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SUMMARY

We consider a silent duel between two opponents I and II with accuracies

P1 (x) and P2(x), 0 ≤ x ≤1, which has a payoff function

V(x,y) = P1(x) - P2(y) + € P1(x) P2(y)

where E = "_ ff x < y, 0 if x = y and - 12 if x > y where r, > 0 and P1(x)

are continuous and strictly monotone with P. (0) = 0, r.P. (1) ≤ 1, (1 = 1, 2).

The good strategies are defined as follows: Player I has density function

f(x) = 8(b)
1

P2 (x)
2

P2(x) P1 (x)

and player II has a density function

8() =(b) BCx
P1(y)P2(y)

P, (y)

where

(b) = f(x)dx and 4 (b) = [ 8(y) as.
a a

Choose b1 and b2 such that

0(b2) = P2(b2) + P2(1) , (b2) = P1(b2) + P1(1)

and define a = max (b1, b2). If a = b1, player I's optimum strategy is to

fire according to density f(x) and player II's strategy is a mixture of g(x)

and firing at 1 where a _ x _ 1. However if a = b2 then II uses g(x) and I
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áôY 

We coYider a silent duel bet}@ oo oppats I 4 II with 1cxies 
P1(x} 4 P2(x), 0 5 x � l, which I a payoff fuction 

V(x,y) = P1(x) - P2(Y) + E P1(x)P2(Y)

where C = r1 if x < y, O if x = y 4 � r2 it x > y wJre r 1 > 0 4 P 1 ( x)
5e continuoy 4 strictly monot`e with Pi(O) = o, r1P1(1) 51, (i = 1, 2).
The good stgtegies 5e defined 6 follc: PQyer I Hs deZity fwtion 

l p;(x) f(x) = �(b) P!(x)P1(x)

4 player II Hs a deZity fvction 

g(y) = R(b) p1(y)P2(Y)

where 
�(b) = /1f(x}> � S(b) = 

a 
l 1 g(y)dy. 

a 

Choose b1 2d b2 such that 

( b ) r, � � ·( b ) r2 � 
¢ 1 = P2(b1) + P2{1) ' �� 2 = P1(b2) + P1 (l)

4 define a = U (b11 b2). If a = b1 , player I's optMt sthteF is to 
fire accoiing to deZity f(x) 4 player II's stgteF is a Vxture ot g(x) 
3d firing at 1 where a � x � 1. Hbver if a = ;¡ then II uses g( x) 4 I 

' 
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mixes f(x) and firing at 1. If a = b1 = b2, then neither fire at 1 with

positive probability. This solution generalizes a duel considered by Blackwell.

In a previous memorandum, ( The Silent Duel, One Bullet Each, Arbitrary

Accuracy", G4-IN-302, 2-20-48) David Blackwell considered a duel between two

opponents I and II, accuracies 1(x) and F(x). Os x_ 1, and a pay off function.

V(x,y) = F(x) . Pp(7) & P1(x)?2(3)

where (a) P1 (x) and Pe(x) are continuous and strictly monotone, (b)

P; (C) = C (1 = 1, .), (c) P; (1) = 1 and () == lifx y, E = 0 if

x . y and € = - 1 if x > j.

In this note we replace condition (a) by (a1): + = r1 if x < y, E = 0

if x - y, E = - fa if x > y where r1 > 0 and re > 0. We also replace

condition (c) by condition (c') : r1P1(1) _ 1, rate(1) _ 1.

The following example will illustrate the necessity for modifying

conditions (c) and (d) .

Consider a silent duel between two opponents I and II with accuracies

R1 (x) and R2(x) (R. (0) = 0, 3,(1) = 1) which has the following payoff. If I

kills II, the value to I is a(x > 0) . If IT kills I, the value to I is

- B(6 > 0) . If neither are killed, the value is zero. In addition we

assume that (a) : hit by the ith opponent has a probability a. of being

lethal. ( b) The gim of the i opponent has a probability P1 of containing

a live bullet and 1 - p, of containing a blank. The A's and p.'s are

Imown to each opponent.

The payoff as a function of x and y is given by
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mixes f(x) p firiĆ at 1. If a= b1 = b2 , then neither fire at 1 with 
positive probability. This solution geneĻizes a duel cġidered by Bliêell. 

