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PROBABILITY MODELS FOR ANALYZING 

TIME CHANGES IN ATTITUDES 

by 
T. W. Anderson 

In the summer of 19,.8 the Social Science Division of RAND contracted 
with Dr. Samuel A. Stouffer and associates at the Harvard Laboratoirf of 
Social Relations to conduct research on the measurement of attitudes. The 
purpose of this project was to develop methods for rnore exact description 
of the more ·comnlex characteristics of people. The morale of soldiers., 
the degree of tension between white and negro troops, the capacity of 
officers for leadership are topics on which information is needed for many 
purposes. While the judgments of intelligent observers are useful., it is 
often desir1ble to have statistical measurements which can be applied to 
large nwnbers of people and do not require the presence of such skilled 
reporters. Methods for such bookkeeping on psychological and social 
factors are now sought by many social scientists, and this project explores 
one special approach to the problem. 

Some of the results of thP. first year's research were included in 
Volume IV of Studies in .Social ?sycliology in World ~far II. As the authors 
of this volume stated in the preface, "experience on the (R/.,.ND) study has 
been of inestimable value in broadening the perspective of several of the 
authors of the present volume and leading them to make late revi5ions in 
their manuscripts -- in some cases., revisions which are quite fundamental 
in character." 

In 1949 it w~s decided to continue research on attitude measurements., 
with emphasis being olaced on ~he mathematical basis of this approach and 
its application to empirical materials. The work was done under the direc­
tion or Dr. Paul F. Lazarsfeld of the Burenu of Applied Social Re3earch at 
Columbia University., who had worked with Dr. Stouffer during the first year 
or the project. 

The present Research Kernorandum RM-455 -- "The Use of Mathematical 
Models in the Measurement of Attitudes" -- give:; a detailed presentation ot 
the preliminary findings of this project. It will be followed by a RAND 
report which will summarize the data and state the conclusions of the study. 

Because of its leneth> the ReseA.rch l~emorandum is issued in six parts. 
The present paper is: 

Part VI - "Probabilit~1 Models for Analyzing Tirr:e Cr:-'lne;;es in Attitude~" 



The titles of the other five parts are: 

PR-rt I - "A Simple Model for Attitude Tests" 

Part II - "Mathematical [;evelopments in Latent Structure Analysis" 

Part III - "The Applic.:1tion of L.q,ttlnt Structure Analysis to 
Problems of Reliability" 

Part IV - "The Application of L;1tent Structure Anal~•sis to Some 
Problems of Concept ForirAtion in Sociology and Social 
Psychology" 

Part V - "Applications of the Mathematics of Multiple-Factor 
Analysis to Problerr.s of L'3.tent Structure Analysis" 
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PROBABILITY IDDEI.S F'OR ANALYZING 

TIME CHANGES IN ATTITUDES* 

T.w. Anderson 

1. Introduction; the Purpose of Us1.ng Probability Models. 

In this raper we shall develop certain statistioa l mthods tor 

studying ohanges in attitudes over tine• These mthods might be oonsiderell 

as a type of time series analysis designed for data on opinions held by a 

population or individuals. 

With regard to alrnost any subject a number of individuals in a group 

will ohange their opinions from time to time. For example, during an eleotion 

oampe.ign sone people intend to vote for the candidate of' one party and le.tar 

decide to vote for another; some people may change their intentions several 

times. 

During the le.st few years a great amount of data has been assembled on 

the attitudes held by many people. There are the public opinion polls, the 

sociological studies, the aarket research investigations, and the data ool­

leotad by government agencies. In the future muoh more inf'ornation on at• 

ti tudes vvi ll be obtained. 

In sone oases the knowledge of the opinion on a given subjeot is known 

for the en tire population under oonsidere. t5.on. For example, early in November, 

• I am greatly indebted to Professor Paul F. Lazarsfeld for interesting me 
in studying attitude time series analysis and for innunerable discussions of 
the material in this paper. I am also indebted to Mr. Lee Wiggins for bis 
work on the illustrations in this paper. 



1948, it was known how the population or voter's thought about who should be 

president, In ll'Al'1y oases, however, the knowledge is of a. segment of' the popu• 

lation and it must be generalized to the entire popula.tion. The usual public 

opinion poll is the reoord of a few thousand individuals, but we extrapolate 

the percentages obtained to the entire adlllt population of' the United States. 

The inferring of the attitudes held by a given set of persons at a 

given time is usually not the ultin:ate objective of any particular study. 

One may want to know what actions may result from these opinions, or one nay 

want to know how these opinions may be modified. For these purposes one needs 

more than a description of the opinions held by a population of individuals. 

One would like an analysis of the important influences on the attitudes. 

For an analysis or the causes of' behavior a theory of behavior is 

needed. One would like a theory relating ohanges of attitude to the observed 

forces at work on and in the individuals. Unfortunately, there 1s not in 

this field of investigation a well•developed theory (such as one finds in 

eoonom1cs). If there were we could develop models that hypothesize the re• 

lations we should find in the observed data. 

The bridge between the original infor~ation and the predioted results 

or confirmed causes is the theory. The theory "explains" phenomena; that is, 

the theory is the set of' conceptual links between various observed tacts or 

between observed facts and predicted results. 

Since we do not have a well-developed, systenatic theory or attitude 

change, we have considered in this paper models that seem reasonable £or des• 

cribing changes of opinion when the inf'luenoes for change are essentially con• 



atant. That is. we can describe changes and predict them when there is no 

important change in the environmnt. This is an important forward step in 

the stuqy of attitudes because it wi 11 indicate when to look for changes in 

the inf' luenoes • 

Let us point up the difference between an ad hoo model and one based 

on a more or less sophisticated theory. A theory of attitude forimtion, whioh 

is not fully developed, states that there are leaders of opinion and followers; 

that the followers take their opinions from the leaders. We could set up a 

model based on this theory that would give predictions under unchanged oon• 

ditions and indicate changes in the environment ~nd -would in addi,ion pre61ot 

the changes of opinion if the leaders were affected in certain ways. Here the 

oauses of opinion change in the followers can be analyzed in terms of the 

leaders. 

While data collected requires a theory f'or explanation. a theory nay 

suggest data to be obtained. A particular hypothesis nay require certain in~ 

formation for determining acceptance or rejection of this hypothesis. On the 

other hand, a theory rray indicate that certain de.ta are unnecessary or are 

useless. Generally, in soientifio work the oolleotion of data and the tor• 

mulation and testing of hypotheses go hand in hand. In this paper we are in• 

terested in data in a certain form, namely, records of opinions held by people 

over time. and the inferences that oan be drawn from these data. 

In any soienoe there wi 11 be a discrepanoy between the oollection of 

generalizations forming the body or the theory and the observed phenomena. In 

ne.ny oases in the physical soienoes the discrepancies between the stated re• 



la tions and the observed facts are slight; usually in the social soienoes 

they are le.rge. 

It is oonvenient to classify these discrepancies into two categories. 

One category consists of the errors of observations. Generally speaking, one ----·--- ...... 
does not n:easure e.xactly the quantities that the theory is constructed to e.x• 

plain. In the case of using poll results in studying attitudes, we f'ind that 

the data oonoern a sample of' people while we wish to generalize about a popu• 

lation. In these cases the errors of observat:l.on are the usual errors or 

sampling. In som oases the errors are systematic; for instanoe the Lit~rary 

Digest sarnple contained too rew people of' the lower eoonomio lavels, and any 

sample drawn in a similar way would have the same kind or error. In other 

oases the errors may bo considered as random; that is, one oan set up a pro• 

bability law for describing the sample results in terms of' the underlying 

population. The use of' this probability model for da-soribing the errors of 

observation is well known. The di.ff'erenoe between what the poller thinks a 

question ll'eans and what the respondent thinks it means might also be 1no luded 

as an error of observation. 

The other kind of disorepanoy is due to the theory being incomplete 

or, in sorra respects, incorrect. Here again there rray be a systerratio error. 

In this oase the theory is wrong to som e.xtent. On the other band the dis• 

orepanoies rmy be due to the raot that people are to son:e e.xtent "unprediot• 

able'!. It is possible that by taking enough raators into acoount orie oould 

predict as aoourately as one would w.l.sh the aggregate behavior of a group of 

people. Aotually, one is limited vrith regard to the number of factors in• 
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eluded in a study. If the neglected factors have a certain kind of irre&U­

larity. we could say that the net effect of these "irrelevant" factors is a 

random effect. These effects we shall call disturbances in relations. A dis-

tinguishing feature between the random errors of observation and the random 

disturbances in relations is that the former are outside of the actual phe­

nomena one is interested in and do not affect them while the latter are part 

of the phenomena studied and their effects are incor:porated into the ensuing 

phenomena. 

The use of probabilities models in the social sciences is probably 

furthest developed in economics. A theory might say that two economic quan­

tities for a given market and a given time, say the price p and the quantity 

q of a. good sold ( defined by the economist). are related in a supply function 

f (p,q) :. o. We m8i1 observe a price P and a quantity Q and see if it 

satisfie·s the relation 

~p + ( /3 Q + '(' ) = 0 

for some numerical values of 0<. , /3 and o' • In general the relationship 

is not satisfied exactly. There ffl8i1 be systematic discrepancies of either 

kind. Tho o·userved price P may be an average for the period of time different 

frl)m the acinomist I s definition of p or the constants ix , /J and t' mq be 

:l.nco:r:.:o,::'..; ( o:.: the relation m8i1 not be linear). There may be irregular errors 

thrt~. r-&.n :)e treated as random. The observed price P mrzy- differ from the price 

n dQfine1 by the theorist because of bookkeeping errors or the suppliers mq ,. 

be ::1fluencec. by factors not taken into account, such as weather or political 

eve1.ts. The systematic errors are questions of data gathering, deftxl.H.tone, 

and construction of the mathematical theo17. We are more interested in the 



random disturbances, in particular, di sturbe.nces in relations.• 

We aan give an example of these types of errors from our area of at• 

titude stucles from the prediction or the recent election results. The errors 

of Gallup, Rope~~ and Crossley were due partly to the defeats of their sampling 

proaedures a,g w~ll as the "random" errorJ these are errors of observation. Se• 

oondly, the orrors are due to people obanging their lilinds. The change of at• 

titudes my be inherent fluotuations in the minds of some individuals or it 

may be due to some outside influences. It oan be observed from the data that 

opinions changed from summer to fall. To some extent these are random changes. 

Public opinion investigators have given great consideration to the 

first kind of error. namely., error of observation (including "sampling errors")• 

However, the second type seems more important. Indeed, by drawing large 

enough samples the first type of error oan be made negligible•• at least that 

pa.rt of observational error due to sampling. The seoond type of error •- that 

of disturbances in relations -- trAy be reduced by increasing the scope of the 

study but the inherent vagaries of hurmn nature may still leave this error 

large. Jlost of the ste.teir.ents about attitudes and their relations in time se• 

guences oa.n be phrased as predictions. The aoouraoy or these p-ediotions is 

lililited nainly by the second type of errcr. 

• M>re sophisticated economic theory would say that the supply equation in• 
volves also oosts of factors of production and that there is a demand equation 
involving price, quantity and inootr.e of consumers. These equations are be• 
havior equations. On the other hand, an ad hoo model might simply say that 
there are two equations relating prioe, quantity, oosts and inoome. The se• 
oond model describes the data as well, but does not analyze it into the be• 
havior of two groups. 



In this paper we she. ll oonsider som simple probe.bi 11 tu models tor 

describing this seoond type of disorei;anoy. The use or a model for the oom­

bination of the two types of error shall not be treated now. Thus we assufl\9 

the. t the questions and attitudes or the people about mom the generalizations 

are rm.de are the people interviewed. 

What are the advantages of using a probability model? In the first 

place it states preoisely the hypothesized relationships between the de.ta 

(including the properties of the random disturbances). In a nathenatioal 

model all of the factors taken into oonsidere.tion are stated, and the way in 

whioh they are combined 1s indio ated e.xe.otly. By explioi tly putting into the 

model probability distributions of some or the quantities one has in the model 

an "explanation" of som of the discrepancies between a non•random theory and 

observed faots. The random guan ti ties oan be given subs tan ti ve maning. 

A oonoise formulation is not the primary objective of a nathematioal 

model. A more important advantage of the probability model is that it permits 

us to draw the logioal oor,clusions of the theory if we know the model pre• 

oisely. By using na thetra tioal DB thods we are assured that the conseguenoes 

obtained are those implied by the theory. These two aspects of ~Ddel building 

not only olarif'y the ideas one has about the phenomena studied. but suggest 

further problems. One is led to questions that are meaningful in this model. 

It is essential that the rratheme.tioal model be related to observations 

of the real world. The elements of the theory should be operationally defined. 

How does one use ones data to evaluate how well the theory describes 

the taots? One wishes to test hypotheses in the theory and to speoify the 
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parts of the theory that are still unknown. For eze.rrple, one rrs.y wish to 

estinate a constant in the model. The third advantage or the probability 

model is that using the theory of statistical interenoe one can deduoe the 

best statistioal uethods for using the data from. the properties of the model. 

lllore than that, the kind of data to be collected are implied by these oon• 

siderations. 

In this paper we shall suggest sorm probability models that oan be 

used for describing attitude changes. These models nay be too simple to ex­

p lain the process of changes of opinion in rrany oases. However, only by con­

sidering these si~ple models can we see how to formulate more sophisticated 

theory. 

First., we shall consider a very simple case of attitude change, namely, 

an attitude depends only on the attitude at the next previous time point. 

This example will illustrate how we draw conclusions from the model, how we 

decide what are irsaningful questions (i.e., questions in operational terms) and 

how we devise statistical rrethods for estiroo.ting certain parameters. 

Then we sbal l consider other n:odels for situations which present more 

complicated Froblerri.s. In these exe.rr.ples it will be clear that setting up 

these modols permits Ill to rm.ke inferences that would not be evident from 

other approaches. 

In the direction of' indicating when causes of' changes in opinions 

operate we develop a technique for determining when the change is too great 

to be considered as due to the irregularities that are treated as random. Se­

condly, we show how to determine the lag in attitude; that is., how far in the 
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past opinions held et:t'eot the present. In two respects we go beyond the 

"primitive model" inwhioh only the eff'ect of one attitude on itself is oon­

sidered. In Section 7 we consider the mu'blal interaction between two a.tti• 

tudes. In Section 8 we indicate that lill.~· structure analysis can be used 

with these models. 

Unfortunately, there is a paucity of time series data in this field. 

It is hoped that development of methods of' analysis will stimulate the ool• 

leoting of more data. Most of the illustrations in this text are based on 

the Sandusky study of the election camt:aign of 1940 made by the Bureau of A.p• 

plied Social Research. In this oase we have seven suooessive interviews with 

ea.oh respondent. 
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2. f::. Simpl_e Model for U_1e 9.J.1.~_ges in _!;he .Attitude of One Person. 

2.1. Definitio~ of ~h~ Model. 

We shall suggest a probability model here to represent the 

changes in attitude of one :person. In the next section it will 

be shown how this model is applied to a group of people. The 

model suggested here has been studied considerably by mathema­

ticians and physicists. Most of the conclusions given in the 

follovting sections are well known in mathematical terms. Here we 

shall give interpretations in psychological terms. 

This model is simple in several respects. For one thing we 

shall set up a model which explains changes in a given attitude 

in terms only of the previous history of changes in this one 

attitude; other factors will be neglected. ~oreover, we shall 

n'ot take into account explicitly how strongly this attitude is 

held. VJ'hile the model may seem almost trivial, we shall study it 

in some detail because models 1111hich are more complicated in terms 

of psychological interpretations have the same ma,thematical pro­

perties. Later we shall show how more realistic models can be 

based on this simple one. 

V,e shall assume that at any particular time a person holds 

one of many different opinions. ·:/e shall find it convenient to 

number these opinions 0,1, ••• , m - 1. For example, if the 

attitude concerns the intention of voting there are two opinior.sjl 

either "I do not intend to vote 11 · (denoted by O, say) or ur do 

intend to vote" {denoted by 1). If the attitude concerns the 

nominee to be voted for, the opinion is "I intend to vote for 
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Dewey" (denoted by 0), 11 I intend to vote for Truman" (denoted by 

1), or "I do not know for whom I shall vote" (denoted by 2). 

At the outset we shall suppose that a person's a.ttitude is 

ascertained at regular time intervals. We may interview this 

person the first day of every month, or we may question him each 

June thirtieth. We shall denote successive time points by t • O, 

1, 2, •••• Later this model can be generalized to hold for ir­

regular time intervals. 

At any given time t the individual under consideration holds 

one of the m opinions, sa,y the i-th one. ,_,e shall assume that the 

probability that this individual hold the opinion j at the next 

time point is pij• Since the number pij is a probability, it 

must be non-negative. Since one of them opinions must be held 

at time t ♦ 1, the sum of these probabilities on j must be l; 

that is, 

(2.1) = 1 (i: O, •••• , m - 1). 

By knowing the opinion held by an individual at the origin of our 

time, we can predict in a probability sense how his attitude will 

change from one opinion to another as time goes on. 

It will be observed that the opinion taken by the individual 

at t ¼ l depends only on his attitude at time t. No other deter­

minants are taken into account explicitly. In a sense other fac­

tors are taken into account implicitly. The statement made about 

a person•s attitude at the next time is a probability statement. 

It is assumed that the effects of other influences on his atti­

tude are of such a nature that they can be considered random. 



Those inner forces that affect one's attitude are also assumed to 

be of an irregular sort that can be described as random. The 

net effect of these factors is such that we can assign a proba~ 

bility that he vrill change his mind from one opinion to another. 

We assume thet these "transition probabilities 11 p .. are the 
lJ 

same during the period of time under consideration. This implies 

that the factors affecting the attitude act in much the same ran­

dom wa,y in this period. 

We can give a freouency interpretation to the probabilities 

defined here even though the probability model is specified for 

just one given individual. The numbers ri •• deuend on the psycho-J:'lJ • 

logical make-up of the individual and upon his environment. We 

can imae·ine this individual or one similar to him as being placed 

in a large nu~bar of similar environments. Suppose in each of 

these circumstances he holds opinion i. Then count the number of 

situations in vrhj_ch he changes to opinion j. The reh,tive fre­

quency of this chancre is approximately p. . • Our frequency inter-
- lJ 

pretation is similar to that the econometrician uses when he sets 

up a probabilistic econometric modeJ; if his model relates to 

aggregate time series of the national economy, for example, he 

interprets :probabilities of events as the relative frequency of 

events happenine; in a large number of identical national economies. 

1Tov; let us give an example of our probability model. Suppose 

v,e ask our respondent each month 11 Do you think Russia wants pea.ce? ,: , 

Let 11No 11 be denoted by O and 11Yestt by 1. The matrix of transition 

probabilities might be 

(2.2} 



If an individual holds the opinion in January that Russia does 

not want peace, the probability is .9 that he will hold the same 

opinion in ,ebruary. and it is .1 that he will change his mind; 

if an individual answers 11Yes 11 to our question in January, the 

probability is .2 that he v,ill answer "No" in February and .a 
that he will ansv,er "Yes. 11 The probabilities .g and .1 indicate 

that while an individual will hold the opinion O vrith some tenacity 

there is a 1/10 chance that something will occur to make him change 

his opinion. It may be that ?.ussia will make some peace move, 

that the person will read a magazine article favorable to aussia, 

or that some emotional experience will make him more tolerant to 

a foreign country. On the other hand a person thinking in January 

that Russia wants peace has a chance of 2/10 of being affected by 

some occurrence that changes his mind. 

The remainder of Section 2 will be devoted to obtaining the 

consequences of this model. These results are theorems in proba­

bility with interpretations in the study of attitude changes. 

They are based on them opinions and the matrix of transition 

probabilities. 

