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PART VI

PROBABILITY MODELS FOR ANALYZING
TIME CHANGES IN ATTITUDES

by
T. W. Anderson

In the summer of 19,8 the Social Science Division of RAND contracted
with Dr. Samuel A. Stouffer and associates at the Harvard Lavoratory of
Social Relations to conduct research on the measurement of attitudes. The
purpose of this project was to develop methods for more exact description
- of the more complex characteristics of neople. The morale of soldiers,
the degree of tension between white and negro troops, the capacity of
officers for leadership are topics on which information is needed for many
purposes, #hile the judgments of intelligent observers are useful, it is
often desirable to have statistical measurements which can be applied to
large numbers of people and do not require the presence of such skilled
reporters. Methods for such bookkeeping on psychological and social
factors are now sought by many social scientists, and this project explores
one special approach to the problem,

Some of the results of the first year's research were included in
Volume IV of Studies in Social Psychology in World War II. As the authors
of this volume stated in the preface, "experience on the (R:ND) study has
been of inestimable value in broadening the perspective of several of the
authors of the present volume and leading them to make late revisions in
their manuscrints -- in some cases, revisions which are quite fundamental

in character.”

In 1949 it was decided to continue research on attitude measurements,
with emphasis being olaced on the mathematical basis of this approach and
its application to empirical materials. The work was done under the direc-
tion of Dr. Paul F. Lazarsfeld of the Bureau of Apvolied Social Research at
Columbia University, who had worked with Dr. Stouffer during the first year
of the project.

The present Research lMemorandum RM-,55 -- '"The Use of Mathematical
Kodels in the Measurement of Attitudes" —- give:c a detailed presentation of
the preliminary findings of this project. It will be followed by a RAND
report which will summarize the data and state the conclusions of the study.

Because of its length, the Research Memorandum is issued in six parts.
The present paper is:

Part VI - "Probability Models for Analyzing Time Changes in Attitudes™



The titles of
Part I
Part 1I
Part IIl

Part IV

Part V

the other five parts are:

"A Simple Model for Attitude Tests®
"Mathematical Uevelopments in Latent Structure Analysis"'

"The Application of Latent Structure Analysis to
Problems of Reliability"

"The Application of Latent Structure Analysis to Some
Problems of Concept Forration in Sociology and Social
Psychology" :

"Applications of the Mathematics of Multiple-Factor
Analysis to Problems of Latent Structure Analysis"®
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PROBABILITY MODELS FOR ANALYZING
TIME CHANGES IN ATTITUDES*

TeWe Anderson

le¢ Introductions the Purpose of Using Probebility Nodels.

In this peper we shall develop certain statistiocal methods for
studying ohanges in attitudes over timee. These methods might be consideresd
as a type of time series analysis designed for date on opinions held by a
population of individualss

With regard to elmost any subject & number of individuals irn a group
will ohange their opinions from time to time., For example, during an eleotion
campaign soms people intend to wte for the candidate of one party and later
decide to vote for another; some psople may change thelr intentions several
times.

During the last few years a great amount of date has been essembled on
the attitudes held by meny people. There are the public opinion polls, the
sociological studies, the mrket research investigations, and the date ocol=
leoted by government agenciese. 1In the future much more information on ate
titudes will be obtaineds

In some oases the knowledge of the opinion on & given subjeet is known

for the emtire population under considerations. For exemple, early in November,

* I em greatly indebted to Professor Paul F. Lazarsfeld for interesting me
in studying attitude time series analysis and for innumerable discussions of
the material in this papers I am also inddbted to !fr. Lee Wiggins for his
work on the illustrations in this paper.
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1948, it was known how the population of voters thought about who should be
prosidents In many oases, however, the knowledge is of a segment of the popu~
lation and it must be generalized to the entire populetion, The usual publioc
opinion poll is the record of a few thousand individuals, but we extrapolate
the peroentages obtained to the entire adult population of the United States.

The inferring of the attitudes held by a glven set of persons at a
given time is usually not the ultimmte objective of any partioular study.

One may want to know what eactions may result from these opinions, or one may
went to know how these opinions may be modifieds For these purposes one needs
more then a desoription of the opinions held by a population of individuals.
One would like an analysis of the important influences on the attltudess

For en analysis of the ocauses of behavior a theory of behavior is
needed. One would like & theory relating ohanges of attitude to the observed
forces at work on and in the individualse. Unfortunately, there is not in
this field of investigation a well=developed theory (such as one finds in
eoonomics)e If there were we could develop models that hypothesize the re=
lations we should find in the observed data.

The bridge between the original information and the predioted results
or confirmed oauses is the theorys The theory "explains" phenomena; that is,
the theory is the set of conceptual links between various observed faots or
between obsérved facts and predicted results.

Since we do not have a well=deve loped, systematic theory of attitude
change, we have considered in this paper models that seem reasonable for des-

oribing ohanges of opinion when the influences for change are essentially con=
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stants That is, we oan desoribe changes and prediot them when there is no
important chenge in the environment. This 1s an 1m§ortant forward step Iin
the study of attitudes because it will indicate when to look for changes in
the influsnces.

Lot us point up the difference between an ad hoc model and one based
on a more or less sophistiocated theorys A theory of attitude formation, whioh
is not fully developed, states that there are leaders of opinion and followers;
thet the followers take their opinions from the leaders. Te ocould set up a
model based on this theory that would give predioctions under unchanged oone
ditions and indioate changes in the environment and would in addition prediot
the changes of opinion if the leaders were affected in certain weyse Here the
causes of oplnion change in the followers can be analyzed in terms of the
leaders.

While date ocollected requires & theory for explenation, a theory my
suggest date to be obtained. A partioular hypothesis may require certain ine
formation for determining acoeptence or rejection of this hypothesis. On the
other hand, a theory may indicate that certein data are unnecessary or are
useless. Generally, in solentific work the collection of data and the fore
mule tion and testing of hypotheses go hend in hand. 1In this paper we ere in-
torested in date in & ocertain form, namely, reoords of opinions held by people
over time, and the inferenoses that can be drawn from these data,

In any scienoce there will be & disorepanoy between the colleotion of
goneralizations forming the body of the theory and the observed phenomenas. In

mny oases in the physical sciences the disorepancies between the stated re=
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lations and the observed faots are slight; usually in the soolal soiences
they are large,
It is convenient to olassify these disorepancies into two oategories.

One category consists of the errors of observations. Generally speaking, one

does not masure exaotly the quantities that the thecry is constructed to ex=-
plains In the oase of using poll results in studying attitudes, we find that
the data ooncern a sample of people while we wish to generalize about e popu=
latione In these cases the errors of observation are the usual errors of
samplings In some cases the errors are systemetio; for instance the Li terary
Digest sanmple contained too few people of the lower economic lavels, and any
sample drawn in & similar way would have the same kind of error. In other
cases the errors way be oonsidered as random; that is, one oan set up & pro-
bability law for desoribing the sample results in terms of the underlying
population. The use of this probability model for desoribing the errors of
observation is well known. The difference between what the poller thinks a
question means and what the respondent thinks it means might also be inoluded
as an error of observation.

The other kind of discorepanoy is due to the theory being incomplete
or, in som respeots, incorreot, Here again there may be a systematic errors
In this oase the theory is wrong %o some extente On the other hand the dis=-
orepanoies may be dus to the fact that people are to soms extent "unpredict-
able?, It is possible that by taking enough faotors into acocount one oould
predict as accurately as one would wish the aggregate behavior of a group of

peoples Actuelly, one is limited with regard to the number of factors in=
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cluded in a study, If the neglected factors have a certain kind of irregu-
larity, we could say that the net effect of these "irrelevant® factors is a
random effect. These effects we shall call disturbances in relations, A dis=
tinguishing feature between the random errors of observation and the random
disturbances in relations is that the former are outside of the actual phe-
nomena one is interested in and do not affect them while the iatter are part
of the phenomena studied and their effects are incorporated into the ensuing
phenonmena,

The use of probabilities models in the social sclences is probably
furthest developed in economics., A theory might say that two economic quan=
tities for a given market and a given time, say the price p and the quantity
q of a good sold (defined by the economist)s are related in a supply function
f (p,q) = 0. We may observe a price P and a quantity Q and see if it
satisfies the relation

«P+(BQ 4+ Y ) =0
for some numerical values of o< , /3 and y» o In general the relationship
is not satisfied exactly. There may be systematic discrepancies of either
kind, Thc observed price P may be an average for the period of time different
from the economist's definition of P or the constants o , /3 eand 7 may Ye
jncorrent {0 the relation mey not be linear), There may be irregular errors
thal cen De treated as randem, The observed price P may differ from the price
p Gefined by the theorist because of bookkeeping errors or the suppliers may
be nafluenced by factors not taken into account, such as weather or politicel
everts, The systematic errors are questions of data gathering, definitioznse,

and construction of the mathematical theory., We are more interested in the
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rendom disturbances, in particular, disturbances in relations.*

We can give an example of these types of errors from our arse of ate
titude studies from the prediction of the recent election results. The errors
of Gallup, Ropsi', end Crossley were due partly to the defeots of their sampling
prooedures as wall as the "random" error; these are errors of observations Se=-
oondly, the orrors are due to people ohanging their mindse. The ochange of at=
titudes may be inherent fluctuations in the minds of some individuals or 1%
rey be due to some ocutside influencess It oan be observed from the date that
opinions changed from summer to falle To some extent these are random changes.

Public opinion investigators have given great oonsideration to the
first kind of error, namely, error of observation (including "sampling errors")e
However, the seocond type seems more important. Indeed, by drawing large
enough samples the first type of error can be made negligible == at least that
pert of observational error due to sampling. The second type of error =- that
of disturbances in relations ~= may be reduced by inoreasing the scope of the
study but the inherent vagaries of humen nature may still leave this error
large. MNost of the statemsnts ebout attitudes and their relations in time se=
quences can be phresed as predictions. The aoccuracy of these predictions is

limited meinly by the second type of errcr.

* lore sophistiocated eoconomic theory would say that the supply equation in=
volves also costs of factors of production and that there is a demend equation
involving prioce, quantity and inoome of consumerse These equations are be=
havior equations. On the other hand, an ad hoo model might simply say that
there are two equations relating price, quentity, costs and incomes The se=
oond model desoribes the data as well, but does not eanalyze it into the be-
havior of two groupa.
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In this paper we shall consider som simple probability models for
desoribing this seoond type of diserepanocys The use of & model for the ocome
Bination of the two types of error shall not be treated nows Thus we assume
that the questions and attitudes of the people about whom the generalizations
are mde are the people interviewed.

What are the adventages of using a probability model? In the first
place it states precisely the hypothesized relationships between the data
(inoluding the properties of the random disturbances). In a methematiocal
model all of the factors taken into consideration are stated, and the way in
which they are combined is indicated exmotlys. By explicitly putting into the
model probability distributions of some of tho quantities one has in the model
an "explanation" of some of the disorepancies between & non=random theory and
observed factss The rendom quantities can be given substantive meening.

A oonoise formulation is not the primary objective of a mthematioal
models A more important advantage of the probability model is that it permits
us to draw the logioal corelusions of the theory if we know the model pre=-
oiselys By using mthematioal methods we are assured that the oconsequenoces
obtained are those implied by the theorys These two aspects of model building
not only oclarify the ideas one has about the phenomena studied, but suggest
further problems. One is lsd to guestions that are meaningful in this model.

It is essential that the mathematical model be related to observations
of the real world., The elements of the theory should be operationally defined,.

How does one use ones date to evaluate how well the theory desoribes

the faots? One wishes to test hypotheses in the theory end to spescify the
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parts of the theory that are still unknown, For exanmple, one may wish to
estim te a oconstent in the models The third advantage of the probability
model is that using the theory of statistlcal inferenoe one can deduce the
best statistical methods for using the data from the propsrties of the models
More than that, the kind of data to be collected are implied by these oone
siderations.

In this paper we shall suggest some probability models that ocan be
used for desoribing attlitude chenges, These models may be too simple to ex=
plain the process of changes of opinion ipn many oases. However, only by con-
sidering these simple models ocan we see how to formulete more sophisticated
theory.

First, we shall oonsider a very simple case of attitude change, nemsely,
an attitude depends only on the attitude at the next previous time point.

This example will illustrate how we draw conolusions from the model, how we
decide what are meeningful questions (i.e., questions in operational terms) and
how we devise statistical msthods for estimating certeln parameters.

Then we shall oonsider other models for situations which present more
complioated problems, In these exanmples it will be clear that setting up
these models permits ws %o mke inferences that would not be evident from
other approaches.

In the direotion of indicating when causes of changes in opinions
operate we develop a technigue for determining when the change is too great
to be oonsidered as due %o the irregularities that are treated as randoms Se-

condly, we show how to determine the lag in ettitude; thet is, how far in the
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past opinions held effeot the present.s In two respects we go beyond the
"primitive model" in which only the effect of one attitude on itself is oon=
sidereds In Seotion 7 we consider the mutual interaction between two attie
tudes. In Seotion 8 we indicate that Yater# structure analysis oan be used
with these models.

Unfortunately, there is a paucity of time series date in this field.
It is hoped that development of methods of analysis will stimulate the col=
lecting of more datas Most of the illustrations in this text are based on
the Sandusky study of the election campaign of 1940 made by the Bureau of Ape
plied Social Research. In this case we have seven successive interviews with

each respondent.
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2. A Simple Model for the Changes in the Attitude of One Person.

2+.1s Definition of the Model.

We shall suggest a probability model here to represent the
changes in attitude of one person. In the next section it will
be shown how this model is applied to a group of people. The
model suggested here has been studied considerably by mathema-
ticians and physicists. Most of the conclusions given in the
folloving sections are well known in mathematical terms. Here we
shall give interpretations in psychological termse.

This model is simple in several respects; Tor one thing we
shall set up a model which explains changes in a given attitude
in terms only of the previous history of changes in this one
attitude; other factors will be neglected. Iloreover, we shall
not take into account explicitly how strongly this attitude is
held. While the model may seem almost trivial, we shall study it
in some detail because models which are more complicated in terms
of psychological interpretations have the same msthematical pro-
perties. later we shall show how more realistic models can be
based on this simple onee.

We shall assume that at any particular time a pérson helds
one of many different opinions. e shall find it convenient to
number these opinions 0,1, + « oy m = le Tor example, if the
attitude concerns the intention of voting there are two opinious,
either "I do not intend to vote® (denoted by O, say) or "I do
- intend to vote" (denoted by 1}). If the attitude concerns the

nominee to be voted for, the opinion is "I intend to vote for
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Dewey" (denoted by O}, "I intend to vote for Truman' (denoted by
1), or "I do not know for whom I shall vote"(denoted by 2).

At the outset we shall suppose that a personts attitude is
ascertained at regular time intervals. We may interview this
person the first day of every month, or we may question him each
June thirtieth. We shall denote successive time points by t = O,
l, 2y «ves Later this model can be generalized to hold for ir-
regular time intervals.

At any given time t the individual under consideration holds
one of the m opinions, say the i-th one. e shall agsume that the
probability that this individual hold the opinion j at the next

time point is pi « Since the number pij is a probability, it

J
must be non-negative. Since one of the m opinions must be held
at time t $ 1, the sum of these probabilities on j must be 1;

that is,

(2.1) %};; z P;; = 1 (i 2 0y seeeym = 1)

By knowing the opinion held by an individual at the origin of our
time, we can predict in a probability sense how his attitude will
change from one opinion to another as time goes on.

It will be observed that the opinion taken by the individual
at t + 1 depends only on his attitude at time t. No other deter-
minants are taken into account explicitly. In a sense other fac-
tors are taken into account implicitly. The statement made about
a person's attitude at the next time is a probability statement.

It is assumed that the effects of other influences on his atti-

tude are of such a nature that they can be considered random.
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Those inner forces that affect one's attitude are also assumed to
be of an iffegular sort that can be described as random. The

net effect of these factors is such that we can assign a proba-
bility that he will change his wmind from one opinion to another.

We assume thet these "transition probvabilities" pij are the
same during the period of time under consideration. This implies
that the factors affecting the attitude act in much the same ran-
dom way in this period.

We can give a frecuency interpretation to the probabilities
defined here even though the probability model is specified for
just one given individuale The numbers pij depend on the psycho-
logical make-up of the individual and upon his environment. e
can imagine this individual or one similar to him as being placed
in a large number of similar environmentse. Suppose in each of
these circumstances he holds opinion i. Then count the number of
situstions in which he changes to opinion j. The relztive fre-
ouency of this change is approximately pij' Cur frequency inter-
pretation is similar to that the econometrician uses when he sets
up a probabilistic econometric modely if his model relates to
aggregate time sgeries of the national economy, for example, he
interprets probabilities of events as the relative frequency of
events happening in a large number of identical national economies.

Yov let us give an example of our probability model. Suppose
we ask our respondent cach month "Do you think Russia wants peace®:
Let "No" be denoted by O and "Yes" by les The matrix of transition
probabilities might be
ol

(2.2’
«8 .




&'1';‘.
134

If an individual holds the opinion in January that Russia does

not want peace, the probability is .9 that he will hold the same
opinion in Tebruary, and it is .1 that he will change his uindj;

if an individual answers "Yes" to our question in January, the
probability is 2 that he will answer "No" in Tebruary and .8

that he will answer "Ves." The probabilities .9 and .1 indicate
that while an individual will hold the opinion O with some tenacity
there is a 1/10 chance that something will occur to make him change
his opinion. It may be that Russia will make some peace move,

that the person will read a magazine article favorable to Russia,
or that some emotional experience will make him more tolerant to

a foreign countrye. On the other hand a person thinking in January
that Russia wants peace has a chance of 2/10 of being affected by
some occurrence that changes his mind.

The remainder of Section 2 will be devoted to obtaining the
conseguences of this model. These results are theorems in proba-
bility with interpretations in the study of attitude changes.

They are based on the m opinions and the matrix of transition
probabilities.

oo Fo1 0, m-1 |
0 Piq cesese Py g

cessess D

1)
%
L
3
1]
1
!

(2.3) p=} "%
H

LI 3N B A pm_l, m_l ;

/ ’
Tirst (Section 2.2) we shall see that knowing P and the

\pm-l,o pm-—l,l

individual's opinion at the beginning of the period we can assign
a probability to every sequence of opinions hneld; that is, we can

make probability statements concerning any gquestion of the



- " e

individualt's attitude. In particular, we can find the probability
that over a particular time span he changes his mind from one speci-
fied opinion to another (Sect;op 2e3)Ye A very interesting property
of the model is that under/%ggg;iions there is a tendency as time
passes for the probability of a given opinion held to be inde-
pendent of the initial opinion (3ection 2.4),

If a certain set of probabilities are assigned to the initial
opinionsg, the process may be invariant in time in a certain sense
(Section 2.5). 1In any case we can find the proportion of time

that an individual with a given initial opinion holds some speci-

fied opinion (Section 2.6).