. . . . . . 
Ñ a įäĢ Õĺha, (N Sil¯t Æl, Ø Î ß, Àbl-

.wccŠucy", G4-1.²:-302, _)-®·ª,-48) D.U.Vi(: 3lacl:well c.:msidered r· dy:tel :·,otwecn two 
W±ÔK>neąts I «�d II, accuracies 

whe:ce (a) P 1 (x) jd ?:2{x) �³re cxnŒ:nuolåS ¯nd strictly ĉ'Jnot-)nc, (b) 

X � �LC � ­ - 1 if X > y. 
f == 0 E 

In th¬s note we re÷lĠce c·mdi tion ( d) b? ( Ä'. ') : :⃙ = r1 if x \� y, e = o

The following example vill illŜsœrate the necesei ty for mocæifyçg 
conditioć (c) kd (d). 

CoĈider ğ silent duel beŔeen two opponents I ld II with accšacies 
R 1 (x) md R2{x)(R1 ( 0) = O, ´i ( 1) = 1) whlch Í the -�ollowing payoff. If I
!:ills II, the valŝe to I is �( ° > 0) . If II kills I, the value to I is 
- ¼(T > 0). If neither are 1:illed, the value is zer,J. In ad.clition we
�.ssŞe that ( a) -� hit by the i th opponent has a probability n i of being
lethal. (b) The �� ©f the i th opp·:ment Ìs a probability pi of containèg
a 11 Te bullet nd 1 - p 1 of containing a blg:. The µ 1 's od pi' s are
�°mm to each opponent. 

The pf�ff q a fşction of x .®1.d ;� is .�i ven b�r 



-3-

V(x,y) = ap1"1R1 (x) - BP212R2(y) + BP1P2"2R1(x)R2(y)

if x < y and

V(x,y) = ap1"1R1(x) - Bp2"2R2(y) - ap1P2"1R1(x)R2(y)

if x > y.

Setting P1 (x) = Cp1"1R1 (x) , P2(y) = Bp2"2R2(y) , r1 = 1/am1, 12 = 1/B"2,

we see that this problem reduces itself to the one under consideration.

The optimum strategies will be obtained by a slight generalization of

Blackwell's argument.

We assume that, at least in part, players I and II employ densities f(x)

and g(y) respectively, b < x, y < 1. Then, if player I uses f(x) and player II

chooses a y.

(2) V(i,J) = Q1 - (1+r20.1) Pz(J) + (r1+r2)Pz(J)

es = 50P1(x)f(x) dx .

a)P1(x)f(x)dx

where

Differentiating equation (2) twice and solving the resulting differential

equation for f(x) we get

P2(x) b [x ](3)

where

( D) - 5 P2(x)P1(x)

P2 (x) dx ..

Now

(4) F(x) = /0)
1

Pa( b)
1

P2(y)

and hence

(5) Q1 = Pa(1) - P2(b)
P2 (1) P2 (b) 0(b)

.

.

f(x) =
1

करठा P2(x)P1(x)

1

V(x,y) = ap1b1R1(X) - �6c2R2(Y) + �P17�2R1(x)R2(Y) 
if x < y Ld 

V(x,y) = O1n1 R1(x) - �p2n2R2(Y) - 316•1R1(x)R2(7) 
ia X > y. 
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Settit P1(x) = ap1�1 R1(x), P2(1) = �6•2R2(Y), r1 = l/a�1 , r2 = 1/�2, 
we see tit this p�bl] reduces itself to the one �der couide|tion. 

The optm� st|tegies will be obtained by a slift gene|lization of 
Blacnell's Pgent. 

We Qs� tit, at leQt in pa�, ppye� I Ld II ^loy de�ities f(x) 
M g(y) respectively, b � x, y � 1. Then, if player I �es a(x) M player II 
chooses a y. 
(2) 

y V(f,y) = Qi - (l+r2Q1)P2(Y) + (r1+r2)P2(Y) f_ P1(x)f(x)Zb 
where Qi= [ P1(x)f(x)W. b 

Differentiating eq�tion (2) �ice N sol�ng the }s�tit diffe~ntiK 
eq�tion for f(x) we get 
(3) 

where 
1 x) r(x) = �(b} p2(x)P1(x)

t(b) = / 
b 

P&x)Z P2{x)P1 (() •• 
y l l • 1 Now 

J (4) � P 1(x)f(x)Z = åó &2(b) - P2(Y) 
M hence 
(5) Pg(l� - Pf (b) Qi = P2(l P2(b t(b} 

b � x � l 
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Substituting (4) and (5) into (2) we get

(6)

J

V(f,y) = P2(J) rı P2(1) + r2P2(b) - P2(1) P2(b) +(b)
P2(1) P2(b)+(b)

7
P2(1) -P2(b) - (I) + 52)P2(1) P2 (b)+

P2(1)P2(b) +(b)

Similarly

V(x,8) = P1(x) [] + [102 - 02 - (I1 + r2)P1(x)JP2(I) P2(y) g(y) dy(7)

where

Q= = - P2(J) 8(J) a] .O

From (7) we obtain

B(J) = 5 (b)2P1(y) P2(y)
(8) P1 (V)

where

4 (b) = 5- B(5) ay.