Poo Pol Po, 
\ 

•••••• I 

m-1 ' ·. \ 
plo P11 •••••• P1, m-1 ' (2.3) p i - • I - • : ' i 

p p ' •••••• 1 

m-1,1 rn-1, m-1/ fl 

:i?irst (Section 2.2.) we shall see that knowing P and the 

individual's opinion at the beginning of the period we can assign 

a probability to every sequence of opinions held; that is, we can 

make probability statements concerning any question of the 
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individual•s attitude. In particul&r, we can find the probability 

that over a particular time span he changm his mind from one speci­

fied opinion to another (3ection 2.3). A very interesting property 
c . .Jrt,:in 

of the model is that under/conditions there is a tendency as time 

passes for the probability of a given opinion held to be inde­

pendent of the initial opinion (Section 2.4). 

If a certain set of probabilities are assicned to the initial 

opinions, the process may be invariant in time in a certain sense 

(Section 2.5). In any case we can find the proportion of time 

that an individual ·with a given initial opinion holds some speci­

fied opinion (Section 2.6). 

2.2. ~ Stochastic Process• 

If we know the initial opinion of the individual at time 0 

and the matrix P, v.1e can calculate the probability of any sequence 

of opinion held. If the initial opinion is i, the probability of 

holding opinion j at time 1 is pij• The probability of holding 

opinion j at time 1 and k at time 2 is simply pij • pjk' for pjk 

is the probability of going from j at time l to k at time 2. In 

general, the probability of the sequence of opinion i
0

, 11 , 1
2

, 

••• , i (for n ~ 1 time points) is 
n 

if the initial opinion is 

• • • • 

i • 
0 

n 

In the above example we see that if a person says No at the open­

ing interview the probability of No at the next and Yes at the 

following is e9 x .1; .09. Given the initial opinion No, the 



following table gives the probabilities of the possible sequences 

of opinion over two time points: 

t = 0 1 2 Probability 

Sequence No lfo Ho .al 

1-To No Yes .09 

No Yes 1:0 .02 

Ho Yes Yes .08 

The frequency interpretation is tha.t if we placed our individual 

in many similar circumstances and if he started with the opinion 

No, the relative frequency of the cases in which he would hold to 

that opinion for two periods without changing is .al. 
This set of 4 different sequences and the associated proba­

bilities is called a stochastic process (conditional on No as the 

initial opinion}. In general a stochastic process is a sequence 

of events (a set of events ordered in time) together ·with proba­

bilities of these sequences. In our study, an event is holding an 

opinion. Given the initial opinion we can find the probability 

of any sequence of opinions; all of these time series of opinions 

and the related probabilities constitute a stochastic process for 

this initial opinion. Given another initial opinion or given 

another set of p. , we obtain a different l)rocess. If we assigned 
lj 

probabilities to the initial opinions, the set of all possible 

sequences of opinion together with the probability of each se­

quence would constitute a stochastic process. In simple terms a 

stochastic process is a probability model for time series. 

These processes we study a.re called Markov I!,!'OCessea or mo:·;.; 



more specifically Markov chains. The term 11Ma.rkov 11 implies that 

the process is such that the probability of an opinion at time 

t + 1 depends only on the state at time t. 

One process of a trivial sort is given by the probabilities 

= 0 f . I • or 1,: J. 

' 
In this case it is certain that a 

:oerson holds his opiriion forever. Only the sequences (o,o, ••• ,o), 

(111, ••• ,1), etc., have probabilities different from zero. Ano­

ther trivial case is that of p .. - 1/m. In this case whatever 
lJ -

the opinion at time t, every opinion is equally likely at t -1- 1. 

The probability of every sequence of opinions is the same. 

2.3. Probabilities of Changes over Various Time Periods. 

Since a probability can be assigned to each sequence, we can 

obtain a probability for any ch,:mce in opinion we may consider. 

Suppose that the individual holds the opinion i at time t; con­

sider the probability that he holds opinion k at time t 4 2. At 

time t + 1 he may hold any opinion. Hence, the probability of k 

a.t time t ♦ 2 is the sum of the probability of Oat t _.. 1 and the 

probability k at t + 2, the proba.bility of l at t .f. 1 and k at 

t ~ 2, etc.; that is, 

Call this number pik (2). Let 

( 2 • 5 ) P' { 2 ) : ( p i k ( 
2 

) ) ( i , k :.. 0 , • • • , m-1 ) • 

Then P (2) = p2 , for (2.4) is the definition* of the i,k-th element 

-*In_general, i'f"A:-·"Taij) (i: l, ••• ,c; j: l,.~.,d) a~d B: . 
(b.1k) (J: 1,, •• ,d; k = l, ••• ,e), then the element 1n the i-th ror, 
anti k-th column of the product AJ2 is d 

~ a .. bJ·k• 
j :. 1 lJ 



of the product matrix P x P. In the example considered previously 

p (2} - ( ·9 .1) (·9 .1) - .2 -a • .2 .8 
(2.6) 

:. ( .83 .17) 
.34 .66 • 

If O is held in January the probability of o in February and O in 

Uarch is .9 X .9 - .81 and the probability of 1 in February and -
0 in ];larch is .1 X .2 :. .02, thus .83 is the pr obabi li ty that an 

individual saying 11No 11 in January would say "Hott in March. The 

matrix P(2) is also a matrix of transition probabilities. If we 

interviewed the individual every two months, this would be the 

matrix of probabilities of change. 

In a similar way we can compute the probability of a person 

with opinion i at time t holding the opinion k at time t + s. 
(s) 

Let P (s):. (pik ) be the matrix of probabilities of going from 

one opinion to another ins time periods. Then 

P ( s) : P's • 

1.7e can prove (2.7) by mathematical induction. As noted a.bove, 

the equation holds for s ~ 1,2. If it holds for s-1, then we show 

it holds for sin general. For 

(2.8) 

that is, 

P (s): P (s-1) P. 

Since 

P (s-l) s-1 = p , 

equation {2.7) follows. 

Thus given P, v1e can easily obtain the probability of a 



transition ins steps. The matrix P (s) is again a matrix of 

transition probabilities since each entry is non-negative and 

each row sum is unity. In the case of our example, we have 

pl (·9 .1) (2.2) p - - .2 .s· , - -
p2 (·83 .17) (2.6) P(2) - - .34 .66 , - -

p3 0781 .219) (2.11) P(3) : - .• 438 .562 • -
It will be no·ticed that in this case the greater the time interval 

is, the greater is the probability of the individual changing his 

mind. 

2.4. Limiting Probabilities ot ~olding ~ Given Opinion* 

17e can calculate .P (s) for any s. '.7ha.t can we say about 

.P ( s) for very large s? ·.le are interested in knowing what kind 

of probability statements we can make now for some time far in 

the future. 

In our example we can show that ass increases each element 

of P (s) gets close to the corresponding element of the matrix, 

(
2/3 
2/3 

1/. 3) 1/3 • 

The meaning of this matrix is that for a time point sufficiently 

far in the future, the probability is about 2/3 that the opinion 

is O (No) regardless of the present opinion. Thus, knowledge of 

the present opinion of the person is of less and less use in pre­

diction as the time span increases. This confirms our intuition 

that our ability to predict a person•s opinion decreases as the 

time interval increases. 



~e can make the following reneral statement about the limit 

of P (s). There exist m ~q~ely defined nor~-~1e£L?~~~ ~umbers 
m. 

Pj with . I:
1 

pj ::- 1 ~ch thaJ_ 
J = 

( i : 0 , ••• , m ... l) 

is only _QE~ .9_}'_1_aracteris_iJ.c -~ot _of .P _tha_t is ..9.!.1.~ _in absolute _!§-lue. 

The significance of this theorem is that under conditions (a) 

or (b) the probability of opinion j at time t f s approaches p. 
J 

ass increases irrespective of the opinion held at time t. 

Condition (a) means that at some particular times there is 

a non-zero probability of opinion j no matter what opinion is 

held at time t :: o. In our exa::1ple, this condition is immediately 

verified for s : 1 and j : 0 or l. ·,Je shall not prove the general 

result here, but give the proof in Appendix 1.1. 

·condition (b) is not only sufficient; it is also necessary. 

To study this condition further ·we must make a digression into 

matrix algebra. Since this throvrs considerable light on the pro­

cess 9 we shall devote the remainder of Section 2.4 to this study. 

First we shall define characteristic roots and vectors.* 

For a matrix Pa right-sided characteristic vector** w is a vector 

satisfying 

*Fora more complete treatment see, for example, Garrett 
Birkhoff and '3aunders HacLane, A St_!!_vey of ![odern Algebra, l~ac 
:i'fti llan co. 9 Chapters 8-10. 

** A column vector w is a matrix of one column 
WO ' 

f wl \ 
w =l • I\ : } 

w 1' i • m- /. 



... 
20. 

( 2 .14 ) Pw : Aw 
tor some value of A ; the value of l,. is called a cho.racteristic 

!.2..21 of P. Equation (2.14) can be written as 

(P - )._I) w : 0, 

where I is the identity matrix (with elements :f' .. - 1 when the 
l l. -

row and column subscripts are equal and ~j = O, otherwise), 

or as 

A necessary and sufficient condition for a non-trivial solution, 

w0 , • • •, "'m-l , of (2.16) is that the determinant of the matrix 

of coefficients is O; that is, that 

The left hand side of {2.17) is a polynomial in A. of degree m; 

them roots of the polynomial equation are the characteristic 

roots of P. In a similar way we define the left-sided character­

istic vectors v as vectors satisfying* 

In terms of components, (2.18) can be written as 

(2.19) 
m ,.. 1 
~ . vi (piJ. - A.t{iJ.) = o. 

i : 0 

Since the determinant of the coefficients of these equations in 

vi is f P - A. If , we see that the values of A for which there are 

non-trivial solutions for (2.19} are the same values as for the 

solutions of (2.16). 

•The prime on a vector denotes the transpose; that is, 

v• = (vo, vl, ••• , vm - 1>• 



21. 

Let the roots of ( 2 17) be ). :;. '\ > • l - A2 _ •••• 
.> ~ and 
- m 

let 

~ 1 o ... o\ 
(2.20) /\::::d 0 7 ... 0) • • • 

0 0 •• • 0 • 
If the roots of (2,17) are simple*; that is, all different 

( -Al > ).
2 

> * •• > Am), then there are m linearly independent 

vectors satisfying (2.14) corresponding to the m values of A .• 
Let these vectors form the matrix A• Then from ,2.14} we have 

PA : A)\ 

This is obtained by combining them vector equations into a 

( ) ** 
-1 . matrix equation. Multiplying 2.21 by A , we obtain 

* The polynomial ~ P - .A I I can be factored as { A.1 - A. ) 
( A2 - A.) ••• ( A..m - A}, where A. 1 , • •• , i\..m are the m roots of 

the equation (2.17). The number of Ai that are equal to 1, 
for example, is called the "multiplicity of the root 1 •" For 
instance, if p ( l. O) , then / "\ J 1- .~, 0 ' 

:.. . 0. 1 p - /\. I = 0 1-)... : 

(1 - A) (1 - A); in this case the root 1 is of multiplicity 
two. If only one root has a particular value it is said to be 
"simple." 

** The matrix A-l is defined (when IAf # 0) as the matrix 
such that A-1 A: I; it follows that AA-l: r. 



In order to prove that (b) is a sufficient condition for 

(2.13) we need to show that 1 is a characteristic root of P 

because Pis a matrix of transition probabilities. Let 

£ :(0 
• 

Then (2ftl) can be written as 

(2.24.) Pf;:. £ • 
1:le so/3 t:1.ut [ ic, fl. right-sided characteristic vector of P and 1 
is th'.? c o:".':ce:;,p me i :1g characteristic root. Now let us show that 

all the c.::iaract:eristic roots of P are less than or equal to 1 in 

absoltite v2.lne; th3,t is, 

(2.25) 

From (2.14) we have 

m - l 
A w. : ' :p .• Vl • • 

1 j ';- 0 lJ J 

Let wh be the largest in absolute value of w
0

, , w 1 • Then • • • m-. 

m..-1 f m-1 . 
<2 • 27 ) rfl.f•Jwhl! jfopijwj,~ jiopijfwhl :.lwhf · 
Since 'whj .ef:, (), (2.25) follows. Thus, in general 

( 2. 2s > 1 = ::\ 1 .? A 2 .? • . . -~ 'X m ? - 1 • 

'7e now prove that (2.13) is true if all the characteristic roots 

other than the first are less than one in absolute value. If the 

roots are different 

(2.29) P{s) :. Ps : (A,AA-1 ) 8 
: AAA-1 A/\.A-l • •• AN-l 

: AXA-l • 



for i: 2, ••• , m, then* 

/ 
\ 

{ 2.30} l 0 • • • 0 l 0 •• I!' 0 ) I o 
' . \ 

As xs . 
lim lim • • • 0 'I& 0 0 ••• 0 

s -+ :. s ➔ IC!loj • 2 • • 00 • • • • As , • • , 
◊ 0 • • • m ! 0 0 ••• 0 ; . 

' 
I ·/ ! 

Thus 

l 0 • • • 0 

(2.31) lim l?( s} A 
0 0 • • • 0 -1 

s = • • A. 
·➔ 00 • • • • 

0 0 • • • 0 

: a a*', 

where a is the first column of A and a*• is the first row of A-1 • 

From the fact that a a*' is a matrix of transition probabilities 

(since P(s) is for each s) 

and a :. k e, (where k : 1 /(a*! c;) ) • Let p be the characteristic· 

vector satisfying 

(2,33) 

where the sum of the coefficients of pare 1. Then 

(2.34) P,ps , : p • 

Going to the limit we obtain 

p 'a a*' : p' , 

and thus a••:. k*p' where 

Thus 

* 0 lim B(s): 0 11 means lim b .. (s) - c .. for all i, j:-
➔.-,-, lJ - lJ S ➔ ,t:lc) S ~•-··· 

where B ( s) .,. (b .. ( s)) and C : ( c .. ) • 
- lJ lJ 



. . ·• 

This proves (2.13) for the case of all roots being different {and 

only J A.1 f : 1) • 

In case the roots are not all different we can obtain an 

expression* similar to (2.22} where A. may not be diagonal but 

has property (2.30). Then (2.13) results by a similar proof. 

Let us illustrate this theory by 

(2.38) .1)· 
.a • 

The characteristic equation is 

.1 I 
.a - A . 

The roots are 1 and .7. The right-sided characteristic vectors 

are 

(2.40) (:). (:) • 

The left-sided characteristic vectors are 

(2.41) ( 2/3) 
1/3 

( 1/3 \ 
' \ -1/3 j • 

Then 
\ 

(2.42) ~c .: ) 'A-1 (2/3 1/3 ) A -- 1/3 -1/3 

and 

(1 (: ) 
I (9 :: ) ~ _:) 0 

v/3 1/3) (2.43) ( 
.2 \ l .7 1/3 -1/3 • \ . 

H. Vl. Turnbull and A. C. Aitken, Theory of Canonical 
Matrices, Blackrie and Son, Ltd., 1945, P• 49.-This question is 
discussed further in Appendix 1.2. 



It follows that the limiting matrix is 
B 

::) = C) (2/3 
(2.44) (·9 

lim 
s.➔,.. .2 

1/3) -=( 2/3 
2/3 

1/3) 
1/3 • 

Now let us prove the converse, namely. if {2.13) holds, then 

, ••• , m. Since A does not approach a I "'i l s 

limit if : l and A. i f 'tA, it follows that the only roots 

of P that can be of absolute va.lue 1 must be 1 because other-

. As t ... A•s -1 wise . does no approach a limit and hence P"' :. AJ\.A does 

not approach a limit. If the roots equal to. ·1 are A ~. , 1, • • ., /Ir 

a 1 , ••• , ar are the corresponding columns of A and a 1 .~, ••• , 

-1 ar*' are the corresponding rows of A , then* 

(2.45) a. a.*' 
l l 

This is of the form (2.13) only if 

result. 

r - 1. - This proves the 

7e can now characterize the matrices P of transition proba­

bilities. The results are given in the table below: 

(a) (b) (c) 

-
r'h:.racteri sti c ). - 1 Al - •.. aA - l Some A~- j1 · 1 - - r .. hoots 

J"-i,I< l IAJ < l l li,l lf- 1 
I i•r,l,·l, • • ,m is2 ••• m -· 

Ljmit of P(s) [_ P' not ep• no limit -·-- --~· - ----- _, __ 
Example of ;.9 .1) (~ ~) ' 0 1 

·,, 

~ 
P( s) ,.2 .s \ l 0 i ,, 

\ / 

-- - - -
Limit of / 

2/3 1/3 ) (~ 0 
'• 

i •\ no limit 
Exa.mple \ 2/3 1/3 1 .I 

/ 

* The roots equal to 1 correspond to simple elementary divi­
sors. See Appendix 1.2. 



In the example under (c) 

P(s) = C :) , s odd, 

:: ( 0

1 

1

o) , seven. 

Hence, there is no approach to a limiting matrix. These cases 

are considered further in Section 2.? and in the Appendix. 

It should be noticed that the approach of P(s) to the 

limiting matrix depends on A. 8 (i : 2, ••• , m) approaching o. 
l 

The smaller are these roots, the faster is the convergence. 

It may be objected that this model (with only one root of 

absolute value one) is not realistic for sociological phenomena 

because as time goes on the probability of a given individual 

taking on a given opinion does not become independent of his 

initial opinion. The unreality may be modified, however, by two 

considerations. One is that our time of study may be so short 

that the limit is not approached and the model may be adequate 

in our range of study; the other consideration is that if the 

process holds only for each of a restricted class of individuals 

it may be a good approximation. At any rate this feature of the 

process is one to bear in mind when we come to use it to explain 

the behavior of specified individuals. 

2.5. A Stationary Process,._ 

Suppose the matrix P satisfies the condition for 

(2.47) 

Then 

(2.48) 

lim 
s-J 0d 

8 p : 

p•P : P' , 



27. 

and, in general, 

(2.49) 
s 

p'P : pt • 

If this process has been going on long the probability is 

about p. of holding opinion j (reeardless of the earlier history) 
J 

at any particular time. At a later date the probability is also 

approximately P.• Thus the process is nearly stationary. 
J 

Now let us see how we can define a process that is station-

ary. BY sta.tion~IZ we mean that the probabilities associated with 

opinion at time tare the same as at time* t ~ s. ~e can define 

a stationary process if we can assign a probability to an indi­

vidual holding a given opinion at time o. If the probability of 

opinion i at time O is pi (the i-th coordinate of p) then the 

probability of opinion j at time tis 

m - l 
(2 .50) I: p.p .. 

i -; 0 l lJ 
( t) = pj 

by (2.49). Similarly, the probability of opinion i at O and j at 

1 is pipij and the probability of i at t and j at t ~ l is p.p .. 
1 lJ 

by (2.50). Thus we can show that this process is stationary. 

i'h9 :•:i:-or, es s (i.e., the set of probabilities) does not change with 

Cinu way that the stationarity from time O on is achieved is 

by a:=; s1m.:i ng that the process at time O has already been going on 

2 r ( ~ T.,·i. ,-::;ting PF9,E2rt ion of 1'ime ~ One Opinion . 

In cei.1-1ral we can sa.y that over a period of time a person 

,:: mo ·'.'.:'e precise we should say that the joint probabilities 
assoc~atEd with the opinions held at t 1 , t tk are the same 

2' ••• , 



2e. 

tends to spend a certain portion of time holding a given opinion. 

If the conditions of Section 2.4 are satisfied, then the propor­

tion of time does not depend on the initial opinion. 

Now let us study how the proportion of time that an indi­

vidual holds a given opinion depends on the matrix of transition 

probabilities P and possibly on his original opinion (if the con­

ditions of Section 2.4 are not fulfilled). We shall suppose that 

our individual holds opinion i at time O and we shall study the 

proportion of time that he holds opinion j. Suppose we treat the 

successive time points t: l, 2, ••• , T. Let X(t) be a random 

variable that is 1 if opinion j is held at time t and O if a dif­

ferent opinion is held at time t. Then 

(2.51) .Pf{X: 1} : Pij(t) , 

P.f {X:::. O} = 1 - pij(t) • 

The total number of time points at which opinion j is held is 

X(l) .J ••• ♦ X(T), and the proportion of time is 

(2.52) 
T 

X - l )- X(t) • 
T --,.- t':'l 

We want to show that if Tis large enough XT is very probably 

near a certain number (depending on P). That is, we wish to show 

that there is a number a such that 

(2.53) p lim XT :::. a • 
T· •➔ c,o 

A precise definition of (2.53) is: Given two (small) numbers 

cf, e ~ 0, we can find a T such that for T > T 
0 0 

(2.54) Th- { I XT - a I > b} < E, 
This means that if we take a long enough time range we can be 



pretty sure that the proportion of time opinion j is held is 

about a. 

