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COMPARISON OF RECONNAISSANCES
David Blackwell

Summary .

If in a two—person zero—sum game a chance move is introduced,
giving one player partial information about the opponent's pure
strategy, the value of the game to the player receiving the in—
formation is in general increased. Bohnenblust, Shapley, and
Sherman (RM—208) have called one reconnaissance better than another
if in every game the increase in value by introducing the first
reconnaissance is greater than or equal to the increase by intro—
ducing the second. For the special case in which the opponent

~has two moves, we give here a representation of every reconnaissance
better than a given reconnaissance. The representation shows that
one reconnaissance is better than another only if the information
contained in the second can be duplicated from the information

contained in the first.

The observation of the outcome of a chance move whose distri-—
bution depends on an unknown action of the enemy has been called

by Bohnenblust, Sherman, and Shapley (RM—208) a reconnaissance

(= experiment in statistical terminology). More precisely, in
case the enemy has only two possible actions (= dichotomy), a
reconnaissance r is a pair u;, u; of probability measures on a

Borel field of subsets of a space X. For a given reconnaissance r,

there are two non—negative functions p;(x), pa(x) such that
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ui(S) = J; pi(x)dm, where m = u—'—z—u—z. The probability measure

(x)
with cdf l&.(a) = m{p; (x)pl 63 < a} on the unit interval will be

called the measure associated with the reconnaissance r, and the

convex function c(y) = ‘/;y M(x)dx will be called the convex function
associated with the measure M. We shall denote both the measure and

its cdf by M. Bohnenblust, Sherman, and Shapley have proved

Theorem 1: f¢(x)dM,(x) > f¢(x)m2(x) for all convex functions

@(x) is egquivalent to ¢;(y) > ca(y) for all y, with equality at y = 1,

We shall say that a reconnaissance r is better than a reconnaissance

s (r ®s) if the equivalent conditions of the theorem are satisfied.

By a transformation T we mean a class of probability measures

‘Py(A), O <y <1 defined in the unit interval, such that for fixed
A, Py(A) is a Borel function of y, and for each y, fxd?y(x) =y,

If M is any probability measure on the unit interval, we define
H(a) = P (R)an(y).

Then TM is again a probability measure on the unit interval.

The following theorem has been noted in another context by Doob:

Theorem 2: For all M, T we have TM D M.

Proof: For any convex function ¢(x) op (0, 1), f¢(x)d‘1‘M(i) -

L/‘[Lﬁzf(y)ci%(y)] dM(x).
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In fact this formula holds for any TM—integrable function @#(x); it
is equivalent to the definition of TM when @ is the characteristic
function of an event A, and the general result follows by approxima-—
tion. If @ is convex, J¢(y)dPx(y) > ¢|;fydPx(y)] = @(x), so that
(/1¢(x)dTM(x) > (/7¢(x)dM(x).

 Conversely we shall prove that for any two measures M, N with

M D N there is a T with M = TN. We first prove

Theorem 3: Let Ty, Tz, °°* be any seguence of transformations.

There is a transformation T guch that for every measure M,
T, Tn_1 *** Ty M—> TM at every point of continuity of TM.

Proof: Let SL be the infinite product space of sequences W = '{ #}
0 <x; < 1. For each xo there is a measure Q, (S) defined §n Borel

sets of (L such that for any function f(xg, <--, xn)’

ff(w)dPXO(w) =ff"°f f(xg, *°-, xn)dP:l[n_l(xn cee dP:’co(x,-O-,

n
where Py(A) is the transformation Tn'

It follows from (1) that
(2) E(xnlxo, ceey xm) =X for all n > m,

where E(x|y) denotes, as usual, the conditional expectation of x given
y. Chance variables {kn} with property (2) are known as martingales
and have been investigated by Doob, who has shown that if {*n} is a
martingale and if the xn's are uniformly integrable (trivial here,

since 0 < xn‘5>1), there is a chance variable x such that X, —>X



_‘._.—

RM—241
almost everywhere, and E(xlxn) = x . Denote the distribwtion of
x by Pxo‘ Since E(x]|xq) = xo, L/qydPio(y) = xo. The collection
of measures PXO, 0 <x9 <1, then defines a transformation T.. If
M is any measure over Xg, the measure Q(S) =(/0Qx°(S)dM(xo) is a
measure on L. It is easily shown by approximation that for any

Q—integrable function f,

3 JSrwaw) - f[(/f(W)deo(wﬂ dM(xo).

Letting f be the characteristic function of an x  set in (3) and

using (1) shows that the distribution of X, is Tn eee Ty M, letting

f be the characteristic function of an x set shows that the distri-

bution of x is TM;. since xn——%>x almost everywhere (Q measure),

Tn *++ Ty M—>TM at every point of continuity of TM.