2+2, The Stochastic Process¢

If we know the initial opinion of the individual at time O
and the matrix P, we can calculate the probability of any sequence
of opinion held. If the initial opinion is i, the probability of
holding opinion j at time 1 is pij' The probability of holding
opinion j at time 1 and k at time 2 is simply pij . pjk
is the probability of going from j at time 1 to k at time 2. 1In

s Tor pjk

general, the probability of the secuence of opinion io, il’ ig,
sess i (for n $ 1 time points) is

n
(204 P5s 0 Pygot Byogt wens 0 Pi i F tfifl Pi, i,
if the initial opinion is io'
In the above example we see that if a person says No at the open~
ing interview the probability of No at the next and Yes at the

following is +9 X «1 = .09+ (iven the initial opinion No, the



154

following table gives the probabilities of the possible sequences

of opinion over two time pointss

t=0 1l 2 Probability
Sequence No No Fo «81
Yo No Yes 09
Yo Yes Yo 02
o Yes Yes «08

The frequency interpretation is that if we placed our individual
in many similar circumstances and if he started with the opinion
No, the relative frequency of the cases in which he would hold to
that opinion for two periods without changing is «8l.

This set of 4 different secuences and the associated proba-

bilities is called a stochastic process (conditional on Yo as the

initial opinion}s 1In general a stochastic process is a sequence
of events (a set of events ordered in time) together with proba-
bilities of these sequences. In our study, an event is holding an
opinion. Given the initial opinion we can find the probability

of any sequence of opinions; all of these time series of opinions
and the related probabilities constitute a stochastic process for
this initial opinion. Given another initial opinion or given
another set of pij’ we obtain a different process. If we assigned
probabilities to the initial opinions, the set of all vossible

sequences of opinion together with the probability of each se-

guence would constitute a stochastic process. In simple terms a

stochastic process is a probability model for time series.

These processes we study are called Markov processesg Or moru
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more specifically Markov chains. The term "Markov" implies that

the process is such that the probability of an opirnion at time
t ¢+ 1 depends only on the state at time t.
One process of a trivial sort is given by the probabilities

ii
nerson holds his opinion forever. Only the seqguences (05050ee¢,0),

Py; = 1s 2y = O for i:éj. In this case it is certain that a

(1,1,s0451), etc., have probabilities different from zero. Ano=-

= 1/m. 1In this case whatever

ther trivial case is that of pij
the opinion at time t, every opinion is equally likely at t 4 1.

The probability of every sequence of opinions is the same.

243+ Probabilities of Changes over Various Time Periods .

Since a probability can be assigned to each sequence, we can
obtain a probability for any change in opinion we may consider.
Suppose that the individual holds the opinion i at time tg con-
sider the probability that he holds opinion k at time t'+ 2. At
time t 4 1 he wmay hold any opinion. Hence, the probability of k
at time t ¢ 2 is the sum of the probability of O at t 4+ 1 and the
probability k at t ¢+ 2, the probability of 1 at t ¢ 1 and k at

t & 2, etce; that is,

m - 1
(204) DyoPoy ¥ PygPix ¥ <00 ¥ Pi,m-1Py 3 ) = 5 &, PigPix
Call this number p;, (2)¢ Iet
(2)y ¢, .
(2.5) P (2) - (plk ) (l,k = 0,...,m-l).

Then P (2) = pg, for (2.4) is the definition* of the i,k-th element

*1n general, if A = (ala) (i = lyeessCs j = 1yeserd) and B =
k) {( =2 1seeeyd; kX = 1,.%.,e), then the elewent in the i-th Tov
ana -th column of the product AR is 4

Z
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of the product matrix P x P. In the example considered previously
P (2) .9 ol «9 o1
02 ‘8 ¢2 08
83 .17
.34: .66 L]

If 0 is held in January the probability of 0 in February and O in

(2.6)

1]

farch is +9 X 9 = +81 and the probability of 1 in February and
0 in March is «1 X «2 = .02, thus .83 is the probability that an
individual saying "No*" in January would say "Fo" in March. The
matrix P(2) is also a matrix of transition probabilities. If we
interviewed the individual every two months, this would be the
matrix of probabilities of change.

In a similar way we can compute the probability of a person
with opinion i at time t holding the opinion k at time t § s,
Let P (8) :‘(pik(S)) be the matrix of probabilities of going from
one opinion to another in s time periods. Then
(2.7) P (s) zP° .
e can pfove (2.7) by mathematical induction. As noted above,

the equation holds for s = 1,2. If it holds for s-l1, then we show

it holds for s in general. For

-1 :
(s) PG (s-1) .
(208) p]_k - j =‘ 0 le ka H
that is,
(209) P (S) = P (S-'l) P.
Since
(2410} P (s-1) = 2°7% ,

equation (2.7) follows.

Thus given P, We can easily obtain the probability of a
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transition in s steps. The matrix P (s) is again a matrix of
transition probabilities since each entry is non-negative and

each row sum is unity. In the case of our example, we nave

.9 *
pt (.2 .8) ,

(2.2) P - -
‘ 2 «83 17
(246) P(2) = P° = o34 66},
3 /781 4219
(2011) P(S) = P - 438 e 562 Je

It will be noticed that in this case the greater the time interval
is, the greater is the probability of the individual changing his

mind.

2e¢4s Limiting Probabilities of Holding a Given Opinion .

We can calculate P (s) for any s. “hat can we say about
P (8) for very large s? ‘Je are interested in knowing what kind
of probability statements we can make now for some time far in
the future.

In our example we can show that as s increases each element

of P (s) gets close to the corresponding element of the matrixs

(2.12) (22 13).

The meaning of this matrix is that for a time point sufficiently
far in the future, the probability is about 2/3 that the opinion
is 0 (No) regardless of the present opinion. Thus, knowledge of
the present opinion of the person is of less and less use in pre-
diction asg the time span increases. This confirms our intuition
that our ability to predict a personts opinion decreases as the

time interval increasese.



19
7e can make the following generasl statement about the limit

of P (s). There exist m uniquely defined non-negative numbers

m
. with — g
P, ; g:l P; = 1 such that

(2015) lim p, ,(S) :p. (i - O,ooc’ m"l)
S - e 1J J

(s)

if (a) for some j and some s all p_J are positive or (b) there
lor some 5 or there

is only one characteristic root of P that is one in absolute value.

The significance of this theorem is that under conditions (a)
or (b) the probability of opinion j at time t ¢ s approaches pj
a8 8 increases irrespective of the opinion held at time t.
Condition (a) means that at some particular time s there is
a non-zero probability of opinion j no matter what opinion is
held at time t = 0. In our example, this condition is immediately
verified for s = 1 and j = 0 or 1. e shall not prove the general
result here, but give the proof in Appendix l.l.
‘Condition (b} is not only sufficient; it is also necessary.
To study this condition further we must make a digression into
matrix algebrae. Since this throws considerable light on the pro=-
cess, we shall devote the remainder of 3ection 2.4 to this study.
First we shall dgfine characteristic roots and vectors.*

For a matrix P a right-sided characteristic vector** w is a vector

satisfying

* Por a more compdlete treztment see, for example, Garrett
BPirkhoff and 3aunders Maclane, 4 Survey of Modern Algebra, MMac
Millan Co., Chapters 8-10.

** A column vector w is a matrix of one column

R TR

e

W e . i
- - H
H
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(2.14) Pw = ;‘.W

for some value of A ; the value of A is called a chpracteristic

root of P. ZEquation (2.14) can be written as

(2.15) : (P-—)kl) w = 0,

where I is the identity matrix (with elements 5(;i = 1 when the
row and column subscripts are equal and gf;j = 0, otherwise),

or as

(2+16)

oM

1l
: o (Pix " ik A) = O
A necessary and sufficient condition for a non~trivial solution,
Wgseesy Wy 5 Of (2.16) is that the determinant of the matrix
of coefficients is 0; that is, that
(2.17) [P - X1{= 0.
The left hand side of (2.17) is a polynomial in ) of degree m}
the m roots of the polynomial equation are the characteristic
roots of P. In a similar way we define the left-sided character=-
istic vectors v as vectors satisfying*
(2.18) v Pz AV,
In terms of components, (2.18) can be written as

m e~ 1

(2.19) vi (pyy = Adyy) = 0-

iz0
Since the determinant of the coefficients of these equations in
vy is 'P - XI' s we see that the values of A for which there are
non-trivial solutions for (2.19) are the same values as for the

solutions of (2¢16).

*The prime on a vector denotes the transpose; that is,

vt = (VO, vl, ooy Vm - 1)0
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Let the roots of (2.17) be A; > Ao 2 ... 2 A, and
let
j .
N, o ... o\\
(2.20) ‘/\;_-,-: ? ):2"' 0
0 0 ...0/ .

If the roots of {2.17) are simple*; that is, all different
(f\1>)2)

vectors satisfying (2.14) corresponding to the m values of :\.

ryr e

3 l }, then there are m linearly independent
m

Let these vectors form the matrix A. Then from (2.14) we have
This is obtained by combining the m vector equations into a

matrix equation. Multiplying (2.21) by** A'l, we obtain

(2.22) P - aAAA"Y .

* The polynomial ‘E’-)‘I t can be factored as (;\1 -\)
()~2 - A) e (lm - A ), where 11,..., Xm are the m roots of
the equation (2.,17). The number of ;{i that are equal to T,
for example, is called the "multiplicity of the root | . For
instance, lfP= é({), then IP-)\I‘ i} 1(—),»\ 19)\,' .

(1 -A) (1L -A); in this case the root 7 is of multiplicity
two. If only one root has s particular value it is said to be
Wsimple."

** The matrix A™ is defined (when |A| 4# 0) as the matrix
such that A1 A = I; it follows that AA™* = I.
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In order to prove that (b) is a sufficient condition for
(2.13) we need to show that ] is a characteristic root of P

because P is a matrix of transition probabilities. Let

(2.23) & =

L Haeer b

Then (2.1) can be written as

(2.22) PEz £ o

e sce thut éjiv 2 right-sided characteristic vector of P and 1
is tha2 correspindiang characteristic root. XNow let us show that
all the charactveristic roots of P are less thanor equal to :1 in
absolvte values that is,

(2.25) I)\.i] < 1.

From (2.14)} we have

:\ - 1
(2-26) Wl = Z=o pij 'W’j -

Let w, be the largest in absolute value of w Then

h Y-

o? ooo’ m 1°
m = 1 m -1 .

(2.27) 3”‘_""}1,5 jZopiJWJ’f jzopij‘wh.' JRENE

Since g Whg 5& ¢ » (2.25) follows. Thus, in general

(2.28) 1:212123,..'3)‘,,12’1-

7e now prove that (2.13) is true if all the characteristic roots

other than the first are less than one in absolute value. If the

roots are different

(Aaa~1)® 2 aAs~Y apaa™t oo apan?

A-l .

(2.29) P(s) = P°

)
"

:Rn

A
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Since ’7\1’ “1‘ for i = 2, sess m, then*

/o ."1. ' 3
(2‘30) / l 0 e 0 .\‘ y 1 0 L 0
lim Hm F o AJ .0 [0 0.0
S ~ ne 5 o : -l B S !
Y . ¥ . - !
9 0 "')wf/’ \0 0 «..0 o
. y /
Thus
1 0 ves 0 ’
1im fo 0...0 -1
.31 = . 3
(2.31) s - po P(8) = A ;s A
O 0 «0o 04
- a a*’,

where a is the first coiumn of 4 and a** is the first row of A'l.

From the fact that a a*' is a matrix of transition probabilities
(since P(s) is for each s)

(2.32) a a*' ¢ = &

and a z k¥ £ (where k = 1 /(a** £} ). Let p be the characteristic
vector satisfying

(2,33) P'P = p',

where the sum of the coefficients of p are 1. Then

(2434) p'P° =z p' .

Going to the limit we obtain

(2.35) p'a a*' = p' ,

and thus a*' = k*p' where

(2.36) 1/k* = pta = kp'e = ke

Thus

* v 1im  B{s) = C" means lim bij(s) %5 for all i, ja»

S ~d ey 8 b PR
where B(s) = (bij(s)) and C = (cij)’
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(2.37) a a*x' = k€' - Ep!
This proves (2.13) for the case of all roots being different (and
only 4’)k1' = 1).

In case the roots are not all different we can obtain an
expression* similar to (2.22) where_/\.may not be diagonal but
has property (2.30). Then (2.13) results by a similar proof.

Let us illustrate this theory by

R
(2.38) P - ( )
2 .8/°

The characteristic equation is

o = A

2

(2.39)

2|
‘;lg-l.7l&.7:0.
8 - A

The roots are 1 and 7. The right-sided characteristic vectors

are

1 1
(2.40) ( ) , ( >
1 -2 /.

The left-sided characterigstic vectors are

2/3 1/3 0
(2.41) o | ;
1/3 -1/3 /
. % .
Then
1 1) 1 2/3 1/3
(2+42Y A= s ATT = |
1 -2 \1/3 =-1/3
and
P /
9o JayY 1 1 1 0\ Jo/3 1/3
(2.43) = |{ ' '
2 8 \1 -2 0 W7 1/3 =1/3 | &
%*

He W. Turnbull and A. C. Aitken, Theory of Canonical
Matrices, Blackrie and Son, Ltd., 1945, pe. 49. This question is
discussed further in Appendix l.2.
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It follows that the limiting matrix is

(2.44) L .9 .1) ° (EL (2/3 1/3) [ 2/3 1/3 )
s_;mw 2 .8 - 1) \ ez 1/ .

Now let us prove the converse, namely, if (2.13) holds, then
,)*i’ < 1, §22 s essy me Since ’11 ! ® does not approach a
limit if {Ai{ =1 and A, #3, it follows that the only roots
of P that can be of absolute value 4 must be T because other-
wise j&? does not approach a limit and hence P2 = AJN?A-l does
not approach a limit. If the roots equal to.] are )\1’ cees Ar»
are the corresponding columns of A and al*', crey

aly s0sy ar

a.*' are the corresponding rows of A-l, then*
(2.45) l1im P° - fpﬂ a.a, &'
S wh am i&"Elll
This is of the form (2.13) only if r = l. This proves the

result.
7Je can now characterize the matrices P of transition proba-

bilities. The results are given in the table below:

(a) (v) (c)
Thzracteristic 11 =1 ll = ...33; 1 Some ;\b #1
Koots r
2|« 1 A<t fAl= 1
182 el iwrdl,ee,m
Limit of P(s) n* not &Ep' no limit
Example of /o9 ol 1 0 0 1 5
P(s) ‘ {e2 o8 o 1 i1 0}
! T
Limit of [ 2/3  1/3 ) 1 04 no limit
Example \ 2/3  1/3 / 0 1/ o timi

* The roots equal to ] correspond to simple elementary divi-
sorss See Appendix l.2.
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In the example under (c)

(2+46) P(s) » 8 0dd,

0

0\
y S even.
1

Hence, there is no approach to a limiting matrix. These cases

are congidered further in Section 2.7 and in the Appendix.

It should be noticed that the approach of P(s) to the
limiting matrix depends on ;\is (i = 25 «+ey, m) approaching O.
The smaller are these roots, the faster is the convergence.

It may be objected that this model (with only one root of
absolute value one) is not realistic for sociological phenomena
because as time goes on the probability of a given individual
taking on a given opinion does not become independent of his
initial opinion. The unreality may be modified, however, by two
considerations. One is that our time of study may be so short
that the limit is not approached and the model may be adequate
in our range of study; the other consideration is that if the
process holds only for each of a restricted class of individuals
it may be a good approximation. At any rate this feature of the

process is one to bear in mind when we come to use it to explain

the behavior of specified individuals.

2.5+ A Stationary Process .

Suppose the matrix P satisfies the condition for

(2.47) lim p° = £p' .
8-4 o

Then
(2048) P'P - P' 4



T 27e

and, in general,
(2.49) p'P° - pr .

If this process has been going on long the probability is
about pj of holding opinion j (regardless of the earlier history)
at any particular time. At a later date the probability is also
approximately pj. Thus the process is nearly stationarye.

Mow let us see how we can define a process that is station-

ary. By stationary we mean that the probabilities associated with

opinion at time t are the same as at time* t $ s« We can define
a stationary process if we can assign a probability to an indi-
vidual holding a given opinion at time O« If the probability of
opinion i at time O is Py (the i-th coordinate of p) then the
probability of opinion J at time t is

m -1

(2+50) 2. D

o J

ij
by (2.49). Similarly, the probability of opinion i at 0 and j at
1 is p.p.. - ili i i i P

i plp1J and the probability of i at t and j at t $ 1 is plle
by {2.50). Thus we can show that this process is stationary.

The vrocess (i.e., the set of probabilities) does not change with

[

one way that the stationarity from time O on is achieved is
by a=swring that the process at time O has already been going on

infinituly longe

2., Liuiting Proportion of Time with One Opinion

In gennral we can say that over a period of time a person

s o

“mo he precise we should say that the joint probabilities
associaled with the opinions held at tl’ t tk are the same
9 o0ve

as for tl "‘ S, t2 $ Sy eesey tk 4 Boe
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tends to spend a certain portion of time holding a given opinion.
If the conditions of Section 2.4 are satisfied, then the propor-
tion of time does not depend on the initial opinion.

Now let us study how the proportion of time that an indi-
vidual holds a given opinion depends on the matrix of transition
probabilities P and possibly on his original opinion (if the con-
ditions of Section 2.4 are not fulfilled). We shall suppose that
our individual holds opinion i at time 0 and we shall study the
proportion of time that he holds opinion j. Suppose we treat the
successive time points t = 1, 2, sy, To Let X(t) be a random

variable that is 1 if opinion j is held at time t and 0 if a dif-

ferent opinion is held at time t. Then

(2.51) By % 1} = py5(t)

Pzr{ o} s 1 - le(t)
The total number of time points at which opinion j is held is

X(1) ¥ ..« % X(T), and the proportion of time is

D&

(2.52) x(t)

..-"

We want to show that if T is large enough X_ is very probably

T
near a certain number (depending on P). That is, we wish to show

that there is a number a such that

(2.53) P lim XT = 8 e
T~ oo

A precise definition of (2.53) is: Given two (small) numbers
é 5 > 0, we can find a T such that for T } T
(2.54) {{XI. -al)J‘} < &

This means that if we take a long enough time range we can be
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pretty sure that the proportion of time opinion j is held is
about a.
Tirst let us see what this number a must be. The expected

value of X_ is

T
T
(2.55) EXp = L tZ: L X(®)
-~
% ph P

Te shall show later that as T-3ec, (2.55) -3 ae. The variance of
XT approaches O as T approaches infinity. Since the proof of
this is rather detailed it is given in Appendix le.3. By Tcheby=-
chevts Theorem* we find that (2.53) is true.