First let us see v:hat this number a must be. The expected 

value of XT is 

T 
(2.55) £, XT : ~ t ~ 1 X( t) 

'l' ......... 
: 1 ~>· p .. (t) 

T t~ l lJ 

7!e sha.11 show later that as T➔ e<:,, (2.55) ➔ a. The variance of 

XT approaches Oas T approaches infinity. Since the proof of 

this is rather detailed it is given in Appendix 1.3. By Tcheby-

chev•s Theorem* we find that (2.53) is true. 
T 

Now we shall prove that as T approaches c,q, l i': p .. (t) 
T t: 1 lJ 

approaches a limit. We wish to show that there is a matrix Q 

such that 

(2.56) 

By the canonical reduction 

(2.57) 

:A l ~ A' A • 
(

. T t) -1 

T t~l 

r 
Now we wish to show that lim l ' At exists. If the roots 

T t -~l 

* s. S. Vilks, UoJl.lfi.1:t~tipa.l St-''1.tisJt;ics, Princeto:r:. Univ. Press, 1943, 
p.30. 



are different* 

--
0 

If "\ . 1_ I -"1 i 

0 .... 0 

0 

0 

0 ••• 

"\ T 
l,A. 1-A. -:- l __ l 

T 1 - )L 
l 

by the geometric series formula.. Since** j \ f ~ 1, ~ l "'I' Ai T j 
< 2 and 

2 • 1 l ,-l- ""\ t!l l A. '- /\-, < 1 Tt:l l ...... Tl-X. 
l 

As T ➔ 00' (2.60} approaches o. If A. -· l then 
l 

T 
A ½ t~l 

1 = 1. Thus if - l for i - 1, ••• , t' 
i - --

for i : r t 1, ••• , m, 

1 0 • • • 0 0 • •• 0 
(2.61) 0 1 ••• 0 0 • •• 0 

1· 1 t'- ./( 
• • 

1m .,, = 0 0 ••• 1 0 • •• 0 
T-+1l0 T t ~l 0 0 • • • 0 0 • • • 0 

• • . • • • 
0 0 ••• 0 0 • • • 0 

---·-------

T 
1 L A..t 
T t : 1 1 

and Ai + l 

' 
*More generally the condition is that the roots correspond 

simple elementary divisors (see Appendix 2.2). 
** ' x l means absolute value of x. 

to 



where th~ ones are in the first~· diagonal poi;Jitions. 

T t 
li,m l 1: f 

T ➔ o0 T· t : l 
-- A 

(

l ••• 0 
I 
0 ••• l i . " 
0 ••• 0 

:;. L al. 
i = 1 

O ••• 0) .1 
0 ••• 0 A 

0 '!. •. 0 

Thus 

where a. is the i-th column of A and a. 111.t, is the i-th row of 
1 1 

-1 
A • 

Let !~ (0 0 : 
" 0 

QP 

\ 

0 ••• 0 0 . . ~ 0 ~ R • Then 
l . •. • . 0 0 • e: • 0 
• • 
o. . . ~ l 0 • • • 0 

i ~ , ' () 0 ••• 0 

• 
0 . ~ ~ 0 0 . . ~ 0 

-1 -1 
~ ARA A../\A. · 

- .AR "\-1 ... ... ~ 

-1 
:. ARA 

- q,,. -
Thus each row of " is a left~sided characteristic ·(., since RA: R. 

vector of P corresponding to a root of land since ~Q: Q, each 

colµmn of~ is a rtght~aid~d cha~acteristic vector of P corres~ 

ponding to a root of 1~ •' Thus the a1 and a
1 

can be taken so that 

0 
• • • 

••• 0 

0 0 ••,Q,rr 

where each Q .. is a transition matrix of the sort E.P'• If 
11 

r: 1, then Q: Q.11 as in Section 2.4. If r -;;,,1, then the 

proportion of time the individual holds an opinion depends on his 

initial opinion. If he starts with an opinion in one block, his 



average time in another block goes to zero. As a matter of fact. 

P must have a form somewhat similar to that of Q,. (See appendix 2.4) 

2.7. _FT;::..':..l:Lo'E. ~E. S:p~cj_fytng_ Stat~onary State~ Turnover, 

Let us sea how much flexibility there is in specifying a 

modeJ. for some particular time series. We shall see that in the 

case of a dichotomous attitude we can specify the stationary 

state and the turnover. 

The model is specifieg by the matrix p. The number of free 

parn.m3ters h;. .P is m(m - l)C''since :£:: p .. = 1). The number of 
j lJ 

free parameters in p (the cl-J.aracteristic vector of P correspond-

ing t.o the root of unity) ism - 1. Thus we can assign p and 

still have the choice of {m - 1)
2 

parameters in P. 

Let 

(2.56) 

Suppose 

(2.67) 

we have 

(2.68) 

us see how this works in the case 

p =- ( I'oo Po1) 
P10 pll • 

p (the stationary state) is given 

p c - e, -

Poo = 1 - -Poi• 

P10:. l - P11 • 

of m --

by P' --

That p indicates the stationary state is shown by 

The second component equation of (2.69) is 

(2.70) 

Thum; 
(2.71) 

2. Then 

(po •Pi}· Since 



and using (2.Q8) we obtain 

P • Po 
10 - - Pol ' 

pl 
(2.72) 

Using (2.68) in (2.70) we obtain 

or 

Po Poo + P1 Pio~ Po• 

which is the first component equation of (2.69). Thus (2.69) is 

satisfied if p
00

, p10 and p
11 

are expressed in terms of p01 
given by (2•68), (2.72) and (2.71), respectively. Thus we can 

assign the stationary state and the turnover. 



3. !!!! Simple Model £2!. ~Changes~ Attitude 2£_ Uaey Persons. 

3•1• Definition of the Uodel. -----
In Section 2 we considered a probability model to explain the sequence of 

opinions held by a given individual. Our frequency interpretation or probability 

here is that if we took this individual and an increasing number of identical 

individuals and set them in roughly similar environments.* the proportion of 

th3se identical individuals holding a given sequence or opinions approaches the 

pro"1ability of the seqJ.ence as defined by the model.** The probability model in 

Seo·;ion 2 was thought of as applying to one particular individual. Now we are 

going to assume that we have a number of different individuals who are similar 

enough so that we can use the same probability model for each. That is, the 

same matrix P applies to all. The initial opinions need not be the same. Out 

of theee n individuals we are interested in the number holding a given opinion 

at a given time. or in the number holding a given pair of opinions at given 

pai~s of time, or in the number of people holding a given sequence of opinions 

~v0r a:l times studied. Since each individual's sequence of opinions is a 

re.ncic:n variable (i.e •• there is a probability attached to each possible sequence), 

the total number of individuals holding a given ~equenoe is a random variable. 

The interpretation of this in terms of limiting frequency of occurenoe is for 

repeating maey times the entire environment for the n individuals. \7e shall now 

build up the theory for the aggregate of opinions held by a set of individuals. 

Suppose at time t • 1 there are n1(t - 1) persons holding opinion i. For 

*Or we take this one individual and imagine putting him into an increasing 
number of similar situations. 

**The question of interpretation of this probability model for one individ• 
ual is siniilar to the question regarding a probability-model in econometrics for 
one set of time series. See T. Haavelmo. ~ Probability Approach _E, Econometrics. 



ea.oh such person there is a probability Pij that he will hold opinion j at time 

te What is the probability that of these J½_(t - 1) persons. there will be at 

time t n10(t) holding opinion o,, nu(t) holding opinion 1,, etc.? The answei" is 

given by the multinomial distributiont 

where, of course, 

(3.2) 

!li,(t - 1 )l --------- m-1 

1r n1/t)l 
f•O 

m-Tl n• .(t) 
. PiJ. J.J 

j;:; () 

To-, 'illustrate this idea, we can c onsiclf3r cur aarlier example. If an individual 

holds that Russia. does not want peace in January, the probability is .9 that in 

February he has the same belief and is .1 that he changes his mind. Suppose we 

have 20 people who hold in January that Russia does not wanb peace. Then the 

probability that 17 have the same opinion in February and 3 change is 

201 
(3.3) 

171 31 

If 30 hold in January that Russia does want peace, the probablblity that 6 of 

these 30 change their minds and 24 continue to hold the same opinion is 

301 
(3.4) 

• 



Define the Teet oi- n( t • l) and the matrix N( t) as 

(3.6) 

(3.6) 

N(t) 

/ r1oo(t) ~l(t) • • 

=( :10<t> ~u(t) •• 

\n,.: io,o ( t l;,._1 • 1 ( t) • 
The conditions (3.2) can be written 

N(t) f~: n(t • l) • 

Now we want to define the distribution of all components of N(t)., given the 

veotor n(t ~ 1). It is the produot of them functions (3.1)• namely. 

In our example if 

(3.9) 

the probability that 

N(t) : e7 3) 
6 24 

is the product of (3.3) and (3.4). 

In this oase there are 23 holding opinion O and 27 holding opinion.1at time 

t. In general 
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or in vector form 

We ~ay be interested in knowing the ·probability of a vector n(t) given n(t • 1). 

That probability is the sum or (3.8) over all ma.trices N(t) such that (3.7) and 

(3.12) hold; it is 

tCn(t -1). n(t) I ff : 'f tCn(t • l); N{t) J fl. 
In our example we can obtain 23 with opinion 0 and 27 with opinion l from the 

N(t) me.trices 

(
·20 0) {19 1 ·\ 

3 27 , \ 4 26 }, 

The probability is 

20 

• • • 

( 0 20' 

,\23 7 / • 

-f·3 .16) ~--_ 201 • 301 , ' 1.r'; o ----------- (.9)20-lfc.1{ (.2)3,1,1f (.a)21-l/ 
<20- .iJH .i1, (3~-H<21-i/h 

f ~ 201 301 ((,l) (,2) '\] (.g)2o(.2 )3(.a)27 

~= 0 (20- ,/H ).,-1(3+ 2.tH(21 .. ;I) i , ( •9 > ( •8 ) J 
Finally, we can define the probability of a sequence of vectors n(l), n(2), 

• • ., n(T) given n(O) as 
T 

(3 .16) ·rr tCn(t - l)J n(t>lD 
t : l 

where it is understood that (3.7) and (3.12) hold for each tin the definitions 

of tCn (t • l)J n(t)J. The idea of (3.16) is that we obtain the distribution 

of n(l)• then multiply by the conditional distribution of n(2), and continue. A 

given conditional distribution has the property that 

(3,17) [ { n(t) '/n(t - l)}: n(t - 1) 1 P, 
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We can also detine t~ probability of a sequence ot rrAtrices N(l). 

N(2)• • • •• N(T) suoh that 

n(O) : N{l) t. 
and 

(3.19) N( t - l ) • £ : N( t) l : n( t - 1) • 

The probability is simply 

{3,,20) 
T 

·TT fCn ( t • 1 >, N( t) f ff • 
t = 1 

Another xr.e.thematical way of obtaining the above expressions, is to write 

dmvn the probability of the numbers or people holding all possible sequences of 

opinions a.s a multinomial distribution with (2.4) as the elementary probabilities. 

Then the probabilities given above sre·derived as mrgine.l and conditional 

distributions• 

From the point o£ view of the elementary probabilities of sequences of 

op~nions we could give a quite diti'erent interpretation of the probability. We 

c :n1 c. conceive of our population having as elements sequences of opinions auoh 

+".1~•:1; the proportion of the population being a given sequence is (2.4). Then 

if we draw a sequence at random, the probability it is a given sequence is (2.4). 

If the population is sufficiently large, we are led to approximately the above 

theory when we drawn sequences from this population. 

This second interpretation ( 1n terms or random sampling or individuals with 

sequences of opinions) can be combined with the former interpretation to give a 

composite interpretation (whioh is probably more realis\io). In this paper, 

however, we shall use the first interpretation. It is more convenient, in 

particular for prediction. 



It may be argued that a large group ot individuals -.y not be homogeneous 

enough for their opinions and potential opinions to be explained by one process. 

the answer to this argument is that an inhomogeneous group may be split into 

smaller groups. Then for eaoh smaller, more homogeneous group we ue a probabil• 

ity model of the sort described•* 

Properties of the Model derived fr•cm the lJodel for One Person. ------ - - --- ---- - - --- - ---
We shall now see the implications of this model. The properties described 

in Section 2 will carry over to this model 1n carte.in sensev. 

(1) The Stochastic Process. The distribution (3.16) gives the probability ------
of a sequence 

n(l). n(2), •••• , n(T) 

if n(O) is given. This is a stochastic process (depending on n(o)) because the 

sequence of vectors is a sequence of random vectors (i.e., to each possible 

sequence there is a probability attached). The process 1n Section 2 is a 

special case where the vector n{o) has one component equal to l and the pthers 

equal to o. 

We can also define the probability of a sequence of' matrices. 

• • 0 N(T}. 

This is also a stochastic process. 

Indeed, we can define the probability of a set of the numbers of jleople having 

different sequences of opinions. For example, we could obtain the probability 

that of 11 people holding O a.s initial opinion, 3 have the sequenoe 1,1.,-0~0, over 

a period of 4 time intervals. In fact, as indicated before, another way or 

*In the aase of oontinuou~ variates one uses residuals from regression on 
the bothersome variables, the analogue for discrete variables is stra.tific'a.tion. 
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setting up the probability (3.16) is to consider each s equenoe of opinion 

11, i2, •• •~ it, and add the probabilities of those sequences such that we 

obtain ni(t) people with opinion i at t (for all i and t). 

We have assumed that n(O) is given. If we assign a distribution to n(O) we 

get a stochastic process that is independent of the numbers of people in the 

initial state. 

(2) Probabilities~ Chan~es .!!!2!:.. Variou~~ Periods• In Section 2.3 we 

saw that if a person holds opinion i at time t, the probability is Pij(s) that 

he holds opinion j at time t ♦ s. We can apply the reasoning of Section 3.1. 

Suppose the numbers of people holding various opinions at tare the components 

of n(t). Let 

(3.2Z) 

be a matrix satisfying 

Nt;: -. <....- n(t), 
I 

C N a n( t .J s ) 1 
, 

' where n(t 4 s) is some vector such that the sum of ocmponents is the same as 

n(t). The probability of a vector n(t ,I. s) is 

~!1.1~1 f'n1(t) 
tCn(t); n(t .f. s}f P (s )J =2 \ l 

•• t' m-1 
1-0 TT n • . 1 

l_j:o 1
J 

where the sum is over all n1j for which (3.21) and (3.25) hold. This 

could also be obtained from (3.13). 

(2.6) 

Consider the example we have used before. In this case 

P(2) : 
/ .83 

\.34 
.17 \ 

.66 } • 

\ . 
I 

probability 



Thus it' 

(3.2f) n(O) - { 20) - \301 • 

the probability of 

(3.,28) n(2) - l23l -
27 1 

ie 

Thls formula is obtained in the same vm.y as (3.15). 

(3) Limiting Probabilities of Holding a Given Ooinion. If the JljB,trix P --~---...~---.... --
o~ tr~nsition probabilities has one che.re.cteristic root unity and the others less 

ir. absolute value, we know that P(s)-.fp' ; that is, sufficiently far in the 

:Pu:ture the probability is about p
1 

that a person hold opinion i irrespective of 

t.~1.e opinicn held now. Let n be the sum of the ccmponents of n(o), namely, the 

number of people atudied. Then the probability of 

v=(r \ 
\v_1) 

. oocuring at a time point far in the future is approximately the multinomial 

expression 

nl 

In our example 

p' a: ( 2/3 1/3). 
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If' there are 50 people, the limiting probability o£ 23 no's and 27 yes 1s is 

501 

231 271 

(4) ,!;;,_ Stati~na~ Process. If' we use the components of the vector p·to 

define a multinomial distribution for n( O) vie obtain a stationacy process. Then 

(3.31) is the probability for any n(t) being equal to )) • . 

(5.) Limiting Proportion of Time with Cne Opinion •. The average frequency any 
,_..._ ............... ., ..... _ - - - ------------

person with initial opinion i has opinion j over a period of time tends tcward 

qij defined by (2 .48) • Thus if there are ni (O) people With opinion i at time &, · · 

on the· average the proporti'cm 4ij of these will hold opinion j. The e.vel."age 
m-1 

number of people holding opinion j over a long period of time b 5 , I½_C'O)Wl1,5· · •· 
. r- 0 . 

By average here, we mean adding the number of people vti th· opinion j at time• 1 1 · ' , 

. 2, • • •; T and dividing by T • · 

(6) ~sym~ot1o. Normality. Suppose n1(t•l)i:l,gi:von.. If ni(t - 1) is large 

enough ni0~t), ••• , n1,:m-1(t) are approximately normally dist.ributed with 

expected values 

E [ n1}t)I n/t - l)! : 
.I 

and covariances 

(3.3:li) ~fij(t), n1k(t)! "i(t - l)J : n1(t - l) ( d';:c - Pij) Pik , 

The conditional distribution of ?lij(t) is independent of that of nhk(t) for 

hf i. The asymptotic , distribution of the set { n5(t) ~ can be derived from th3 

above. The components of n(t) are approximately norn.al· (if all n1(t - i·) are 

large) with mean 
-t 

(3.36) E{nj(t~ 



43. 

The oovarianoes are 

I'' 

( d jk - I\j ) Pik • 

Here the n1 (t - 1) after the bar means that n0(t - 1). • • ., ll:m..1(t - 1) are 

held constant. In general, if n is large any of the distributions given in this 

section can be approxin:ated by a multi'v.a~iate normal distribution. 

The n1j(t) or the n1(t) satisfy certain stochastic difference equations. 

The "disturbances" are asymptcti-cally · nonna?-Jr.r distributed. While a large 

body of statistical theory has been built up for stochastic difference equaticns, 

it is not very suitable here because the covariance :n:atrices depend on the 

coefficients of the difference equations. 
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"=• Some Statistical Problems. ------------
4 ol. Drawing Inferences ~ Data. 

In the preceding sections we have suggested a model to describe how 

people's attitudes change. In the model there are certain unspecified parameters, 

P· -H In each particular situation we want to know these numbers; on the basis 
· .. i-, 

c·:-: d2.ta relevant to the model we wish to estimate these parameters• One method 

ij ~i\an in Section 4.2, and the properties of these estimates are studied in 

s,,c·:~i.on 4.3. Another method of estimation is suggested in Section 4.4. We 

·_1\1'.)'-'··l:". also like to be able to test the validity of the model; a method is 

~;i.:..c::;0sted in Section 4.5. In Section 5 we apply the methods to a specific case. 

·L2. .Tu.'-::-:ximum Likelih~ Estimate ~~Matrix!?!_ Transition Probabilities. 

Suppose we have a sample of observations. The sample consists of a set of 

:nntrices N(l), N(2), ••• ., N(T). If our model is correct., all of our information 

lei contained in this set of matrices.• The unknown parameters in the system 

ar.e the elements Pij • How shall we estimate them on the 'ba,.sis of our sample? 

