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THE LE CHATELIER PRINCIPLE IN LINEAR PROGRAMMING

l. Introduction and Summary

Often in pure or applied mathematics the equilibrium of a system can
be defined by a minimum (or maximum) of some function (such as energy,
cost, profit, etc.)., In regular or conventional problems studied in
physics or economics, the minimum position has usually been defined by
certain equalities on first (partial) derivatives and certain inequalities

on second derivatives,

Linear prograrmming represents a field in which the minimum position
is not of this regular type, but instead is of a boundary or vertex type,
defined by certain inequalities rather than equalities., Nonetheless we
often gain insight into the relations that hold in linear programming by
following the heuristic practice of treating the problem as if it were of
regular type: e.g., in the simple Koopmans transportation problem, the

notion of using potential differences is suggested by the use of such a

technique, I should like in this paper to give a sketch of one important
property of regular minimum systems that carries over into the non-regular

field of linear programming, A typical example is the following:

Consider the well-known linear programming problem of finding a
cheapest diet that realizes prescribed nutritional standards, What is the
effect of raising the price, Pi’ of any one food, say the ith? The
mathematical analogue of the physical principle associated with the name

of Le Chatelier tells us that the quantity consumed of the i'’

good, X5
will (if anything) go down. More difficult to establish is the following

extension of the Le Chatelier principle: for any small change inggi, the

decrease in x; will be less every time we add a new constraint (nutritional

or otherwise) to the system,
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By the principle of duality, these results tell us immediately that
an increase in the nutritional requirement, Cj’ of the jth nutrient will,

if anything, raise the shadow price, Yjs of that nutrient,

Also certain reciprocity relations are explored., The discussion is

heuristic rather than rigorous,

2. The Le Chatelier Principle in Regular Problems

Since 1884, the literature of thermodynamics has given attention to
the principle of Le Chatelier, Usually this is given vague and even
mystical formulation, couched in teleological language reminiscent of
Adam Smith's beneficent " invisible hand® that leads self-centered
competition unwittingly to the social good, The following formulation
is typical:

" If the external conditions of a thermodynamic system are altered,
the equilibrium of the system will tend to move in such a direction as to

oppose the change in external conditions.!' (E. Fermi, Thermodynamics,

1937, p. 111)

The following are typical examples to illustrate what is meant by
the critical word !'oppose'' in this definition. Increase the pressure,
P, on a system and, other things being equal, its volume, v, will
contract: i.e.,

Ap AV S0 .

Or increase the temperature of a system, T, and its so-called entropy", S,
with increase, Mathematically, for given T and p, the equilibrium of the
system can be defined as a minimum position of the following function

§ =U(v, S) =TS =(=-p) v
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where U is the so~called ' internal energy'' of the system and é the

so-called " thermodynamic potential functiom' ,

Stripped of all physical meaning, the Le Chatelier principle says

that if, for fixed Pl’ P2, cee Pn’

: n
? (xl’ ceey xn) =U (xl’ 0oy xn) - Z Pj Xj
1

is at a regular minimum so that the optimal x's can be written as

(l) xi = xi (Pl, eosy Pn) (i = l, 2, XYY n)
then
d x, ‘
i > >
(2) 57, - 0 or Ax, aP, T 0

Similar problems arise in economics, % being profit, U being total
revenue, Xi, eeoy X the productive factors, and Pl, ecey Pn their
prices. Because profits are at a maximum rather than a minimum, the
resulting theorem says: Any increase in the price of a productive
factor will -~ other things being equal -~ cause a reduction in the amount

used of that factor (or conceivably no change at all in the limit),

.Mathematically, a regular minimum requires that equations (1) be

equivalent to

' 3-6—}{%=o=g—x-‘é(x1’ "°’xn)-Pk=O

with [ 8% u/d X; xk) a positive definite matrix, Consequently, after

(l)' has been differentiated through by Pj and the system is solved, the

required partial derivatives are given by the inverse matrix

0 x, 2 -1
(3) { T } = [—a;ac U?ax_}
J i
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which must also be positive definite with plus diagonal elements of the

form shown in (2).

If @ were at a minimum subject to some constraints, then the x's
would not be all independently variable, but by the use of bordered
determinants the relation shown in (2) would still hold (it being under-

stood that none of the constraints are permitted to involve Pi explicitly).