T
Now we shall prove that as T approacheseg, 1 z pij(t)
T t =1

approaches a limit. We wish to show that there is a matrix §

such that
T t
(2.56) lim 1 % P =-4Q
Tdoo T t=l
By the canonical reduction
(2.57) 1 % Pt .1 }E (aA™®
Tt+<1 TTtT1 |
T -1
=1 ¥ AJAfA
T tf=e1
I t\ -1
= Al 1 T . A .
Tt‘s“lj\'

T
Now we wish to show that lim 1 2: JAbt exists. If the roots
Tt =1

* s. S L] Yﬁri lks ] 1{&{;
p.&o.

jatical Statistics, Princetor Unive Press, 1943,
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are different*

(2.58)

3]

1)

O e O
+3} -
M
"

o

1t A, ;é_;

(2.59)

"M

=)+

1
t'’ =1 1 T
‘)

by the geometric series formula. Since** ’ )ﬁ f<<. 1y ‘ l-)-T‘

Ei 2 and
T tl 1
«60 i o
(2.60) 1 t%} ’ < % S i . 2

1

AS T oo, (2.60) approaches 0., If )Li = 1 then 1 '2: 2 t

Tt=1
T
1 Z l = 1. Thus if ) =1 for i = 1, eee,r and li 4%1
F <1 i
for i - r-& i, seey My
1 O LN O 0 L N J O
(2.61) 0 1 .iee 0 0 4400
T .
1im 1 ) A.t = 0 O see 1 O oes 0
T‘%’oﬁ?t?l 9 900'0 O...O
0 O «ce 0 0O see 0 s

*More generally the condition is that the roots correspond to
simple elementary divisors (see Appendix 2¢27.
*k ‘x: means absolute value of Xe.
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where the ones are in the first ® diagonal positions. Thus
(2.62)

T t % s o 0 O XX o -p_l
1im 1 Z P = A 0 (R} 1 0 see 0 A
Treo Th=d § ve0 0 .un0f

M

.. a., a. *' = Q o
i1 1 ‘

where ai is the i-th column of A and ai*! is the i-th row of

A-lo
Let 1 0O 00 0 = Re Then
0 1 ¢0s O
Pl
(2963) i O 0 e oo 1
%, (:.) ets O
0 0 [ 0
-1 -
(2.64) @ = araTTAAAT
_ AR,AAWl
-1
= ARA
- Qr

since R A = R. Thus each row of 1 is a left-sided characteristic
vector of P corresponding to a root of 1 and since P = Q, each
column of ¢ ig a right-sided characteristic vector of P corres-

t
ponding to a root of 1. Thus the a; and a; can be taken so that

Qll 0 L 20 X ] O
(2.65) Qz{ © Qg +e+ O
0 0 eer Qpp

where each Qii is a trangition matrix of the sort £p'. If
r =1, then q - Qll ag in Section 2.4. If r 1, then the
proportion of time the individual holds an opinion depends on his

initial opinion. If he starts with an opinion in one block, his
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average time in another block goes to zero. As a matter of fact,

P must have a form somewhat similar to that of Q.(Seezqmendh:244)

2e7. Freodom in Specifying Stationary State and Turnover .

Let us see how much flexibility there is in specifying a
model for some particular time series. We shall see that in the
case of a dichotomous attitude we can specify the stationary
state and the turnover.

The model is specified by the matrix P. The number of free

\
free parameters in p (the characteristic vector of P correspond=-

Py

paramaters in P is m{m - 1) ®since = Pyj = 1). The number of
J

ing %o the root of unity) is m - 1. Thus we can assign p and
. i 2 .
still have the choice of (m - 1) parameters in P.

Let us see how this works in the case of m = 2. Then

P P
(2.56) P = ( 00 01)
Pi1o P11/
Suppose p (the stationary state) is given by p' = (po ;ﬁ). Since
(2.67) PE - &,
we have

b =1-9 ’
Piog=1-"P3

That p indicates the stationary state is shown by

(2069) p’P = p' .

The second component equation of (2.69) is

Thus o

Py
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and using (2.68) we obtain

P

1

Using (2468) in (2.70) we obtain
or

which is the first component equation of (2.69). Thus (2.69) is
satisfied if p

00’ P10
given by (2.68), (2.72) and (2.71), respectively. Thus we can

and p,, are expressed in terms of p,,

assign the stationary state and the turnover.
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3. The Simple Model for the Changes in Attitude of iany Persons,

3ele Definition of the llodel.

In Seoction 2 we considered a probability model to explain the sequence of
opinions held by a given individuel, Our frequency interpretation of probability
here is that if we took this indjvidual and an increasing number of identical
individuals and set them in roughly similar environments,* the proportion of
thase identical individuals holding a given sequence of opinions approcaches the
provability of the sequence as defined by the model,.** The probability model in
Sec:ion 2 was thought of as applying to one particular individual, Now we are
going to assume that we have & number of different individuals who are similar
enocugh so that we ocan use the same probability model for each. That is, the
same matrix P applies to all. The initial opinions need not be the same, Out
of thege n individuels we are interested in the number holding a given opinion
at a given time, or in the number holding & given pair of opinions at given
rairs of time, or in the number of people holding a given sequence of opinicns
cvor 2.1 times studied., Since each individual's sequence of opinicns is &
rendcn variable (i,e,, there is a probability attached to each possible sequence),
the total number of individuals holding & given sequence is a random variable,
The interpretation of this in terms of limiting frequency of occurence is for
repeating many times the entire environment for the n individuals, We shall now
build up the theory for the aggregate of opinions held by a set of individuals,

Suppose at time t = 1 there are ny(t « 1) persons holding opinion i, For

*Or we take this one individuel and imegine pubtting him into an increasing
number of similar situations,

**The question of interpretation of this probability model for one individe
ual is siniler to the question regarding a probability model in econametrics for
one set of time series, See T, Haavelmo, The Probability Approach in Econcmetrics,
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each such person there is a probability Pyj that he will hold opinicn j at time
tes What is the probability that of these ns(t = 1) persoms, there will be at
time t nio('b) holding opinion 0, nj;j(t) holding opinion 1, etc,? The answer is

given by the multincmial distribution:

(3.1)

Bi0(t) mi: 'c;z-l ) .ii'm_l(i 71 p-mnio(t )p s ®) ... 'P'i,-m.-lni’m'l(t ) ’
- H;E: - n%f_l Pijnij(t)
Tfe ng 4(4)3 =0 ;
o
where, of course,
n-1 .
(3.2) jzéb n35(6) T my(t - 1) .

To-1llustrate this idea, we can consider cur sarlier example. If an individual
holds that Russis does not want peace in January, the probability is (9 that in
February he has the seme belief and is ,1 that he changes his mind« Suppose we
have 20 pecple who hold in January that Russia does not want peace. Then the
probability that 17 have the same opinion in February and 3 chenge is

20}
(305) (.9)17 (.1)3 .

If 30 hold in January that Russia does want peace, the probability that 6 of
these 30 change their minds and 24 continue to hold the same opinion is

308

61 24}
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Define the veotor n(t = 1) and the matrix N(t) as

(3.5 fag(t = 1)

(306) ‘/, noo(t) nol(t) s o @ no,m_l’ (t) ‘H"\‘?
wey =/ mo(s) m(6) o o mp g (8)

fo s SO

nm—i?o(t)nm‘l,l(t)c o onel, m-]_('t) .

The oonditions (3,2) can be written
(347) N(t) 7.5 n(t=-1).,

Now we want to define the distribution of all compcnents of N(t), given the
veotor n(t # 1), It is the product of the m functions (3,1), namely,

- w1/ my(b-1)8 }
(3.8)  £/n(k - 1) N8| T2 T ¢ 53 T gl S

=0 W (6)3 j=o .
(80 "1 y

In our example if

(3.9) a(k = 1) = gg}"

the probability that

17 3
(3.10) N(b) =< )
6 24

is the product of (3,3) and (3,.,4),
In this case there are 23 holding opinion O and 27 holding opinion}at time

te In general
mel
(3.11) 12-0 ng4(t) = ny(e),
»
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or in vector form
A - 1
(3.12) £ M) = n*(t).

We may be interested in knowing the -probability of a vector n(t) given n(t - 1),
That probability is the sum of (3,8) over all matrices N(t) such that (3,7) and
(3.12) hold; it is

(3.13) g/a(t =1), n(t) |7 3 ¥ £/n(t - 1); M) | F .
In our example we can obtain 23 with opinion O and 27 with opinion 1 from the
N(t) matrices
20 o) 19 17\ (o zo\
(3.14) ( ’ & } 7/.

3 27 426/, « 4. ,\28

The probability is

20
(5.15) : E-O 208, 30t (.9)20_ y( .1)&{ (2 )34 ,L/(.8)27- v
(20= 29)8 /3 (3427)1(27~2)8
..~ 20 &
iR 20 304 (D (:_.__2)) (:9)7%(.2)3(.8)2
Y= 0 (20 )3 2 8(3427)8(27= 18 \(‘9) (+8)

Finally, we can define the probebility of a sequence of vectors n(l), n(2),

e « o 0(T) given n(Q) as
T

(3.16) tTfl £/ n(t = 1)3 n(t)| 7

where it is understood that (3,7) and (3,12) hold for each t in the definitioms
of £/ (t & 1); n(t) /., The idea of (3,16) is that we obtain the distribution
of n(1), then multiply by the conditionael distribution of n(2), and continue, A

given conditicomal distribution has the property that

(3.17) E {n(t)')n(t - 1)}’_: n(t - 1)t P,
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We can also define the probability of a sequence of matrices N(1),
N(2), o o «» N(T) such that

(3.18) n(0) = N(1)§E
and C
(3.19) N(t - 1)1€2 N&)ES nt - 1),

The probability is simply

. v
(3,20) ﬂ' f[n (t =« 1); N(%) J_I_PZ .
t=1
Another mathematical way of obtaining the above expressions. is to write

down the probebility of the numbers of pecple holding all possible sequences of
opinicns as a multinemial distribution with (2.4) as the elementary protabilities,
Thefx the probebilities given above are derived as marginel and conditional
distributions,

From the point of view of the elementary probabilities of sequences of
opinions we could give a quite different interpretaticn of the probability, We
coulcd ooncelve of our population having as eolements sequences of opinions suoh
+n=% the proportion of the populaticn being & given sequence is (2,4)s Then
if we draw a sequence &t random, the probability it is a given sequence is (2.4),
If the population is sufficiently large, we are led to approximately the above
theory when we draw n sequences frem this populaticn,

This second interpretetion (in terms of randcm sampling of individuals with
sequences of opinions) can be combined with the former interpretation to give &
composite interpretaticn (which is probably more realiskic), In this paper,
however, we shall use the first interpretaticn, It is more convenient, in

particuler for prediction,
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It may be argued that a large group of individuals may not be homogeneous
enough for their opinions and potential opinions to be explained by one process,
The answer to this argument is that an inhomogeneous group may be split into
smaller groups, Then for each smaller, more homogeneocus group we use & probabile

ity model of the sort desoribed.*

3e2 Properties _o_f_'_ the Model derived frcm the liodel for One Person,

We shall now see the implications of this model, The properties described
in Seotion 2 will carry over to this model in certain senses,

(1) The Stochastic Process, The distribution (3,16) gives the probability

of a sequence
(3.23) n(1), n(2),evs o, n(T)
if n(Q) is given, This is a stochastic process (depending on n(Q) ) because the
sequence of vectors is & sequence of random vectors (i.e., to each possible
sequence there is & probability attached), The process in Section 2 is a
special case where the vector n(p) has one componemt equal to 1 and the pthers
equal to O,

We can also define the probability of a sequence of matrices,
(3422) N(1), N(2), o o o5 N(T),
This is also a stochastic process,

Indeed, we can define the probability of a set of the numbers of people having
different sequences of opinions, For example, we could cbtain the probability
that of 11 people holding O as initial opinion, 3 have the sequemce 1,1,0,0, over

a pericd of 4 time intervals, In fact, as indicated before, another way of

*in The sase of contlnuous variates one uses residuals from regression on
the botherscme variablesy +the analogue for discrete variables is stratification,
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setting up the probability (3.16) is to consider each s equence of opinion
il, ig, e » s, ip, and add the probabilities of those sequences such that we
obtain n,(t) people with opinion i et t (for all i end %),

We have assumed that n(0) is given, If we assign & distribution to n(0) we
got a stochastic process that is independent of the numbers of pecple in the
initial state,

(2) Probabilities of Changes over Various Time Periods, In Section 2.3 we

saw that if a person holds opinion i at time t, the probability is pij(s) thet
he holds opinicn j at time t § s, We cen apply the reasoning of Section 3,l,.
Suppose the numbers of people holding various opinions at t are the components

of n(t)., Let

(3.28) ¥ = (ngy) (1,d 505 o o o5 m=1)
be a matrix satisfying

(3.22) NES n(t),

(3.26) Eva nft 4 8),

{
where n(t 4 s) is scme vector such that the sum of ccmpcnents is the same as

n(t), The probability of a vector n(t 4 s) is

(3426) <7 ozl ’hi(t) 1
. =>1% me=] .
£/n(t); =n(t + sHP (s) 73 |} {m-l il plj(s)ni.) -
i<o fﬂ* ng .3 j=o ]
i\j=o J

where the sum is over all 1y for which (3.28) and (3,28) hold, This probability
could also be obtained from (3,13),

Consider the example we have used before. In this case

R B
(2.6) P(2) = | |
\\.34 «66 .
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Thus if

/
(3.28) n(0) = ’\

the probability of

(3,28) n(2)

(] ]
p——————.
n
ma
reormiran e

.
i

20
(3,28) yéoé%‘:,ﬁ%ﬁm (2832917 (3e)3 Y L66)?T- Y,
-

This formule is obtained in the same way as (3,15).

(3) Limiting Protabilities _gf_ Holding a Given Opinion, If the matrix P

of transition probabilities has one characteristic root unity and the others less
ir sbsolute value, we know that P(s)—s§p! ; that is, sufficiently far in the
future the probability is about p N that & person hold opinicn i irrespective of
the opinicn held now, Let n be the sum of the ccmponents of n(G), namely, the
number of people atudied, Then the probability of

(3,5%) Y= [¥°

L]
ym-l
~occcuring at a time point far in the future is approximately the multinomial

expression

( 3 .sm) nl VO )}m-l

Vo! . . .Vm-l'

In our example

(3.32) pt = (2/3 1/3).
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If there are 50 people, the limiting probability of 23 no's and 27 yes 's is

(3.83) *ol (2/3) 2% (1/3)%7,

23y 27§

(4:){\_ Stationary Process, If we use the components of the wector p to
define a multincmial distribution for n(0) we obtain a stationary process, Then
(3.32) is the probability for any n(t) being equal to }/, - -

(6) Limiting Proportion of Time with Cne Cpinien, The average frequency eny

person with initiel opinion i hes opinicn j over & period of time tends toward

qij-dei‘ined by (2.48), Thus if there are n (©) people with opinion i at time @, -

i
~on the-averege the proportion qy4 of these will hold cpinion j. The everags .

number of pecple holding opinion j over a long period of time is ? !,ni(*o%ﬁif}k o -
‘ , =0 a

By average hers, we meen adding the number of people with opinion j at time 1, .
.2’ e o o) T and dividing by T.

(6) Asymptotis Normelity, Suppose nj(t=l)sgivon, If nj(t = 1) is large

enough nio(t), . o0 nj,p.1(t) are approximately normally distributed with

expected values

(3.,38) E ;{ nij(t)l ni('b - 1)3 - | n;(t - 1) Py

and covariances

3 | )
’ ) - K .,S A L]
(3o35)((§éij(t), nik(t)] ns(t - 1)} = ny(t - '1) (@jk ~ Pij) Pik e
The conditiomal distribution of ny4(t) is independent of that of By (%) for
h 7 i. The asymptotic : distribution of the set {nﬁ(t)?; cen be derived from ths
}
above, The compeonents of n(t) ere approximately normal (if all ny(t = 1) are

large) with meen ,

— o mel Y mel ‘
(3.56) u'nj(t)‘ nﬁt - 1)‘§ =tz %‘;o nij(t‘) ‘ n;(t = 1)'} ai§° ni(t - 1) Pij -
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The covariences arse

(4 (- 1 - M=l éﬂ
(337 ) ny(t), me(6)| ms(t ;3 S, malt = 1) (dy - By) e

Hoere the n, (t = 1) after the bar means thet ny(t = 1), « o o nm_l(t - 1) are
held constant, In general, if n is large any of the distributions given in this
section can be approximated by a multiveriate normal distribution,

The nij(t) or the n;(t) satisfy certain stochastic difference equations,
The "disturbances" are asymptctically - norma?hrdistributed. While a large
body of statistical theory has been built up for stochastic difference equaticns,
it is not very suitable here because the covariance matrices depend on the

coefficients of the difference equations,
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4, Some Statistical Problems.

4,1, Drawing Inferences from Data,

In the preceding sections we have suggested & model to describe how
people's attitudes change, In the model there are certain unspecified parameters,
pA-__j, In each particular situation we want to know these numbers; on the basis
¢’ data relevant to the model we wish to estimate these parameters, Cne method
is given in Secticen 4,2, and the properties of these estimates are studied in
Suction 4.3, Another method of estimation is suggested in Section 4.4, We
woulsl also like to be able to test the validity of the model; a method is

suggosted in Section 4,5, In Section 5 we apply the methods to & specific case,

4.2, Meximum Likelihood Egtimate of the Matrix _c>_i‘_ Transition Probabilities,

Suppose we have a sample of observations, The sample consists of a set of
matrices N(1), N(2), ees, N(T)e If our model is correct, all of our informatiom
is contained in this set of matrices,* The unknown parameters in the system
are the elements Pij How shall we estimate them on the basis of our sample?

We shall use the method of maximupi likelihood** to obtain the estimates;

these estimates arse given in (4.6)., The likelihood function is

I Nl - (%))
(a.1) ﬂ TT ’\ m-lni(t 1)3 r pijni.] &

t= 1l 150 n; 5(£)3 J=o J

J - o] f
where nij(t) and ny(t=1) a_re the actual observetions. For the method of
maximum likelihood we consider (4,1) as a function of the parameters Pije Dencte

the logarithm of (4.1) by L(P| N(t)) « We wish to mAximize this with respect

*This set of matrices is & sufficient set of statistics,
** S5, S, Wilks, Nathematiocal Statistics, Princeton University Press, 1943,
pt 136‘




to the set of Pij subject to the restrictions

(4.2) m=l

«....f Pij= 1 5, 120, eesy m=1 .,
3= 0

Letting /\ ; be Lagrange multipliers, we can find the maximum likelihood

estimates of Pij by maximizing

f1 m-l
(4.3) gb = L (7l w(s)) +%_,’ogi<%opij -1) .