From (8) we obtain

(9) Je 2(8P2(J) 8(J) ay = [b)

-

P1(b)
1 1

P1 (x)

-
-
-

1.

and hence

(10) Q2 =
P. (1) - P. (b)
P1 (1) P1 (b) +(b)

Substituting (9) and (10) into (7) we get

V(x,g) = P1 (x) P1(1)P1 (b) } /(b) - 12Fr (1) - I, P1 (b)
P1 (1) P1 (b) 75 (b)(11)

(r2+2)P1(1) P1(b) + P1(b) - P1 (1)
+

P1(1)P1(b) ¥ (b)

(6) 

SubstitutnÐ (4) �d (5) �to (2) we get 

V(f y) _pc> rjP2(l) + nP2(b) - Pg(l)Pg(b)t(b�1 - 2 � L P2(l P2(b) t(b) �J
+ Pg(l) -Pf(bl - �1 + [)P2(l)P2(b)

P2(l P2 b)t b 
S\lLly 
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X 
(7) V(x,g) = P1(x) [1 + r1D - � - (r1 + r2)P1(x) :x P2(y)g(7)Q

bnei

(8) 

�   11 
P2(y)g(y)Q • b 

F� ( 7) we obta� 

g(y) • 1(b) p1(y)P2(Y)oei 

(9) 

l `(b) = ! g(y)dy. 
b 

Frd (8) we ob in

r- ' 1,X l 1� l l I J b P2(y)g(y)dy " �(b) LP1(b) - P1(x) J
K hence 
( ) P1 � l� - P� (b) lO C = P1 l P1(b a(b)

Substituting (9) K (10) ]m (7) # get 
ell) V( ) _ p ( ) [P1(l)P1{b) 0b) - hFf(l) - r1 P1 (b)]x,g - 1 x P1(l)P1(b)9 b) 

{ri♦.1"2}P1(l) P1(b) + P1�b) - P1(l)+ P1(l)P1(b) 2 {b
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In order for (6) to be independent of y, we must have

(b) = (D) +Ba(ख).(12)
r2

Similarly, in order for (11) to be independent of z, we must have

P1 ( b ) + B (1).(13)

We now repeat and somewhat generalize Blackwell's leuma.

Leuma. The equations

0(x) = Po(x) + P2(1), 4(x) = P2(2) + P1(I)(14)

have unique solutions b1, b2, 0 < b1, b2 < 1. 0(I) - Po(I)- P3(+) and 2 (x) - 5 (2)
r2

are strictly monotone decreasing functions of x for o < x < 1.

Proof: Write u(x) = +(x) - Po ( I ) · For any C1 and C2 with

O < c1 < C2 < 1

(15) (1) - (2) = Se-2
P2 (T) CI.

P2(y) P1(y)
- r1

1

P2 (C1)
1

P2 (C2)

2 P1 (C2)
1

1c2 P2(7)21 - 11
C1 P2(J)

1

P2(c1)
1

P2(C2)

=
1-T, P1 (2),

P1 (ca)

L

P2(c1)
1

P2(c2)
1

Now P1 (x) and P2(z) are strictly monotone. And since 1-r1P1(c2) > 1-r1 P1(1) ≥ 0

by assumption, we see that u(c1) - u(c2) is positive, so that u(z) is strictly

monotone decreasing. Letting c1 -> O we see that u(x) -> co as I -> 0.

( b ) = 130

rı

I 

(12) 

(13) 

(14) 

L oªer for (6) to be �epe�st of 7, we �t zve 
t(b) = �!(b) + Pa1)

S�i��, in oªer for ( 3) to be �eptst of x, we �t zve 
<(b) = P�fb} + P1�}

We n¢ repeat b s w{t wne©lize B��ll's lr. 
Lø¹. �e eq
tio	 

t(x) = P2�) + P2
) ' �(x) = P1 (�) + P1 �)

-

zve ´ique solutio� b1, j, 0 < b1, b2 < 1. t(x) - p2�) d � (x) - Pi(�)
fe strictly monotone decreg� fµctio� of x for o < x < 1. 