3. The Extended Le Chatelier Principle

Epstein+ and other physicists have stated that there are really two
different sets of phenomena that go under the name of Le Chatelier!'s
principle. One is that described in my previous section, according to
which an increase in external pressure means a decrease in the volume of
a thermodynamic system, This holds true whether we insist that no heat
be added or subtractea from the system (an ' adiabatiec!' change), or
whether we let heat change so as to keep the temperature unchanged (an
" iso-thermal" change). Thus

entropy
constant

v <
temperature
constant

are each separate examples of the first form of the Le Chatelier principle,

The second form claims to tell us something about the difference

between these terms, As we relax the requirements that entropy be constant,

* see P, S. Epstein, Textbook of Thermodynamics, 1937, Ch, 21,
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we release " secondary forces!" and these act so as to '! oppose!! the
initial change in external force pressure -- so that the resulting change.

in volume is even greater., Thus, according to the second form of the

Principle

<av> <<6v> < 0
op temp, =\ p entropy =

Expressed generally, this second principle claims: each time some

constraint is added limiting the permissible changes in the variables

of a system, the resulting change in x from a change in Pi is less,

In words all this is a little vague because who is to say whether
holding entropy constant is more of a constraint than is holding
temperature constant, or just what is meant by a " secondary force.M
Mathematically, though, all is definite,

Let (xlo) xzog coey an) yield a minimum to

I

é’U(xl, aoo,xn)"' lz ijj

subject to
o o
Gi (xl’ scey xn) = Gi (xl s seoy X ) =0 (i=1,2, eoepm=1)
Suppose that an extra constraint is put on the system
o o
Gy (X5 eeos X)) =Gy (X7, eeey x 7)) =0
For the same (Pl, cosy Pn) this obviously has no effect on the equilibrium

of our system since the constraint goes through the previous equilibrium

point,

But now let us change P« The values of (xl,.., P ...xn) must all

change, But if the new constraint is put on the system, the change in the
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x's will be a different one. Nonetheless, the change in X, will still be
in the same direction as in Pi’ with or without the constraint — the
first part of our principle. The second part tells us that the contsrained

change in X, will be less than the unconstrained one; or the whole prin-

ciple can be summarized

Jd x. 0 x
i
(#) (a 1{) . (ﬁ:) 2 0,

m-l constraints m constraints
or
w' 9 x; > (0% > > /9% >
0 Pi = d Pi = %°° =\ 3 P, = ¢
no constraints 1l constraint l“n—l constraints

This can be proved by means of certain bordered detenninants.+ It is
even simpler to redefine variables so that some x is constant along each of
the constraints, The remaining x's are variable and the equilibrium is

defined by

w0
" -aj— =-§—Ux-k--Pk=o

where the functions are new ones defined in terms of the new variables

and where k ranges over all the unconstrained variables,

To show that adding one constraint always lowers the magnitude of
response, let us number our variables so that the free ones are first

(X5 eoss X_), and so that our new constraint holds x _ constant. Then with

* See P. A, Samuelson, Foundations of Economic Analysis, 1947, pp. 36-9.
Some algebraic errors in sign have crept into the exposition but they
are neatly cancelled out by minor errors of literary exposition,
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only (n - r) constraints
d X, D,.
'
(3) (:a P1:> = -%l , where
i n-r
% U 3% U a2 u
ax12 dx, 0 X, 9 xi d X,
3%y .
D = GXQ axi ¢ °
o L]
0% U U
axr axl 3] xrz

and Dij’ Dij * km etc. are the usual symbols for cofactors, cofactors of

cofactors, etce

By a well-known theorem of determinants

N
" /9% _ Dii ey b, Dir Dpg
(3) [\\ a P. = ——].5-—-. 11 - -3—3—-
\ i rr D rr
n-r + 1

and since D is symmetric and positive definite, it follows that the last

term is positive and
() X, S ) x;
0 Pi = \9 Pi
n-r constraints n-r constraints + 1 constraint,

which is the crucial part of our Principle,
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The Case of Linear Programming

None of these methods can be applied in the case of linear programming,
No derivatives like (1)' or (l)" define the equilibrium of our system. It

is tedious tc calculate the x's which minimize
% = P1 x ¢ P2 Xy + eeo * Pn X, subject to

> s >
(6) ail xl + aiz x2 + sed + ain Xn = Ci (1 = 1, 2, Qe m ‘<- n)

> > >
xl =0, x2 = o, esey xn - 0
Nonetheless, we can predict in advance that an increase in a single Pi
will if anything cause a reduction in X5 0 Thus raising the price of

spinach will never cause more of it to be prescribed in an optimal diet.

To prove this first form of Le Chatelier's principle, we cannot use
determinants or definite quadratic forms, But simple arithmetic will get

us the answer =- as it could have done in the regular minimum problem too.

Let our original P's be (Pl’ . Pn) and our new ones
(P1 + 8 Py, oee,P  + 2 P )e Let the corresponding optimal x's be

(%X)5.00,% ) and (x; + A X1, ooy X + A X ). Then we can show that

<
(7 A% AP +8X, AP, + 400 +AX 4P 0 ;

or if only the i'® P changes

< 0.

