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SUMMARY

We consider a silent duel between two opponents I and II with accuracies

P;(x) and P2(x), O < x <1, which has a payoff function
V(x,y) = P1(x) = P2(y) + €P,(x)P2(y)

vhere €=1r, iIf x <y, Oifx=ya.nd=r2 if x > y where ri>0a.ndP1(x)
are continuous and strictly monotone with Pi(o) =0, riPi(l) <1, (1 =1, 2).

The good strategles are defined as follows: Player I has density function

1 Po(x
£(x) = gy -c2lx)
W e

and player II has a density function

&(y) = 75 Bl
¥(®) 52 (5)pa(y)

where
ob) = [ r(x)ax ama Y(v) = [ a(r)ay.

a a

Choose b, and b2 such that

o(by) = Pafbl) * Pafl) »2(b2) = Plrzbz) * P:(l)

and define a = max (b,, b2). If a = b,, player I's optimum strategy is to
fire according to density f(x) and player II's strategy is a mixture of g(x)

and firing at 1 where a < x < 1. However if a = b then II uses g(x) and I



mixes f(x) and firing at 1. If a = b, = by, then neither fire at 1 with

positive probvability. This solution generalizes a duel considered by Blackwell.
In a previous memorandum, (“The Silent Dusl, One Bullet Bach, Arbitrary

accuracy”, Gh-1i/-302, =00-48) David Zlaclwell considersd ¢ duel hetween two

onponents I ~nd II, accuracies ';(x' =znd To(x), 0 = x <1, and « wvay ff function.

v

V(x,y) = Fu(x) - Do(s) - € 21 (x0)P2(9)

vhere (a) P,(%) and Pz(x) are continuous ondé strictly monotone, (b)
P(C} =0 (L=1, ), (e) P(L) =lend(¢) e=1ifx 3, €=0C17
X yand € =—11if x > y.

In this note we revlace cindition (d) by (¢'): ¢ =r, ifx vy, € =0
ifx-y, € =~ 1 if x> yvhere r, > 9 ani r» > ¢. Ve also replace
conditisn (¢) by condition (¢'): r,P,(1) _ 1, r=r=(l) - 1.

The following example will illusirate the necessity for mocifying
conditions (c) and (2).

Consider 2 silent duel between two opponents I and II with accuracies
R,(x) and Rg(x)(Ri(O) = 0, Ri(l) = 1} which has the following payoff. If I
1:111s IT, the value to I is &(2 > 0). If IT kills T, the value to I is
~ B(B > 0). If neither are l:illed, the value is zers. In addition we
assume that (a) X hit by the ith opponent haos a probability T of Dbeing

lethal. (b) The gum >f the ith opponent has a probability p, of containing

i

a live btullet and 1 — v, of containing a blani:. The ni's and pi's are

i

‘mowvn to each odponent.

The payoff as a function of x and y is given by



V(x,y) = @pimRy(x) — BP2mzR2(y) + BD1P2%2R) (X)R2(7)
if x <y and

V(x,¥) = apymR;(x) — BpanzR2(y) — a@p1p2mR; (x)R2(y)
ifx>y.

Setting Py(x) = apymRy(x), P2(y) = BpenzRz(y), r1 = l/om,, r2 = 1/Bra,
we see that this problem reduces itself to the one under consideration.

The optimum strategies will be obtained by a slight generalization of
Blackwell's argument.

We assume that, at least in part, players I and II employ densities f(x)
and g(y) respectively, b < x, y <1. Then, if player I uses f(x) and player II

chooses a y.

J
(2) V(f,y) = Q1 = (1+r2Q,)P2(y) + (r1+r2)P2(y) /; P, (x)f(x)ax

1l
where Q1 =f P(x)f(x)dx .
b

Differentiating equation (2) twice and solving the resulting differential

equation for f(x) we get

1 __Pa(x)__ 5 1
Gt - gy P sxs

/1 P'xd.x_ .

b P2(x)Pi(x)

where

o(b)

Now
y 1 l =_1
(%) /; h(xf(x)ax = 3Ry |55y -Pg(ys]

and hence

G o~ Bl -



Substituting (4) and (5) into (2) we get

"—rPl-i— P2(b) = Po(1)Po(Db) &(d

+ Ea(1) “Pa(b) — (ry + r2)Pa(1)Pa(b)
P2(1)P2(b) &(d
Similarly
X
(7 V(x,8) = Pa(x) [1 + rQ - Q2 = (r1 + r2)Pi(x) /b P2(y)e(y)dy
where

Qe -=/: Po(3)e(¥)4y -

From (7) we obtain

'
P

(8) &y) = ==
Y 5 (5)ra(y)

where

Y (b) =/bl &(3)dy .