The partial derivatives of{ 'l) with respect to p;j are

T
(2.4) a"éﬂ-‘- > 2yt /\i
a‘Pij =1 pij

Setting these equal to zero, we have

T .
(245) 2 1y 4(t) = "/Llﬁij ’

t=1 ’

where ’ﬁij indicates the estimate of Pyj ¢ Summing (4.4) on j , we have

T

™
4,6 -
( ) Z ng(t"l) - -/ki .
t=1
Thus, the maximum likelihood estimates are
: z
(2.7) Homiy(s)  F myy(t)
L= 21 g %=1
pi,] 0 - i ————— o
- ,(.1:» m-1
» ()
2. n3(6=1) > 7> my4(8)
t=1 t=1 j=o

The estimate of Pij is obtained by summing the i, j-th entries of the matrices
n(t) and dividing by the sum of the iw~th row sums of the matrices N(t). Ve

shall give an exeample of this method in the next section,
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4.3, Statistical Properties of the Estimates

From our knowledge of the stochastic process we can deduce statistical
properties of the estimates, The exact joint distribution of /Bij for given
n, (0) and T is very complicated., We shall consider epproximations for {nk(o)}

: J

large or for T large, In meny cases T will be fixed but the number of indive

iduals in the sample is large, Let

- ¥}
(448) Ilk(O) - (k e
m=1
where Z 'Qk 21, We shall just give asymptotic properties for n ——of,
k=0

(a) Asymptotic behavior of nij(t) A5 N “w—-B 0K o

In Section 2 we considered the probability that ome individual takes on
successively a sequence of opinions. The number of different possible
sequences is m! , If there are n(0) people with opinion k at time t = 8, the
distribution of the number of people taking on each sequence is a multinomial
distribution, As nk(o)w-)‘-’Q the asymptotic distribution of these numbers is

e multivariate normal disbtribution, Let , n..(%t) be the number of people that

ki3
hold opinion k at time 0, opinion i at time t=-1 and opinion j at time t, Such
a number is the sum of the number of sequences that include k at time 0, i at
time t=1 and § at time t, Any set of k’nij(t»)' is esympbotically normelly
distributed (as nk(0)--—>o£3) because these variables are a set of linear
combinations of asymptotically normally distributed variables, Finally

A el
(4.9) n, 5(t) = Z Ai5()
k=o

o<
Thus eny set of nij(t) are asympbotically morp-tiy distributed (o8 » A for

n(k fixed),
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To specify the asymptotic distribution of the nij(t) we need only find
the expected values, wariances and covariances of the nij(t) e The calculation
of some of the expected values, variances and covariances is made in Appendix
2.1,

(b) Consistency as n —a X

We shall now show that the estimates ’ﬁij are consistent estimates of

p.; # that is, that

: A
16 10) p lim Pij3 = Pijy o
N - O

"' means that if n is taken large enough we can be as sure as we please

lal gij and Pij do not differ by more then any pre-assigned quantity.

Weo can write ﬁij as

ri: (n)
o ~ o i
ell) Pyj = e N
s; (n)
rare
T
1 -
4..12) ris(n) = ':“éj;.\ ng5(8)
t=
{4,13) 1 r

s; (n)

"
=]
fods
~
et
[}
]
L 4

In Appendix 2,1 we see that

(4.14) 181 5(t)

a nd that the variance of knij('t:)/nk(o) is
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2. (6) 1 ~ T )
(4,15) o K71 \.’. ~ Tar n46) @ Pki(t-lu)n‘ij \}‘Pm(t'lhl}

(o) /' 1%,(0) n "’“:;k

Tt

As n —>ocr, (4.14) appreaches O, Hence, by Tchebycheff's inequality

Plim 3 P13(%)

(4.16) B
B—sX: o = Pey(t-1) pij
ik
Hence,
4:.17 . . _1 . l
[ Lk
Thus
P1imy(t=1)  me=l
(4.18) = > Y? By (6<1)
Dbt p k<o
(4419) (n) = = ool o,
. Plinrys(n) = Py 21 > Tergg (1)
=1 x= :

N TXD

T mel
4,20 Y 7
(4420)  plim s3(n) P g Qk Py (t=1)
ey tsl k= o '

The ratio of (4,19) and (4,20) gives (4,10) as was desired,”
(¢) Asymptotic normelity as n —» o0 ,

e show in Appendix 2,2 that ,/‘ﬁ’(ﬁfij ) is asymptotically normelly

= Pij
distributed with mean O and finite variance, In fact, the entire set
VS (ﬁij = piz) (L, 320, ey m=1) has asymptotically & joint normal

distribution,** This follows from the faot that fsij is a function of the ny4(t)

* We use the theorem that if p 1i1 &, = & and p lim b, ‘b, then p lim
(anvtbn) = adb and p lim (an/by) = a/b ,
#% It is a singular or degenerate distribution because &jp =1,
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which are asymptotically normally distributed.
The limiting variance of ¥n (313 - PiJ) is

(4.21) Py (1-9”)

-1

The limiting covariance between vo (Pi,j -~ Py J) and \E (ﬁih - Pih) is

(4,22) - Py Py

m-l
k_o (k 5 Py t-1)
If i £ g, then Pij and Pgp are asymptotically independent,
For large samples then we have approximately normal distribution theory.
We can then use the fomiliar theory of statistical inference for normal
distribution for testing hypotheses about Pij and setting up confidence
intervals,
(d) Consistency as T «— =w> (X

We now wish to prove that

(4.23) p lim

oo

That is, if we take observations over a long enough period of time our esti=-

mate of Pij is arbitrarily close ’co the time value, TIel
1

(4.24) ) = > (t-1)
S‘ _ﬁ n
1 T
(4,25) r, (1) = 51 By (t)
13 ll'l T
when () () ()
A r,. (T re: (T) = p,, s, (T
(4.26) (Pij - Pij) - ij = ij ij "1 .

51 (T) Si (T)
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It fol}pws from Appendix 2.2 that

, m-1,, 1
(4.27) _E ”rij(T)"Pi.isim)J - "l'gp (1?13)50 (k td@ a

T
Since (4.27) converges to 0 as T--%2 (by Section 2,5), we have
(4.238) p lim ¢ r
Tes cact Ty (B =Py oy (T)J =0

Now we must show that si(T) is bounded away from O (in a probability sense).
We can prove that

. P lim 1
(-1 23 Do GO T4 (T) - Ppy (r) 8, (T -7 % 1)! = 0 .
“x’ng on h, we obtain

F lim
(3,73

- )
si(m+1>-;h_ pmmsh(w-unj - 0

T —s C3

Jzpote we assume that for some T, Ppi (r)> 0 for a1l h, Then the second

vora in (4,70) is

i’,cr«}.\ <r'. b
(e 313 Aﬁphi(r)sh(T r+1) .

3'rce Z:Sh (T-r 4 1) ;‘EL oy (0), (4,31) must be positive; in fact
(4,32 Cp, (r) s (T -r+1 min § S n (0) .
) }Hpmuh( EA LGP0
-
Thus for T sufficiently large the probability is arbitrarily small that

(4,33) s, (I) = ©
From this fact and (4.28) we obtain (4,33), This shows that we can increase

our information by increasing the length of our series,

4.4 Tasting Hypotheses about Specific p;; and Confidence Intervals,
On the basis of the asymptotic distribution theory given in the preceding
section we can derive certain methods of statistical inference,

(a) Consider testing the hypothesis that Pij = Poij (a given number) for a
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specific i and j o« The varismse of \/n (I;tij - pij ) can be consistently

estimated by
A A A A
(4.34) Pij (1=~ Pij ) ] P33 (1~ Pij ) .
1 L
s; (n) = :§: n; (t=1)
' el !

A
The denominator is obtained from the computation of Pij o One could also use

o 0
<. (1 - <)
(4.35) pl,] Pi.] .

s; (n)
Under the null hypothesis

- A
(4.36) va ( Piy = (J?.j )

Iy

2

&
€

0
i ( l"Pij)

-~

!

is approximately normally distributed with mean O and variance l, Thus a

s, (n)
"womsided" test of the null hypothesis (against altermatives pijép?ij and

0 o
Py;>> Pij ) et significance level ™ is

(4437) \fﬁ(gij'P?_j)
/o =1 > 6 (K)

where %(ot) is the X =bth significance level for the normal distributiong

that is,

el
'

t
(4.,38) 4}

2

<l

& (
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*

& one-sided test against alternmative pij:’sz is
\/i‘(% - py.) |
h I

(4.39) > s (Y,
/ pgj (1= Eﬁ'z
s (n)
h
where ?? « -%?2

dx:l-O(.

/ 1 X:]
(4440) —
NzTr
L o8
It will be observed that there is a strong relationship between these
tests and the tests for the parameter p of & binomial distribution with: n
observations,
(b) A Confidence interval for pij .

Using the first estimate of the variance for 6ij » we have

T D)

(4.21) () < 1

. £(0L) (X ) \,s,,_j (1-By 4)
G Ry s PR VT

The confidence coefficicnt is 1 =X ., An alternative which is less simple but

more efficient is

(4.43) S B L6 () .
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(c) Other tests and confidence regions,

Tests concerning several elememts of P can be derived inmithe standard
mamner, We shall write this down abstractly. Let qy(l)'-' 1, eesy k) bo &
set of k independent elements of P, Let a}) be the estimate of qy s and let
Ty be the asymptotic covariance between \n (/(\1»- qV) and Ym ( )a/ﬁ- a ) .
We estimate ry/{w by replacing Pij in 1&,/! by P:.,j « Then the test of the

hypothesis q 3 q ()/ 1, ess, k) at significance level X is

- Aw‘f.. ‘
(a09)  mp r (a-q)) (G =af )z oy’ ()

where

P ’: ’(’/ L

(4445) S e e

2
and sz(!;‘/;) is chosen as the "X=th significance point for the )X

distribution wiih k degrees of freedom, A confidence region can be obtained
by reversing the above inscuality and replacing q bfy q PR

The tests derived on this theory will be ) tests, In some special sases
they will be quite simple to computes

As an emample considor testing the hypothesis that pij = Pi,? s J = Os0eay

me1l, for & given i, Under the null hypothesis

m-.l A 3 2 I
o B dnd S
. e 2 o i
j= o0 by te 1
Pij

. 2
hgs an asymptotic X distribution with mwl degrees of froedom,™ Thus a test

of this hypothesis at significance level (/. is

m-l ~
(4.47) S By Pla) a S
2 o 51 W2 e

* This can be seen by comparing with the standard theory for multinomial
distributionse
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4,5, Other Estimates gg,the Transition Probabilities,

Another estimate of pjj fram e sample is

(4.48) T ng; (%)

———

Pij

1

g
T &= ng (t = 1)

Asymptotically, at least, this is not as efficient an estimate as Sij .

However Eﬁj is unbigsed, This follows from the fact that

n; (t - 1)}-" Pij o
/

(4.49)

. i By (%)

B L ng (¢ - 1)

We coudd also show that Bij is consistent and asymptotically normally

distributed ( as n —» O ),

4,6, Testing the Hypothesis that the Process is that of Section 3,

In the model we have been working with, is the probability that e

Pij
person with opinion i at time t-l takes on the opinion j at t., This is to
hold regardless of t, A general albternative to this assumption is that the
transition probability depends on t; let us say it is Pij ; te We would like

to test the null hypothesic that
(4:.50) E : Pij;t - Pij (‘b - 1, LN ¥ ] T) (]

To do this we will Zorive the likelihood retio Sast of this hypothesis,

The maximum likelihood estimates of P under the nuxl hynpothesis is

T
(4-.51) A - -1 nij (‘b)
pij - =
z
> ns (t=1)
t=1
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4,5, Other Estimates of the Transition Probabilities,

Another estimate of Pij from & sample is

(4.48) = nyy (8)

el ng (t - 1)

l-i‘l—'

A
Asymptotically, at least, this is nobt as efficient an estimate as Pij .

However S&j is unbigsed, This follows from the fact thab

5

l': pij .

/

We coudd also show that Bij is consistent and asymptotically normally

_ — { ni3 (t)
(4.49) t__ ‘(

u_ { ng (t=-1)

n; (t = 1)

distributed ( es n —» o0 ),

4.6, Testing the Hypothesis that the Process is that of Section 3,

In the model we have been working with, Pij is the probability that a
person with opinion i at time b=l takes on the opinion j at t. This is to
hold regardless of t, A general alternative to this assumption is that the
transition probability depends on t; let us say it is Pij 4 ke We would like

to test the null hypothesis that

(4:.50) " pij;t - pij ('b = 1, quey T) .

To do this we will 2srive the likelihood ratin 4act of this hypothesis,

The maximum likelihood estimates of Pij under the nuil hyrothesis is

=3

(4451) A >, T (%)

Ps j - =1

3

Mea

. ng (be-1)
1

&
it



Under the alternative the estimateé of the transition probabilities for time &

are

A njj (%)
4,5 . -
(4.52) Pis; t

n; (t=1)
The likelihood function maximized under the null hypothesis is
T
A nys(t)
(4,53) e T Byy M
21 i 3

¥here K depends on n5(0) and nij(t). The likelihood function maximized under

the alternative is

yad e ——
(4.54) g 1T T0 T7 %... n, 4(¢)
S R
The ratio is the likelihood ratio criterion
> in, ,(t)
. —_— P54 RATI
! 3 H 13
(4.55) A = F? LTt -*—-7§;rﬁ
t 1 5\ Pij /

By a slight extension of a theorem of Cramer *, =2 log A is distributed as
X? with (T =1) [?(p-lXj degrees of freedom and

Ne 2 S ron
(4.56) 2 1og,A_- 2 < nij(t) | 1og P34 = Llog Pij_] ’
,1:3 -
This is approximately true for n sufficiently large,

An example of this test is given in Section 5,3,

4,7, Estimates gf_the Stable State,

s
if P is the maximum likelihood estimate of P, the maximum likelihood

estimate of p (See Section 2) is the solution of

S ¥

(4.57) PrP = o

* Harald Cramer, lMathematical lMethods of Statistics, Princeton
University Press, Princeton, N. J. (1946) ,
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for ?) norma.lizod by

(4.58) ' ’I“,: € =1 .

If there is only one charactoristic root of P oqual to unity, ';\a is a
A

consirtont ostimate of p because P is a consistont ostimate of P as

D -w3 ©9 , Updor cortain conditions Vn ( 3 -« p ) is asymptotically

normliy distributod,
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5S¢ An Example *

In this section wo give an example of tho statistical analysis studiocd in
Seotion e Wo illustrato the method of estinating the paramcters of this simple

model; we also consider how well those data fit this model,

Sele Ihe Data

The Bureau of Applied Scocinl Rescarclf conducted a panel study of prtential
voters in Erie County, ¢hio, during 1940e¢ This is one of the few studies which
has several wnvese

A group of about 600 people wore interviewed in May, June, July, August,

(A seventh interview in Fovember had difforent questions)

September, and Octobers/ One of the questions askod at oach intorview was for which
perty (candidete) the respondent intended to votees We have grouped the replies
as Republican (R), Democrat (D), and "Don't Know" (DK)e The last group includes,
besides the specific answers "Don't Enow", the replies "Other Condidates" and
refusals to replys

In the following tables the data are given according to pailrsof sucocessive
interviews, Let May be time 0O, June time 1, etc; Then the tables below are the
5 matrices N(1), eees N(5)s There wore Lli5 people who responded to all six

interviewss

R | D [DK | Total
R 125 | 5 16 L6

D |7 |06 | 15! 128

DK|11 | 18 |12 171

13 [ 1291173 | LLS

*
For a daaceiptiorn of the su*v’y g6 Poul Fe Lazarsfeld, Bernard Berelson, and
Hasel uauGeb, The renola’s Chrion, Colunbia University Press, 1948



JULY

AUGUST

SEPTEMEER

JULY
% R | o | b | Total
R Jhy 3116 3
b 6 | 109 11 129
DK 22 9 |12 173
152 1121 | 172 1 445
AUGUST
R | D | DK | Total
R|{WL6] 21| 4 152
D 6 | 111 | L 121
DK hoA 36 | 96 172
192 ' 149 10k s
SEPTEMEER
R | D |DpE | Total
R | 18,4 1 7 192
D L 1o | 5 149
DK | 10 12 | & 10k
198 1155 | 9L Lks
OCTOEER
R LD DK__ | Total
R | 192 J 115 198
p | 2 w6 | 5 | 153
DK 11 i 2 171 ol
205 3;159 . 81 s

58,



59,

It will be observed that after July the number of Don't Knows decreased in
each period, These last three interviews were after both conventions had been
helds The fact that the number of Republican voters was greater than the number
of Democratic voters at each time is a charactoristic of the areas However, we are
primaerily Intercsted in the changes in attitude, rather than the opinions theme
selvesge

The changes in opinion are seen in ome way from the tables obtained from
the preceding ones by dividing the entries in eooh row by the row totalse The

elements of these metrices are nij(t)/hi(t-l). BEach table is an estimate of Pe

JUNE

R D DK
R 0856 . 03)4. +110

MAY D | 4055{ 828 {4117

DK ; +08| #105 | 4831

JULY

R | «867] 021 {4112

JUNE D { JOL47] +8L45 {108

DK} #1271 4052 {.821

AUGUST

R4 D DK
R | 49611 4013 {4026

JULY D | «050] ¢917 {4033

DE| #4233 | 4209 {e558
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SEPTEMEER

R D DK
R .\958 o 005 .03?

-

AITGUST D {e027 |40 {.033
DK | 4096 [4115 |4789

OCTOBER

R D DK
R }.970 {:005 {.025

SEPTEMEER D [.013 |.954 [.033
DK |4117 0128 lo755

The five matrices appear to be quite similar, The first two matrices are
very much alikee The last three are gquite similar except that the third row of
the third matrix is different from the third row of the last two matricese It
-should be noted that the Republican Convention occurred between the June and July
interviews and the Demooratic Convention was held between the July and August

interviewse

5¢2s Computation of 'P\

If we assume that there is one metrix of tronsition probabilities for the
entire period, we can use the 5 matrices above to estimate this metrix of transi-

5
tion probabilities according to Section Lie2. The matrix 3;'1 (t) and the vector

i n(t=1) are given belows
t=1



6le

R | b | bk | Total
R | 771 |12 |48 831

D . 25 |62 | L3 680
DK | % | 67 |533 714

' 2225

The matrix of ostimates is obtained from this by dividing each element by its row
totaly Thus
/ «928 +01l «058'\
037 +900 0063 |
\.132 122 L6

(5a2) P

For exemple, 928 1s our estimate of the probability that e man intending to vote
Republican one month has the same intention one month laters The probability
that a Democrat retains his vote intention is 900, On the other hand, a person
hold ing a "Don't Know" opinion has a probability of 132 of making up his mind
within a month to vote Republicen and a probability of +122 of meking up his mind
to vote Democratice

If we assume that the matrix of transition probabilities remains constant, |
there is a stationary state defined by the characteristioc veotor of P corresponde
ing to the root ones Our estimate is the characteristio veotor of our matrix
estimates It is
/ o506
(52) § 2 { +303

P02 !