= !

' Ax 8P

This is because

3#* *
PLXp *eee # Py Xy : PrX *eee v By

where xj* = any other x's (including the set X+ A x&) that satisfy the
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constraints; hence

<
(8) Plxl"'ooo"'ann = Pl(xl"'Axl)"'.oo"’Pn(xn“'Axn)o
By similar reasoning about the second optimal position

< * #*
(Pl + A Pl)(xl + A xl) +000t (Pn + A Pn)(xn + A Xn) - (Pl + A Pl)(xl )"'00-*(Pn+ APn)(xn )
and setting the arbitrary x? equal to the previously optimal x's, we get

(9) (Pl * APl)(xi M Ax1) tesot (Pn * APn)(xh * Axh) i (Pl * APl) X Fooe? (Pn+ APn) *n
Add (8) and (9), cancel terms and transpose to get (7).

This shows that (7) =-- of which (2) is a special case — is a general truth

for all minimum systems, and holds in the large and not just for small

changes or for instantaneous rates of change,

S50 much for the first part of the Le Chatelier principle.+ Is the
second part also still valid in linear programming? It is the purpose of

this paper to show that the answer is yes,

Unfortunately, the second part of the principle is not so easily
demonstrated as the first, The reason for this is not accidental, but is
intrinsic, The second part of the principle appears to be of a less
fundamental character than the first, The first holds in the large — for
changes in Pi of any size, We cannot assume from the previous proof that
the second holds more than in the small -- in some neighborhood of the
previous equilibrium point., Thus, in the pressure-volume diagram of
Figure 1, we have demonstrated that the constant temperature curve TT will

be steeper than the constant entropy curve SS in the neighborhood of E,

* This was proved in my paper, ' Comparative Statics and the Logic of
Economic Maximizing,'' Review of Economic Studies, 1946, pp. 41-43, in

connection with the Stigler diet problem,
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We have not ruled out that the slopes may change elsewhere so as to cause

Figure 1

the curves actually to cross —— so that for large increases in pressure
the isothermal change may be less than the adiabatic change, Actually,
in a simple thermodynamic system where the two variables P,v determine

the system!s ' state", this is impossible,”

But I see no reason why this need be so for a general multivariable
system of even the most regular behavior with respect to its second partial
derivatives,++ Certainly no purely arithmetic proof like that of the first
part seems capable of demonstrating a similar result for the second part of

the principle,

For these reasons I confine myself to terra firma of small regions
around the equilibrium points, As a long shot, I would conjecture that a
stronger result might hold in the large within the field of linear pro-
gramming -- but a single counter-example might disprove this extension of

our theorem,

T At F, the curves must again look the way they do at E which contradicts
the assumption that they could ever cross,

++
If any n of the 2n variables (P;,.s,P , X,,.0X_) were to uniquely deter-
minE'%iI of them, then the results wollld the tBue ! in the large, "
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Proof of Theorem

First, a rather remarkable relationship must be established, In the

regular minimum problem where

é =1 (xl, ceey xh) - Pl xl - ecp - Pn xn is at a minimum when

o U

it is easy to show that

o §
@ w) " A

Pts constant

(3 =1, 2, 600, D)

since

a@ it 9 X, L 0 x,
G'a'as;) '[?%‘% - Loy a—'ﬁl]-xr[@-xi

Pts constant

If we add constraints to the problem, this same relationship (10) can

still be shown to hold. We can also write (10) in the equivalent form
AP
i

1 !
(10) é (Pl’ coey Pi + APi: ON;Pn) - § (Pl)"o,Pi;"ﬂ,Pn) = - xi d Pi ’
where X5 is a function of the P's revealing how Xg changes so as always to

be at an optimum,

This can also be written in terms of any two variable prices as

1t
(10) § (Pl, coey Pi + APi, eoy Pj + APj,aoo, Pn) - § (Pl, LYY ¥ Pi,ooo, Pj,ooo,Pn)

fpj fpi 3 x,
T o — d P.dP, o
0 0 ) Pj J i
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it is obvious that the general reciprocity relation

] xi 0 x
(12) 55 = 37
j i

must always hold.