We shall use the method of maxim~ likelihood** to obtain the estimates.r 

these estimates are given in (4.6). The likelihood function is 

T m-1 / m-l n1it>l j (4.l) ·rr n I ni(t-l)S TT Pij 
· \ m-1 J ta 1 i :: o \ ,1 n1 . ( t H j: o 

L 'j l!I O J , 

where nil t) and ?lj_ ( t-1) a __ re the actual observations. For the method of 

maximum likelihood we consider (4.-1) as a function of the para.meters Pij• Denate 

the logarithm of (4.1) by L(P j N(t)) • We wish to :maximize this with respect 

*This set of ma.trices is a sufficient set of statistics. 
** s. s. Wilks, Ne.therratical Statistics, Princeton University Press., 1943, 

p. 136. 



to the set of Pij subject to the restriotions 

(4.2) m•l 

~ Pij : 1 , i : O, ... , m-1 • 

j=o 

Letting A i be Lagrange multipliers, we oan find the maximum likelihood 

estimates of' Pij by maximizing 

(4.3) ¢ :in-1 m--1 
. = L (P\ N(t) ) + ~ Ai( 2: Pij - 1 ) • 

J.e!O \ j= O 

The partial 

(4.4) 

derivatives or(Dwith respect to 
I 

lib-~ f 
~'pij t= 1 P·. J.J 

Setting these equal to zero, we have 

T 

2. nijCt) e -)i~ij , 
t: l 

Pij are 

• 

where pij indicates the estimate of Pij • Summing (4,4) on j, we have 

(4.6) ' n~(t-1) : -.t\1 • 

Thus, the maxim~ likelihood estimates are 

• 

The estimate of is obtained by summing the i, j••th entries of the matrices 

n( t) and dividing by the sum of the i-th row sums of' the rr;a trices N( t). We 

shall give an ex.ample of this method in the next section, 



46. 

$.3. Statistical Properties of the Estimates 

From our knowledge of the stooha.stic process we can deduce statistioal 

properties of the estimates. The exact joint distribution of ~ij for given 

nk(O) and T is very complioated. We shall consider approximations for (nk(OJJ 

large or for T large. In many oases Twill be fixed but the number of indiv• 

iduals in the sample is large. Let 

where 

• n II 

m•l 
~ '11k :: 1 • We shall just give asymptotic properties for n -~.;.IJ. 
k9o t 

(a) Asymptotic behavior of nilt) as n -~ ('7C' • 

In Section 2 we considered the probability that one individual takes on 

successively a sequence of opinions. The number of different possible 

sequences is mT. If there are nk(O) people with opinion k at time t: ~, the 

distribution of the number of people taking on each sequence is a multinomial 

distribution. As nk(O)--~ the asymptotic distribution of these numbers is 

a multivariate normal distribution. Let knij( t) be the number of people that 

hold opinion k at time 0 11 opinion i at time t-1 and opinion j at time t. Suoh 

a number is the sum of the number of sequenoes that inolude k at time 0 11 i at 

time t-1,and ij at time t. Any set ofknij(t) ~ asymptotically norm&l,l,y 

distributed (as nk(o) ~oO) beoause these variables are a set of linear 

combinations of asymp·botically normally distributed -variables. Finally 
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To specify the asymptotic distribution of the n1it) we need only find 

the expected values. variances and covariances of the n1j(t). The calculation 

of some of the expected values, varia.noes and covariances is made in Appendix 

(b) Consistency as n --..oC) • 
We shall now show that the estimates Pij a.re consistent estimates of 

P~;; that is, that 
-.~., 

A 
p lim Pij : Pij • 
n ·➔ <:Y..i 

':\u '; rreans that if n is ta.ken large enough we can be as sure as we please 

L: ·::\:; ~ij and Pij do not differ by more than any pre--assigned quantity. 

W13 can write ~ij as 

T 

l ---
n 

In Appendix 2.1 we see that 

(4.14) 

t 



1 ~ ..... 
a Pki (t-1 )Pij \!--Pk!(~~~~~ Var 

,,,, 
n lk 

:,., 

As n ~ex::,, (4.14) approaches o. Hence, by Tchebycheff's inequality 

Pki(t-1) Pij • 

Hence, 

P lim_n_iJ_·<_t_): ~~ ~ lim kn1j(t) 

n-,,oc::> n k=o n -¥' ,n 

m-l ,{. 
IYJ, : 2 {k Pki (t-l} PiJ' • 

• (_,,k k=o ·,. · . n. 'k t 
Thus 

(4.J.8) 
p lim ni(t-1) m-1 

= ~ {_k pki (t-1) 
~ 

~a(-- n k:.:o 

T m-1 
Plim r1ln) PijL 

,-I": :: L (k Pkt (t-1) 

n-~.cc., 
t=l k=o 

T m•l 
Plim Si (n) - -.::---

~ 1k Pki - L (t-l) , 
n ~<.::>t, 

t.;;l k= o 

The ratio of (4.19) and (4.20) gives (4.10) as was desired.• 

(o) Asymptotic normality as n -~ ex:> • 

We show in Append~x 2 .2 that ,,ln'(pij - Pij) is asymp+.otically-·n-orm:i.lly 

distributed with mean O and finite variance. In fact, the entire set 

\In (pij - Pij) (i, j : o, •••,11 m-1) has asymptoticaHy a joint no~l 

distribution.•* This follows from the ;eaat that pij is a fu..'lction of the n1j(t) 

* We use the theorem that if p l:l:.:1_ ¾_ = a and p lim bn : b, then p 
(a.n~b~) = afb and p lim (~n/bn) = a/b ~ 

** It is a singular or degenerate distribution because ~'p
1 
•. • 1 • . j J . 

lim 
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which are asymptotically'normally distrib'U.ted. 

The limiting variance of yn (~ij - pij) is 

(4.21) pij (1-pij) 

m-1 T 
2.. 1(k. ~ Piti ( t-1) 
k:O t:l 

• 

The limiting covariance bett·reen ../n (pij - p1j) and ,In. (pih • P1h) is 

(4.22) • P1j Pih 

m-1 _,,., T 
~- nP' ?-- P1 ( t•l) 
k::O \k. t::1 Ki 

• 

If it g, then pij and pgh are asymptotically independent. 

For large samples then we have approximately normal distribution theory. 

We can then use the fomiliar theory of statistical inference for normal 

distribution for testing hypotheses about Pij and setting up confidence 

intervals. 

( d) Consistency as T ••-· -..,➔ O(..".) 

We now \'rish to prove that 

That is, if we take observe,tions over a long enough per.~.od of time our esti-

mate of pij is arb:i.t~:·nxi.ly close to the time valueo J.e·~ 
l :n 

(4.24) Si ( '.£) .. -,,· ni ( t-1) c• _ __, g T 

l T 
(4.25) r 1j( T) - 1- nij ( t) .......... 

T t:::l 

Then 

(pij - pij) 
rij(T) rij (T) - pij Si (T) 

(4.26) - -- - • 
s1 (T) Si (T) 



so. 

It follows from Appendix 2. 2 that 

(4.27) f 1·--~ .. (T)•pi .s
1 

{T) _J_ 2 : ..L p { 1-p. _)-r- Y(i ~~ p ( t) 
- __ iJ J 

2 
ij 1J k:O k t=O ki 

T 

Since (4.27) converges to Oas T~OG>(by Section 2.5), we he,ve 

Now we must show that s1 (T) is bounded awe:, from O ( in a probability sense). 

We c~n prove that 

= 0 • 

:plim I r· j' s ( T 4 l) - ') p ( r) sh ( T - r f l) : 0 
T-, C;Jf, i 1i hi ... 

,J',:; :>"' r: e we as s".lllle that for some r, phi { r ):;>- 0 for all h. Then the second 

_, ..,,. i-,, (4 '1 0) 1°8 "-' '.J.. .. .s .• ·.~ ., 'I.'\ 

,· 
L.. phi ( r) sh ( T - r + 1) • 
h 

S".r:ice 7 sh (T- r t 1) : 1. °It (0), (4.31) must be positive; in fact 

(4. 32) min [ p ( r) ,. ~ n ( 0) • 
h hi p k 

-i 

Thus for T sufficiently large the probability is arbitrarily small that 

( 4~ '33) 

From this fact and (4.28) we obtain (4.33). This shows that we can increase 

0'..1.r :information by increasing the length of our series. 

't~§_ti~g Hypotheses about Specific pij ~ Confidence Intervals. 

On the basis of the asymptotic distribution theory given in the preceding 

section we can derive certain methods of statistical inference. 

0 
(a) Consider testing the hypothesis that pij: p ij (a given number) for a 



51. 

spaoific i and j • The vari~ of Jn. (p\j • Pij ) can ba consistently 

estimated by 

/\ "" " A 
) Pij ( 1 - Pij ) Pij ( l - Pij 

(4.34) --
1 T 

Si (n) di_ ni (t-1) -n t•l 

The denominator is 
A 

obtained from the computation or pij 

0 ( O ) 
Pij l • Pij 

• 

Under the null hypothesis 

vn < ~ .. - pQ. ) 1J J.J 

• 

• One could also use 

is approximately normally distributed with mean O and variance 1. Thus a 

"two-sided" test of the null hypothesis (against alternatives pij "- P1j and 

Pij > p0ij ) at significance level CX is 

> t (Ci...) • 

where t(c,t.) is the ;,;I. •bh significance level for the normal distributionJ 

that is, 

• 
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A one-sided test against alternative pij>P~j is 

(4.39) 

where 

1 dx:1 .. d,.. -
\/?fr 

It will be observed that there is a strong relationship between these 

tests and the tests for the parameter p of a binomial distribution with;, n 

observations• 

(b) A Confiaenoe interval for p. . • 
J.J 

/\ 
Using the first estiwAte of' the variance for Pij, we have 

r-, ( A \Jn p .. - p .. ) lJ J.J 

-========-·1--~.. • ( l • ~. . ) ' J.J J.J 

· s (n) 

Hence, a confidence interval is 

A t([j..) 
(4.42) p .. • \[;; J.J ' n 

• 

The confidence coefficfrut is 1 - 0... • An alternative vrhich is less simple but 

more efficient is 

• 



(c) Other tests and confidence regions. 

Tests concerning several elements of P can be derived inu.the standard 

manner. We shall write this down abstractly. Let q )I ( V: 1, •• ., k) be e. 

set of k independent elements of P. Let q)) be the estilllate of qy, e.nd let 

r /"' be the asymptotic covariance between fn (q -.,- q ii) and fii ( ~- 4,fa ) • 
.I'\ 

We estimate r il/1. by replacing Pij in rVI& by Pij • Then the test of the 

hypothesis 4y' = q ~ ( JI= 1, •• ., k) at significance level dis 
)' 

._ " )))l. ;... O " 0 2 
( 4 .44) nL r ( q Ji • qj ) ( <yv-,. - 4ft ) ~ X k ( Cl ) , 

where 

2 v2 
and X k(CJ~.) is chosen as the f~)' ... ·bh significance point for the ,.._ 

distribution wit~ k degrees of freedom. A confidence region can be obtained 

by reversing the above inr:H;uality and replacing q) by q j) • 

2 
The tests derived on this theory will be )( tests. In some special aases 

they will be quite sim~le to compute. 
0 

As an ellt8.lllple consider testing the h;ypothesis tha.t p .. : PiJ. , j : O., ••• , 
1J 

m - l, for a given ie Under the null hypothesis 

0 
p .. 

J.J 

'x 2 * 
~ an asymptotic distribution with m•l degrees of freedom. Thus a test 

of this cypothesis at sig'1.ificance level (j._ is 

A 0 2 T 
(p .. - P· .) <; 

lJ lJ L • 
Pij Q t=l 

* This oan be seen by comparing with the standard theory for multinomial 
distributions. 



4.5. othe:r:_ Estimates !:!_ the Transition Probabilities• 

Another estimate of Pij from a sample is 

- nij (t) --=-----
n1 (t-1) 

Asyn~totioally, at least, this is not as efficient an estimate as 

However Pij is unbi~sed. This follows from the faot that 

(4.49) 
• 

We could also show that Pij is consistent e.nd asymptotically normally 

distributed ( as n ~ a::> ). 

4.6. Testing the Hypothesis ~~ ~ Process l:!_ tha~ of Section ~ 

In the model we have been working with, Pij is the probability that a 

person with opinion i at time t•l takes on the opinion j at t. This is to 

hold regardless of t. A general alternative to this assumption is that the 

transition probability depends on t; let us say it is pij i t• Yfo would like 

to test the null hypothesi::: that 

(4.50) E .. P • ·~t : PiJ. 
< J.J, (t : 1., .... , T) • 

To do this we will r>:rt 7e the likelihood re.ti 0 t'1E'"ij cf t::1.is hypothesis• 

The maximum likelihood estimates of Pij under the n:..i:;.1 :,,iy;_;othesis is 

T ii nij (t) 

T 
2,.. n~ (t-1) 
t:l 



4.5. other Estimates of the Transition Probabilities. ------ -- -
Another estimate of Pij from a sample is 

(4.48) 

Asymptotically, at least, this j_s not as efficient an estimate as 

However Pij is unbi~sed. This follows from the fact that 

ll• • (t) I \ 
J.J ni (t - l)fl: Pij 

ni (t - l) . 
• 

Vfe could also show that Pij is consistent and asymptotically normally 

distributed ( as n _,. o:::> ). 

4.6. Testing ~ HYPothesis ~ ~ l:!_~ J.s ~ of Section~ 

In the model we have been working with, Pij is the probability that a 

person with opinion i at time t-1 takes on the opinion j at t. This is to 

hold regardless of t. A general alternative to this assumption is that the 

transition probability de~Gnds on t; let us say it is pij St• We would like 

to test the null hypoth0sic that 

(t : 1, ,. ... , T) • 

To do this we will ~,,:r:L--re the likelihood rati0 -t;~r"!; c:f t::1is hypothesis• 

The maximum likelihood estimates of Pij under the nJ..'.;_1 ::.1yrothesis is 

T 
5~ niJ" (t) t:1 
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Under the alternative the estimat~ of the transition probabilities for time t 

are 

The likelihood function :maximized under the null hypothesis is 

T 

K TT TT 
t:l i 

Where K depends on ni(O) and n .. (t). The likelihood function :maximized under 
l.J 

the alternative is 

K n 
t 

Tl 
i 

·-1 · 1, n
1
j(t) 

I I p ..• t 
j l.J, 

The ratio is the likelihood ratio criterion 

( 

"'.p.. \n .. (t) A = n n rr l.J , J.J 

t J.• • P· • (t) . 
J l.J / 

(4.55) 

By a slight extension of a theorem of Cramer*, •2 log) is distributed as 

x_2 with (T -1) {y(p•l)j degrees of freedom and 

(4.56) \ -..:;:-· ' /, ,•, J 
•2 log/'-= 2 ~ ____ n .. (t) ,· .log p'iJ'' t • log P; J. • 

t _. . J.J , .. 
, :Ls J -

This is approximately true for n sufficiently lar0e. 

An example of this tes·I:; is given in Section 5 ~3 , 

4.7. Estimates.£!_~ Stable State. 
/', 

If Pis the maximum likelihood estimate of P., the maximum likelihood 

estimate of p (See Section 2) is the solution of 

,. "I. I'•' 
p' p = p ' 

* Harald Cramer, Mathematical Methods of Statistics, Princeton 
University Press., Princetciii, N. J' .\1946) • - -
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" for p normlizod by 

(4o58) P' t = l • 

A 
If there is only one chnra.otoristio root of P oqual to unity, p is n 

A 
oonsirtent ostima.te of p booa.uso P is a. oonsistont ostima.to of' P a.s 

-~·1 A 
Undor oorta.in conditions ✓ n ( p • p ) is a.symptotioa.lly 
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In this seotion wo give an example ot tho sta.t1stioal nnnlysis stu::liod 1n 

Section 4. Via illustrate the method of estimo.ting the parrun.oters or this simple 

model; we a.lso consider how well these da.ta. fit this model. 

5•1• The Data. 

The lbrenu of' Applied Social Resoarcl'f conducted a panel study ot pr,tentio.l 

voters in Erie countr, Ohio, during 1940. This is one of the few studies which 

has several wnvese 

A group of about 600 people wore intervie,ved in Mny, June, July, August, 
(A sevent!1 intorvier in Fovember ha<l difforent questions) 

September, and October./ One of the questions nskod a.t oach intorviow was tor which 

party (candidate) the respondent intended to vote. We have grouped the replies 

as Republican (R), Democrat (D), am "Don't Know" (DK). The lust group includes, 

besides the specific answers ''Don't Know", the replies "other Candidates" and 

refusals to reply. 

In the following tables the data are given according to pairs ot successive 

interviews. Let May be time o, June time 1, etc. Then the tables below are the 

5 matrices N(l), •••• N(5). There w,Jre 445 people who responded to all six 

interviews. 

JUNE 
! 

I DK R D Total 
I 

R 125 5 1 16 146 

D 1 lo6 15 128 

DK 11 18 I 142 171 

143 129 173 445 

* Fo!" a da:1c;!·1.p~;_.:ir c:"' tha su-": 'Y e•::e Poul Fo La.za.rsf'eld,_ Bernard Berelson, and 
liu~el lru1lO.EJi;t> 'J.:hf :.'eo.:ile' .s (;!·.":;e;,:'l~ Columbia Universitu Press, 1948. •--------~"- .. -·---
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JULY 

R I D DK Toto.l 
R 124 I 3 16 143 

JUNE D 6 109 l4 129 

DK 22 9 142 11, 

i 121 
I I 

1.52 I 1'12 I 44!1,5 
! 

AUGUST 
I 

R D DK Total 

R 146 2 4 152 

JULY D 6 111 4 121 

DK 40 I 36 t 96 172 
l 
, I 

' 192 149 1 104 

SEPTEJ4EER 
; 

R D DK Total 

R 184 l 7 192 

AUGUST D 4 l J.40 5 149 
I 

DK 10 i 12 82 104 l 
198 I 153 i 94 445 

OCTOBER 
i 

R ID DK Total 
R 192 i l 5 198 I 

SEPTEMBER D 2 l146 5 153 
j 

DK 11 ; 
12 71 94 I 

l ' · 205 : 159 ; 81 



-
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It will be observed that after July the number or Don't lfnows decreased in 

each period. These last three interviews were after both cvnvontions hod been 

held. The fact that the number of Republican voters was grenter than the number 

of Democratic voters at each time is a oharo.cteristic of the area. However~ we a.re 

primarily interested in the changes ixl. attitude• rnther than the opinions them­

selves. 

The changes in opinion are seen in one way from the tables obtained from 

the preceding ones by dividing the entries in ea.oh row by the row totals. The 

elements of these matrices are nij(t)/ni(t-1). Each table is an estimate or Pe 

JUNE 

R D DK . . ' 
R • 856 .034 .110 

D t .055 .828 .117 

: 
DK\ .064 .105 .a31 

I 

l 
JULY 

R D DK 

R .867 .021 .112 

D .047 .845 .108 

DK • 127 .052 .821 

l 

AUGUST 

R D DK 

R .961 .013 .026 

JUU D .050 .917 .033 

DK .233 .209 .558 

l 
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SEPTEMBER 
I ' R D DK 

R ,.958 .005 .o;; 
,., __ 

AUGUST D 1.CY27 .940 .033 _.,_ 
DK .096 .115 .789 -

I : 

OCTOBER 

R D DK -R .gfO "005 .CY25 

SEPTEMBER D .013 t954 .033 

DK .117 0128 0755 

( 

The rive matrices appear to be quite similar. The first two matrices are 

verr much alike. The last three are quite similar except that the third row ot 

the third matrix is different from the third row or the last two matrices. It 

should be noted that the Republican Convention occurred between the June and July 

interviews and the Democratic Convention wns held between the July and August 

interviews. 

!\ 5.2. Computation ot P 

It -we assume that there is one matrix of transition probabilities for the 

entire period• we can use the 5 matrices above to estimate this matrix of transi-
5 

tion probabilities according to Section 4.2. The matrix r N{t) and the vector 
't?il 

f n(t•l) are given below, 
t=l 
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R D DK Total 

R 771 l2 48 831 

D I 25 612 43 680 
: ----·--r-... 

DK 94 fJ"( 533 7~ l 
. r 
I 2225 ; . 

The matrix or estimates is obtained from this by dividing each element by its row 

totale Thus 

A p .. -
.122 

For example• .928 is our estimate of the probabili't¥ that a man intending to vote 

Republican one month has the same intention one month later. The probability 

that a Democrat retains his vote intention is .900. Cn the other hand• a person 

holding a "Don't Know" opinion has a probability or .132 or making up his mind 

within a month to vote Republican and a probability of .122 of making up his mind 

to vote Democratic. 