y: Write u(x) = t(x) - P2�) . For � c1 e c2 ¼th
0 < C1 < C2 < l 
(15) ' 

/
C2 u(c1) - u(c2) =

C1 

P2<,>C r 1 1 � P;(y)P1(7) - ri LP2(c1) - P2(c2)J
> l /c2 P;(y)o _ r I. l _ 1 ]- P1(c2) Ci N(y) 1 LP2(c1} P2(c2) 

_ l', P1 ( c2) - Pi(Cj) [ P2tc1) - P2{c2)] -
Nov P1 (x) cd P2(x) fe strictly ��t¡. n¥ s�e l-r1P1 ( c2) > l-r1P1 (l) � 0 
by hs³tion, � see t|t u(c1 ) - u(c2) is positive, so t}t u(x) is strictly-�tone decregi�. LettinS 01 & Owe see tzt u(x) ➔ � g x � o.
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Since u(x) is continuous and u(1) = - p,Tùy, there is a unique b1 such that

0(b2) - P2(b] = B2(i). A similar argument proves the other assertion of the

lemma.

We define a = max(b1, b2) where b1 and b2 are the numbers described in the

lemma.

We consider three cases:

Case 1. a = b1 = b2. Then the optimum strategy for player I is to

employ the density f(x) given by (3) and for player II to employ the density

g(y) given by (8) a ≤ x1 ≤ 1.

Proof

(16) V(f,y) = P2(1)-P2(a)-(I1+2)P2(1)P2(a) = V1r1P2(1)+r2P2(a)

and

(17) V(x,g) = (I1+2)P1(1)P,(a) + P1(a)-P1 (1) = V2 .
raP2 (1) + rıP1 (a)

Now since

v(F,5)B(J)aJ = [ V18(J)aJ = V1
a

(18)

V(x,B)f(x)ax = { V2f(x) dx = V2(19)
a

we must have V1 = V2 = V .

Also if y < a

(20) V(I,J) = 0(a) [ P1(x){(x)dx-P2(J) 1+r2star] aP1(x)f(x)dx

> (a) [ P1(x)f(x)dx-P2(a) LA2070 P1(x)f(x) dx =

-6-

Since u(x) is contmuo� M u(l) = - Pi(i> , there is a �que b1 such tft
t(b1 ) - p2(£1) 

= p2(i) . A s+lN Nc\t }ves the other Osertion of the
l[. 

We define a = t(bi, b2) whe� b1 M b2 Ne the n�bers described 1n tg 
lL. 

We coxider three c�es:
COe l. a = b1 = S. @\ the optl st�teK for prer I is to 

Zloy th deyity f(x) given by (3) M for plPer n to Zloy the dexity 
g(y) giv] by (8) a$ x1 � l. 
(l6) V{f ) = P2(l)-P2(a)-�r1+r2)Pf(l)P2(a) = V ,Y r1P2(l +r2P2(a 1 

M 
(l7) V( ) _ (r1+r2}P1(l)P,(a)+ P1{a)-P1(l) •= � .x,g - - r2P1(1) + r1P1(a) 2 

Now since 
(18) 
(19) 

f V{f ,y)g(y)dy = / 1 V1g(y)dy = V1 a 
j V{x,g)f{x)V a E1 V2f(x)V • V2a 

we m�t fve V1 = V2 = V
Also if y < a 

1 :l [ 1 j l (20) V(t,y) = t(a) a P1(x)f(x)V-P2(Y) l+r2 Ê¿J� P1(x)f(x)V

> tta) j
8

1 P1(x)f(x)V-P2{a) �+r2 tta>]f P1(x)f(x)V =
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Pa(1)-Pa(a)
=
D(a)Pa (1) Pa(a) 1-T2P2(a) -P2(a)

P2(1)-P2(a)] [1-22P2(a)] - P2(a) [F]Pz(1) + r2Pz(a)
r1P2(1) + r2P2(a)

# V.

Similarly we can show that if x < a, V(z,g) < V. The last two results

are, of course, justifiable on simpler grounds.

Case 2. a = b1 > b2. Then the optimm strategy for player II is to

employ the density f(x) a ≤ x < 1 and for player II to employ the density g(y)

a fraction y of the times and fire at 1, a fraction 1-of the times where

Y: r_P2(1) + 1
r1P2(1) + 1 - A

(21)

and

P1(1)P1(a) }{(a)-r,P1 (a)-r2P1 (1).A =
P1 (1)P1 (8) 4 (a)(22)

The value of the game is given by (16).