Also
62 § 0 X o<
(13) = - - 0
3 PiZ 0 Pi

This gives us a new way of looking at the second part of our
principle., Figure 2 shows = §‘plotted for each Pi in a neighborhood of

the previous equilibrium, A,

one extra
constraint
-

=" No extra
constraint

Figure 2

But now suppose that the system is under a new constraint that limits
its departures from A, The lowest § will be not so low as that shown by
our heavy curve; rather it will look like our broken curve. The two curves

are tangential, but obviously the unconstrained curve must be the more

d
4 0 x,
. i
convex -- and when we translate - ;—;—5 into +-3—§; , this is the second
i

part of our principle,
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All this carries over into linear programming except that now we
must be prepared for discontinuous and undefined derivatives, It still

remains true that if we change an algebraic sign and define

(14) @ = +Pl x1 + P2 Xy + ooe * Pn xn s
then

N
15 [ = 4+ X.
(15) (a Py X5

at every point where this derivative exists, Actually , in linear
programming vertex points are always optimal and for some ranges of Pi’
we stay at one such point and then suddenly move over td another one as
Pi changes further. Regarded as a function of Pi’ any x is discontinuous
as shown in Figure 3. Any small change around the point A results in no
change in Xso The curve is discontinuous around B or C, but with the
important property that anywhere between B and C is indifferently optimal,

This follows from the convexity properties inherent in linear programming,
M & 13

optimal

X,
1

D >
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Note too that whereas the xX's are discontinuous functions of the Pts
{?r the aij and Ct's for that mattef], the optimal % is nonetheless a con-

tinuous function of the P's, A discontinuity in one x must be just

cancelled out by discontinuities in all the remaining x's,

It is not really so surprising that a small change in a P will always
result in a small change in §, Remember that the latter is optimal, and
that by making no change in any x at worst we can move along a straight
line relationship between @ and Pi" If § had a discontinuity at any
point, A, so that on one side of it.§ were k greater than at the point, we
would have a contradiction -- since along the feasible (but non-optimal)
straight line, § can be made arbitrarily close to its value at A, Thus, no

Jump is possible,

Moreover, if a right-hand derivative of § with respect to P, exists

anywhere it must be less than the feasible value got when no x changes; or

W’“‘)
i <
/

u
4

%X,
K'a P,
“ right hand

G e

left hand

Also

v

Hence, wherever a true derivative exists, we must have equality as in (15),

Also, wherever the following double limit is uniquely defined
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lim APj_") 0 é (Pl, eooy Pi+ APi, ecey Pj + &Pj,ooo) "§ (Pl, cey Pi + APi,.., Pj’a.)

lim AP,— O AP, AP,
J-> i73

- @ (-., Pi, ey Pj + APj,o) + § (Pl, oey Pi,oco’ Pji..)

AP; P,

2 2
='a§=a<}aaxi=ax.
3, oF;  3P,0F; 3 T, A

then our reciprocity relations must also hold, The common value in linear
programming will always be zero, Where this double limit becomes indeterminate,
then the X function is discontinuous in terms of Pj and at the same time the

xj function is discontinuous in terms of Pio

Figure Il shows @ as a function of Pi° Instead of the smooth convex
curve of Figure 2, we have straight lines with corners., The corners in Figure

L correspond to the discontinuous steps in Figure 3,

Figure 4
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The surface of § plotted against Pi and Pj would consist of plane
faces meeting in edges and also in corners or vertexes, where more than

two faces meet, The contour lines of equal § are shown in Figure 5,

3, §5
P, \
ASEAN

A e
N QZ
( ““““@1
| Figure 5 0 . Pi

Figure 4!'s @ as a function of Pi is the integral of Figure 3's x, as

a function of Pi’ Despite all discontinuities, we can write

P'
1
§ (Pl, ceey Pi + APi, eeoy Pn) - @ (Pl’ seny Pi, XXy Pn) = ;

xg dPi
We can now see why an extra constraint will cause the change in

*
subgequent to a small change in Pi to be smaller in absolute value than when

there is no constraint. Suppose the contrary were true., Then the minimum §
achievable when we are under constraint would be less than that achievable

when we are not so constrained —- which is an absurdity,

Figure 6a and 6b
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jllustrate how the dotted-line constrained result must behave qualitatively

Pi i
Figure 6b

Figure 6a
with respect to the solid-line unconstrained results. The two curves may
coincide, but the dotted curve of §'can never pass below the solid curve,

The reader may sketch the other possible types of behavior,

In every case for some small positive APi less than apreassigned size,
we must have

(A xi) S (A xi) é 0
unconstrained constrained ’

and for negative APi, the inequalities must all be reversed.

¥* 3 ¥*

In conclusion, application to the dual problem can be indicated., By

the above reasoning, the Le Chatelier principle tells us that

AylACl+Ay2A02+eo.+AymACm z 0

where Ay is the change in a shadow price and AC a change in the constant
in one of our inequalities -- e.g., a change in calories required of any
diet, If we change only one Cl, for example our calorie pequirements,
then

Ay, 8C 2 0,

80 that we know that the shadow price of that nutrient can only rise, If now
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we add another food to the menu from which we can choose an optimal diet, the
result will be to slow down (if anything) the rate at which the shadow price
of calories will rise, which is the second part of our theorem, Whether

such a result holds in the large for any size change in a parameter is still

not known,