If we assume that the matrix cf transition probabilities remains constant, 

there is a stationary state defined by the characteristic vector of P correspond• 

ing to the root one. Our estimate is the oharacteristio vector of our matrix 

estimate. It is 

/.506'\ 
I .303 

\ .191 ·' 

This gives us the expected proportion of vote intention it the campaign had gone 

on for a much longer time. 



Cons id eratioD of the nature of the prooesa we are studying makes ODe qu•• 

tion the assumption that the matrix of transition probabilities is constant• 

It is to be expeotecS that the probabilities ot one changing his mind are different 

before the oonventiona and after the conventions• This is obse"ed oaaualq in the 

tables :1n Section 5.1. 'Wl9 aee that before the conventions the probability is ab-t 

.a5 of retaining one•a opinion for a month. However. after the conventions the 

probability is about .95 of retaining vote intentiontbr one of the ~ or pfll'tiea 

and about • 75 of retaining a "Don't Know" opinion. 

We can use the method of Section 4.5 to test this hypothesis• 0\11" test ori• 

tericn has 4.3-2 = 24 degrees or freedom.• The 5% signitioanoe point ot the ~ 

dlatl"ibution with 24 degrees of freedom ia 36-415. The criterion oomputed tram 

our data. however• is 101.512. Therefore• we reject the hypothesis• That is, 

we dooide that our simple model does not hold good for the antire campaign 

period• 

The question then ar-Saes as to 'Whether a mOdel will be an adoqqo.te deaoriP­

tion tor the changes during a part of the pel"iod of study. we shall see what 

successive time points may be considered a.a involving the same matrix. In the 

following table we give the statistioal analysis. The null hypothesis in eaoh 

case is that the changes over the period ind ioated in the first oolW!ll are ex• 

plained by one matrix P• 

• The number ot degrees or freedom ia the prOduot ot one leas than the number ot 
matric• time m(m-1) • See aeotiOD 4.6. 
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~ 
Degrees ot 

Time Chan es Freedom Decision 

Mq.June. June.July. 7.64 6 Accept 

Mey-June, June.July, 
July•.August ',)'Z7.96 12 Raj eot at 1% or 5% 

levels of signit'icanae 

July•August, August• 
September, September• 

21.86 October 12 Reject at 5% level or 
significance 

August-September, 
6 September-October 1.50 Accept 

The tirst two tables in Section 5.2 (Mq..J'une am June.July) can be 

explained by one matrixJ that is, we aooept the hypothesis that the same matrix P 

is involved t'rom 149¥ to Juq. However, the hypothesis that the next table• Ju~­

August, is also explained by the same matrix P cannot be accepted. We further 

decide that Auguat•September and September-October changes fit one pattern, but 

that July-August o~ges do not tit that pattern either. The result ot thia 

analysis is that the changes in the f 1rst two periods are explained by one mod el, 

the changes in the third i:eriod are explained by a second model, arid the ohangea 

in the fourth and f'ii'tb periods are expla.ined by a third mod el.• 

These . ..-esulta are~· interesting trom the point ot view of interpretation. 
;,,,.• 

fbe first matrix represents the ohangea in opinion from Mo_v to June• We notice 

that a'tout 85% of people with a speoifio party intention in May hold the same 

• The statiatioal problem here is choosing one of a number of alternative hypotheses 
on the bas:ls ot our data. In principle we should set up a prooedure that takes 
explicit}¥ into account the entire set of Jwpotheaea and the probabilities or 
accepting each,Vpothesis when a particular one is true• Since the mathematical 
theory required is very complicated• this step by step procedure is suggested 
as a crude. ~t praoticable ·method• Unfortunatei, -we do not know very ao-
our ately the risks we are running with this procedure. 
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intention in June. and about 10% or them have no intention in June. Or the 

people who have no intention in May abcut 85% have still not made up their minds 

in June. The seoond matrix, representing changes from June to July is about the 

same., This is surprising because the Republican Convention was held between these 

two interviews. Apparently, the process does not become different until both 

conventions are held. Then we obtain a new process. Our statistical analysis 

tells us that the changes are different from July to August, and the Democratic 

Convention was held between these two interviews. The July-August matrix is dif• 

ferent from the preceding in that the probabili'IU of holding to a specific parv 

intention is much higher and the probability or reserving judgment is lower. 

In other words people are making up their minds more and ares ticking to their 

party choices more. 

The last two matrices are alike, and we believe the same process is at work 

from August to October. People with Republican intention have a. high probabiliiV 

of retaining this intention; those with Democratic intention have a higher proba­

bility of retaining it tha.n before, am the DK people are not making up their minds 

as fast as before. It is interesting to note that the difference between the third 

matrix end the fourth am fifth is essentially a matter of time scaleJ that is, 

the J~ly-August matrix represents changes at twice the speed as the August-September 

and September-October matrices. If we square the last matrix, we get approximately 

the July-August matrix, 

/.970 .005 .025 2 ('~ .013 .043 

) (5.3) ( .013 .954 .033 - .029 .914 .057 -
.128 .755 \ .204 .219 .577 \.117 I • ,. • I 

In other words, the second convention sets into operation a new process mioh slows 

down as the campaign progresses. From July to August the making ot party intentions 

occurs rapidly, then less rapidly. 
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5.4 Pred iotion 

It is or interest to project our series ahead in time. Let us see how we 

forecast vote intention in November on the basis of our knowledge of the process 

and the vote intention in October. We shall assume that the process operating 

from August to October continues to operate. On the basis of the August­

September am September-October data we estimate the matrix Pass• 

(5.4) p --
.121 

.031 \ 

.033 ) 

.773 1 

A 
Now let us see how we predict the vote using this matrix P. or the 205 

people with Republican intentions in October we would predict that .964 x 205 = 
197.6 would actually vote that w~J of the 159 with Democratic intentions 

.020 x 159: 3.2 would vote Republican and of the 81 with DK intertbions • 

• 106 x 81 a 8.6 would vote Republican. This makes a total or 209.4 votes for 

Republican. The summary of the prediction is 

• 

October 

Intention 

R 

R 197.6 

D 3.2 

DK B.6 

Total! 209.4 

Predicted Vote 

D DK Total 

1.0 6.4 205 

150.5 5.3 159 

9.a 62.6 81 

. 161.3 74.3 445 

The stationary state corresponding to this matrix is p•: (.543 .334 .123) 
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We predict that 5 more people \orill have ::Republican intention, 2 more people 

will have Democratic intention-and 7 less will have no intention. 

It should be emphasized that we are predicting what people would sq if 

a.eked in November for whom they will vote. Now we shall compare this prediction 

with the actual vote. The tabulation of October vote intention and the vote in 

November is given below. "DK'' represents not voting. 

October 
Intention 

R 

D 

DK 

-

Actual Vote in November 

l R D DX 

192 3 10 

4 132 23 

i 
8 11 62 

I 204 146 95 

Total 

205 

159 

81 

I 445 

We notice there are discrepancies between the predicted vote intention 

and the actual vote. We predict 6 more Republicans, 15 more Democrats and 21 

less "DX's". The most reasonable explanation of this discrepancy is the 

difference between verbalizing a vote intention and action. It is well known 

that in general not everyone who intends to vote actually does so. Furthermore, 

other studies show that Democrats are more vote-delinquent. Our analysis 

bears this out. 



67. 

6. More General Kodels tor One Attitude 

6.1. Th~ Mod els 

The models presented in Sections 2 am 3 seem rather specialized because 

the probability of an individual holding a particular opinion depends only on what 

opinion he held the time previously ar:rl not on opinions held earlier in time. 

In this section we shall consi~er models which seem more general in that the de­

pendence extends baok as far as we please. However. we shall show that this case 

oan be reformulated like the other case. 

We suppose that at any time t an individual may hold one of m opinions. 

The probability of his holding a specified opinion, se:y the k•th. is a mnber 

that depends on his opinions at t•l, t-2, •••• t•q• Here q is the order or the 

process. In the case of a second order process, for example, we can denote by 

1"( ijk the probability that en individual holding opinion i at t-2 and j at t-1 

will hold k at t. For a set~ 11' ijk{ to form a set of probabilities the following 

holdl 

The first order model considered in the earlier sections is a degenerate case of 

the second order modol obtained when Tr'ijk 
I 

does not depend on iJ that is, when 11ijk = Pjk. 

Aa an example, take the dicblttm.ous attitude considered in Seoti.on 2. Sup­

pose the probabilities of opinions are given aa belows 



Time 
t-2 

0 

1 

Time 
t-1 

Time 
t•l 

l 

0 

l 

Time t 

0 

0 

30 

10 

1 

l 

.70 

.90 
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Thus it a person believes that Russia wants peace (denoted by 1), for two suo• 

cessive periods, the probability is .90 that he has this opinion in the next periode 

This is the n\l:D.ber in the second row and second column of the second matrix. It 

will be noted that the two numbers in corresponding positions in the two matrices 

add to one. 

In this model we shall specify an individual's opinion at time •land time 0 

and not try to "explain" his opinions at these times. !hen we study his opinion 

changes over T time pericds. If' a person holds opinion 1_1 at t : -1 and 1
0 

at t.O 

then the probability that he holds a sequence of' opinions 11, 12• •••• 1T in 

the T periods is the product 

T 

rr . ;rr =lTir 
1 1 1 ••~ 1 s 1 i I 1 1 1. 
0 l 2 T-2 T-l T tel t ... 2 t.-.1 t 

For instance, in the above example, if a person holds opinion 1 for two successive 

12ricds the probability of holding opinion l in the next two perieds isTf111JT;:11, 

but-~r--he-held opinion O for two suooessive periods, the probability of holding 1 

1n the next two periods is~01.1f011• 

Now let us consider the situation of a number or individuals. Let lllijk(t) 

be the number of people holding opinion i at t,R.., j at t-1, a;:d k at tt l~t 



m 
ijk 
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(t). 

then mjk ( t) is the number of people holding j at t•l and k at t regard less of 

the opinion at t. The conditional distribution of mijk (t) (kao, •••• m-1) 

given mij (t-1) is given by the multinomial expression 

m1J. (t-1) l ( ) - T1 11 Il½.jk t 

··rr mijk ( t) J ijk 
k k 

The joint distribution or mijk (t) for i,j,lc = O, •••• m•l and t = 1, •••• T is 

the product of (6.5) over i,j and t with (6.4) holding. We assume mij (O) given. 

Red•lotion to the First Oro. er Case - -
In order to apply the results of the first five sections to problems in• 

volving higher order processes we shall reformulate the model of Section 6.1. 

This is done by defining a certain state as the situation of holding certain 

sequences of opinions over q successive time intervals. 

The idea is given most easily by considering the simplest case, namely, 

m = 2 end q : 2 (second order, dichotomous model). Let the state i at time t 

be defined in terms of opinions held at times t-l an:i t, respectively, as followss 

State Oninion .,!l,!__t.:,l .O.J2ir!ion at t 

0 0 0 
1 0 1 
2 l 0 
3 1 1 
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For instance, state O is the situation ot holding opinion O tor two successive 

i;2 ricds. We shall f :b:ld it convenient to indicate these states 0,1-2.3 as oo, 01, 

10, 11 respectively. In fact this representation is simply the representation in 

the dyadic or binary system (i.e., two digits). 

The probability of going from state i to state j is one of the set { T( l l ,,._IA rl' 
For instance# the probability of going from state 00 at t•l (opinion Oat t-2 and 

Oat t-l) to state 01 at t (opinion Oat t•l am lat t) is 

: 11' 001. 

In general the probability ot going from state i to j is given by 

ft' 000 rr 001 0 0 

0 0 r( 010 11011 

p = (pij)= f( 100 ff 101 0 0 

0 0 -rr 110 rr 111 • 

It will be noticed that many entries in P are o. For instance,, it is impossible 

to go fi"om 00 to 10 becauae that would imply holding both opirions O am l at time 

t-1. The matrix P for our example above is 

/~95 .05 0 0 
(6.8) 

\•:o 

0 .e5 .15 

.70 0 0 

0 .10 .90 • 
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Now let us make this reduction in general terms. Define state i at t 

in ·terms of opinions :::>... 1 , ••• , at t-q + l, •••• t as 

In the n-:1.mber sye'liem with m digits i is simply ::x. 1 ••• 1:)(.

4
, Let J correspond 

to ( /3 l' • •• • !3
4
). Then P ij = O unless 

(6.10) 
Q( V = f3v1-1, v = 2, •••• q • t 

thl3n 

( 6.11) pij =- 'Tl !3q - j'( 
/3q c.-.., l • • • \)(q - :><.1 ,/:I l ••• 

6.3. froperties of the M_Q_del, 

The properties given in Sections 2 and 3 hold here for P defined in 

Section 6.2:. and with n1 j ( t) = O for indices for which piJ = 0 and 

n1J ( t) : m 
o(1··· o<q -"q 

when i and j are such that (6.11) holds. Given P and n1 (0) we can define 

the entire process. Given n1 (t) we can compute the probability for n1j(t + s). 

(6.13) 

TT 

The matrix is P( s) = p8 
• 

P(2) r:P 2 : 

2 
000 

11 11 
000 • 001 

rr rr 
. 010 • 100 

rr Tl' I. 
010 • 101 

TT100 .Trooo 11. Tf 
100 • 001 

rt T( 
110 • 100 

TT rr 
110 • 101 

In particular for s =ma q a 2, we have 

Tr 11 
001 • 010 

1T 1l 
. 011 • 110 
tr ir 

101 • 010 
ii' tr 

111 • 110 

T( 1Y 
001 • OU 

fl' 011 • 1'( 111 
f( 1T 

101 • 011 
fT' 2 

111 



If each 

then eaoh element of P(2) : p2 is positive. Thus it follows that 

lim 
s ➔~ 

In general if' auIT'•s are positive, all elements of' P(q) are positive am (6.15) 

holds. This means that the probability or a sequence of q successive opinions 

at some t far enough in the i'Uture does not deper:id on the state now. 

Let us investigate the limit (6.15) more closely for m • q • 2. Vie know 

that the vector pis the solution or 

P' p: pt • 

This equation is now 

«1'oo 11 01 1i' 10 ii' 11> 

: (ibo 
\' 

1fooo 

·O 

'If 100 

0 

TI 01 

1:/001 

0 

11101 

0 

1110 

. 0 0 

·l'T 010 11 011 

0 0 

'Ti 110 tf 11 

rr. \ . 11 .!• 



The component equations are 

(6.18) rr oo 1f 000 -tr 10 Tf 100 - rr'oo. -
(6.19) 1t 00 7f 001 + rf 10 'Tf 101 - 11' 01. -

,,,-,, 

1T 11 (6.20) 11 01 fl 010 t ir'uo : 1110. 

1T 01 fT 011 TT\1 ·f1111 -
(6.21) ♦ 

: ~-•11. 

'The first aJJd last equations ~ be written 

(6.22) T( 10 -r(lOO - T( 00 if' 001. -
(6.23) · ·ffOl u 

011 tf 11 ti 
. 110. 
' 

The sums of the first two equations and the last two equations are 

(6.24) rr oo + i( 10 - i(oo + frOl -
rr t ffll 

11· 
+ 11

11 (6.25) - 10 01 -
Thus 

(6.26) T(Ol : T(lO 

Finally41 the vector of limit probabilities is proportional to 

(rt 100 /if 001•~ :i., 1, 'flo1-,/TT11ol • Thus 

(6.27) (f1'00• rr 01
41 
ft 10• if11) : c((lllO Tf 100• TjOOl 1Tll0• 

'1001 11110. T( 001 ff-011), 



where 

1TT( 11.-" 
(6.28) 1/c = 100 

1
110 T 2 001 I 

1110 + "j( 001 1i 011. 

Thus the probability that at t•l am at t, far in the future• a parson 

holds opinion O is o Tf 1
10 

Tf l0<1 Far enough in the t'uture, the proportion ot 

individuals holding O at one time and 1 at the next time will tend to be 

c n·OOl 11110. Sinoe this is the stable state, there must be approximateJ¥ ae 

many people moving t'rom 1 too. The limiting probabilities mey be put into a 

table. 

Opinion at 

t-1 

0 

1 

0 

Opinion at t 

1 

c jf 001 1\10 

C 1T 001 1f 011 

Here the turnover is c 1(001 ~lo. 

This is a measure of' the laok of' stability in the model. 

It' -we sum across the rows or oolU1I11s of the above table we obtain 

(6.29) 

< 1'o. Tfl > = < • \10 [ rr100 t rr;o1 l · rr 001 I!' 110 + -rro1~ > • 

BereTI0 is the probability that at t far in the future an :individual holds opinion 

o. 

For other cases we can use (6.16) to find p, the vector ot' probabilities 

for the stable state. Ir p : ( 11' ;::i.e. •• ~ ). then ~ TI' ::,t. does not 
()) • 1 or q) l cl a,e. -.., O<i • • • q 

deper.d on ¥•/ In particular one obtains a vector ( 1f 71 ) 
o, ••• , m-1 

espressing the probability that a specified opinion is held at t frir in -the f\ltt:re. 



6.4. Estimation of Parameters 

The estimation procedure is sWlar to that discussed in Section 4. In 

this second order mod el• the maximum likelihocxi eatimates of TT,.,., "' are 
. I -..,;5 ~ 

T 

~ m (t) 1T t""J otl-/5 >J' .~~, T 
2 mct.fj{-"' (t-1) . 

Using similar reasoning we can shcw~t•;·' f(~ "lare consistent estimates of 

1f a.s n -,. ;::,Q • are asymptotice.lly _ normally distributed as n --,.eo. 
~,BY 

and are consistent as T 

ord ~r oases we have 

-~Oc if the usual condition on P holdth 

T 

~ m 
t:1 o<..1···~ q ( t) 

••• ~ q -

.Another estimate or TT is 
o<.IJ y 

...!... 
m 

a< Ar< t) 

T t:l 

m 
oc..13 ( t-1) 

This estimate is unbiased. 

6.5. An Example 

For higher 

( t-1) 

We shall draw our example from the study mentioned previously. It is poa­

sible the.t if we take account of a person• s vote intention at two previous inter­

views., we can explain better his intention at present. We give below the number 

of people holding each combination or vote opinion in three successive monthae 



Vote Intention in Erie County. 1940 

JULY 

R D DK Total 

R 11 10 12 

R D 0 -
DK 0 11 16 

120 5 21 J..46 

R D DK Total 

R 6 0 1 7 

D D 4 91 _11 106 

DK 2 2 ll lS 

12 93 23 128 
I 

R D DK Total 

R 1 11 

DK D 0 18 

DK 120 

20 23 128 171 



Vote Intention in El"ie COUlltY'• 191'> 

AUGUST 

JtnB 

R 

JUIZ -+..!.
7
(_n_..,.i _n_K_....,_To ... te.1 __ _ 

- I 2.µ3£t-L-f,_2_......,.._l?-4-"'-__ 
DJ: :1. ! :>. ! O 3 

_..,,,➔• ............ ·1---.-...---....---
_£!(~ . .!LL..J_._., ... 1 _ _,.__16 __ 

I :11~9 1 5 9 143 

R D DK Total 

R 61 0 0 6 - I I 

D t! 2 i J--~ ----r-
DAI l Jh - 9 I 108 129 

R t) D_K Total 

RI 20 0 2 22 

DK D 6 0 9 

DK 0 I 81 J.ll2 
I 54 36 83 173 
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Vote Intet1on ill Erie County. 1940 

SEPTEMBER 

JULY AUGUST R D i DK Total 

R 145 l 0 .. Y!~ .. -
R D 0 2 0 2 

DK 1 l 2 4 
146 4 2 152 

R D DK Total 

R 3 0 3 6 
I 

D D 2 107 2 111 

DK 1 l 2 4 
6 108 7 I 

121 

R D DK Total 

R 36 0 4 uO 
DK D I 2 31 3 36 

DK 8 10 78 96 

I 46 41 85 172 
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Vote Intention in Erie CoUDt1• 1940 

OCTOBER 
; 

AUGUST SEPTEMB ER R D DK Total 

R 179 l 4 184 

R D 0 1 0 1 

DE 3 3 l 7 

182 5 5 192 

I 

R D DK Total 

R 3 0 l 4 

D D l I 134 5 140 

DK 0 2 3 5 

4 136 9 149 

R D DK !Qi-1 

R 10 0 0 10 

DK D l 11 0 12 

DK 8 7 67 ea 
19 18 67 104 
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It will be observed that there are tn people or none holding some 

combinations. For example, no one holds to Dernooratio intention• then Re­

publican intention, and the Democratic intention again. 

