.or of vllll contains (a1 - 92)4,, thus yielding 

for the denominator of the left hand side of the equation above 

( a1 • a2) 6• v
111

• and v. lll eaoh oo:ntain ( a1 - . a
2

) 3 in the 

denominator• thus yielding for the denominator of the right 

hand side of the equation above (ai • ·92?. Multiplying the 

equation through by this term clears the denominator. The re­

maining equation has only one unknown; 82• Multiplying out 

and co.llecting terms• 

-a2 ( p p. -p p ,l.p p •P p . .fop . p 
.1 •• 1111 11 ••• 111 •• 1. 1111 1.1 •• 111 .11. 11.1 

In determinantal form. this is equation (4.28) of section 4-3• 

Now the equations for p1~ •• • Pu •• • etc.• with which we started• 

are symmetrical in a1 end v l. •. • v ll •• ;otc. on the one hand and a2 
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aDd v2 ••• , .v220
_, etc.- on the other. If expressions were developed 

for v2..,., v22 .. , etc.-, they would be identical with those for 

v 1• • .- ,· v 11• •, eto. , except that a1 and 82would be interchanged•·-. 

For example, 

V 2 ••• 

where -we had 

vl . ·•·· 

The independence assumption implies that 

V 
1221 

V 
1222 

= 0 

Adding the seoo.nd row of' this determinant to the first, then ad• 

ding the new second column to the first, 

r~l vl222 v.221 v.222 1 = I v.22. 
v.222 - - 0 - -

v2221 v2222 v222l v2222 V222e V2222. 
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or 

wt,ien the derived expressions in p and a are substituted in this 

equation, the denominator, containing 82 and a1, cancels out. 

The remaining equation is identical with the one obtained pre• 

viously. except that the argument is a1 instead or 82• 

Hence a1 and a2 are roots of equation (4.28) of section 4.3. 