This gives us the expected proportion of vote intention if the cempaign had gone

on for a much longer timo,
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5e3e Testing the Hypothesis that P is Constant
Consideration of the nature of the process we are studying makes one quese

tion the assumption that the matrix of transition probabilities is constant,

It is to be expected that the probabilities of one changing his mind are different
before the conventions end after the conventionge This 1s observed casually in the
tebles in Seotion Sele We see that before the oonventions the probability is about
+85 of retaining one's opinion for a monthe However, after the conventions the
probaebility is about ¢95 of retaining vote intentionfor one of the mejor parties
and ebout 75 of rotaining a "Don't Know" opinion,

We oan use the method of Seotion Lie5 to test this hypothesise Our test orie
terion has Le3e2 ® 2l dogrees of freedome* The 5% significance point of the 2
distribution with 2l degrees of freedom is 36.4;15¢ The oriterion computed from
our date, however, is 1014512, Therefore, we rejoot the hypothesise That is,
we docide that our simple model does not hold good for the ontire campaign
pericde

The question then arises as to whether a model will be an adaguate desorip-
tion for the changes during a part of the parriod of study. We shall see what
successive time points may be considered as involving the same matrixe In the
following table we give the statistical analysiss The null hypothesis in each
case is that the changes over the peried indicated in tha‘first oolumn are exe

plained by one metrix Pe

*The number of degrees of freedom is the produoct of one less than the number of
matrices time m(m-1)s See section liebe
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2 Degrees of
Time Changes K Froeedom | Decis ion
May=June, June-July 76y 6 Aocept

Moy =June, June=July,
Julye=August > 27496 12 Reject at 1% or 5%
levels of signifiocance

July~August, Auguste
September, Septembere

October 21.86 12 Rejoect at 5% level of
significance

August-September,

September«October 1.50 6 i Accept

The first two tables in Section 5.2 (Moy=June amd June=July) can be
explained by one matrix; that is, we accept the hypothesis that the same matrix P
is involved from May to July. However, the hypothesis that the next table, July-
August, is also explained by the same matrix P cannot be acceptede We further
decide that AugusteSeptember and September-~October changes fit one pattern, but
that JulyeAugust changes do not fit that pattern eithers The result of this
analysis is that the changes in the first two periods are explained by one model,
the changes in the third period are explained by a second model, and the changes
in the fourth and fifth periocds are explained by a third mod ele*

Thesg,&esults are vety intoresting from the point of view of interpretatione
The first matrix represents the changes in opinion from May to Junes We notice
that atout 85% of people with a specific party intention in lay hold the same

*The statigtical problem here is choosing one of a number of alternative hypothes@s
on the basis of our datas In principle we should set up a prooedure that takes
explicitly into account the entire set of hypotheses and the probabilities of
accepting eachiypothesis when a particular one is truee Since the mathematical
theory required is very complicated, this step by step procedure is suggested
as e orude, tut praoticable methods Unfortunately we do not know very ac-
curately the risks we are running with this procedure.
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intention in June, and about 10% of them have no intention in Junes Of the
people who have no intention in Mey ahcut 85% have still not mede up their minds
in June, The second matrix, representing ohanges from June to July is about the
same, This is surprising because the Republican Convention was held between these
two interviews, Apparently, the process do¢s not become different until both
econventions are held, Then we obtain a new processs Our statistical analysis
tells us that the changes are different from July to August, and the Democoratic
Convention was held between these two interviewss The July-August matrix is dife
ferent from the preceding in that the probability of holding to e specific party
intention i1s much higher and the probability of reserving judgment is lowere
In other words people are making up their minds more and are sticking to their
party cholces moree

| The last two matrices are alike, and we believe the seme® process is at work
from August to October. People with Republican intention have a high probability
of retaining this intention; those with Democoratic intention have a higher probae
bility of retaining it than before, and the DK people are not meking up their minds
as fast as befores It is interesting to note that the difference between the third
metrix end the fourth amd fifth is essentially a matter of time scale; that is,
the July=August matrix represents changes at twice the speed as the August=September
end September=October matricese If we square the last matrix, we get approximately

the July=August metrixs

e

/970 +005 ,025 oLl 013 L0443
( 5.3) 013 95,  ,033 - 0029 91 057
\‘0117 0128 0755 | 9“0201} 0219 .577 'I °

In other words, the second convention sets into operation a new process which slows
down as the campaign progressess From July to August the making of party intentions

occurs repidly, then less rapidly.
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Seli Prediction

It is of interest to projeot our series shead in time, Let us see how we
forecast vote intention in November on the basis of our knowledge of the process
and the vote intention in Ootobers. We shall assume that the process operating
from August to October continues to operates On the basis of the August=

September em Septeémber-October date we estimate the matrix P ass#*

(Sl 005 o031
(5.) B = @0 W47 033
. +106 121 773

Now let us see how we predict the vote using this matrix ?. Of the 205
people with Republican intentions in October we would prediot that <964 x 205 &
19746 would actually vote that way; of the 159 with Democratic intentions
020 x 159 = 3,2 would vote Republicen ard of the 81 with DK intentions,

2106 x 81 & 8,6 would vote Republican. This mekes a total of 209.L votes for

Republican, The summeary of the prediction is

Predicted Vote

R D DK Total
R | 1976 1.0 6ely 205
October
D 342 | 150.5 Se3 159
Intention
DK Beb 048 2.6 81
Total 2094 ! 161.3 The3 Lhs

*
The stationary state corresponding to this matrix is p' = (543 o334 +123)
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We predict that 5 more people will have Republican intention, 2 more people
will have Democratic intention-and 7 less will have no intention,

It should be emphasized that we are predicting what people would say if
agked in November for whom they will vote. Now we shall compare this prediction
with the actual vote. The tabulation of October vote intention and the vote in

November is given below, "DE" represents not voting.

Actual Vote in November

b2 | D DK | Toter
R 192 3 10 205
October D 4 132 23 159
Intention
DX 8 | 11 62 81
204 146 95 445

We notice there are discrepancies between the predicted vote intention
and the actual vote. We predict 6 more Republicans, 15 more Democrats and 21
less "DK's", The most reasonable explanation of this discrepancy is the
difference between verbalizing a vote intention and action, It is well known
that in general not everyone who intends to vote actually does so, Furthermore,
other studies show that Democrats are more vote~delinquent, Our analysis

bears this out.
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6o More General Models for One Attitude

6:1s The Models

The models presented in Sections 2 amd 3 seem rather specialized because
the probaebility of an individual holding a particular opinion depends only on what
opinion he held the time previously amd not on opinions held earlier in times
In this section wo shall consider models which seem more general in that the dee
pendence extends back as far as we pleagse, However, we shall show that this case
can be reformulated like the other case.

We suppose that at eny time t an individual may hold one of m opinionse
The probebility of his holding a specified opinion, say the k-th, is a humber
that depends on his opinions at t«l, t«2, ese, t=gs Here q is the order of the
processe In the case of a séoond order process, for exemple, we can denote by
T_r 3% the probability that mn individual holding opinion 1 at t=2 and j at tel
will hold k at ts For a set}’n/ijkgto form a set of probabilities the following

holds

6) 71 ;.0 > o,

m-: 1

(6:2) = T ik =l

The first order model comsidersed in the earlier sections is a degenerate case of

the second order model obtained when
' i v

does not depend on 13 that is, when 13k - pjk.

1jk

As an example, take the dicketomous attitude considered in Seotion 24 Supe

pose the probabilitles of opinions are given as belows:
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Time &
Time Time
t=2 t-1 0 1

0 «95 05

0 1 rl.es .15
Time

el 0 1

0 30 «70

1 1 b1o «90

Thus if a person believes that Russia wants peace (denoted by 1), for two suc=
cessive periods, the probability is .90 that he has this opinion in the next period,
This is the number in the second row and second column of the second matrixe It
will be noted that the two numbers in corresponding positions in the two matrices
edd to ome.

In this model we shall specify en individual's opinion at time =1 and time O
and not try to "explain" his opinions at these times, Then we study his opiniom
changes over T time psritdss If a person holds opinion 1_1 at t & =1 and 10 at tm0
then the probability that he holds a sequenoe of opinions 5.1, iry eee, "T in
the T pericds is the product

(643) 7
T-‘: i i TT:I. i i”‘us :Wi ’HP TT:I. i i

'R .
-1 7071 01 2 -2 T=1 7T t=1 t=2 t=1 ¢t
For instance, in the above example, if a person holds opinion 1 for two successive

pe riods the probability of holding opinion 1 in the next two perieds is Tful.ﬂ;u,
butif he held opinion O for two successive periods, the probability of holding 1

in the next two pericds isTngTou.
Now let us consider the situation of a number of individualse Let mi.jk(t)

be the number of people holding opinion i at t-2, j at t-1, a;d k at t: 1ot
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(6ely) M=l
/mjk (t) = go mae (8

then L (t) is the number of people holding j at t=l and k at ¢ regardless of

the opinion at te The conditional distribution of Dy . (¢) (x=o, eoey m=l)
J

given m, 4 (t-1) is given by the multinomial expression

m, {t-1) &

J 'ﬂ 7 ")

"L‘fmijk(t)z . 1jk

(645)

The joint distribution of mi;jk (£) for 1,3,k 2 0, eee, m=l ard ¢ = 1, eee, T is
the product of (6.5) over i,j and t with (6.4) holding. We assume my (0) given,

6.2, Rednction to the First Orvder Case

In order to apply the results of the first five sections to problems ine
volving higher order processes we shall reformulate the model of Section 6.1l
Thisis done by defining a certain gtate as the situation of holding certain
sequences of opinioms over g successive time intervalse

The idea is given most easily by oconsidering the simplest case, namely,
m=2end q =2 (second order, dichotomous model)e Let the state i at time ¢

be defined in terms of opinions held gt times tel ami %, respeotively, es follows:

State Opinion at t=l Opirion at t

- =00
O O

0
1
2
3
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PFor instance, state O is the situation of holding opinion O for two successive
pericdse We shall find it convenient to indicate these states 0,1,2,5 as 00, Ol,
20, 11 respectively, In faot this representation is simply the representation in
the dyadic or binary system (i.ee, two digits)e

The probability of going from state 1 to state j is one of the set ’ﬁﬁﬁ Yl'
For instance, the probability of going from state 00 at t-1 (opinimm O at t«2 and

0 at t-1) to state Ol at t (opinion O at tel and 1 at t) is

(646) I"00.01 - TT 001,

In gencral the probability of going from state i to j is given bty

(6.7) \
T 000 TT001 ° 0
| 0 0 T o0 Ton
P 2 (pyy)* TTmo T 101 | 0 0
° ° ‘lT no 1T 111/ .

It will be noticed that many entries in P are O For instance, it is impossible
to go from 00 to 10 because that would imply holding both opirions O and 1 at time

t«le The matrix P for our example above is

/-95 «05 0 0
648
( ) ( 0 0 +85 15

030 .70 0 O
0 0 10 90/
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How let us make this reduction in general terms, Define state 1 at ¢

in terms of opinions S0 sees o«q at t=q 4+ 1, e, t as
(5,9) 1=z 2 mis,

In the number system with m digits i is simply Hq ees mq, Let j correspond

(6010) Q(v‘ =ﬁ\e":-1’ V - 2. sesyg 4 3
then
p,= T = 17
(6,11) i wy e xg g xq g " @q

6.3. Properties of the Model

The properties given in Sections 2 and 3 hold here for P defined in
Section 6,2 and with ny tt) = 0 for indices for which pi,j = 0 and
(6.12) Byg (¢) =z m

0(10.. b(q 6q

vhen i1 and j are such that (6,11) holds, Given P and ny (0) we can define
the entire process, Given ny (t) we can compute the probabdbility for nij(t + 5)e

¢ .- The matrix is P(s) = ps. In particular for s = m = q = 2, we have
(6.13) P(2) =P 2 =

L O] T vow
000 000 * 001 001 * 010 001 °* on

17 T T v v ki Y L

. 010 * 100 010 .“Tlol Tr011 '”Tno 011 * 111

i Y

TT1oo 'Trooo Trloo " 001 101 * 010 101 'Tr011

(IR { LT ol v o3,
110 * 100 110 * 101 111 ° 110 111
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If each
(6e144) g
. 'ﬂ/«/g , 70
then each element of P(2) = p2 is positives Thus it follows that
(6415) 14m
g = Pij (,5) - pa

In general if auW's are positive, all clements of P(q) are positive amd (6615)
holdse This means that the probability of a sequence of q successive opinions
et some t far enough in the future does not depend on the state now,

Lot us investigate the limit (6,15) more closely for m 8 q ® 2, lis know

that the wvector p is the solution of

(6.16) pl Ps Pt o

This equation is now

(6417)
oo Mo Ty T T o0o ﬂoo:. 0 0 \
0 0 'ﬁom Tr 011
Mo Mo 0 0
T To

0 0

=(\.bo Ta T Ty \

110



7%

The component equations are

(6a18) T o5 T g e T Tio = Troo.
(629) T g5 T oo + T Thin = Mo,
6200 To ' ow s Tu Trllo = Trlo,

(6421) T 0l ‘ﬂ/ 011 'S ﬂ’u ﬁin " '11.

The first and last eguations may be written
(6422) ™10 ’Tfloo - Troo Trom.
., W u ¥

(623) "ol o011 = 11 .~ 110,

The sums of the first two eguations and the last two equations are

ey Moo 4T = Troo + o
(6425) TT 0 + m, z ﬁio +’rru
Thus

(6426) My =TT

Finally, the veotor of limit probabilities is proportional to

{rrloo /TrOOI’: J“il 10 ‘01- 110)0 Thus

(627) (ﬂma r[°1a TTIO. Thy = c(ﬂ’no ﬁlOO. Tr001 1Tno.
Hoor ™10, T oo Foa)s
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where

. T
(6628) 1/o = 1200 '110 ¢ 2T ™o + o Ton,

Thus the probaebility that at t=1 and at %, far in the future, a psorson

holds opinion O is o Wllo

individuals holding O et one time and 1 at the next time will tend to be

H 10 Far enough in the future, the proportion of

¢ ‘n001 TTIIO. Sinoce this is the stable state, there must be approximately as
many people moving from 1 to O, The limiting probabilities may be put into a

tebles
Opinion at ¢
0 ‘ 1
opinton at o | © Mo Theo ° “001 Tfno
t-1 1 ° ‘TrOOl Trllo c TTOOI Trou

Here the turnover is o T(OOI 110,

This is a measure of the lack of stability in the model,

If we sum aoross the rows or colums of the above table we obtain

(6429)

(Tro.Trl) = (o no[ wo ¥ oo1] ¢Hoox [Truo* o11| e

Here 0 is the probability that at t fer in the future an individual holds opinion
Oe

For other cases we can use (6e16) to find p, the vector of probabilities
for the stable states If p < ( ’ﬁ e Kq) then 2 Tf — does not

(\)= lor Q) ses g
deperd on u. In partioular one obtains e vector
(‘T[ o coey ‘]Tm-l )

expressing the probability that a specified opinion is held at t fer in the future,
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6ulie Estimation of Parameters

The estimation procedure is similar to that disoussed in Seotion Le In

this seoond order model, the maximum likelihood eatimates of TT!K oY are
. i \j
Uy
A n (t)
(6430) ’n’ 3 % -2 g
LGy 'tﬁ

n -
w By (1) |
Using simllar reasoning we can show 7 ‘ﬂ/ are consistent estimates of

*

B 8 Y
"T as D =% > , are asymptotically = normally distributed as n —>» <o,

>aYy
and are consistent as T 3oy if the usual condition on P holdae For higher

ordar ceses we have T
A = ()
(6431) ']T - Bl 1o0e%% ¢
Ky see N g T
2 m (t=1)
t=1 = "t = g1
Another estimate of is
XBY
(6432) T o
1 2 = 2 vy (%)
Sy m
P 0(.'@ (t"l)

t=1
This estimate is unblaseds

6.5. An EXEEIO
We shall draw our example from the study mentioned previously. It is pos=-

sible that if we take account of a person's vote intention at two previous inter-
views, we can explain better his intention at presents We give below the number

of people holding each combination of vote opinion in three successive monthse
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Vote Intention in Erie County, 1940

JULy

R D DK Total
Ri 13, 2 10 125
D 2 3 0 5
DK 5 0 11 16
1120 5 | 21 146

R D DK Total
R 6 0 1 7
D L1 91 11 106
DK} 2 2 | 11 15
| 12 | 93 | 23 128

R D DK Total
R 5 1 5 11
D 0 {15 3 18
DE | 15 7 1120 U2
20 | 23 |128 171

76



Vote Intention in Erie County, 1S40

AUGUST
JUNE JULY R | D | DK Total
N
R Iy 1 2 0 3
DE 81 1 7 16
bwo| 5 9 3
R | D |DK |Total
Rl 61 ol o 6
D Ll o2tiw 4 199
_! :
DX 1! 5 8 !
9 ; 108 2 129
R D _|DK Total
R: 20! o 2 22
DK D 3 6 0 9
DKi %3 | 30 381 U2
5l 36 83 173

774



JULY AUGUST

DK
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Vote Intetion in Erie County, 1940

- SEPTEMBER

R D DK Total

R ; 15 1 0 16
D 0 2 0

DK| 1 1 2 L
146 L 2 152

R D DK Total
R 3 0 3 6
D 2| 107 2 111
DK| 1 1 2 L
61 108 7 121

R D DK Total
R{ 3| 0 Ly 40
D | 213 36
DK 8 110 78 96
L6 | L1 85 172




AUGUST

DK
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Vote Intention in Erie County, 1940

OCTOBER
SEPTEMBER| =R D DK Total
R| 179 1 4 184
D 0_ 1 0 1
DK 3 3 1 7
182 5 5 192
R D DK Total
R 3 0 1 4
D 1 | 134 5 140
DK 0 2 3 5
4 | 136 9 149
R D DK Tatal
R 10 0 (o} 10
D 1 11 0 12
DK} 8 7 67 8%
19 18 67 104
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It will be observed that there are few people or none holding some
combinationss For example, no one holds to Demooratic intiention, then Re=
publican intention, and the Demooratic intention again.

From the above tebles we ocan compute the tables of (observed) proba=

bilities for each point. They are



JuLyY

MAY JUNE R D DK
R 2904 _].016 080

R D 400 | 4600 +000
DK o313 | 4000 #6887

R D DK

R 2857 | 4000 143

D D 4038 | 4868 +104
DK o133 14133 o734

R D DK

R o455 | 4090 | 4456

DK D «000 | 4833 167
DK 2106 | #049 845

81,



DK

AUGUST
JULY R D DK

R 0968 »016 »016
D 0333 +667 +000
DK #9500 0063 0437

R D DK
R 1,000 »000 +000
D +018 0945 0037
DK o071 #3867 2572

R D DK
R 2909 +000 »091
D +333 2667 +000
DK «218 o211 571

e

82,



JULY

DK

AUGUST

SEPTEMBER

R D . DK
R 993 | 5007 +000
D 0000 {1,000 | 4000
DK 260 | 4250 | 4500

R D DK
R 500 | «000 | 500
D 018 | Jo64 «018
DK 250 | 4260 | 4500

R D DK
R 0900 | 4000 | 4100
D 056 | +861 | 4083
DK 083 | o104 +813
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OCTOBER
AUGUST SEPTEMBER R D DK
R w9773 <008 022
R D 2G00 | 1,000 000
DK »429 0429 » 142
R D DK
R »750 +000 0250
D D +007 +957 4036
DK »000 »400 +600
R D DK
R 1,000 +000 +000
DK D { 083 #9117 +000
DE +098 +085 o817
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It will be noticed that there is considerable variation in the tables.
One reason for this is that there are amall numbers of people invelved in many
of the ratios, and, henoe, there 18 large sampling error.