From the above tables we oan compute the tables of (observed) proba• 

bilities tor each point. They are 
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JULY 

NAY JUNE R D DK 

R .904 .016 .oao 

R D .400 .soo .ooo 
DK .313 .ooo .687 

I 

R D DK 

R .867 .ooo .143 

D D .038 .ass .104 

DK .133 .133 .'134 

R D DK 

R .466 .oso .466 

DK D .ooo a833 a167 

DK .106 .049 e845 
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AUGUST 

JUNE JU LY R D DK 

R .968 .016 .016 

R D .333 .667 .ooo 

DK ' .soo .063 .437 ' 

R D DK 

R 1.000 .ooo .ooo 

D D .01a .945 .037 

DK .011 l .367 .672 
' • r 

! 
R D DK 

R e909 .ooo .091 

DK D e333 .661 .ooo 

DK i .218 .211 I .571 



SEPTEMBER 

JULY A.UGUS T R D . DK 

R .993 .001 .coo 

R D .ooo 1.000 .ooo 

DK .2so .250 .soo 

R D DK 

R .soo .ooo .soo 

D D .01a .964 .018 

DK .250 .260 e600 

R D DK 

R .soo .ooo .100 

DK D .056 .861 .oe3 

DK .oas .104 .813 



AUGUST 

R 

D 

DK 

OCTOBER 

SEPTEMBER R D I DK 

R tt9'i '.3 •. cos I (1022 ; ---•;1, ........... --- -! 
D .ooo 1.00~ 

· t· :::: - -
DK .429 .429 -

... i !.+- D DK 

2..._ ...!.2£7..+- ,957_ j _.o~s 

DK 1 .ooo 1 !400 l .600 

R D DK 

R 1.000 .ooo .ooo 

D .• 083 .917 .ooo 

DK .098 .oas .817 

F 

84.. 
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Iii 1d. 11 be noticed that there 1• oonsiderable variation 111 the tables. 

One reason tor this U that there are saal1 numbers ot people lnvo lvea ill 11&ny 

ot the ratios, and• henoe, there is large aam~ling error. 

From the first set ot tables we can estimate the nati'-1.x ot tra11aitto11 

probabi iit1e1h We ada these tab lee to t>btain the table ot 



Time t 
' 

Time t•2 T11119 t .. 1 R D DK Total 

R 567 6 16 679 

R D 3 8 0 11 

DK 17 5 21 43 

677 19 37 633 

R D DK Total 

R 18 0 5 23 

D D 9 435 22 466 

DK 4 10 24 38 

31 445 61 627 

R D DK Total 

R 71 l 11 83 

DK D 6 63 6 75 

DK 62 54 346 462 

139 118 363 620 
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D:lvidS.ng each element by the row total we obtain the eatinates of the proba­

bilit1ess 

Time t 

Time t -1 R D DK 

R .962 .010 .02e 

R D -273 .,21 .ooo 
DK .395 .us .489 

R D DK -
R .783 .000 .211 

D D .019 .934 .047 -
DK .105 11263 .632 

R D DK 

R .ass .012 .133 
' 

DK D .080 .840 .080 

DK .134 .117 l .749 
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We notioe that 1he 1hree tables are similar in that the diagone. l elements 

are large. However, there are differenoes between the tables in that the pro• 

bability of holding an opinion from t•l tot depends on whether the opinion •a 

also held at t•.& For example, the probability of holding to Republioan in• 

tention t'rom t•l tot is .962 if Republican intention was held at t•2• is .783 

ii' Demooratio intention was held at t•2, and is .856 ii' DK was held at t•I• 

Thus we see that we gain by taking aooount of opinion two time points be.Gk. 

Now let us ooa:pute the stable state i'or the matrix of estinates. It is 

.694 

.ooa 

.ol9 

.006 

e25l 

e014 

.021 

.013 

.0'14 

Thus we estinate that 1he probability that a person has Republican intention two 

suooessive tiDB points far in the future is .5941 the probability that he have 

a DK opinion followed by Demooratio intention is .014• eto. The above natru is 

not a uatri:K of' transition probabilities (the row sums are not one)J it is a 

matrix of' probabilities of joint ooourenoes at two suooessive tims tar in the 

future. It should be notioed that these probabilities do not depend on the 

initial opinions. 

The oolumn sum are (.621• .211 •• toe) which are the probabilities of Re• 

publioan intention, Democratio intention, and DK opinion. respeotively, at time 

t; the row sums are the same respeoti ve probabilities at time t•l• Sinoe tbe 

prooess is stationary. these sets of three are identical (exoept tor errors ot 

founding off nunber•)• It we oompare this veotor with that obtained in Section 
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5e3 under the assumption of a first-order prooess (e543, .3M, .123) we see 

that the differenoe in assumptions leads to a differenoe in the stationary state. 

6e6 Test of the Ilo~el B~in~ First Order. 

In the example the probability of ohanging opinion seems to depend on the 

next earlier opinion. There is a question of whether this is due to sampling 

error. In the seotion we shall develop a test of the hypothesis that the prooees 

is first order age.inst the alternative that it is reoord order. 

The null hypothesis is ,1 jk : tf'.l"'k • a i( 11 T}' ;;" 
o .J • • • • m-1,jk .· jk, say, for j, 

k a o, •••• m-1. We oan derive a likelihood ratio test of this hypothesis. The 

uaximiaed likelihood tunotion under the non-null hypothesis is 

T m-1 

(6.33) Ti t 1 
llltj (t-1)1 fl fr mijk(t) 

(t m ijk ( t) I 
ijk 

t • 1 i,J: 0 t 
k 

Tl 
m,_j ( t•l) l n· 11' ijk 

t ~(t) -- t 
t,i,j JI m,_j (t•l) I • i,j,k 

The muimized likelihood funotion under the null hypothesis is 

(6.M) T m-1 
~jk(t) Tr ·n mj (t-l) l TT Tf .ltjk 

t a l j = 0 H Dljk (t) I k 
k 



The es ti na te 
A 

• -
rr tjk 

mj (t•l) & 

lJ mjlt( t) I 

A ~ 1! jk 

90-91. 

is the rraximum likelihood estinate derived in Seotion 6.4. 

" and fj'j~ is the aaximum likelihood estinate of ft • derived in Seotion 4e2., 
jk 

The criterion is the ratio ot ( 6.33 ) and ( 6.3:4 ). namely 

: .'t~l) I [~ril ,QL = 0 ~jk(t)ll 
(6.36) l.Ti 

t : l 
n 

j • 0 

m•l ~ mjk ( t) 

n A• t 
TI' 

X 
j,k: O jk . 

m-1 

ft ~ ·r-•· • Dltjk( t) 
I t t 

ijk 
1.j,k: O 

2 
Under the null hypothesis •2 log Ahas an asymptotic X • distribution with 

m (m•l)2 degrees of freedom. 
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7 • Models for Several Attitudes 

Sup?ose we are studying R attitudes. Let the r•th attitude be cate­

gorized into mr opinions. We shall assume that given the R attitudes ot a 

person at t-l• the p-obability of his attitudes at t does not depend on his 

attitudes earlier than t•l• As in the oase of one attitude this restriotion 

can be easily removed. 

A.t an example, consider the oase or R :: 2 e.nd m" = 2. Two gues• 
•. 

tions, A and B• are asked; ea.oh can be answered "no" or ttyes•" We shall de• 

fine four states based on the opinions on A and on Bas follows, 

l = (Opl) = "no" on A, ttyes" on B, 

3: (l,l): ttyestt on A, "yes" on B. 

We shall assune that the frobability of an individual's state at time t de­

pends only on his state at tirr.e t•l• Thus we shall consider the uatri.:x of 

transition probabilities, 

(7.2) Pco,oo Poo,01 Poo, 10 Pco, 11 

Po1,oo Pol,Ol Poi, 10 Pol, ll 
p --

P10,co P10,0l Plo, 10 Plo, ll 
I 

\Pll,CO Pll,Ol Pll,10 PU, 11/ 

where pij,kl indicates the frobability that if one holds opinion ion A and 



j on Bone will hold k on A and l on Bat the next time point. 

Let n1j~k1(t) be the nu~her of people holding opinion 1 on A and 

j on B at t:i. rm t••l and k on A and l on Bat t. Then it is clear how we 

oan use the model of SAotio~ 3 to define the probability of a sequence 

f r.ij,,kl(t)f g,·1An t11j(0)o 

The rr.odel is easily generalized to the oase of R attitudes. Then 

we define a mtri.x of transition probabilities 

: l• • • •, m , y' : 1, • • .R. 
( 

One suoh term is the probability of going from state (ii•••• 1R) to state 

(j l' • • •• jR) • 

If we wish to define a higher order process we use the rmthod of Section 

6e2 • For e.xamp le, in the seoond order oase we -would use probabilities 

fl :1.1 ••• :t.R, jl ••• j-P, kl, ••• kR. 

7.2. Properties of the N.odel 

The properties of a rr.odel specified by (7.3) can be easily obta.1.ned 

from the results of Sections 2 and 3. If only one che.raoteristio root of 

Pis of' absolute value one, then we obtain a limit 

(7.4) lim j j (t) 
l ••• R 

If' the process goes on long enough, there will be on the average a propor­

tion of people with opinion j 1 on attitude l, etc., egua l to Pj 
1 

• • • jR• 
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7.3. Estime.tion of the Pararreters 

We can also use the earlier results to find that the na~imum 

likelihood estinates or the probab1 li ties are 
T 

~ nil •••iR, 

t•l 

From Section 4.3 we oan deduoe the ste.tistioal properties of these estinatea. 

7.4 Testing the HrpothesiL~Undependenoe ..2£..~anges 

If we have two attitudes we may ask whether the change in one at• 

titude is affected by the other attitude. If the changes are independent, 

the probability of going from ion A and j on B to hon A and k on B would 

be the probability of going from i to h on A times the probability of going 

from j to k on BJ that is, 

(7.6) 

It is easily verified that if 

(7 .7) . A 
J· --

and 

(7 .a) .B 
,T -I' -

are transition probability na trices, 

(7.9) p --

( 1i A 
1 

( r( j 

then 

·n A. 
. I 

h ) 

B 
k ) 

B 
j k• 

® TI B 



is also a transition natru. for eaoh element p ). o and 
tj,hk 1 

B 

m-l 

Here Ja. is the nutrber of opinions into which attitude A can be o lassified. 

and mB is the number of opinions into whioh attitude Boan be classified. 

Now let us consider, using a sample f n!j.hk(t)\ (t:1 ••••• T) 

to test the hypothesis that the transition probabilities are of the torm 

(7e6). 11'.'e shall oonstruot the likelihood ratio ori terion for testing this 

hypothesis• The naximum likelihood estimates of ff"!h and 

T mB•l 

(7.11) ~ > n1j,hk(t) 

-·Tf A: 
.......... 

t:l j.k:O 
ib 

T mB•l 

~ £ ni.1 (t•l) tal j110 

(7 .12) 
T nP-1 

,,..., B > 5 \j.hk(t) 
11 -- - -

jk t:l 1,hao 

T m8•l 

~ ---<:. '\j (t•l) 
t•l 1:0 

~ B are 
11 jk 
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where rrf.. is th a number or opinions into which the atti tuda A can be o lassi• 

tied, mB is the number of opinions into whtch the attitude B can be olassi• 

fied, and 

(7.18) 
• 

Under the null hypothesis• the esti rra te otp S.j.hk is the product ot 

and n· B • 

-"'A 
1l ih 

jk 

II we do not assurm the hypothesis t.o be true, the estillll te of 

P j,hk is gi. ven by the special oase of (7.5), 

The likelihood ratio or1terion for 

J.-1 mB•l T 
(7.15) 

Tr ·n Tr 
t:l 1:0 j:0 

-.. 
T 
s: ---

testing this hypothesis iss 

mA"!'l mB•t(,,A B ) 11lj,hk(t) r;- TT \tf 1h.ftjk hao kllO , 1 

u/1--1 mB•l 
"' nij.hk(t) 1T TI P1j.hk 

h:O ka0 
J_ 

It is more convenient to use the negative or twice the logarithm of (7.15) 

which is 

• 
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(7.16) T rJ,-.1 mB•l 

2 ~ ~ ~ 
t:t i•h aO j ,k :0 

We oan argue that under the null hypothesis this statistio has an asymp~ot1o 

X,_2• distribution. The nurrber of degrees of freedom is 

(7.17) ml\mB(Jl.mB•l) • rrfo.(n/1-•1) • mB(mB•l) 

: (J.. )2 (mB)2 _ (rrfo )8 • (mB)2 • Ji. mB 1'" Ji. f mB 

In pirtiouls.r for diohotomous attitudes (trfo. • mB • 2), the number of' de• 

grees of' freedom is a. 

From tables of' the ;x..2-distribution we oan obtain the appropriate 

significance point. If the computed statistic (7.16) exceeds this number 

we reject the hypothesis. If (7.16) for our sample is lass than the aig• 

nii'ioanoe point we are willing to aooept the hypothesis that Pis of the 

form (7e9). 

As an exarr:ple we consider a panel study of two interviews.• On eaoh 

interview the respondent was asked whether he had seen an advertisement of 

a partiouls.r prodoot and whether he had bought that produot. The question 

we are interested in is whether we can assume that the changes in number of 

* These de.ta have been taken from the fi las of' the Bureau of' Applied 
Socia 1 Researoh. 
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people seeing the advertisement are independent ot the ohanges in the 

number buying the produot. Let 0 on the first aotion be to see and l not 

to see the advertisement, let O on the second aotion be to buy and l not 

to buy the prod•lct. The observations are tabulated below 

First 

Interview 

The estina ted 

(7.18) 

00 

01 

10 

Total 

natri.x or 

.624 

.111 

el74 

.Ol5 

See • Buy 1.1.trix 

Seoond Interview 

00 01 10 11 --- ... 
03 

22 

25 

138 

8 35 

68 ll 

10 95 

ll8 147 

7 

28 

15 

543 

tre.nsi t:1.on probe.bi U ties 

1,-060 e263 e053 

.627 .oa5 .211 

.069 .666 .104 

.069 .ou .915 

is 

Total 

133 

129 

145 

539 

946 

We observe that if a person has seen the advertisement at the first inter-
but not bought tho procuct 

view/the (estinated) pro6ability that he sees the advartisemant and buys 

the produot later is el7l and that he does not see the advertisement but 

buys the product is .oa5. On the other hand if he has neither seen the ad• 

vertisement nor bought the product at the tine of the first interview• the 

probability that he 888 the advertisement and btW the product is e015 and 
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that he not see the adyertisemnt but buys the produot 1s .011. There 

seamn ·i;o be a dif'f'erenoe in the ohange with regard to buying depending on 

obser~ing ·the advertisement. 

Now let us nake the statistioal test. First we oompute 

(7 • l9) "" A 
TT • ( .691 .309) • 

.110 .890 

(7.20) AB 

lT 
• ( ,856 ,144) 

.070 e930 • 

"' TT A is the estin:a ta of the transition probabi Li ties of changes on seeing 
l-

and ·rr·B of' the 01anges on buying. For e.xarr.ple, if' a person saw the ad 

originally, we wot~!.3 ~E:.y tho probability is e69l that he would see the ad 

the ne:.t time,, If the e:he,.ng3s were independent we would e.xpeot that the 

transition prob~hi li t.y rrn ari:x for seeing and buying together would be 

(7 .21 ) /.:i._·A ,A B ·- .591 .100 .264 .045 
TT 

,,. 

II ® I 1 
0048 .642 .022 .287 

.094 .016 .762 .128 

.ooe .102 .062 e823 

The o~it.a~ion (7~16) turns out to be 37 e84. This is significant at the 1% 

lava l usl i16 tbe x_ 2 .. tf..b :.a with 8 degrees o:f' freedom. This implies that 

the obengon :..n sar;3:'.ng are not independent of' the changes in buying. 

H should b'3 emphss:i.z13d that a n:a tri:x P of' the f'orm ·rr ~ rr B 

imp'!J.3s thi.h a ohange in one a·bti tude is independent of' a ohange 111 the 
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other attitude. It may happen the. t there is, nevertheless, a correlation 

between the two attitu:ies at any one time. That is-, if' the numbers 

ntj(t) are arranged in an ·Ji. by mB ne.tri:x• it nay be quite different in 

nature from a me.trb of' rank l. 

As time goes on, however, there will be a tendenoy toward iude• 

pendenoe in these two-way tab las• This fol.lows from the theory in Seo ti on 

2.4., To show this we need to develop sona of the algebraio properties ot 

these Kronecker produot natrioes•• Suppose fai (i•l,.u,Jt.) are the 

ohe.re.oteristia roots otnA and y3'i) are the oomponent1 of' the oor• 

responding left•sided oharaoteristio vectors, similarly ~ ancl z (~) 

are the roots and oomponen ts of veotors of · IT B • Thus 

: (k) 
.fa 

-- (k) (k) 
Y' t • 

j 

Then, 1 t fol Lows that 

(7.24) 

• See, for example, Paul R. Balmos, Finite Dimensional Veotor Se';oes, 
Appendix II, Prinoeton University Press, 1942, 



101. 

= I er> (g)\ (. er> (g>) 
{fa y I y h g k • 

Thus 

(7.25) Acr.g> (i') y (g} = .A 
is the r,g - th root of P and 

(7.26) x<r,g) .. y<~) z<g) 
hk - k 

is the h,k - th component or the f,g • th vector of P. Thus, if only one 

root oi'Tr A and one root of' 1TB are or absolute ve.lue one, there is only 

one root of P that is of absolute value 1. Thus 

a ,,.,,A 
lim 11 ih (t) 

t~d!" 

1i B 
k: 

where rr: 1s the h • th component of the limit of rr A and j(: is 

the k • th oo mponen t or the limit or IT B • Thus we have sh own the. t if 

P II ITA® 1fB , the limit of P is of the same form. From this we see that 

if the process goes on Long enough, the two way table of n1J ( t) wi 11 on the 

average display independenoe of the two attitudes. 

7.5. The Relative Importance of Ttivo Attitudes 

A. very interns ting problem arising in the study of two attitudes, 

A and B, is whether changes in A affect changes in B more than changes in 
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B atteot changes in A. It is rather difficult to give an exact definition 

or this idea of the relative significanoe of the two attitudes. This oon• 

oept does not have any implication as to the relative amount of changes in 

the two attitudes. One way of considering the mutual effects of changes of 

attitudes is to see whether people more frequently ohange on A before they 

change on B rather than on B before changing on A. 

We shall oonsider the case of dichotomous attitudes hare although 

it is not necessary to restrict ourselves so much. We shall consider the 

probability that a person changes first on A and then on B, and we she. 11 

oompare this with the probability or changing first on Band then on A. In 

this discussion we sba l l only consider changes over two time periods, al• 

though we oould, in principle, consider changes on both attitudes over more 

time periods. 

Consider a person who holds opinion O on attitude A and opinion 0 

on attitude B at som particular time. We are interested in the possi• 

bility or his holding opinion l on A and l on B two time periods later. 

He nay make this change in both attitudes in four ways. He may change to 

1 on A in one period and then to l on Bin the seoond time period. We shall 

indicate this as 

(7 .2a) ro,o) ➔ (l,o) ➔ (1,1), 

and we shall call a diagram such as (7.28) a path. He oan also change first -
on B and later on As 

(7 .29) 
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Of' course, he could change on both attitudes in one period and hold these 

opinions during the seoond. 