From (8) we obtain

/) [
@ ) rane - 3y [pjbs N

1]
I
and hence
P,(1) — Py (b
0 -
Substituting (9) and (10) into (7) we get

Q) Vxe) = n(x) RERALE R = BR

, {ra#2)p(1) Py(b) + Py(b) = P1(1)
P, (1), (b) ¥ (b



In order for (6) to be independent of y, we must have

(12) o(b) = %ﬁ)’ + e’?ﬁj .

Similarly, in order for (11) to be independent of x, we must have

(13) YO - 5% * 50y -

We now repeat and somewhat generalize Blackwell's lemma.

Lemma. The equations

) o =g hy +Ey 0 YO < EG CED

have unique solutions by, bz, 0 < by, b2 <1l. &(x) - E_e% and Y(x) - i—jiy

are strictly monotone decreasing functions of x for o <x <1.

Proof: Write u(x) = &(x) - -;’;% . For any c¢; and cz with

0<cl<c2<l

C2
(15) u(ca) — u(cz) = \4 _222,(1).91. 1 [le(.cl) - le(.cz)—J

()P (y)

1 2 p, _ .

Now P, (x) and P>(x) are strictly monotome. And since 1-r,P,(c2) > 1-r,P,(1) > O
by assumption, we see that u(c,) — u(cz) is positive, so that u(x) is strictly

monotone decreasing. Letting c; — O we see that u(x) > 0 as x — 0.



Since u(x) is continuous and u(l) = — -I-,—%y , there is a unique b; such that
1

o(b,) - Pzﬁh) = Bﬁ . A similar argument proves the other assertion of the
lemma.

We define a = max(b;,, bz) where b, and b2 are the mmbers described in the
lemma.

We consider three cases:

Case 1. a = by = b2. Then the optimum strategy for player I is to
employ the density f£(x) given by (3) and for player II to employ the demsity

g(y) given by (8) a < x; <1.

Proof
(16) V(e = RldlfalalraralBe(liRale) v,
and

"
=

(18) J veemer = [ v
a

(19) f V(x,g)f(x)dx = /1 Vaf(x)dx VQ
a

we must have V, = Vo =V .

Also iIf y<a

(200 Ve, =gy /. P@E(Rax-Ea() [1+r2 ;1(3] [ B

a

Oza.)f P, (x)f(x)dx-P>(a) El.+r2 () ]/ Py (x)f(x)ax =



- %ﬁ’%ﬁ&ﬁm [l-raPz(a)] -P2(a)

_ [p2(0)P2(e)] [1-raPa(e)] - Pa(a) [riPa(1) + rePa(s)
r1P2(1) + rzP2(a)

= V.

Similarly we can show that if x < a, V(x,8) < V. The last two results

are, of course, Jjustifiable on simpler grounds.

Case 2. a = Db, > b2. Then the optimnm strategy for player II is 1;0
employ the demsity f£(x) a < x <1 and for player II to employ the demnsity g(y)
a fraction y of the times and fire at 1, a fraction l-y§of the times where

rPa(1) +1
(21) Y= X Pa(l) +1-&

‘ and
P,(1)P, (a a)-r;P; (a)- (1)
(22) A= P,,(lgpl(as ¥ fJ

The value of the game is given by (16).
Proof: From (11) we have V(x,g) = AP,(x) + B where A is given by (22) and

(23) B - %ﬁﬁ?ﬁ%ﬂ - P, (1)

Since a = b, > b2, the lamma implies that A < 0. If II has strategy

I,, alvays firing at 1,
(2) V(x,T) = [rP2(1) + 1] Py(x) - P2(1)

for x < 1. There is then a constant y, 0 < y< 1 such that

(25) YA + (1-9) [mP2()) +1] =0.



u=-8-

The remainder of the argument is similar to that given in case 1.

Case 3. a = b2 > b,. Then the optimm strategy for player II is to
employ the demsity g(y) and for player 1 to employ f(x) a fraction y of
the times and fire at 1 a fraction 1l-y of the times where

1l + r-P (1
(26) Y = T0wrop 1{1?
and

r1P2(1) +72P2(a) -Pa(1)Pa(a) &(a.
(27) C- Pg(1§P21a§ o(a)

The value of the game is givem by (17).
Proof: From (6) we have V(f,g8) = CP2(y) + D where G is given by (27) and

Pa(1) -Pa(b) -(r; 472) Pa (1) Pa(b
(28) D= Pg(lSPz(bifb%bE

Since a = b2 > b;, the legyma implies that C > 0. If I has a strategy I,

alvaysfifiring at 1,

(29) V(I.7) = -P2(3) [ 14r2Py(1)] + Pa(D)

for y <1l. There is then a constant y, 0 < y <1 such that
6 - (1-7) [14r2Pi(1)] =0 .

The remainder of the argument is similar to that given in case 1.

MAG: Je