From the firdt set of tables we cen estimate the matbix of transition
probabi lities. We add these tables to obtain the table of
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Time &
Time t=2 Time t=1 R D DK Total
R 567 6 16 679
R D 3 8 0 11
DK 17 5 21 43
§77 19 37 633
R D DK Total
R 18 0 5 23
D D 9 435 22 466
DK 4 10 24 38
31 445 51 527
R D DK Total
R 71 1 11 83 |
DK D 6 63 6 75
DK 62 54 346 462
139 118 363 620
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Dividing each element by the row total we obtein the esﬁiuatos of the probda«

bilitiess
Time ¢

Time &2 Time t=l R D DK
R 2962 14010 028
R D 2273 | o727 000

DK 0395 |o116 +489

R D DK

R o783 1,000 | o217

D D o019 0934 «047

DK «106 0263 | 632

R D DK

R 856  |,4012 133
DK D +080 0840 | 4080

DK 134 oll7 | G749




88,

We notloe that the three tables are similar in that the diagonel elements
are large, However, there are differences between the tables in that the pro=
bability of holding an opinion from &=l to &t depends on whether the opinion was
also held at t=2s For example, the probability of holding to Republican in=
tention from t=l to t is +962 if Republicen intention was held at =2, is 4783
if Demooratic intention was held at t=2, and is «8556 if DK was held at t=2,

Thus we see that we galn by taking acocount of opinion two time points baoke

Now let us ocompute the stable state for the matrix of estimmtes. 1t is

#5694 +006 +021
+008 «251 +013

«019 014 «074

Thus we estim te that the probability that a person has Republican intention two
successive time points far in the future is +5943 the probability thet he have
e DK oplinion followed by Demooretic intention is +0l4, etce The above matrix is
not & matrix of treansition probabilities (the row sums are not one)s it is a
matrix of probabilities of joint ocourences at two successive times far in the
futures It should be notioed that these probebilities do not depend on the
initial opinions.

The column sums are («621, 271, +108) which are the probabilities of Re=
publican intention, Democratio intention, and DK opinion, respectively, at time
t; the row sums are the same respective probabilities at time tel, Since the
process is stationary, thesie sets of three are identical (except for errors of

founding off numbers)e If we ocompare this vector with that obtained in Seotion
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543 under the assumption of a first=order process (5643, 334, »123) we see

that the difference inh assumptions leads to a difference in the stationary state.

66 Toat of the lodel Being First Orders

In the example the probaebility of changing opinion sesms to depend on the
next earlier opinions There is a question of whether this 1s due to sampling
errors In the seotion we shall develop a test of the hypothesis that the prooess

is first order against the alternative that it is reocord order.

The null hypothesis 18 1] .. = - #
" o3 ® Tuge = e 8o = Wy, aay, gor 3,

k 30, see, m=ls We oan derive a likelihood ratio test of this hypothesise The

reximized likelihood funotion under the none=null hypothesis is

T mel
N T (t=1)3 T 1 m (
(6433) ﬂ i ‘ jid ' l T 13k S
tal 3,330 lk‘mijk (t)4 x

 my et || | N

IR T A, oo

tedsd ‘U Myy (tel)} 1,3,k .

— - A -

The maximized likelihood fumotion under the null hypothesis is
: ol A my (¢)

0 T m; (t=1)1 x Mgk

I I zg (8-1) M7 %

(6434)

b=l 3o if P01k
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: & & JE L4
4J E mjk*(t)‘ )j . T[ Jk
- — -‘-,

A ~ '
The estimte 4y 13k 1s the maximum likelihood estimrte derived in Section 6.4,

- : 'n' ny (4=1)3 TI A 2m- (%)

A
and .';T-;;‘ is the maximum likelihood estimate of fﬁ‘ﬂ’;“ derived in Seotion 4.2 .

The oriterion is the ratio of ( 6.33 ) and ( 6.34 ), namely

- | E' me] - &;i m-l
. } | ﬂ mj (&=1)3 | | r{ mijk(t)'
(6435) A= E31 330 J lg=) 3,4k%0 ..
mel Tl 2 , B
, T' mjk(o); ﬂ mjk(t)t mjk(r)g
J.k S0 el |
- ~* % "y (¥
b ™
X Jsk S0 e
I ¥ my 5i( )
I Ty %
i,J,k S0

2
Under the null hypothesis =2 log >\has an asymptotio X = distribution with

m (m-1)? dogrees of freedoms
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7e Models for Several Attitudes
Tole Ths Nodel

Suppose we are studying R attitudes. Let the r-=th attitude be cate=
gorized into myw opinions. We shall assume that given the R attitudes of a
person at t~l, the probablility of his aettitudes at t does not depend on his
attitudes earlier than t=le As in the case of one attitude this restriotion
can be easily removed.

Ag an example, consider the omse of R & 2 and My =2, Two ques=
tions; A and B, are asked; sach can be answered "no" or "yes," We shall de-

fine four states based on the opinions on A and on B as followss

(741) 0 = (0,0) = ™o" on A, "no" on B,
L 2 (0;1) = "no" on A, "yes" on B,
2 2 (1,0) = "yes" on A, "no" on B,

3 2 (1,1) = "yes" on A, "yes" on Be
We shall assume thet the rrobability of an individual's state at time ¢ de~-
pends only on his state at time t=l. Thus we shall consider the matrix of
transition probabilities,
(722) Po,00 Poo,01 Poo,10 Peo,ll

Po1,00 Por,or Poi10 Poi, 11

p=
P10,c0 Plo,01 Plo,10 Plo,ll

\P1l,c0 Pll,0l Pll,10 P11,11/

where Py 4,k indicetes the probability that if one holds opinion i on A and
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J on B one will hold k on A and 1 on B at the next time points

Let ni,j._,kl(t) be the number of people holding opinion i on A and
J on Bet tim t~l and k on A and 1 on B at ts Then it is oclear how we
oan use the mpdel of Saction 3 to define the probability of a sequence
?“13;,1;1(‘0)5 gh7en 144(0)6

The model is easily generalized to the oase of R attitudes. Then
we define a mtrix of transition probebilities

7¢3) P 2
(743) (911"2"'13, JljZ"’JR)’ 13/ . Jl] -1, ses, m{ s ¥V 21, eesRe

One such term is the probebility of going from state (ijese, ip) to state

(Jl’ 288y JR)‘
If we wish to define a higher order process we use the method of Seotion

6e2e For exemple, in the seoond order case we would uss probabilities

'l’ril sos 1R. Jl eee §R, kl: o kR.

7+2¢ Properties of the MNodel

The properties of & model specified by (743) can be easily obtal ned
from the results of Sections 2 and 3. If only one chearaoteristic root of

P is of absolute value one, then we obtein & limit

(7.4) 1im pi

-

S 1R' 31...512 () = pJ;qﬂdR.
If the process goes on long enough, there will be on the average & gropor-

tion of people with opinion 'jl on attitude 1, eto., equal to le oor 4 o
R
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7e3¢ Estimation of the Parameters

Wo canh also use the earlier results to find that the mzimum

likelihood estime tes of the probebilities are

T
n
i ‘..i (t)
(7’5) ’B , 1 R, 310.., jR
s &=
fieelp, dptee 3 T
> -1
1;,‘?1 nilono, iR (t-1)

From Seotion 4.3 we oan deduce the statistical properties of these estim tes.

7+4 Testing the Hypothesis of Independencs of Changes

If we have two attitudes we mey ask whether the ohange in one at-
titude is affected by the other attitude. If the ohanges are independent,
the probability of going from i on A and j on B to h on A and k on B would
be the probability of going from i to h on A times the probability of going
from j to k on B; that is,

A B

It is easily verified that if

(747) o b A

==
3]
|
-

and

(748) _T?B

B
(T 3k)

are transition probability m trioces, then

(749) p = T’,-A ®T’{B
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i t ition mtrix, for each element
s also a transitio s for pij,hk ‘} 0 and

A B
(7e10) mwl m~1

s é nﬁ-l B-l
-1 m -]
3,hk s B Tf : TT
h::o k=0 l ’ hZg kuo T 1T 3k (h: ih/!‘ I

& ld &),
Here m® is the number of opinions into which attitude 4 can be olassified,
and mB is the number of opinions into whioh attitude B osn be olassified.
Now let us consider using a sample 5 nij,h_k(t)% (t=1,000,T)
to test the hypothesis that the transition probabilities are of the form
(746)s Teo shall construct the likelihood ratio oriterion for testing this

hypothesise The maximum likelihood estimates of TT’?h and TT'B are
Jk

mB=]

T
(7ell) . é é nm.hk(t)

:ﬁ%’ - Jak30
ih .
T mB-l
t-'-‘él jw Mg (te1)
(7+12) T bel
2P 2 2 M
jk b3 1,hwo
T mg-l
Z —
Z. nij (t-l)

tmel iR0
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where ! ig the pumber of opinions into which the attitude A oan be classi=
fied, mB ig the number of opinions into whioh the attitude B oan be classi-

fied, end
nfel mBel

a—

(7.13‘.) nu- (t-l) a '
50 e L3shk (8)

Under the null hypothesis, the estim te ofp” hi 18 the product of ,l’_‘rA
2

.B
and f? »
Jk

If we do not assum the hypothesis to be true, the estimte of

p is given by the special case of (7s5):
Johk
T

Ja Z =n (%)

T
=1

The likelihood ratio oriterion for testing this hypothesis iss

+~ .
rhel mB-l )
- el pBe , t)
(7.15) TF %1 m‘n‘l tiao i \T"ihﬁjk .U.hk

631 120 - J=0 hel mBel
T 77 B Cudene(®

e

It is more convenient to use the nhegative of twioe the logarithm of (7e15)

which is
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(7+16) T rfel nBel

N
\ 2 é é pi;j,hk(t) log Pyg,hk = logﬁ-'i‘h - logﬁgk

tel i,h=0 J,k=0 -
We ocan argue that under the null hypothesis this statistio has an asymp%otlo

)(2~ distributions The number of degrees of freedom is

(7e17) rPmB(rAmBe=l) = wh(pbel) « mB(mB=-1)
2 ()2 (mB)2 = (h)2 = (mB)2 = v mB ¢ v 5 B

[T [T

o] [ [mpat ]

In partioular for dohotomous attitudes (md ® mB ® 2), the number of de=
grees of freedom is 8,

From tables of the )Qz-distribution we can obtain the appropriate
signifioance point. If the computed statistio (7.16) exceeds this number
we reject the hypothesis. If (7416) for our sample is less than the sige
nificance point we are willing to accept the hypothesis that P is of the
form (7e9)e

As an example we oonsider ea panel study of two interviewses* On each
interview the respondent was asked whether he had seen an advertisement of
e partioular prodwt and whether he had bought that produsts The question

we are interested in is whether we can assume thet the ochanges in number of

* These data have. been taken from the files of the Bureau of Applied
Soocial Researche.
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people seeing the advertisement are independent of the ohanges in the
number tuying the producte Let O on the first aotion be to see and 1l not
to see the advertisement; let O on the second action be to buy and 1 not

to buy the product. The observations are tabulated below

See = Buy Mtrix

Second Intervisw

00 Q1 10 11 | Total

Q0 3 8 35 7 133

First ol 22 68 11 28 129
Interview 10 26 10 9 15 | 146
1 8 32 6 493 b 539

Total | 138 118 147 543 946

The estimted mtrix of transition probabilities is

v624 +060 2263 #0563

JI7L 4527 4085 o217
(7e18)

174 »069 »665 » 104

+015 +059 sOll «915

We observe that if a person has seen the advertisement at the first intere
but not bought the product

view ftne (estimeted) probability that he sees the advertisement and buys

the product later i1s +171 and that he does not see the advertisement but

buys the product is «085¢ On the other hend if he has neither seen the ade

vertisement nor bought the product at the time of the first interview, the

probability thet he see the advertisement and buy the product is 4015 and
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that he not see the advertisemsnt but buys the produot is «Olls There
seems G be a difference in the change with regard to buying depending on
observing the advertisemente

Now let us mke the statistioal test. First we compute

(7.19) A A » 0691 309

m Jll0  .890/ °
(7420) . A B - +»856 o144

W «070 ¢930/

ﬁA‘ is the estimnts of the tranéition frobabilities of changes on seeing
and FTB of the changes on buyings For exanmple, if a person saw the ad
originally, we would s&y iho probability is 691 that he would see the ad
the next time. If the changss were independent we would expect that the

transition probvability meirix for seeing and buying together would be

(7e21) ot ;‘TB s (@91 o0 k266 .05
e ! 0048 o642 4022 4267
+094 016 0762 o128
+008 0102 #0862 823
The oritarion (7.l8) turns out to be 37+84s This is significant at the 1%
leval uzing the Kz' -’c‘sable with 8 degrees of freedom, This implies thet
the chenges in sezing are not independent of the ohanges in buyings

It should bs emphesized that a matrix P of the form 'ﬂA v B
@l

impiiss thst & ohange in one attitude is independent of a change in the
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other attitudes It may happen that there 1s, nevertheless, & correlation
between the two attitules at any one times That is, if the numbers.
nﬁ(t) are arranged in en wh by mB mtrix, it may be quite different in
nature from a matrix of renk 1,

As time goes on, however, thers will be & tendenoy toward indee
pendence in these twoeway tables, This follows from the theory in Seotion
2+4e To show this we need to develop some of the algebreaio properties of
these Kroneoker product metriceses* Suppose /u} (181, 40s,*) are the
charaoteristie roots of';"(A and yd(i) are the components of the cor~

responding left=sided characteristioc vectors, similarly Vd end g (g)

are the roots and components of veotors of U B. Thus

(7.22) nf el
PP WA
(7428) mBwl
s Tri: = L m
30 J

Then, it follows that

(7424) 2 (g) é \)
i é(yi #J ) pidthk ) (1 Vif)ﬂ";h (23 'J(g)m?:.)

% See, for exampls, Paul R, Halmos, Finlte Dimensional Veotor Speces,
Appendix II, Prinoeton University Press, 1942,
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(£) (f))( (g) )
(f“ Y y % (E)
() @\f ()  (p)

Thus
(7425) (f,8) _ () (g)
A Y
is the £f,8 = th root of P and
(7.26) (£,8)
AN y'£) ‘(E)

is the h,k = th component of the f,g = th vestor of P, Thus, if only one

root offTT'A and one root of B are of absolute velue one, there is only

one root of P that is of absolute value ls Thus

(7.27)

lin By (t) @ A B s B
by = TIahE litn:s;ih (8) 1y, (8) . 1T,

k
the k = th component of the limit of I]‘B. Thus we have shown that if

where ﬂ‘A’ is the h =« th component of the limit of “TA and ﬂ’B is
h

P = I{ﬁsp"f[a » the limit of P is of the same forms From this we see that
if the prooess goes on long enough, the two way table of DiJ(t) will on the

average display independence of the two abttitudes.

7¢5¢ The Relative Importance of Two Attltudes

A very interesting problem arising in the study of two attitudes,

A and B, is whether changes in A affeot changes in B more than ohanges in



102.

B affeot changes in A« It is rather diffioult to give an exact definition
of this idea of the relative significance of the two attitudese This con-
cept does not have any implication as to the relative amount of ohanges in
the two attitudes. One way of considering the mutual effects of changes of
attitudes is to see whether people more frequently change on A before they
change on B rather than on B before changing on As

We shall consider the case of dichotomous attitudes here although
it 1s not neocessary to restriot ourselves so muoche We shall consider the
probability that a person changes first on A end then on B, and we shall
ocompare this with the proﬁability of changing first on B and then on As In
this disoussion we shall only ccnsider ohanges over two time perlods, ale
though we oould, in prinoiple, consider chenges on both attitudes over more
time periodse

Consider a person who holds opinion O on attitude A and opinion O
on attitude B at soms particular time. We are interested in the possle
bility of his holding opinion 1l on A eand 1 on B two time periods laters
He may make this change in both attitudes in four ways. He may ohange to
1 on A in one period and then to 1 on B in the second time periode We shall
indicate this as
(7.28)  10,0) — (L,0) —3 (L,1),
end we shell oall a diagram such as (7.28) & paths He can also chenge first

on B and later on As

(7429) (040) -—> (0, 1) w— (1,1)e
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Of course, he could change on both attitudes in one period and hold these

opinions during the second.

(7+30) (0,0) — (1,1) — (L,1),

or he could hold his opinions during the first period and change both in

the seocond

(7@1) (0,0) = (0,0)—3> (1,1).

In the = latter cases we obviously cannot tell enything about the rela-
tive strength of the two attitudes. However, in the first case, (7.28), we
see that a change in A leads & change in By in the second oase, (7.29), &
ohange in B leads & change in A., If the probebility of A leading B is
greater than the probability of B leading A, we would say that A is more
important than B for people holding opinions O on both attitudess The pro-

bability of path (7.28) is P00,10 * Pyg 11, ond the probability of path
E ]
(7429) is Pgo,01 * Po1,11

If
(7.32) Poo,10 P10,11 > Pgo,01 ° Poi, 1l

we say that A is stronger than B for people in the (0,0) state. Similarly
for people in emch other state we can compare the probability of changing
on A first with the probability of chenging on B first. For (0,1) people,

the inequality (for A stronger) is
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Te3 : '
(7633)  Por,11*Py,0 > Por00° Poo,l0

For (1,0) people it is

7e34
(7e38)  Pyo.00° Poo,00 > P11 Puo01 .

Finally for (1,1) people the inequality is

. ®
(7+38) P13 01" Por,o0 > Pin,o Plo,00 ¢

We oan give a diagram that helps visualize the inequalitiess On the left we
indicete the matrix P with the products for the ohange in A first; on the
right we indicate the products for the change in B first. It 1s observed

that the same eight elements are involved in each cases The products are

different, however

{00 0o1{ 10| 11 | o0 { oL | 10|11
__._gp!, 1_(@1) (00), 00 00) >k (10)

o1} (go} '\(01) oL { oy T __Tay
10 16&)& | () 10| (00)™ 1o
11 5\('11)5 (10; 11 (or) TEa1) |

Now we wish to meke & comparison of the relative strengths of the
attitudes for all the people in the population; that is, we wish to forma
ocomposite oriterion from the above separate ones. We might take the number
of people in each state at some partioular time, say et time O, and oompare
the expeoted number of people changing first on A and then on B with the

expected nmumber changing first on B and then on 4. The



1065,

expected number of peopls changing on A in the first period and B in the

second is

(7236) 590(°) P00, 10 P10,11 + 01(®) Po1, 11 P11, 10

+ 130(%) P1o,00 Poo,01 * 211(%) pyy 01 P01, 004

We can compare this with the expeoted number of people changing first on B

and then on A

7437
(7437) Boo(0) Poo,o1 Po1,11 ¢ Bo1 () Po1,00 Poo, 10

+ n10( ) P1o,11 P11,01 * “11( ) P11,10 P10,00.