(7.30) 

or he could hold his opinions during the first period and change both in 

the second 

In the .,_n latter oases we obviously cannot tell anything about the rela• 

tive strength of the two attitudes. However, in the first case, (7.28), we 

see that a change in A leads a change in BJ in the seoond oase, (7.29), a 

change in B leads a change in A. If the probability of A leading Bis 

greater than the probability of B leading A, we would say that A is more 

important than B for people holding opinions O on both attitudes. The pro• 

bability of path {7.28) 1s Poo.10 • Pto.ll• and the probability of path 

<7•29 ) is Poo,01 • Pol,ll• 

It 

(7.32) • Poo,10 P10,11 > • Poo,01 Po1, u 

we say that A is stronger than B f'or people in the (O,O) state. Similarly 

for people in eaoh other state we oan oompare the probability of' changing 

on A first with the probability of changing on B first. For (o.l} people, 

the ineguali ty (for A stronger) is 
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(7.33) Pot, ll • P11, 10 > Po1,oo • Poo.10 • 

For (l,o) people it is 

(7 .34) P10,oo • Poo,01 > Pio, u • Pu,01 • 

Finally for (l,l) people the inequality is 

(7.35) • • 
Pu,01 Po1,oo > Pu, 10 P10,oo • 

We oan give a d;.agram the. t helps visualize the ineguali ti es• On the left we 

:l.ndioate the mtri:x P with the products f'or the change in A first, on the 

right we indicate the products for the change in B first. It is observed 

that the same eight e le rrents are involved in each case. The products are 

different, however 

l oo, i Ol I lO I 11 00 01 10 

004 1.,(01) I 
(00) • 00 ~~u~r- 01 01 

' ' 1 
(00. 

, I • 

l~ LJJ~)· 10 

11 

11) 

10 

\ (u); 
.. 

11 (lo) 11 

Now we wish to make a comparison of' the relative strengths of' the 

e.tti tudes for all the pa:,ple in the population; that is, we wish to form a 

composite criterion from the above separate ones. We might take the number 

of people in ea.oh state at soma particular tins, se.y at time o, and compare 

the e:xpeoted number or people changing first on A and then on B with the 

expected number changing first on Band then on A. The 
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upeoted number of' people changing on .b. in the first period and B 1n the 

seoond is 

(7.36) noo<0) Poo. 10 P10, 11 t no1 (o > Pol, 11 Pu, 10 

+ n10<0> P10,oo Poo,01 i n11<0> P11,01 Po1,oo. 

We can compare this with the e.xpected number of people changing first on B 

and then on A 

(7.37} 0oo<o) Poo,01 Po1,11 + no1(o) Po1,oo Poo,10 

+ (0) · (0) 
n10 P10,11 P11,01 + n11 P11,10 P10,oo. 

One objection to the above oriterion is that it depends on weight• 

ing by the number or people in eaoh state. and these numbers. particularly 

at time o, depend on taotors outside of the process or change itself. To 

overcome this objection we can weight with tho limiting proportion of people · 

in eaoh state for (if only one root of' Pis l in absolute value) the limiting 

proportion depends only on the uatrix of transition probabilities. These 

limiting proportions are Poe1. Poi• p10, p11 derived from Pas indicated in 

Section 2,4. In this way we oompare 

(7•3a) Poo Poo,10 P10,11 ~ Pol Po1,11 P11,10 

¥ Pio P10,oo Poo,01 + P11 P11,01 Po1,oo 
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say, with 

(7.39) Poo Poo.01 Po1.11 + Poi Po1,oo Poo,10 

+ P10 P10, u Pu,01 ♦ Pu Pu, 10 P10,oo :: 8 B, 

say. It (7.38) is greater than (7.39) we 1\'0Uld say that attitude A is 

stronger than attitude B. 

Now let us consider the problem we are faoed with when we use given 

data. We wish to test the hypothesis that attitude A. is stronger against the 

alternative that B is stronger; that is• we wish to test the hypothesis that 

(7.38) is greater than (7.39) against the alternative hypothesis that (7.39) 

is greater than (7.38). To start with we estinate P a.a P (see Section 4e2) 

and derive p from that. Than we compute 8 A in terms of these eatinates, 

say ~Al and compare it with s B in terms of the estina tes, say ~ B. It 

oan bo shown that ~ A and ~Bare jointly asymptotically normlly dis• 

tributed (as n1j(O) ➔ ,:fl) with means 

(7 .41) -- a B. 

Thus ~ A • /' B is asymptotically normlly distributed with man s A • aB. 

It the oovarianoe natrix of this asymptotic distribution is computed, we can 

set up e:xaot si gnificanoe levels. 

Now let us see what relation this criterion has to the oriterion 

that IAze.rsteld has suggested. We sbal l use the probe.bi l:1. ties from P instead 



of' the nunbers n1J,hk(t) and IIX)dify the notation slightly. Let 

-- Po1.,oo P10.11 - P10,oo Po1, 11 

(7.43) 6, 2 : Pu,. 10 

Poo,01 • Poo, 10 • Pn.01 • Pn.10 

--
Poo,ot + Poo, 10 ♦ Pu.01 ♦ P11.10 

If' 61 and 6 2 are of' different si l!'J'lS and 
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then atti t~e A is said to be stronger. This is under the assumption that 

(o,o) and (l,l) are "harmonious" states and (0.1) and (l,o) are "naladjusted" 

states• 

It will be noticed that the eight probabilities used here are used 

in (7.38) and in (7.39). We oan under the above assumptions assume that 
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Poo asid Pu are large relative to Pol and PlO. HePoe, in (7.38) Pco.10, Pio,.u 

P ll,Ol and P0l,00 are emphasised, and in (7 e39) Poo.ol, Po 1. 11. Pu.10 and 

Plo.oo are emphasized. It we ignore the denominators of (7.42) and (7.43) 

we see that the inequality (7.44) is like 

(7.45) Po 1,00 P10. ll • Pu,o l Poo, 10 ) 

On the left we have those probabilities emphasized in (7.38) and on the 

right we have the probabilities the.tare most important in (7.39). Thus 

we see that roughly speaking these two oriteria agree. The oriterion pro• 

posed in th is paper has the advantage that 1 t has a direot interpretation. 

A simpler form of the ori terion proposed here results when we simple 

weight each initial state by l. Then A is said to be stronger 11' 

(7 .47) 

• 

.. 

• 

P10.oo (Poo,ol • P11,10> • P11,01 CP01,oo • P10,11> 

CPoo, 10 • Pu,01> CP10, 11 • Po1,oo> 
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-- Poo.10 • Plt,ol 

Poo,01 - Pn, 10 Plo,ll - Pol,oo • 

In Section 7.4 we round that in our example the changes in "seeing" 

and "bu,ying" were not independent. Let us now see whether seeing leads 

bl.\Ying or vice versa. The index formed by subtra.oting (7.37) from (7.36) 

has the value l.44~ This would indicate that seeing is stronger. The in• 

dex p-oposed by lazarsteld was 6 1 • fl 2 (given by (7.42) and (7.-43), 

respeotively) when the probabilities are replaced by the trequenoies (Poi_oo 

replaced by llot,oo(l), eta.). The value of' this index tor our· example is 

e077, also, indioating that seeing is stronger. 

In this example these two indices indioate the sal!B result. It 

might be noted in passing, however, that the unweighted comparison (7.47) 

gives •e016 which indioates the opposite result. 

7.6. A M::>re General Model f'or Two Attitudes 

Suppose the probability or the pair or opinions held by an indi• 

Vidual at time t depends on the piir at till8B t•l and at t•2• Then in the 

oase or dichotomous attitudes we define state 00,00 as o on A at t•l, 0 on 

Bat t•l, O on A at t, and l on Bat tJ eto. The probabilities nay be in• 

dioated as 1f ij,klJ gh; this is the probability of an individual with ion 

A and j on Bat t•2 and k on A and l on Bat t•l holding g on A and hon B 

at t. Then in an obvious way we oan oonstruct the P aatrix whioh gives the 

probability or gotllg from one state to the next. This natrb will have aany 
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0 entries. as in Section 6.2. We oan deduce the properties of this 11>del 

in a. way similar to the previous sections. The estinates of the parameters 

are given by 

--

T 

~- nij .• kl;gh(t) 
t•l 

• 

Sinoe this elaboration of the model llllY be oonsidered as a special oase of 

the model treated in Seotion 6, we shall not discuss it further here. 
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a. ~_e_l!_ tor Hetero1e!'~ous Popula!,ions♦ l!!e ot latent StrUO!!!t 

Ane.;Lysis,. 

a.1. Stratif'ication .•. 

We have assumed in this paper that our populations have been homo• 

geneo~s as tar as the stochastic process is concerned. Of' course. in 

general this assumption willnot be true, though in some cases it may be 

approximately true. Usually, the models considered above are greatly 

oversim.plitiede We have assumed that the main determining influence 

on a person's attitude at time tis his attitude at earlier times and all 

other influences operate randomly. In actual fa.ct, however, w -aay know 

that other factors operate systematically, end we ftl3.Y even know how they 

operate. Now we wish to see how we can take these other known outside 

factors into account~ 

In many situations where continuous variables are involved, one 

accounts for exogenous influences by 11correcting11 for these influences 

by using "regression" on functions of the external variables. It is 

customary to e.ssUme that the effects are linear: one fits by least squares 

linear functions of the exogenous variables. 'then one studies the resi• 

duals of the observations from these linear effects. The analogue for 

discrete variables is stratification. One stratifies his population on 

the basis of the exogenous discrete variables. Then each stratum he treats 

as homogeneous. Now let us see how this technique 1s applied to our pro­

bleme 

We think that certain factors operate so that some people behave in 

one we.y and certain other people behave in another way. Thus. we assume 
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that we should use more inf'orm,.tion than just a. person's initial atti• 

tude to determine the probability of his opinion in the future. For 

exanple. a man in state i me.y have a probability of p1 j of going to 

state j. but a wonan may have a. different probability of moving from i to 

j, say p1 j• Thus the state of men are determined by one process and 

that of women by another. Since we oan observe whether an individual is 

a man or woman, we can set up one process for men and one for women. 

In general, then, 'We can stratify our set of' individuals on observed 

characteristics and set up a process for each stratum. 

Suppose there are q different strata mich we wish to use. let 

n't' be the number of people in the y -th stratum. We assume that a 

person stays in one stratum throughout the study. For each stratum• 

have a matrix of transition probabilities 

{8.1) 

that indicates the probability for a person in the ~- -th strat\Dll of 

going from state 1 to state J• Let n y ij (t) be the number of people 

in stratum ''t in state 1 at time t-1 and state j at ti~ t. Then for 

each 'I' , there is a process of the sort des er ibed in Section s. Each 

one is analyzed as indicated there. 

As an example of stratification we consider the vote intention of 

August, September and October and stratify on the basis of interest in 

the campaign. Each respondent is classified into one of the three groups 

11'High Interest", 11Y.IOderate Interestu, and 11Low Interest"• For each group 

we have a table of the numbers of respondents with the various canbina.tiona 

of intentions in August and September and a.table tor September and October. 
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For each group we estimate the matrix of transition probabilities. They 

are given below. There were 141 respondents in the first group, 136 in 

the seoond, and 162 in the third. 

High Interest M:>derate Interest Low Interest 

R D DK R D DK R D DK 
R e976 oOOO .024 R .968 7016 .016 R .932 .ooo .osa 
D .011 .978 .011 D .019 .953 .028 D .0-30 .910 .oso 
DK al25 .333 .542 DK .1a2 .151 .667 DK .os1 e074 .845 

It will be noticed that the greater the interest the greater the 

probability that a person with Republican intention one month will have 

this same intention the next month and similarly for :persons with Democratic 

intention. On the other hand the greater the interest the less the pro­

bability that a person responding DK one month respond the same way next 

month. 

We ~y wish to determine whether a given stratification is necessary 

for the study of a given attitude. Consider a stratification in two 

groups with matrices P (l) and P (2.), respectively. We wish to test the 

null hypothesis P(l): p(2.)• let ;.cz). be the estimate of p(~) 

Cb': 1, 2), and let n'{ >co) be the number of people in the 't-th group 

holding opinion i at time o. We know from Section 4 that the estimates 

have asy~totica lly a joint normal distribution. Under the null hypo• 

thesis the means for one group are equal to the means for the other 

group, and the covariances of 1(ij are proportional to the covariances 

of~ <i~ for each i. It is easy to verify that the set ,;c½j -~ '~l> 
have O means; the asymptotic oovarianoe between c1 ,;<g . ~(:~) and 

C (p·'.'-(l) - /\. {~;) . 0 · ~ i..J.. d th t t. i b t g gh p gh is J..i. T g; an e asymp o io oovar anoe e ween 
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A oonsistent estimate of pij is 

and a oonsistent estimate of C 1 is gi van by 

(8.4) 

It oan be easily shown that under the null hypothesis 

m-1 (~(l) A(t,)/i 
p ij - pij (8.5) < Cir::.... 

J;;O * 
pij 

has an a.symptotioX• distribution with m-l degrees or freedom. The 

sta.tistio (a.s) for i is asymptotically independent of the statistic 

for g(gf:l.),, Thusatest of the null hypothesis p(g aP(i~ for all 

i and j is 



a.2. The Use ot la.tent Attributes 

Now our individual• ms.y be ditfertntiated on some characteristioa 

iiot observable; tbl.t is,. on a ll.tent e.t,ribute. For example, in the 

study of political campaigns we might say that sane people a.re funda.• 

111ente.lly Republicans and sane are fundamentally Democrats but that their 

observed behavior (other than their ans•rs to the ca,ueations \118 give) dou 

not indicate it. As another example, cozw,ider asking people about atti­

tudes to-ward capitalism, freedom, etc. Tl'tlre •Y be some underlying 

philoaop~ that divides people into two gro11ps that have different pro­

babilities of answering the question. 

We can apply the idea ot latent attribute analysis to this problem• 

The essential feature is that here -we have strata which cannot be dis­

tinguished by 8.flY outside data but must be inferred only from the de.ta 

on the. attitudes we are studying. Thus, we assume that there. are q atatea 

(or classes) of the latent attribute; there e.re q strata. but w do not 

know in which stratum an individual ise As before, Iii each stratum, 

there is a process defined·. That is, for a person in atate rf•ot the 

latent a~+.ribute let p ¥ ij be the ,probability of his going from state 1 
~ 

at time - ... .1. to state 3 at t. Let the vector n (0) indicate the people 

who are 'I o:".l the latent attribute and in various manifest at.tea at 

time o. 
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We obaene 

(8.7) 
q l< 

N (t) :; ~ N (t) 
..,.- : l 

satisfy 

(8,8) 

~-. 

say. The n 4 's are the 
r 

unknown parameters p ij 

"latent class frequencies"• Thus we have as 
'6. ~-

and ~ (O'j :{qr.,1(t1~1r-1- ia,n : qo2 

As a simple example of what is involved consider a latent attribute 

having two classes, I and II• Suppose the number in the first class ia 

n1 
: 400 and the number in the second 1s n11 • &oo. W'e shall assume that 

the attitude is indicated by opinion O or l. let the two matrices ot 

transition probabilities be 

I \ 
plI 

8 (8.9) pl a \°9 .1) (~ .a) 
.4 .s e9 , .1 ,. 

respectively. Ot the 400 in class ;i: let 200 be ot initial opinion O 

(and, hence, 200 of initial opinion l) and of the 500 in class II let 

300 be of initial opinion O (and, hence, 200 of initial opinion 1). 

Now let us CQJnpute the expected numbers of various opinions. The 

matrix N1 (1), for example, is 



(a.10) .,/ {l) : (180 
80 

117, 

2.0 \ 

120 ), 

The number 180 is the expected aumber ot people with opinion 0 at 1;i111 

O and at time 1. Then 

{8.11) rl {l) :; ( 260) 
140 , 

II ( '10) n (1) : 
.330 , 

Then the expected numbera of op.Aat.011 at t • l and t : 2 ia 

(8.12) 
I (234 

N (2) : 
66 

26) 
84 , 

II (14 N {2): 
33 

56 \ 

291 ) • 

Since the two classes are latent {i,e,, not directly distinguishable), 

we observe 

{8.13) 
I II ( 2: 260) N(l): N (l) + N (l) -- 210. • 

(8.14) 
I II 

( 248 82) N(2) : N (2) + N {2) • 
89 381 • 

If we divide each row by the row sum w cil,taiD •. 

(8.15) (-48 .Q) 
,30 ,70 • 
' 
i 

(.76 .25) 
,19 ,81 • 



We see that the addition of numbers from two first order processes 

gives us a set of observations that does not look at all as though it 

came from a first order process. 

The problems associated with this model shall not be treated in 

the present paper. It is clear that they a.re much more involved than 

the problems concerning the models in the earlier section and more 

involved than the models now used in latent structure analysis. 

The development indicated in this section is interesting and inport­

ant for both attitude time series analysis and latent stru~ture anaqsiee 

From the point of view of time series analysis it is important because 

most groups of individuals are not homogeneousJ their sequences of 

opinions cannot be considered as being observations on the same 

stochastic problems. In many cases the best stratification w.i.11 not be 

one based on observed data but will be one based on a le.tent attribute. 

Data used in latent structure analysis is composed of a number of 

separate items (for exai:rple, responses to a number of questions put to 

the respondent). It is assumed that given an individual's latent class 

(er more general.ly his latent characteristics) the probabilities of res­

ponses on one item a.re independent of the probabilities of responses on 

other items. We can now consider the model presented in this section as 

a development of latent structure analysis to a case where the items are 

answers to the same question at different points of time and where the 

probabilities associated with items are not independent when the le.tent; 

class is known. This opens up a large field for latent structure am.­

lysis because thm perm.its analysis of the latent structure on the basie 

of time series data. 



e.3. !eltability ot Resl?on,ses and T.~ Serie,• Ana1Y1ia et l&ten.!, 

,9hanges. 

Ia the present paper we have assumed that a person•• observed. res• 

ponse ur.ambiguously represents his actual opinion. A more sophiet1oate4 

model can be set up ... which permits an "error" ot response. Suppose 

the ma~rix P refers to a sequence ot "true attitude" J then let '1
3 

be the probability tbat it a person really holds opinion i he reaponc:11 

with o~inion j. Thus the ma.trix Q. : (q
1
j) has the same mathematical 

charac~eristics as P. 

Let us see how we obtain the probabilities of certain responses in 

this case. Suppose the individual has "true opinion" i at time OJ the 

probability that he holds true opinion j at time 1 and k at time 2 is 

Pi/jk• The probability that he respond with opinion t at time O is 's.t• 
The probability that he hold true opinions 1. j, k at t : o, 1. 2, res­

pectively, and respond with opinions r, g, hat t : o, 11 2 is 

Pi/ jkqit4ja4kh• Finally, we obtain the probability (if he hold true 

opinion i at time 0) of his successive responses t, g, h e.s the sum a.rer 

possible true opinions held at t : 1, 2 as 

(8.16) 

Since we cannot determine a person's true opinion at time Ow shall 

assi&n probabilities r 1 to these initial true opinions. Then the proba­

bility ot observing the responses t, g. his 
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{8.17) 

Clearly, • can extend this theory to a sequence ot ob■ervecl a-e,ponae1 

as long as -we wish. M>reover • we can de"Velop our other, noclele tn tide 

dinction. 

The purpose or this development from the point ot view ot attitude 

time series analysis is to permit explicitly ram.om ett'eota which a.re 

independent from time to time. We he.ve assumed that the probut11'1ea 

41
3 

are the same over all time points; that is, the probabilities ot a 

response, given the true opinion, does not depend on an earlier opinlon. 

This is the discrete version or an "error or measurement"• 

The statistical problems are now more conq>lex than before. In addi• 

tion to the parameters pij we have m(m•l) independent q1j's am m•l ime• 

pend.ent r., 1 so From our observations we wish to ~ke inferences oonoerning 
.I, 

the parameters. As for the earlier models, we wish to develop methods of 

estimation am tests of hypotheses. Here, ho-wever, there is the prior 

problem of identification; that is the question of whether knowledge of 

the distribution of observable data is sufficient to determine uniquely 

the parameters of the structure• 

* This development is being considered in detail by Ie Wiggins. 