Proof: From (11) we have V(z, g) = AP1(z) + B where A is given by (22) and

B = (I)+2)P1 (1)P1 (a) + P1 (a) - P1 (1).
P1(1) P1(a) W(a)(23)

Since a = b1 > b2, the lemma implies that A < 0. If II has strategy

I1, always firing at 1,

V(z,I1) = [r]P2(1) + 1 P1(x) - P2(1)(24)

for I < 1. There is then a constant y, 0 < < 1 such that

YA + (1-Y) [I1P2(1) + 1] = 0 .(25)

= Pg{l)-Pafa) [ 
] t(a)P2(1 p2(a) l•r2P2(a) -P2(a) 

• [P2(l)-P2(a)] [1-r2P2(a)] - P2{a) [r1P2(l) + r2P2(aj
r1P2(l) + +P2( a)

• v.

-1-

S`il we cA s] tXt it x < a, V(x,s) S V. 4 jt � res�ts 
D, of co�e, ftifiable q saler U�s. 

CEe 2. a = b1 > �. 5 t[ opt� stw�V for ph�r II is to 
�loy t\ dNity f(x) a� x 51 B for pker II to Lloy �e dNity g(y) 
a fxtion y of the t"s B fire at 1, a fxtion 1-�of the t_s �re 

(21) 
C 

(�) 

r1Pg(l) + 1 
y = r1P2(l) + 1 - A

A_ P1{l)P,{a)�(a)-r1P1{a�-�P1{l)- P1{l P1{a) � (a 

4 �lue of the Se is R vM by (16) . 
0of: ) (11) we Yve V(x,g) = &1{x) + B where A is Tven by (�) C 

{23) B (�t�}Pt(�Pt(a} + Pj(a) - P1(l)= P1 1 P1 a) �(a 

Sce a = b1 > �, the lK blies �t A < O. If , Z stwteV 
I1, @7 fird at 1, 

{24) V{x,I1) = [r1P2(l) + 1] P1{x) - P2{l) 

for x < l. 3ere is � a con�t y1 0 S YS l s�h �t 

(25) yA + (1-y) [r1P2(l) + 1J = 0 .
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The remainder of the argument is similar to that given in case 1.

Case 3. a = b2 > b1 . Then the optimum strategy for player II is to

employ the density g(y) and for player 1 to employ f(x) a fraction y of

the times and fire at 1 a fraction 1-y of the times where

Y =1 + TOP1 (1)
1+0+r2P1 (1)(26)

and

(27) c _ F1P2(1) +T2P2(a) -P2(1)P2(a)+(a).
Pz(1)P2(a) +(a)

The value of the game is given by (17).

Proof: From (6) we have V(f,g) = CP2(y) + D where C is given by (27) and

D = P2(1)-P2(b)-(I1 +52)P2(1)P2(b).
P2(1) P2(b) +(b)(28)

Since a = b2 > b1, the lemma implies that C > 0. If I has a strategy I1

always firing at 1,

V(IIJ) = - P2(J)[1+2Pz(1)] + P1(1)(29)

for y < 1. There is then a constant Y, 0 ≤ Y ≤ 1 such that

rc - (1-7) [1+2P1 (1)] = 0 .

The remainder of the argument is similar to that given in case 1.

MAG: je

•-8-

h¹ �1�er of « \tt is s�� to twt qµ 1n c^e l. 
C^e �. a = ` > b1 . M t{ opt7 st�teu for p�er II is to 

hloy t| djity g(y) Z for p�er l to •ploy f(x) a ­ti� y of 
t{ t�s Y fi� at l a  mtion 1-y of t| t6s w}� 

{26) 

Z 

(27) 

l + � y = 1�+� 

C _ r1E(l)+�P2fa)-P
f

(l}P2(a)t(a) - P2(l P2(a t(a)

h¹ ´ue of the p is givi b7 ( 17) . 
Fof: FrX (6) ve xve V(f ,s) • <2(7) + D w~re e is rven by (27) Z 

(28) D Pg(l}-Pg(b}-(r1 +�1P�(l}P2(b}• P2(l)P2{b)t b 

Si�e a = ` > b1 , « l[ �lies tyt C > O. A I z a st�teo I1 
W· �1r) at 11 

{29) V(I17) = ·P2(Y) L l+�P1 (1)] + P1 (l) 

for y < l. Jere is t�n a co�©t y, 0 S r S l s¯h tyt 

» - (l-Y) [ l+r2P1 (l)] • 0 • 

Ke  (er of t{ ]snt is a5� ¬ ªt qvi 1n c^e l. 

B:je 