One objection to the above oriterion is that it depends on weight=
ing by the number of people in each stets, and these numbers, particularly
et time O, depend on factors outside of the process of ohange itselfs To
overcome this objection we oan weight with the limiting proportion of people
in each state for (if only one root of P is 1 in absolute value) the limiting
propor tion depends only on the mtrix of transition probabilities. These
limiting proportions are pOOPpol' plO’ pll dorived from P as indicated in

Seotion 244s In this way we compare

(7438) Poo Poo, 10 P1o,11 ¥ Po1 Po1,11 P11,10

* P10 P1o,00 Poo,01 * P11 P11,01 Poi,c0

=5A
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say, with

(739) P

00 P

00,01 Por, 11 * Por Po1,00 Poo, 10

* P1o Plo,11 P11,01 * P11 P11, 10 Plo,00 5 O,

saye If (7438) 1s greater than (7.39) we would say that attitude A is
stronger thean attitude Be

Now let us consider the problem we are faoed with when we use given
datee We wish to test the hypothesis theat attitude A ls stronger against the
alternative that B 1s stronger; that is, we wish to test the hypothesis that
(7+38) is greater than (7.39) against the alternative hypothesis that (739)
is greater than (738)s To start with we estimte P as P (see Seotion 442)
and derive P from that. Then we compute 5, in terms of these estimates,
say é\Ay end compare 1t with s, in terms of the estim tes, say @B. It
oen Db shown that 7% A and A p are Jjointly asymptotically normally dis=

tributed (as “13(0) —> v ) with means
(7040) Eg\A a 8 A,

(7441) ‘:—é\a =

Thus &' 5 = & p is asymptotically normlly dstributed with men s , =  sp
If the ocovariance mtrix of this asymptotic distribution 1s computed, we oan
set up exect significence levels,

Now let us see what relation this oriterion has to the oriterion

thet Llazersfeld has suggesteds Ve shall use the probabilities from P instead



107 »

of the nunbers niJ hk(1;) and modify the notation slightly. Let
’

Po1,00 Po1,11

P10,00 P10, L1

(7.42) O\ =
S P31,00 @ Po1,11 * P10,00 # P1o,11

Po1,00 Plo,11 * P10,00 Pol,11

Po1,00 ® Poi,11 * Plo,00 * Pig,11

Pgo,01 Poo, 10}

(7443) N\ 2 P11,01 P11,10

Poo,01 ¢ Poo,10 * Pinor* Pillo

Poo,01  P11,10= P11,01 Poo,lo

Poo,01 * Poo,10# P11,01 4 P11,10

If ./_\1 end O o are of different signs and

(7e44) 61 *A, DO

then attl tude A is said to be strongers This is under the assumption that
(0,0) and (l,1) are "harmonious" states and (0,1) and (1,0) are "maladjusted"
statos. |

It will be noticed that the eight probabilities used here are used

in (7.38) and in (7439)s We ocan under the above assumptions assume that
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Foo and py) are large relative to pp) and plo, Henoe, in (7.38) peo,lo, P1o,q1
*
pll,dland Pol,00 ere emphasized, end in (7.39) Poo,01, Pol,ll, P11,10 and

P10,00 &re emphasizeds If we ignore the denominators of (7e42) end (743)

we see that the inequality (7.44) is like

(7+45) Po1,00 P10,11 * P11,01 Poo,10 >

P1o0,00 Poi,11 * Poo,o1 P11,10
On the left we have those probabilities emphasized in (7.38) and on the
right we have the probabilitiss thet sre most important in (7+39)e Thus
we see that roughly_speaking these two orliteria agree. The orlterion pro-
posed in this paper has the advantage that it has a direct interpretation.

A simpler form of the oriterion proposed here results when we simple

weight each initial state by l. Then A is said to'be stronger 1if
(76)  Poo,10 Pr0,11 * Po1,11 P11,10 ® P1o,00 Poo,01 * P11,01 Por,00 o
Peo,01 Pol,11 * Pol,00 Poo,10 ¢ Plo,11 P11,01 * P11,10 Plo,00,
The inequaliby ean beo written
(7447) 0 < Poo,10 (P10,11 = Pol,cp) * Pol, il {P11,10 = Poo,0L)
*  Pio,00 (Poo,01 = P11,10) * Puo1 (Por,00 = P1o, 11)
(Poo, 10 = P11,01) (P1o,11 = Po1,00)

* (Po1,11 = Pro,00) (P11,10 = Poo,01)
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s Poo,10 = Pll,01  Pol, 1l ® P10,00

Poo,01 = Pi11,10  Plo,ll = Pol,00 .

In Section 7+4 we found that in our exampls the changes in "seeing"
and "buying" were not independents Let us now see whether seeing leads
buying or vice versa, The index formed by subtracting (7.37) from (7.36)
has the value le44s This would indiocate that seeing is stronger. The in=
dex proposed by lazarsfeld was A 1= Az (given by (7.42) and (7.43),
respeotively) when the probabilities are replaced by the frequenoies (POI,OO
replaced by “01.00(1)- otos)e The value of this index for our example is
0077, also, indicating that seeing is stronger.

In this example these two indices indioate the sams results I
might be noted in passing, howsver, that the unweighted comparison (7.47)

glves =4,016 which indiocates the opposite result,

Te6s A More General Model for Two Attitudes

Suppose the probability of the peir of opinions held by an indie
vidual at time t depends on the rair at tims t=l and at t=2, Then in the
cage of dlchotomous attitudes we define state 00,00 as O on A at %=1, O on
Bat t-l, O on A at t, and 1 on B at t3 etos The probabilities my be in-
dioated as ’Tfij,klz gh? this is the probability of an individual with i on
A and jon Bat te2 and k on A and 1 on B &t t=l holding g on A and h on B
at te Then in an obvious way we oen construct the P mtrix whioh gives the

probability of golag from one state to the nexte This matrix will have many
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0 entries, as in Section 6.2. We ocan deduce the properties of this model

in e way similar to the previous seotionss The estimntes of the parameters

are given by

T
(7+48) = | %'1 B3 3,k1550{t)
L

1J,k1lseh

T
$ w0 (541)

&=l 3 )

Since this elaboration of the modsl way be considered as a special case of

the model treeted in Seotion 6, we shall not disouss it further heres
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8¢ Models for Beterogeneous Populationsy Use of latent Structurs
Analveis,.

B8ele Stratifications.

We have assumed in this paper that our populations have been homoe
geneous as far as the stochastic process is concerneds Of course, in
generel this assumption willnot be true, though in some cases it mey be
epproximately truee Usually, the models considered ebove are greatly
oversimplifieds We have assumed that the main determining influence
on 8 personts attitude at time + is his attitude at earlier times and all
other influences operate randomlys In ectual fact, however, we may know
that other factors operate systematically, snd we may even know how they
operatees Now we wish to see how we can take these other known outside
factors into account,

In many situations where continuous variables are involved, one
accounts for exogenous influences by “correcting" for these influences
by using "regression" on functions of the external variasblese It is
customary to assume that the effects are linear; one fits by least squares
linear functions of the exogenous variable se Then one studies the resi=
duals of the observations from these linear effectse The analogue for
discrete variables is stratificatione One stratifies his population on
the besis of the exogenous discrete varieblese Then each stratum i'xe treats
as homogeneouse Now let us see how this technique is applied to our pro=-
blems

We think that certain factors operate so that some people beheve in

one wey and certain other people behave in another waye Thus, we assume
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that we should use more information than just & person's initial attie
tude to determine the probability of his opinion in the futuree For
example, & man in state i mey have & probability of p? 3 of going to
state j, but & woman may have & different probability of moving from i to
Ja say p";. 5° Thus the state of men are determined by one process end
that of women by anothers Since we cen observe whether an individusl is
& man or women, we can set up one process for men end one for womene
In general, then, we can stratify our set of individuals on observed
characteristics and set up a process for each stratum.

Suppose there are q different strate which we wish to usee Let
n“'\be the number of people in the Yy =th stratume We assume that &

person stays in one stretum throughout the studye For each stratum we

have & matrix of transition probabilities
(81) Y s 67,y
that indicates the probability for & person in the " =th stratum of
going from state i to state je Let nY 1j (t) be the number of people
in stratum Y in state i et time t-1 and state j at time te Then for
each ¥, there is & process of the sort described in Section 3+ Each
one is analyzed as indicated theree

As an example of stratification we consider the vote intention of
August, September and October and stratify on the basis of interest in
the cempaigne Each respondent is classified into one of the three groups
"High Interest”, "Moderate Interest", and "Low Interest"s For each group
we have a table of the numbers of respondents with the various combinetions

of intentions in August and September end a table for September and Octobers
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For each group we estimate the metrix of transition probabilitiese They
are given belowe There were 141 respondents in the first group, 135 in

the second, and 162 in the thirds

High Interest ‘ Moderate Interest Low Interest

D | DK
+016 | #4016
963 | 4028
o161 | 4667

It will be noticed that the greater the interest the greater the
probability that a person with Republican intention one month will have
this same intention the next month and similkrly for persons with Democratic
intentions On the other hend the greater the interest the less the pro-
bability that e person responding DX one momth respond the same way next
monthe |

We mpy wish to determine whether a given stratification is necessary
for the study of a given atbtitudes Consider a stratification in two
groups with matrices P(l) end P(a), respectivelye We wish to test the
null hypothesis P( ) 2 P(z) Let p( ) . be the estimate of p(;‘;)

(¥=1, 2), and let n(i )(0) be the number of people in the ¥ =th group

holding opinion i at time O We know from Section 4 that the estimates

have asymptotically e joint normal distributiones Under the null hypo=

thesis the means for one group are equal to the meens for the other

group s 8nd the covariances of p(l) are proportional to the covariances

of p 2‘ for each is It is easy to verify that the set (p (1) -A (E))
A1) '\(2)

heve O meanss the asymptotic covariance between € (p 1 = P ij) and

A
(P«(gh p(gl) is 0 if i* g; and the asymptotic covariance between
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Ci('\(l) "( 3) and C (p(l) 3( })1) is Pi,j( th- Pyy,)e Where

(8:2) 1 = 2 +, L .
C. .~
R SHOR SIS SLJOM SMCEY

A consistent estimate of Py i is

. 21 e W 4 5 2@ 150
(805) plj él T 5‘.. ’ »
() 3 @)
t_él (- 1)4 & 3’ (6=1)

and & consistent estimate of C; is given by

(844) - N G R .
(1) (2)
cy 31 S n, (b=1) 51 'y (1)

It can be easily shown that under the null hypothesis

+ P
(845) c, > __ U
J=0 *
pij

has an asymptotic ¥¥« distribution with m«l degrees of freedome The

/\
statistic (845) for i is asymptotically independent of the statistie
for g(g%. 1)» Thuse test of the null hypothesis P(ig a p(zg for all

iand j is
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m-1 mel (p(l) - A(z)) |
(846) éoc . 50 . > )(m(mol)( 2
Pi.j

8+42¢ The Use of latent Attributes

Now our individuals mey be differentiated on some characteristics
not observable; that is, on a ltent atsributes For example, in the
study of political campaigns we might say that some people ere funde-
mentelly Republicens and some are fundementally Democrats but that their
obgerved behavior (other than their answers to the questions we give) does
not indioate ite As another example, congider asking pecple about atti-
tudes toward cepitalism, freedom, etce Thmre may be some underlying
philosophy that divides people into two growps that have different pro-
babilities of enswering the questions

We cen apply the idea of latent attribute anelysis to this probleme
The essential feature is that here we have strate which cannot be dis-
$inguished by any outside data but must be inferred only from the data
on the éttitudes we are studyinge Thus, we assume that there are q states
(or classes) of the latent attribute; there are q strata, but we do not
know in whioh stratum an individual ise As before, Ip each stratum,
there is é process defined, That is, for & person in gtate %of the
latent a*tribute let pg 13 be the probability of his going from state i
at time - -1 to stete j at te Let the vector n (0) indieate the people
who are '  on the latent attribute and in various manifest states at
time 0o

ST
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Wie obgerve
q ¥ q Y
(8.7) N(s)z2 N (&)=|s n,‘@,-,.(*:)~
Y= Y sl ’
1
The By (¢) . satisfy
(5.6) 2. n (t).")- (s 5’ (©)) zn®
i, 5 AR Yy

seye The n* 's are the "latent class frequencies's Thus we have as

Y ) S .
unknown peremeters p 13 and ni(dy-(qm(m,.l’)ﬁ.g. o = q.,;z

»

As & simple exénple of what is involved consider a latent attribute
having two clesses, I and IIs Suppose the number in the first class is
n® - 400 and the number in the second is n'T 5 §00e We shall assume thet
the attitude is indicated by opinion O or le ILet the two matrices of

transition probabilities be

7 \
(8.9) Pl o (49 o1 PI1 o | 42 o8

respectively. Of the 400 in class I let 200 be of initial opinion O

(and, hence, 200 of initial opinion 1) and of the 500 in class II let

300 be of initial opinion O (and, hence, 200 of initial opinion 1)
Now'let us cgmpute the expected numbers of various ocpinionse The

metrix N (1), for exemple, is



I 180 20
(8.10) N (1) =

80

117,

11 60 240
¥ (1)
10 90 / o

The number 180 is the expected number of people with cpinion O at time

0 and at time ls Then

I 260
(8411) n (1) = ( )
140/ ,

70
n (1):< )
\330 | o

Then the expected numbers of opinicn at t w 1 and ¢t = 2 is

I 234 26
(8.12) N (2) =

66

II 14 56
N (2) =
33 297 [ o

Since the two classes are letent (ises, not direotly distinguishable),

we observe
1 II 240 260
(8413) ¥1) =¥ (1) +N (1) =
90 210. ?
1 I1 248 82
(8,14) ¥(2) s ¥ (2) ¥ (2) =
: 89 881 .

I1f we divide each row by the row sum wo obtain ..

(8415) .048

\ #30

\J

/

o75
«19

«b2
o 70 »
25
+«81 .



118,

We see that the addition of numbers from two first order processes
gives us a set of observations that does not look at all as though it
came from & first order processe

The problems assooiated with this model shall not be treated in
the present papere It is clear that they are much more involved than
the problems concerning the models in the earlier section and more
involved than the models now used in latent structure analysis,

The development indicated in this section is interesting and importe
ent for both attitude time series analysis and latent structure analysise
From the point of view of time series analysis it is importent because
most groups of individuals are not homogeneous; their sequences of
opinions cannot be considered as being observations on the seame
stochastic problemse In many cases the best stratification will not be
one based on observed date but will be one based on a latent attribute.

Data used in latent structwre analysis is composed of & number of
separate items (for example, responses to & number of questions put to
the respondent)s It is assumed that given an individual's latent class
(or more gemerally his latent cheracteristics) the probabilities of rese
ponses on one item are independent of the probabilities of responses on
other itemse We ocan now consider the model presented in this section as
a development of latent structure analysis to a case where the items are
answers to the same question at different points of time and where the
probabilities associated with items are not independent when the latent
class is knowne This opens up a large field for latent structure ana=-
lysis because this permits enalysis of the latent structure on the basis®

of time series data,
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8e3s Reliability of Responses and Time Series Anslysis ef latent

Changese

I:1 the present psper we have assumed that e person's observed res-
ponse unambiguously represents his actual opinione A more so‘phist;.\.n'bed
model cen be set up == which permits an "error" of response. Suppose
the mesrix P refers to & sequence of “true attitude"; then let LY
be the probability that if a person really holds cpinion 1 he responds
with oninion je Thus the matrix Q = (‘113) has the seme methematiocal
characheristics as Ps

Let us see how we obtain the probabilities of certain responses in
this cages Suppose the individual has "true opinion" i at time 0; the
probability thet he holds true opinion j at time 1 and k at time 2 is
Pijp K The probability that he respond with opinion f at time O is Qpe
The probability thet he hold true opinions i, j, ket t = 0, 1, 2, res-
pectively, and respond with opinions f, g, hat ¢t 2 0, 1, 2 is
Py 351312948 %n® Finally, we obtain the probebility (if he hold true
opinion i et time 0) of his successive responses f, g, h as the sum over

possible true opinions held at t 2 1, 2 as

mel

Johz0
Since we cannot determine a person's true opinion at time O we shall
assign probabilities ry %o these initial true opinions, Then the probae

bility of observing the responses f, g, h is
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m-gl

(8417) = r.p q; 09,9
133,k=0 iP14P 3%095¢%h ,

Clearly, we can extend this theory to a.sequenee of observed responses
as long as we wishe lMoreover, we can develop our other nedels 4in ‘b.hh
direetion,

The puri:ose of this development from the point of view of attitude
time series enalysis is to permit explicitly random effects which are
independent from time to timee We haeve assumed that the probabilities
9y j ere the same over all time points; that is, the probabilities of a
response, given the true opinion, does not depend on an earlier opinien.
This is the disorete version of an “error of measurement”.

The statistical problems sre now more complex than beforee In addi=
tion to the parameters py; we have m(m=1) independent q_ij's and mel inde-
pendent ri'So From our observations we wish to make inferences conserning
the paremeterse As for the earlier models, we wish to develop methods of
estimation and tests of hypothesese Here, however, there is the prior
problem of identification; that is the question of whether knowledge of
the distribution of observable data is sufficient to determine uniquely
the parameters of the structures

This development is being considered in detail by le Wiggina:

Since he gives examples of this analysis, we shall not do so heree

The model considered in this section can also be considered as e

time seriss analysis for latent attributess The "true attitude" oan be

* "The fnnlysis of tho Reliability of Single Iteme in Panel Studies."
Report to the Rand Corporation,
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considered as a latent attributees The observed response is an item.
The probability Pij is the probability of moving from latent cless i
et time t to latent class j at time t4le The probability 3n is the
probability that a person in the j«th latent class give the response k on
the item at the particular times Since there are usually several items
izzvc;lved in latent structure analysis, let us generalize this models ILet
v |
g i.x be the probability of a person in the i«th latent class giving the
response -, on the,s=-th iteme Then the prdbebility of response oy
on the ¥V-th item at t=0 (for each¥), /3,,0n they/=th item at tsl, and
2:‘ - on the Weth item at tz2 for W¥zl, 2, 3 is
(818) m-l (1) () (3) () @) 1) (@ (3
. TsPi Pk o D3 oD, T - I . , ¢
R Rk el B P I A T TR S R S 32
It is clear that this analysis will be more complicated then either
the usual time series analysis or the latent structure analysise However,

some development of this sort is necessary if one is to study the changes

in *ime of latent attributes, and obviously such study is importent.
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Apvendix lele Convergence of P(s).

Here we shall prove the statement given in Section 2e4:

Theorem: I1f for some s and some g

Pig(s) > 0 for all i, then

(1) Siim-Pij(s) = Pj (i’j = 0.0.., m-l).

VY amtd

Proofs let

@) o) smnp (),

@ Uy 2 mxp, ().

Then

@ mye) sem 2o > nin Logmy(e) smy®),
(5) Mj('b"‘l) = m?.x %Pi@kj(t) E m:'.x kZpiij(t) - mj(t).
Thus

(6) mj(l) SmJ(Z) ﬁ esse

end

(7) Mj(l) Z~ MJ(Z) Z see

To prove our result we need only show that Mj(t) - mj(t) == Oe
We have

(8) Mj(ﬂs) - mj(t«}s) = rinﬁ:;(pij(t-&s) - phj(ﬂs))

mx 2 oy (o) - pyyle)) BB

This determines i and he Let 2 denote summation over positive terms

and 2 over negative termse Then
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@ S (o) ry®) 5 (Pyele) = 2y} 2 21 2 0

and

4
(10) 2 (Pik(s) -Phk(s)\} *<-: le

If pis in the set of k for 2 » then 2 pp (s) Z (‘ ’
where J:minp (s), and
i i

(21) 2‘(91,:().9,&(8)) <1-d

z " ~ + L
Similarly if £1is in the set of k for 2 , then S p,(8) <1« 'J( and
(11) followse Therefore

(12)  My(tds) = my (b4s) < 2+ (pik( s)-phk(S)) 1, (t)
+5. (oaxle) = paace)) mys)
:; 2 ' (Piktﬂ)-phk(s)) ( Mj(t)-mj(t)>

= (= (Y ywmy®) .