Since he g,ives examples of this analysis, we shall not do so here. 

The model considered in this section can e.lso be considered as e. 

time series analysis for latent attributes. The "true attitude" can be 

-------------------------··•· .. ---- -----------
* 11The .Ano.lyeis of tho Reliability or- Single 11:,ome in Panel. Studies."· 

Report to the Rand Corporation. 
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considered as a latent attribute. The observed response is an item. 

The probability pij is the probability of' moving from latent class i 

at time t to latent class j at time t,U. The probability 4jh is the 

probability that a person in the j-th latent class give the response k on 

the item at the particular time. Since there are usually several items 

involved in latent structure analysis. let us generalize this model. Let 
(v) 

q b,c_ be the probability of a person in the i-th latent class giving the 

response ;.;-.. on the r,.•th iteme Then the p,robability of response :.'7--y' 

on the \/.th item at t;O (for each',-1),/\.,on the}✓-th item at t;;l• and 

'f ..,n on the .,<--th item at t:2 for )':l. 2, 3 is 

m-l {l) (2) (3) {l) (2) {3} (l} (2) (3) 

(8el8) i~,k:O riPijPjk4i~l: 41,.,. :i°qi~. lj'3iCJ.j.ft}j~3~ '1S1. \: 't2 \: ~ • 

It is clear that this analysis will be more complicated than either 

the usual time series analysis or the la.tent structure analysis. Ho-wever• 

some development of this sort is necessary if' one is to study the changes 

iri. +.im~ of' latent attributes, and obviously such study is important. 



Here we shall prove the statement ~iven in Section 2.4: 

Theorem: Ii' for some s ~_some g 

Pig(s) ) 0 for all i. ~ 

{l) 

Proof, 

(2) 

(3) 

Then 

let 

m"'(t) : min p _(t), 
" i iJ 

M~{t) : max p (t). 
., 1 ij 

{i,j: O••••• m-l)e 
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{4) mj(t+l): min ip .. -PkJ.(t) > min 
i k iJC" - i 

~PiJ!lj(t) : mj(t),, 
k 

(5) 

Thus 

{6) 

and 

(7) 

Mj(t½l) : max ~ pi~kj{t) --~ max 
i k i 

f P1kMit) : mj(t) • 

mJ,(1) (m.(2) < ••• 
-J -

M. (l) > M. {2) / • • • 
J -- J - .. 

To prove our result we need only show that l~(t) - mj{t) ~➔ Oe 

We have 

(8) ~(t+s) • mj(t+s) : ~~( p 1j{t+s) - phj{t+s)) 

I ' 

: max ?._ ~ik(s) .. phk(s)) pkj(t) 
i.h k ' 

+ 
This determines i and he Let z. denote summation over positive terms 

and Z • over negative terms. Then 



and 

{10) 

< .. 
Ii' .tis in the set ot k tor 4. • then 

where J : mf pig(s). and 

(ll) 

/ .. ...... + 
Similarly if $ is in the set or k for Z • then ~ p1k(s) 

(U,) follows. Therefore 

(12) ~(t+a) • m3 (t+a) £_ '.2_+ ( p1k( o)-phk(a)) ~(t) 

+Z,_• ( Pik(s) • phk(e)) mj(t) 
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< l • --

: z + (pikla)-phk(s)) ( U/t)-mj(t)) 

.!:; ( l• J X Mj(t)-mj(t)) • 

Therefore 

{13) Mj(o-, a) • mj( d.. a) . ~ (1- J ) "'--

which zoes to O as c:,J... goes to infinity, Thus M_, (t) and mj (t) have a 

common limit p j• We note that the approach to the limit is e2l)onential. 
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Appendix 1.2. !2!'ther discussion ot the characteristic roots and 

vectors of P. 

Here we wish to summarize further information about the roots and 

vectors of P. In Section 2.4 it was shown that the characteristic roots 

of P must be less than or equal to 1 in absolute value. It was also -
shown that there is alvl8.ys at least one root equal to .!.• 

To study the nittrix P further we need to introduce the notion of 

invariant factors and elementary divisor. let D1vU be the greatest 

common divisor of i•th rowed minors of P"".~• The i-th invariant factor 

of P-AI 1s defined as 

(14) 

• 

Then 

(15) 

It can be 

(16) 

(17) F- ;1 CJ,) - 0 -
are among this set, Thus 

• M. Booher, Ip.troduoti on ~o Hi£11er Algebra, 1':acMillan Co., p • 2 70. 
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and eij ~ e1+1, j( and > eij = m). The factors ( -A - Vj) are called 
1-1 

elementary div'isors. If eij = 1 or O for all 1, then the elementary 

divisors associated with }/j are simple. The result on the classical 

canonical form is that there exists a matrix A such that 

:Bl 0 ••••••• 0 
-1 

(19) A PA - 0 :ea ••••••• 0 -
0 0 ••••••• :e, 

I 

where J' is the number of E
1 
( ~ ) not identically 1. The form of :e1 

is seen easily from the special case of q = 3 and e11, e12, e13 : 

3, 2, 1. Then 

I . I l l,1 
(20) l3i I V1 l -- ··v 

\ 
l 

V2 l 

Va 
\ 

\ V3 , 

with O in each unfilled cell. We notice that if all the characteristic 

roots are different, then all elementary divisors are simple and :e1 : 

All 0 . . . 0 

0 /\2 ••• 0 
• 
• 
• 

~m 0 0 ••• • 
Let us now show that the elementary divisors corresponding to 

a A for I /\ f = l are simple. If they were not there would be one block 
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("'11 O 
••••• 0 

(21) c1 : o V 1 1 ••••• 0 \ . . . • • • • • • •~••• Vrl 0 0 0 • 

The matrix C is of order e 11• It is easy to verify that 

I \ 
(22) 

s 
. (~) 'y':~ v~-e11,.l \ cl :/ /~"'s•l ( :11-1) \ l ••• 

\T•◄u½l? I 0 ( Sr S ••• ( :11-2) o .l 1 

• • 
• • 

\ • • 
0 0 ••• (~ )'Iv~ 

I 
( cl 0 •••• 0 

Let 
A•lp A - C = 0 C2 •••• 0 - \ 

\ • • 
\ . • 

• \ ~ 0 •••• Cr/ , 

(23) A - / All A12 •••• Alr - l A2l A22 •••• A2r 
• • 
• • \ . . 

\Arl Ar2 •••• A • rr,t 

A .. 1 ;; D - D11 D12 •••• D1r I -
D21 D32 •••• D2r 
• • 
• • 
• • 
Drl Dr2 •••• D ) rr • 

• • 



Then 

(24) 

We have 

(25) 

Consider 

(26) 

/ 
I 

J 
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Ps - ::_ A Cs D 
( 

r ) 
• kal ik k kj 

Ps A : ACS 

: ( A1jc~) 

Since P8 is a transition probability matrix the components of' P8A must 

8 
be bounded; hence the components of' A11c1 must be bounded. But ii' 

· ·, S•l B 
s) land I v 1\ : 1. the absolute value of' a

11
s Y

1 
-1- a.

12
v

1 
is 

bounded only if a.
11 

is o. Thus the first column of A
11 

must be o. 

Similarly the first column of' Akl for every k is O and thus for A. But A 

cannot be singul9:r and thus if t ft·1 I : 1. S• 1. This proves the result. 

Secondly we wish to show that if I v1

1 \ <.. l then C~ ➔ O as 

s ➔ ~ • This follows from {22) for each element approaches O as 
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s -, o_, • This result is used in Section 2.4. 

It can be shown that if there is a. root >.;1 -=/=- l and \ .A-1 \ : 1. 

then~1 is a root of unity; that is, it satisfies 

(27) 

M:>reover, the other r-th roots of unity must also be in the set of 

characteristic roots. 



Appendix 1.3. The Variance of Irr• 

We wish to compute the variance of 

(28) 

when kn(O) : le 

(29) VarJC.r 

. 1 "' 
~ - 'i-/1 X {t) - T - -

l 
:$ k?j -- (t) .. T , .. ~l . -

Then the variance of ~ is 

: :2 ~ Cov [ kn.(t),, .. knj{s)J 
t S -1 J I ' - -

1 
-2 

: T 

--

129 .. 

In the second sum the expectation is taken first holding kn
0
(t),•••• 

k.?\t ... 
1 
{t) fixed, and then the expectation is taken over these. Thus 

the second sum is 
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This can be written as 

(";" ,"': -. 
because C jk?j(t)- (; ~j(t) I : 0 when multiplied by a constant 

(such as [ie11(t)p1j(s-t)}-• We have as variances and covariances ot 

k-ni (t) 

{32) Var [k"j<tB : pk,i(t) ~-pld{t)], 

(33) j :/:- i, 

or 

From (29) and (31) we have 

T T m-l - -, 
t 2?: 2- I:, p .(t) I t.-P (t) p (s-t) 

t:1 s~t~l i:O kJ l_'·1J1 ki ___ ; ij 
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For T sufficiently large (la:rger tl:lan To) 

Therefore, for T > To 

(37) 

Now w want to show that for T sufficiently large 

{38) 

is sufficiently small. Take Tl> .l. ; then for T 7 T1 6 

l 
(39) --

T 

Now consider 

(40) 
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f.. ': T~ fu P3.1(r) • ~j I 
f ': I T: • 1 I ~j 

t -T '4jj 

Similarly for T0 ~- t =: T-'ro the term m bracket■ :I.• mar~...,. 
also tor t '>!-'o• fhua (36) 18 within a amltiple or t ot Hille 
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Appendix 1.4. ~other proo!' .2!.jil\e existenc!....,!>f' the l,i~~t i~Section 2.6. 

We wish to show that 

lim l -(48) t i - " p - '. 

Let 

(44) 

t:l 

We wish to show that the sequence P1, P2• •••• has only one limit 

m1:1trix, tor we know that limit matrices exist (by the Bolzano­

Weierstrass theorem) and that there are convergent subsequences l PT,, J • 
Suppose 

(45) lim PT. : A 
V ➔ d' v 

Since 

(46) • 
we have 

(47) 

But 

PA : lim P PT- i; lim PT P a AP. 
v ➔.~ 'I- V~<:f' 'ti 

(48) (PT;_, - PPTV): 1/rv (P - p'l\,~l), 

which approaohes (~) as T\/ approaches infinity. Thus PPT approaches 
y 

A, and 

(49) A : PA a A'P • 

Thus for any T 

(50) A : A(J/r t. pt) : 
t:l 

Bence, it B is any limit matrix 

(61) A : AB • BA. 



Since A and Bare arbitrary limit matrices we can interchange the 

roles and obtain 

(52) B : BA. :a AB. 

Thus A : B, and the result is proved. 
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Appendix 1.5. _£lassi1'ication or Cy:c,lical States. 

Ir our model refers to a single attitude, usually plj > 0 for all 

i and j because there is usually some chance ot one opinion changed to 

any other opinion. Hence, there are not "cyclical states"; any state 

can be followed by any other. We shall, therefore, not discuss in de• 

tail this phase of the study of lt3.rkov cha.ins. vve shall simply note 

these properties. 

{53) 

The first feature to note is that if P is or the i'orm 

p: 0 

• 
• 
• 
0 0 ••• Ph 

where the P1 sub matrices are square then an opinion in the rows ot P 

corresponding to P1 must be followed by an opinion in the same set ot 

rows. Thus each Pi is a transition probability matrix and each aet 

or rows forms the basis for atseparate process. The multiplicity of roots 

A_ : l fo~ P is then h. It follows from Section 2.5 that if the multi• 

plicity of;,A :l is h, then the form of P is as above. 

Now we shall assume that P is not of this form. Suppose P is of 

the form 

0 Pl 0 ••• 0 

{54) p - 0 0 p2 ••• 0 - • 
• 

0 0 ••• 0 , 



where Pi is not necessarily square, but the number of ao1urnne· 

of P 1 is equal to the number of rows of P 1.,_1• Then an opinion in the 

first vet (corresponding to the rows of P1) must be .followed by an 

opinion in the next set, etc. Finally an opinion in the h-th set 

must be followed by one in the first set. lat £1 be an m-rowed 

vector with l's in the rows corresponding to P
1

• Then 

{55) 

Then 

(56) 

p { i 

p c i 

h p ,.-
Ci 

- 6"1.1 
, i: 2, ••• ,h, -

- ch• -
- ti -

Thus 1 is characteristic root of ph of multiplicity at least he However, 1 

ie a. root of P of multiplicity only l; hence, there are h•l other roots of 

P that are h-th roots of' unity. It oan be shown ttat these are all 

different. 

A more general form of' Pis the following 

0 Pl 0 ••• 0 

(67) p - 0 0 P2••• 0 - • • • 
• • • 
• • • 
Ph 0 0 ••• 0 

Q.l ~ Q.3 ... ~ .. 1 • 
The opinions in the last set here are i'olloVJed by any ot the other 

opinions, but these opinions do not follow others. Thus as time goes on 

there ia a greater and greater probability of changing from these opiniona. 
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It is possible to show that the o,inions can be numbered so that P 

is or the form (53) and each Pi is of the form (57). 
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Appendix 2.1. The means• variances and covariances of' nij (t). 

Since the set of'Jc1.ij(t) are asymptotically normally distributed• 

the asymptotic distribution is specified by the means, variances, am 

covariances. We now proceed to obtain these on the basis of' a given 

matrix Panda given vector n(o). 

We shalluse repeatedly the tact that if we draw b observations 

from a multinomial population with probabilities ql' •• ., ~• the mean 

of' bi, the number of occurrences of' nature i, is bq1, the variance. ot 

bi is bqi(l-41) and the covariance between bi and bj(i f j) is -bq1qj• 

The probability associated with k?ij (t) is pki (t-l)pij• Thus 

the mean and variance of knij(t) are 

(1) [_~(k?ij(t){ : nk(O)pki(t-l)Pij • 

and 

The covariance between k.11ij(t) and ~gh(t) for g ,t. i or j =f h is 

(3) Cov l 'le1ij(t), k11gh(t)~ : -nk(O)pki (t-l)pi/kg(t-l)Pgh• 

Now let us compute the covariance between Jt.lliS{t) and k11ij(tfr) tor 

r > o. If' i j:. j and r:l, then ~ij(t) and kllij(t.f.l) are the numbers ot 

occurrences of two mutually exclusive events, and the covariance is 

If i: j and r: l, then kn11 {t) and kn11(t~l) do not arise from mutually 

exclusive eveIXtse I.et ~gij(t~l)be the number of' occurrences of' k at o, 



g at t-1• i at t and j at t~l. Then k11iih(t~l) and ~gii(t+l) are 

from mutually exclusive events unless g: i and ha ie Sinoe 

(5) 

( 6) 

~· 

J?ii (t) : 1i°kniih(tf1). 

k
n

1 
.. (-b+l) ... ~ n .. (t.f.1), 

1 -7 gu 

The covariance between k?ii(t) and ~ 1{t~l) is 

(7) Cov { k?ii (t). ~i (t+l) \ : nk(o) ~ pki (t-l)p1! 
• j Pki (t-l)piiPilfkg(t .. l)pgiPii ? 

g,h ) 

: nk(O)pi: Pki (t-1) [1-pki (t)] • 

To treat the case r > 1. we define knijgh~ to be the number ot 

occurrences of k at o, i at t-1, j at t, g at t+r-1, and hat t,r. The 

covariance between °k:11ida}l (t) and knefij (t) is 

unless e : g : i and :r = h = je In that case we get the variance, which 

can be expressed as (8) plus nk(O)pld {t-l)pij Pji (r-l)pij• Finally. the 

covariance between 

(9) JC½.j{t) : I.itllijgh(t) 
g,h 

and 

(lo) k?ij(t+r) : L" ielefij(t) 
e,f 

is 
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(ll) 

: °Jc (O)p i~pki (t•l) ( p ji (r-1) 

• L_ p" (r•l)p h pk (t-l)p rPti (r•l) J 
e,f.g,h ~g g e 8 

Now we can see that (4) and (7) are special cases of (ll) with the con­

vention that Pji (o) : Jji ( : l for i*· j a.nd : O for i :;lj)e 

M>re generally we have 

: nk(C) [Pk:7. (':;-l1Pij Pjc. (!"•l)pdJ. 

• += . pki {t-l)p ij~ jg (r-l)p gh!'ke ( t-l)p of Pfd (r-l)pdtj 
8r--•.1gt.l 

: nk(O)pki ,t-l)P:tjPdi[ [p jd (r-1) • pkd (t,Jr-l)] • 
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Appendix 2.2. The asymptotic distribution ot Ptj. 

" We shall show that ln{pij -Pij) have approximately a joint normal 

distribution ii' n is large. From (b) of Section 3.1 we see that 

(14) . 
v~<~13-P13 >. = ~~:t<PJ 

s1(n) 

_ · /n. (r1in) • Pij s1 (n)) - ---,,. .......... ~. 
s (n) 

i 

• 

Because ot (4.20) the as~ptotic distribution of In {p'°\.-, -Pij) is the 

same as th.at of 

(15) 
• 

The numerator of (15) is 

(16) 
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k
n (t) .. n (O)p (t-l)p 
ij k ki ij 

is asymptotically 
Since the set 

J"nk{oT-
norma.11y distributed with mean o, the quantity (16) is asymptotically 

normally distributed with mean o. It remains to find the variance of 

(16). 

Since the mean of 

is O, the variance of (17) is 

(18) E Gnij (t) - p ijkni (t-1)J 2 

:[~ ElGnij(t) • pijlli (t.1J 21 kni (t-1)\ I 
=E-•("J?· (t.+l)p .. (1-p . .) } 

:i. J.J J.J ) 

: nk(O)pki (t-l)pij (1-pij) • 

Now consider 

/_ ~- J r J 1 
(19) Cov (llC'ij(t)-p1j ~-il'ih (tj , L k"ij (t♦r )-p1j ~ knih(t♦r )j ) 

= !-::· \ [~ij (t)-op ij~ knih {t >] [ knij (t♦r )-op ij :;;=lC'ih (t+r)J J 
:£ /El&nij (t)-p ijkni (t-1)] [ k nij (t+r )-p ijknl (t+r-1)] I k"i (t+r•l1) 

= 0 

because 

(20i E ~lC'ij(t+r) I kni (t+r-1) i : p ij kni (ttr•l) • 
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Thus successive terms . n .. (t)-p .. ,_n. (t-1) are uncorrelated. From (18) 
.l{"""-J.J J.J A. J. 

and (19) vro deduce that the variance of (16) is 

(21) 

Finally the asymptotic variance of /n (p ij-Pij) is (the exact 

variance of (15)) 

(22) 

By the same procedure we find tmt the asymptotic covariance of 

(23) 
-p p 

ij ih 
m ... l T-l-----

L v, 2_ Pki<t> 
k:o \ k t:o 

/\. A.. 
To obtain the limitinz covariance ot/n. (p ij-Pij) and/n (p gh-Pgh) 

tor i=f g we need 

- 0 -
By the same kind of argument we find that 
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(ZS l 1- t [ knii t )-p ij k n1 ( t-l) J [ Jc"g1, ( t+r) "1' gh k"r;< t ir-1) J ~ 
: 0 (i ¾ !;) 

'\ ~ 
Thus /n (p :i.;f-Pij) ar.d /n (p gh'"'Pgh) are asymptotically independently 

distributed if i 'F gG 

To su:nmarizei the set fi ~ ij-Pij) have a joint asymptotic dis­

tribution which is normal with means O, variances (22) 1 covariances of 

r- 1;;: ~· ,'\ 
(U \!-1 ij-Pij) and,,n (p gh-Pgh) given by (23) if i:g and O if' 1-:/: g. 

This completely charaoto:vizes the asymptotic distribution of the maximum 

likelihood estimat.cs. 

We can use thesa results to (i) test the hypothesis that pij is a 

given value and (ii) to find a confidence interval for Pij• M:ire generally• 

we can test hypcth~ses about a set of p .. and find confidence regions tor 
l.J 