Let a, b be any subinterval of (0, 1); we consider the trans-—

formation T(a, b) with

- b =X X —a
Px b—aIa+b—aIb for a<x<b
Px - Ix for x ou?side a, p,.

where Ix denotes the measure concentrated at x.

Theorem 4: For any measure M, the convex curve cT(a,b)M is obtained

from CM by replacing the part of CM between the points (a, cM(a)),

(b, cM(b{) by the line segment joining these points.
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Proof: For brevity, write T = T(a, b). We have TM(S) = M(S) for

S disjéint from (a, b), so that TM(x) = M(x) for x outside (a, b).
Then °TM(y) = (['y ™(x)dx = (/;y M(x)dx = cM(y) for y < a. Now
cru(1) = Cu(¥) * L/j TM(x)dx > cyly) + </’ M(x)dx = cy(1) for

y > b, since TM D M implies cTM(y) > cM(y) for all y, and TM(y) = M(y)
for y > b. Since cpyl(1) = ¢y(1), cpyl(y) = cyly) for y > b. Finally,

TM is constant over the open interval a, b, so that CrM is linear there.

Theorem 5: If MO N, there is a T with TN = M,

Proof : qM(y), cN(y) are convex curves on O, 1, with cM(y) > cN(y) and
equality at y = O, 1. Drawing a tangent to Cy at any point and apply—
ing the transformation T(a, b) to N, where a, b are the x—coordinates
of the points where the tangent intersects N yields a hew curve cN;
between N and Cyme It is clear that applying the same procedure to
°N, and continuing in this way we can, by drawing the tangents on a
set of points dense in QM’ obtain a sequence of transformations

n n—i
is by Theorem 3 a transformation T such that W N—>TN at every point

Ty, T2, °°° such that, if W =T T *** Ty, cy N—>Cye There
n

of continuity of TN. It follows that cy N(y) = (/n W N(x)dx-——4>
dpy’TN(x)dx for all y. Thus con(y) = cM(y) for all y. Differentiation
yields TN(y) = M(y) at all points where both are continuous; since

both are right continuous, TN = M,

Statistical meaning of Theorem 5; The statistical meaning of Theorem

5 is roughly this: one experiment (reconnaissance) is better in our

sense than another experiment only if, given the result of r, we can
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duplicate s without removing our eyes from the random number table;
in statistical language, there is a (random) function of r whose
distribution under either hypothesis is the same as that of s. We
shall give the details for the case where each reconnaissance has
only a finite number of possible outcomes.

Suppose, then,

forr, X = (1,2, +¢, m); w =(py, *** Pyls w2 = (Py, *°, P );

. for 8, Y = (1) 2, ) n); vy = (QI’ *% qn)’ v ® (Ql’ ) Qn)‘

Then

p; + P Py

. i
Mr assigns probability -——5——i to EI—:'p;

P, 4
2 QJ*QJ

Ms assigns probability

If r is better than s, Theorem 5 asserts the existence of a matrix

A =aga such that

Ji
i m
aJiZO, ZaJi 1,
i=1
(4) < ga:jipiq- A qJ+QJ ’
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n

(q; +Q,)
Define tij - hif—;—Pfﬁ ay4- Then tij 2 0, and 2. tij =1.

We now describe how, given the result of reconnaissance r, a

. result equivalent to reconnaissance s can be constructed. When r

results in x = i, let 2 = j with probability tij‘ We must show

that when x has distribution p(P), z has distribution q(Q).
Suppose x has distribution p3- P{? = i}-- Py Then

o e 3 nig(E )+ 9 o

i=1

If x has distribution P: Pfx = ;} = P, then

P.(q, + Qj)a i

P -3} 2 Rty > R

2(1 gona A RN (R ) [URENEER

The above computations could have been avoided by appealing to the
known fact that a Markoff process is also a Markoff process going
backwards, and are essentially a derivation of a consequence of

this fact in the finite case.
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