>

Therefore

%) ulxa) -mlol ) & G- f )

which goes to 0 as oA goes to infinitye Thus Mj(t) snd m j(t) have &
common limit p 3 We note thet the epproach to the limit is exponential.
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Appendix 1.2, Further discussion of the characteristic roots and

vectors of P.

Here we wish to summarize further information about the roots and
vectors of Pe In Section 2.4 it was shown that the characteristic roots
of P must be less than or equal to 1 in absolute value. It was also
shown that there is alweys at least one root equal to 1.

To study the matrix P further we need to introduce the notion of

invariant factors end elementary divisore Let D;(A) be the greatest
common divisor of i-th rowed minors of P-}kI. The i-th invarient factor

of P=-Al is defined as

(‘14) E‘iO\) - D*‘A}

Di-loo
Then
(15) |p -\l - TT E -
=l i
*
It can be shown tha‘E i()i) dividesEi‘I(}). Let the distinct roots of
(16) tmo\') = 0
be\/l.\"-g. ...Y'q (a < m)e The distinct roots of

(17) Fu@ - o

are among this setes Thus

S - ——

~ * Ma Bdcher, Introduction to Higher Algebra, liclillan Cos, pe 270.
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(18) E: (A) = (A=V)%1 . (A=Y )%
q

and ey £ eg4;, j{and % & = m)s The factors (}\-UJ) are called
elementary divisors, If e;j = 1l or O for all i, then the elementary
divisors associated with VJ are simple., The result on the classical

cenonical form is that there exists a matrix A such that

B 0 [ XXX XY X 3 o
-1
(19) A PA

"
o
o

g seseses 0
0 0 sssceer Bg /

vhere & is the number of E,(X) not identically 1. The form of B,

is seen easi;y from the special case of q = 3 and 611 O30 €3 =

[ %>
(20) B, = Vil
v,

v, 1
\ )‘,2

\ Vs

with O in each unfilled cell, We notice that if all the characteristic

roots are different, then all elementary divisors are simple and 31 =

A ) e O
1
0 >\2 cee O
L ]
[ 3
0 0 vee hm .

Let us now show that the elementary divisors corresponding %o

a x for ' ?\' = 1 are simple. If they were not there would be one block

In By of e zaeg
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/Vll 0 eeees O
(21) 01: 0 \"1 1 [ XX RN 0
\o 0 0 .;...\a(rl .

The matrix C is of order 0y It is easy to verify that
\

(2) % =</ G4 () |

0 Bl B soo 8 S-011%2

[ 3 I BN )
Oe oo

/
\ ves (s \\9;_%
o]
/cl O we 0 /
Lot i
ISt TG \ Cp eees O
\ |
\
\o 0 wsoc/

(23) A

/ All Alz Ty Alr

& Agy b2z eeee Ap

]
[
A L3
r1 “re Arr'f ’

- Dll Dlz osen Dlr

D21 Dzz s0ep Dzr

e [ ]

. . i

. I

Drl Drz [ XN X ] Drr .
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Then
r
(24 PPz A D
) | f__*l ik k kj
Ve have
(25) P% A 2 AC®
\
-{ A c®
= ( id a)
Consider / \\ /
8 / / s/s s-1l (8 s-e;,H
¥ -' - 11
(26) A0 4 ey) agpene 0, || "2 (1)*1 "(en-l) h$1
! a.. o a b E
! PN YY) ..8 e 2
Q’ .21 22 zell 0 3'"1 '3 X} 211'2) V’:.ell
| I )
1 a a. see a L XN )
Vet et ey \ '
s 8=l 8
- allvl &11 s‘/l 4 alzvl Y'Y
‘s, M8 a. s¥5lia V5 .
211 21 ° "1 22'1 *
° L]
. 8 b 1 8-1 is
a V a 8 \' }a \( ese

Since P® is a transition probability metrix the components of PSA must
be bounded; hence the components of Allcls must be bounded. But if

Co ' . 8=l , 8
- A \Y)
s> 1leand l A 1! = 1, the absolute value of 8,48 Y3 + 821 is

bounded only if e,, is Os Thus the first column of Ay, must be Oe

Similarly the first column of for every k is O and thus for Ae But A

Akl

cannot be singular and thus if ’ ':é-l =1, sa 1« This proves the resulte

Secondly we wish to show that if ' s*‘l‘ < 1 then C: -3 0 as

8 = 2 o+ This follows from (22) for each element approaches 0 as
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§ —> og e This result is used in Section 2.4,
It cen be shown that if there is & root};,i# 1 and ‘/\i\ =1,

then,}i is & root of unity; that is, it satisfies

Y
(27) INEEE

Moreover, the other r«th roots of unity must also be in ths set of

characteristic roots,
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Appendix l.3s The Variance of Xpe

We wish to compute the variance of

(28) X o=

when kn'(o) = 1s Then the variance of Xy is

aml...

(29) Vemy z GF S cor [ ay (o). (s)_]
8=

1]
3

i ‘- té ¢ n(t)-(dkj(t)]‘_n(s) £n n (s :l

:!n(t)-bkj(tﬂz

"

Hm'l-l
M

N

(t

In the second sum the expectation is taken first holding kno(t)""’
-knh!-"-l(t) fixed, and then the expectation is taken over thesee Thus

the second sum is

¥ & Efpiertes] [Fooneon e},
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This can be written as

2.z T ( . - m=l , -
SN ﬁ‘%lé}&nj(t)-(fknj(ﬂ‘ gﬁ{knim-gkni(t)]pi:,cs-t>§
=l 55% 1 -w] | .
Z33 % ara® <t>] (s-6)
=2 5 Cov |ny(t), -

T T aamnto t‘ P1y°e ,

because (/ ‘H’j (t)- C 105 (‘b) : = O when multiplied by & constant

(such as é; kni(t)Pi (s-t)) e We have as variances and covariances of
2y (8) o B

(32)  Var Lknj(tﬂ T Py (%) IL %—pkj (t)] ’

() cov [,m(6)s 0, ()] 2 -p dey () 3

.

or

(3¢) Cov|, Py (‘b), n, (% )“ pkj(t)!m J‘ji - pki(;)! .

From (29) and (31) we have

P -
(35) 'I'zVa.rXT = gi pkj(t) ’g__{-pkj(tﬂ

2 2 3oe 0 [f o ®)]s, 6
t £21 sbi1 120 "k L‘}’J P Pag”



Me—a

‘t:l J t.s-l
I T | ~
= s%:fka('“) ;ijju st |) - Pys(8) J .

For T'sufficiently lerge (larger than To)

—— ¢
36 o/ At) - q.. < e
Therefore, for T.> To
2
(37) z 5‘ pl_c)? (s) - <284 &5
b8z *J kg

Now we want to show that for T sufficiently large

(38) g+ }_g (£)p s+ ( ~)
58 a t; Py s-t - ..
L Rcn ) Pr;-¥ P33 es2y5

is sufficiently smalle Take Ty > .21. 3 then for T > Ty

1w _ o
(39) |32 £ pyyh) i< - < E.

2y 5 \rTS"‘t =

and let T 2T, where To/In <~ & and Ty >2Tos Then for t < To

T
P, (t)izgs,:},;_: P (t)p (s-t)-z__ P ()P (8)

131
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£z &,

Similarly for To < ¢ = < TaTo the term in brackets is near Q”td
also for t >T-Tge Thus (35) is within & myltiple of & of being

(¢2) q'kd (Qj j-qkj).

We see from (265,

“ht if qkj::"' Op them q,, = L

sad hence (53} i Qs



138,

Appendix l.4. Another proof of the existence of the limit in Section 2.6,

We wish to show thet

lim 2 &
(43) - p* = Q
T “w T ‘b:l *
Let
I &
(44) Ppzl/t - B .
tz1 ©
-

We wish to show that the sequence Pl’ Ppy eeee htis only one limit
mebtrix, for we know that limit matrices exist (by the Bolzano-

Weierstrass theorem) and that there are convergent subsequenoesiPT\,} .

Suppose
(45). lmPp =z A
Ve ¥V
Since
( ' | 1/I Ty t4l
46 PPp =«Pp P = ' P
| T.y, Ty Y & ’
we have

(47) PA = limP Py .z lim Pq P 2 AP,
y>p ¥ e

But

(48) (PT‘.J - Py ) 2 iy, (@ - Py,

which approaches () as I, approaches infinitys Thus PPTVapproaches
A, and

(49) A - PA 2 AP,

Thus for any T

(50) A _-_A(l/l‘ %‘-;1 Pt) = (1/r§: p*’)A.

tal
Hence, if B is any limit matrix
(51) A = AB » BA,
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Since A and B are arbitrary limit metrices we can interchange the
roles and obtain
(52) B = BA 3 AB,

Thus A = B, and the result is proved.
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Appendix le5e Classification of Cyclical States.

If our model refers to a single attitude, usually pij 3 O for all
1 and j because there is usually some chance of one opinion changed to
any other opinion. BHence, there are not “cyclical states"; any state
can be followed by any othore We shall, therefore, not discuss in de-
tail this phase of the study of Markov chainse Ve shall simply note
these prqperties.

The first feature to note is that if P is of the form

P O oees O

1

(53) P - Pz ses O

Qe o ¢ O

0 (XX ] Ph

where the P; sub matrices are square then en opinion in the rows of P
corresponding to P; must be followed by an opinion in the same set of
rowse Thus each P; is a trensition probability matrix and each set
of rows forms the basis for eseperate processe The multipliocity of roots
A =z 1for P is then he It follows from Seobion 2.5 thet if the multi
plicity of A =1 is h, then the form of P is as aboves

Now we shall assume that P is not of this forms Suppose P is of

the form

(54) P

‘Ue @ ¢ O
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where P3 is not necessarily square, but the number of colunns’

of P; is equal to the number of rows of Pisre Then an opinion in the
first set (corresponding to the rows of Pl) must be followed by an
opinion in the next set, etce Finally an opinion in the h-th set
must be followed by one in the first set. ILet 65_ be an m-rowed

vector with 1's in the rows corresponding to Pi. Then
(55) P é‘ 5 - 61-1 » i - 2,....h,

P ¢ 1 = é he
Then

b6 P - -
(66) Fy 0% &,

Thus 1 is characteristic root of P! of multiplicity at least h, However, 1
i¢ & root of P of multiplicity only 13 hence, there are h-l other roots of
P that are heth roots of unitye It cen be showm that these are all
differente

A more general form of P is the following

0O Py 0eee O
(87) Pz| 0O 0O Pyees O

* [ ] L J

[ ] ® L ]

L [ J ®

Ph 0] O ees 0O

Q’l Qy Qgees Q‘h{l‘

The opinions in the last set here are followed by any of the other

opinions, but these opinions do not follow Otherss Thus as time goes on

there is a greater and greater probability of changing from these opinionse.
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It is possible to show that the opinions can be numbered so that P

is of the form (53) and each P, is of the form (57)e

i
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Appendix 2.1. The means, varisnces and covarisnces of n, j(t).

S————

Since the set of.kn ‘ij(t) are asymptotically normelly distributed,
the asymptotic distribution is specified by the means, variances, and
covariancess Ve now proceed to obtain these on the basis of a given
metrix P and a given vector n(0).

We shalluse repeatedly the faect that if we draw b observations
from a multinomial population with probabilities Qs veos Qo the mean.
of by, the number of oocurrences of neture i, is bqi. the veriance. of
b; is bqi(l-qi) and the covariance between b; and 'bj(i £ 3) is -‘bqiq_j.

The probability associated with knij('b) is pki('b-l)pij. Thus

the mean and variance of .n, j(t) are

(1) Ezglla(t)f H nk(o)Pki(t"l)pij ’
end

(2)  Ver fyng )1 2 m(Odpyy (6-20py 5(0mpy (5-Lp )

The covarience between knij(t) and kngh('b) for g1 or Jzhis

(3) COVéknij(t). kngh(’c)g 2 <0y (O)pyes (B=1)py oy (b=1)pgne

Now let us compute the covariance between knia(t) and knij(‘b-l-r) for
r> 0e If if jend rzl, then yn;j(t) and yn;y(641) are the numbers of

occurrences of two mutually exclusive events, end the covariance is

(4) Covi kpij(t)’ knij(t*l)’ i %J { = 'nk(o)Pki(t'l)Piiji(t)pif

If i 2 jeand r 2 1, then knii{t) and (t41) do not arise from mutually

bt
exclusive eventse let 1Pgij (t41) be the number of occurrences of k at 0,
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g ot t=1, i at t and j at t4le Then n;4y(t+1) and kngii(t+1) are

from mutually exclusive events unless g = i and h z i. Since
-
(5) knii(t) = Lh_kniih(t'l‘l)l

,(541),

gii

(6) knii(tvl»l) - l.zkn

The covariance between yns, (t) and ynys (t41) is

I's

(7)  cov zknii(t). knii(t%l)% 2 ni;(o)épki(t'l)Pi:
- 3—;-1 Pres (6-1033P3 1 Picg (6-1)PgsPs 5 §

z nk(O)pii Py (6=1) l-pki(t)] .

To treat the case r > 1, we define kniaghﬁ to be the number of
occurrences of k at 0, i at t-1, jat t, g at tir-l, and h at tire The

coveriance between kni_gféh(t) and (t) is

Pefij

(8)  -n (Odpyg (5-1)p; 5o (r-2)p 5y Pyg (6-20pg gy (r=10p; 5o

unless ¢ = gz iand £ 2 hz je In that case we get the variance, which
cen be expressed as (8) plus nk(o)pki(t-l)pij Pji(r"l)Pij' Finally, the

covariance between

(9) 5 5(6) = -
K45 ) ;kniggh()
and

(1) ymy5(tir) = Z; Wors 3t)

is
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!
’ 2052

= nk(o)Pi?Pki (t-l)[p PR

- }:_ 'Pés (r-l)pgh Pke(t'l)pefpfi(r-l)}

e,f’g,h

2 - -
= 2e(0ps3 Prslt-1) l_ij_(r-l)-pki(’cir-l)J .
Now we can see that (4) end (7) are special cases of (l1) with the con-
vention thet p;3(0) = f 4, (=1 for 14 Jend 20 for i £i)e

More gemerally we have

(12) Cov 2 knij(t), xag (o) g

\ /
- L Cov) k_nijmh(*t)' knefd.q (e)
e f,2.h ( o

s nk{C) [Pkg_('b'l:'Pij de(-’-"'upd&,
-2 Pki(’b"l):?ijpjg;(r"l)f’ghpke(t"l)PefPfd(r'l)Pda
e.f,gs0

= 2. {0)pys (8=1)P; 3Pa y ijd(r-l) = Pyg (tdr-1) j .

Since knij('b) and 0, o (tir) are independent of hnij(t) end hndf(“r)’

(kf 1)
(13) Cov (nij(t)’ ndg ('b%r)): zk:Cov < knij(t), ¥Pa ¢ (t%r;) .
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Appendix 22 The asymptotic distribution of Pyy

A
We shall show that fﬁ(pij “Pij) have approximetely a joint normal
distribution if n is larges From (b) of Section 3.1 we see that

() .. . VA, (a)
V‘E(si J"'Pi J) = &

- T py

54 (n)

-/ rij(n) ~ P3j si(n))
B si(n)

Because of (4420) the asymptotic distribution of /A (fyy -py;) is the

same as thet of

i Jg,}'ij(n)‘PijBi(n)J ) f-[rij(n)-pi :{—ir (n).‘

(15) = h=0
T mel T  mel
2 2 p (1) 22 fHop (t-1)
t=1 X200 tk ki t=1 k=0 (k ki

The numeretor of (15) is

(16) 1 R?' [ (t) = (t)} 1 (ST (t) % (tﬂ
S n \¢)=p,. n =21 n _ (t)-p, n
o U g e T R )
] gr-_l = & | ay @)m O -l | 2 ;EJ (68, (O (b-1)p,,

-0 k Pl e —

SR
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n (t) «n (0)p. (t-1)p is asymptotically
Since the set .E. 1] > klum.- =

/nfO)
k

normelly distributed with mean O, the quantity (16) is asymptotically

normally distributed with mean Os It remeinsg to find the variance of
(18)»

Since the mean of

(17) knij(t)_pij%: knih(t) = knij(t) - pijkni(t-l)

is 0, the variance of (17) is

(18) E[” (t) - pijkni(t-l)]a
oy -]

:E{knl (tél)pij (1-p 13') g

- nk(O)pki(t-l)pij(l-pij)-

2y (t-l)} g

Now consider

/ —
Y

(19) v (| 15(80Ps5 2.k ih(t)l .%.k ng 4 (G4r)epy gknih(t'cr)ﬂ

s

t.i[nlj(t) ;7 Zx ih(t)] [k 15(64) Pij4 ('b-&r)J}

x:ign (£)- P55  (t- 1)] "knlj(t*r) -2, 1cnf"(i-.h- 1)]

n (t-}r-l)}

=0
because

N (
o) = g4 n (bir-1)

kni(ﬂr-l)g SN
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Thus successive terms kn:L (t)-p, (t=1) eare uncorrelateds From (18)

ij o
and (19) wo deduce thet the variance of (16) is

I p-l
(1) >_ > np (% 1)!.01 (1-p, .)e
tzl k=0 ik ki J

Finally the asymptotic variance of y/n (f:\ ij‘Pij) is (the exact

variance of (15) )

m=l T-1
2% 2. p, . (1)

By the same procedure we find tlet the asymptotic covariance of

NE (I”\ ij -pij) end yn (3 ih -Pih) is

(23) ij in
I

2 v Pki(t)

4 A
To obtain the limiting covariance of /m (p ij'pij) and /0 (p gh‘Pgh)
for i;[;g we need

(a) £ [yn ey, & g )] mg e 2 <)|

.-;EEE)L n )4 knla(t)’ ng (6= 1?“’ Benl) - {sngh(t)‘ (t-zﬂ n,‘(t-l’)\i}

=0

By the seme kind of argument we find that
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(25) E‘; ey )0y gy (5o1) || gy (he) 2 g, kng(ur-l)]?

=0 (1 ?"15.;)

Thus /% (5 e ij) ard ﬁ (;:\ gh"pgh) are asymptotically independently
distribubed if 1 ;C go

To summarize, the set /n (Q i.:)f'pi;]) have & joint asymptotic dis-
tribution which is normel with means 0, variances (22), covariances of
/n (3 137P ij) end ./n (i? gh-pgh) given by (23) if izg end O if 1+ ge
This completely characterizes the asymptotic distribution of the meximum
likelihood estimatcs,

We can use these results to (i) test the hypothesis that Pij is a
given value end (ii) to find a confidence interval for Psje lore generally,
we can test hypctheses about a set of Pi;j and find confidence regions for

a set of Pij'





